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Abstract: We propose a dissipative scheme to prepare maximally entangled steady states in
cavity QED setup, consisting of two two-level atoms interacting with the two counter-propagating
whispering-gallery modes (WGMs) of a microtoroidal resonator. Using spontaneous emission and
cavity decay as the dissipative quantum dynamical source, we show that the steady state of this
system can be steered into a two-atom single state as well as into a two-mode single state. We
probed the compound system with weak field coupled to the system via a tapered fiber waveguide,
finding it is possible to determine whether the two atoms or two modes are driven to a maximally
entangled state. Through the transmission and reflection measurements, without disturbing the
atomic state, when the cavity modes are being driven, or without disturbing the cavity field state,
when a single atom being driven, one can get the information about the maximal entanglement. We
also investigated for both subsystem, two-atom and two-mode states, the entanglement generation
and under what conditions one can transfer entanglement from one subsystem to the other. Our
scheme can be selectively used to prepare both maximally entangled atomic state as well as maximally
entangled cavity-modes state, providing an efficient method for quantum information processing.
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1. Introduction

The preparation and control of entangled states via dissipative engineering have attracted great
interest in the last several years [1,2]. Different from the unitary evolution based schemes, these schemes
use decoherence as a powerful resource in the state preparation process without destroying the
quantum entanglement. In [3], the authors showed that the cavity decay plays an integral part in
preparing a maximally entangled state of two A atoms trapped in an optical cavity. Stannigel et al.
showed that the driven-dissipative preparation of entangled states can be obtained in cascaded
quantum-optical networks between individual nodes [4]. In [5], the authors used the energy relaxation
of the single superconducting qubit coupled to two spatially separated transmission line resonators for
generating a two-mode entangled state. In addition, the generation of a two-mode entangled states
has been investigated by quantum reservoir engineering [6]. Other schemes based on the waveguide
QED configuration are presented in [7-12].

On the other hand, the identification of a quantum state is usually achieved by quantum state
tomography [13]. However, this method directly performs a series of projective measurements on
many identical copies of the quantum state, inevitably disturbing the state of the system. To circumvent
this problem, quantum nondemolition measurements [14] are projected to prevent the back action of
the measurement on the detected observable. Recently, proposals to realize a quantum nondemolition
measurements of a superconducting flux qubit [15], pair of atomic samples [16] and nonclassical state
of a massive object [17] have been demonstrated. However, an interesting question is whether we
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can use an experimentally feasible method to detect an entangled state of two atoms or two modes,
selectively, in a single quantum system via quantum nondemolition measurements.

Here, we report a dissipative scheme to prepare maximally entangled steady states in cavity
QED setup, which consists of two two-level atoms interacting with the two counter-propagating
whispering-gallery modes (WGMs) of a microtoroidal resonator. The steady state of this system can
be steered into an entangled atomic state or into an entangled field state by the dissipative quantum
dynamical process. In this scheme, both atomic spontaneous emission and cavity decay are utilized as
a resource to engineer the targeted state. In addition, the dissipative steady-state production requires
neither precise time control nor initial state preparation. To probe these entangled states without
disturbing them, we performed transmission and reflection measurements through the incident weak
field of two ways: (i) driving the cavity mode; and (ii) driving a single atom. For this propose, both
the microtoroidal cavity and the atom were coupled to a tapered fiber waveguide and detectors. By
injecting and controlling a weak field into a tapered fiber, we could determine whether the two atoms
(driving the cavity mode) or two modes (driving a single atom) are in a maximally entangled state by
a single click on the detector, without disturbing the atomic state or cavity field state. Thus, one of
the detectors acted as a witness of the preparation of the entangled atomic state and the other of the
entangled field state. Note that our goal was not to find a way to simultaneously prepare two entangled
states, but to explore the possibility to get a maximally entangled state between two atoms or two
modes, under certain conditions. Compared with previous proposals, the present scheme indicates a
possibility of preparing an entangled atomic state as well as an entangled field state [18] as well as
using the dissipation as a powerful resource to engineer in those states [19]. We also investigated the
time evolution of the entanglement for both subsystem, i.e. two atoms and two modes, and under
what conditions one can transfer an entangled state of two qubits from one subsystem to the other.

2. Model

Our system consists of a pair of identical two-level atoms that interact with the evanescent fields
of a microtoroidal cavity, as shown in Figure 1. We denote the atoms by label i = 1,2 with frequency
weg and the atomic ground and excited states by |g); and |e);, respectively. The cavity supports two
WGMs at frequency w, and with annihilation (creation) operators 4 (") and b (b%). These two modes
have an intrinsic loss rate «x;, and are coupled to each other with coupling strength J. Each atom is
coupled simultaneously with the two WGMs via evanescent field with a coherent coupling strength
described by g;. dipole-dipole interaction of strength () is also included. The Hamiltonian of the
whole system can be written in the form (in unit 7) [20-22]:

H = w0707 +065705) +we(ata+b'h) + J(a'h +ab") + Q67705 +065707)
(874707 + g1207) + (10707 +g7007) + (38'0; + 82007) + (82605 +g3b07) (1)
where 6;" = |e);(g| and ;" = |g);(e] are the raising and lowering operators of the atom i.

Introducing dissipation, the dynamics of the system is governed by the master equation [21,22]:

D[o* Jp(t) + xDla]o(t) +xD[bJo(t), @
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o(t) = —i[Hp)]+(1/2)
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where 7 is the spontaneous emission rate of the atoms, x is the cavity decay rate and
D[0]p(t) =20p(t)OT — OTOp(t) — p(t)OTO. The spectrum of the system, i.e., its allowed states,
are represented by the eigenvalues and eigenvectors of H, in the ideal case (note that, including system
dissipation, the eigenvectors with zero eigenvalues are still the same stationary entangled states present
in the ideal case, whereas the others two decay in time), are given by

Eg=0;  |EQ) = |gg00)
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Figure 1. Experimental scheme of the atom—cavity system. The cavity consists of two WGMs
coupled simultaneously to a pair of two-level atoms interacting via dipole-dipole interaction Q.
In this case, both the cavity and the atom are coupled to a tapered optical fiber in an overcoupled
regime [21]. The modes of fiber are described by {d;,, dout, lAJm,IA?out} coupled to the cavity and
{64,in, 01 outs 02,in, 02,0ut } coupled to the atom, in terms of the input-output fields to a detectors.

Note that, for g1 = g2, the eigenvector correspondent to the eigenvalue E] = 0 is a tensorial
product between the maximally entangled states of the atoms and the cavity in a vacuum state and
for E2 = 0is a tensorial product between the atoms in ground state and a maximally entangled states
between the field modes,

EN) g1y = é@ ~ |e)) @ [00) = [, V)
IE2) g1mgs = Ig8) ® é(lm —lo1)) = G, ¢7)

where |G) = [gg), |V) =100), [¢~) = \1[(|eg) |ge)) and [¢7) (]10) — |01)). The energy-level
diagram of the atom-toroid system with the transitions and C{ ecay rates, via Fermi’s golden

rule (without spontaneous emission (y = 0), collective decay rates of the modes are given by
T'c=x/2e Fci = x, while, without cavity loss (x = 0), the collective decay rates of the atoms are
givenby I'; = v/4e I'F = v/2)[23], and the probe fields (which are discussed further below) are
shown in Figure 2. In this study, we only considered the lowest energy of the system, since we were
interested in its steady state, which is a mixture of these states for any initial state of the system.
Thus, the steady state of the system is a mixture of the lower energy states of each subspace:

Oss = (1 - Pspont - PC{IZ))|G100><G/ 00‘ + Pspont|§b_r00> <(P_/ 00| + Pcavw’_/ 00> <¢_r00| (3)

where Pgpopt is the projection of the initial state of the atom in the state |¢~) and P,y is the projection
of the initial state of the fields in the state |¢ ). Equation (3) can be obtained directly from Equation (2)
tot — 0.
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Figure 2. Energy levels diagram of the atom-cavity system with collective decay rates and probe fields
where (blue) driving the cavity mode with strength € and frequency wy, and (red) driving the single
atom with strength 1 and frequency wp.

Following the method described in [18], to discriminate these states without disturbing them, we
must monitor the system using a weak probe field, keeping the system still with a single excitation. In
our case, we used two distinct procedures to monitor the atom—cavity system via probe field: (i) drive
the cavity mode to distinguish between the atomic states |G) and |¢~), restricted to the time interval
k/g> < t < 1/ [24]; and (ii) drive a single atom to distinguish between the states of the fields |V')
and |¢—) in the time interval xt < 1 and g%t/ >> 1. In both cases, such discrimination of states
consisted in measuring the coefficients of transmission and reflection of the incident field, without
disturbing the atomic system (Case i) or the cavity modes (Case ii). In addition, using the formalism of
input-output theory [25], the output fields are given by

Aout (F) = a3, (1) + v/ 2xera(t) 4)
bout(t) = bin(t) + vV 2Kgxb(t) (5)

where the coherent amplitudes of the input fields are given by (a;,,) = \/;7 and (b;,) = 0[22]. In this
way, the transmission and reflection coefficients of the modes are defined as
<Ll+ tﬂout>ss
Te = 55 —— 6
“ T TeP/ ) ©
<b+ fbout>ss
R. — \lou . 7
© e/ (2Ke) 7

Similarly, the transmission and reflection coefficients from the atoms are given by

<0’1J,routali,out>55

T, =
7 2 rex) ®)
<U;0ut02_out>99
R, = - 2out-2out/
112/ 2ver) ©

3. Monitoring the Atom-Cavity System by Driven the Cavity Mode

Our purpose in this section is to probe stationary atomic states, that is, to distinguish
an uncorrelated atomic state (|G)) from a maximally entangled state (|~ )) without disturbing them,
e.g., by performing a quantum nondemolition measurement. In this case, the mode a of the cavity
is driven by a probe field given by Hy = e(ae“t! + aTe~“Lt), where € and w| are the strength and
the frequency of the probe field, respectively. In Figure 2, we can observe that, if the system is in the
state [p—, 00), the external field is capable of promoting the transition |¢~,00) — |¢p~, 10), resonantly.
Note that |1 ~) is a dark state and, in this case, the atoms do not “see” the cavity modes and this would
be the same as if imposing g ~ 0, thus, obtaining T, = 1 and R, = 0. On the other hand, if the system
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is in the state |G, V), the external field leads to the transition |G, V) — |E{) having detuning (A)
between the frequencies of the probe and atom-field system given by £2¢, resulting in T, = 0 and
R. =1, as explained below. This occurs because the two atoms are strongly coupled to the cavity, i.e.,
|g| > {Kin, ], Q,|AL|, T}, resulting in an intracavity field redistribution between counter-propagating
modes a and b [21]. Thus, the radiated field is dynamically controlled by atomic polarization which
produces a destructive interference in the output field a,,; between the components a;,, and V2Kex
resulting in a transmission T, — 0, and, consequently, the incident field is fully reflected in the fiber via
the output field by, resulting in R, — 1 (note that 7 + R, < 1 due to the losses in the system) [21,26].
Therefore, the transmission and reflection of the probe field applied to the cavity mode can be used
as witness of the atomic states, without disturbing them so that, T, = 1 and R, = 0 implies that
o — |p~)(p~|,and T, = 0 and R, = 1 implies that p%f — |G)(G|. In a compact way, the steady state
of the atomic system, tracing over the modes of the cavity, is given by:

Trc[pss] — ng =(1- P5pont)|G><G| + P5pont|¢’7><4’7|- (10)

Figure 3 shows the transmission and reflection of the cavity modes as a function of the detuning
(Ap = we — wr) between the frequencies of the probe field and the atom—toroid system in overcoupled
regime, for {€, «x, kiy, Q, J,Tc,g} /2 = {10,20,0.2,0,0,5.2,45}MHz. In Figure 3, the dashed line
correspond to the case where p% — |~ ) (|, so that the incident field is fully transmitted (T, = 1
and R, = 0), equivalent to empty cavity type behavior (¢ = 0). On the other hand, when p — |G) (G|
(solid line), it was observed that, near the resonance (A}, = 0), the strong coupling between the atoms
and the cavity modes, that is, g > ., causes the incident field to be fully reflected (T, = 0 and R, = 1)
and, in this case, the atoms act as a “mirror” for the incident field.

1.0
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Figure 3. Transmission (blue) and reflection (red) of the cavity modes as a function of the
detuning between the frequencies of the probe field and the atom—cavity system in overcoupled
regime k.x > {xj,, J} and w, = w,. The chosen parameters were {€, ey, ki, Q, ], I¢c,g}/2m =
{10,20,0.2,0,0,5.2,45} MHz. The dashed line corresponds to p% — |¢~)(¢~| and the solid line
for pf = |G)(Gl.

4. Monitoring the Atom—Cavity System by Driven the Single Atom

In this section, we probe the steady states of cavity modes, that is, differentiate an uncorrelated
state (|V)) from an entangled state between two modes (|¢p)) by driving the single atom,
without disturbing the states of the cavity modes. In this setup, the incident field is given by
Hp = 5(oy e“P! + o;fe~'“P!), where ;7 and wp are the strength and the frequency of the probe field,
respectively. Note that the external field was applied to atom 1, as shown in Figure 2. It was also
observed that the probe field is capable of promoting, resonantly, the transition [gg,¢~) — |eg, ¢ ).
Similar to the previous discussion, |¢~) is a dark state and, in this case, the cavity modes do not “see”
atoms and this would be the same as if imposing g ~ 0, resulting in T, = 1 and R, = 0. However,
for |gg, V), the incident field is capable of promoting the transition, of resonance, |gg, V) — |E+)
with detuning +2g, resulting in T, = 0 and R, = 1. In this case, the incident field is fully reflected
due to destructive interference between the components ¢ ;, and \/27ex0; resulting in T, — 0.
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Therefore, the transmission and reflection of the probe field applied on atom 1 can be used as witness
of the state of the cavity modes without disturbing them, so that, T, = 1 and R; = 0 implies that
s — |97 )(¢ | and T, = 0 and R, = 1 implies that pS;, — |V)(V|. The steady state of the cavity
modes, tracing over the atomic states, is given by:

Trat[pss] = 0ss = (1 = Peao)|V) (V] + Peav|p™ ) (@™ |- (11)

Figure 4 shows the transmission and reflection of the atoms as a function of the detuning between
the frequencies of the probe field and the atom—toroid system Ap = w,; — wp in an overcoupled regime,
for {1, Yex, Yin, 0 ], Ta, g} /2 = {10,40,0.2,0,0,5.2,45} MHz.
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Figure 4. Transmission (blue) and reflection (red) of the atoms as a function of the detuning between
the frequencies of the probe field and the atom—cavity system in an overcoupled regime yex > {7y, Q}
and w, = w,. The chosen parameters were {7Yex, vin, Q,J,Ic}/2m = {40,0.2,0,0,5.2} MHz. The
dashed line corresponds to p5; — |¢~) (¢~ | and the solid line for p5, — |V)(V|.

In Figure 4, the dashed lines correspond to the case that p5, — |¢p—) (¢—|, where the probe field
is fully transmitted (T, = 1 and R, = 0), because, in this state, the cavity modes do not “see” atoms
(¢ = 0). However, when p$; — |V) (V]| (solid lines), it is noted that, around the resonance (Ap = 0),
the strong coupling between the modes and the atoms (g > 7.x) induces a complete reflection of the
incident field (T, = 0and R, = 1).

5. Transfer of Entanglement between Two Atoms and Two Modes

In this section, we investigate the case when the system is initially prepared in an entangled
state and under what conditions it is possible to obtain the transfer of entanglement between the two
subsystems, e.g., from the two atoms to the two modes. In this case, we consider the following two
initial states: |$(0)); = %(kg) + |ge)) ®|00) and |¢(0)), = %(HO) +101)) ® |gg). For this purpose,
we use negativity [27] as measure of the degree of entanglement between the two atoms (N;) and the
two-modes (N\;).

Figure 5 shows the time evolution of the negativity between the atoms (blue lines) and between
the fields (red lines) as a function of the scaled time gt for the initial states |¢(0)); (left) and |¢(0))»
(right) with - fixed and different values of x. It was observed that, in both initial states, it is possible
to completely transfer the entanglement between the two subsystems when x = v = 0.01g (next to
the ideal case), as expected. For small values of gt and higher values of x, the degradation of the
entanglement between atoms is more robust when compared to the entanglement between the modes.
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Figure 5. Time evolution of the negativity between the atoms (blue) and fields (red) as a function
of time scaled gt for the initial states: (left) |[$(0)); = \%(|eg00> + |ge00)) ; and (right) |¢(0)), =
%(|gg10) + |¢501)). The chosen parameters were v = 0.01g and ) = | = 0 for ¥ = 0.01g (solid line),
x = 0.5 (dot-dashed line) and ¥ = 1.0g (dashed line).

6. Conclusions

In conclusion, using a dissipative atom-microtorid system, we have shown that it is possible to
prepare a selectively maximally entangled state between two atoms as well as a maximally entangled
state between two modes. In this case, the results were obtained by measuring the transmission and
reflection coefficients of a weak probe field applied to the atom—cavity system, so as not to disturb
the atomic state (drive the cavity mode) or the state of the cavity field (drive the single atom) by
performing a quantum nondemolition measurement. In addition, we have shown that it is possible to
transfer an entangled state of two qubits from the two atoms to the two modes under certain conditions.
Therefore, our results may contribute to a better understanding of the preparation and transfer of
entangled states that are of great interest to the quantum information processing.
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