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Abstract: Based on the Hamilton canonical equations for ocean surface waves with four-five-six-wave
resonance conditions, the determinate dynamical equation of four-five-six-wave resonances for ocean
surface gravity waves in water with a finite depth is established, thus leading to the elimination of
the nonresonant second-, third-, fourth-, and fifth-order nonlinear terms though a suitable canonical
transformation. The four kernels of the equation and the 18 coefficients of the transformation are
expressed in explicit form in terms of the expansion coefficients of the gravity wave Hamiltonian in
integral-power series in normal variables. The possibilities of the existence of integrals of motion
for the wave momentum and the wave action are discussed, particularly the special integrals for
the latter. For ocean surface capillary—-gravity waves on a fluid with a finite depth, the sixth-order
expansion coefficients of the Hamiltonian in integral-power series in normal variables are concretely
provided, thus naturally including the classical fifth-order kinetic energy expansion coefficients given
by Krasitskii.

Keywords: dynamical equation; kinetic equation; four-five-six-wave resonance; surface gravity
waves; finite water depth

1. Introduction

The development of ocean surface wave theories has focused on the mechanism of
wave-wave resonance [1-5]. Two integro-differential equations [6], based on this mecha-
nism, are central to wave turbulence theory. One of them is the dynamical equation (also
known as the “Zakharov equation”) [7,8], which is based on the Hamiltonian function of
wave energy and the linear dispersion relation, and the other one is the kinetic equation
(also known as the “Hasselmann equation”) [9,10], which is based on the wave numbers
(or wave action) [7,9-17]. The former is deterministic, and the latter is stochastic. The
broad-banded wave turbulence theory is contrasted with the classical narrow-banded
high-order Stokes waves with a nonlinear dispersion relation [18] and its extended theories;
however, it is also implicated in [19,20]. At present, the wave turbulence theories of ocean
surface waves are limited to the three-wave resonance of surface capillary waves in deep
water [21] and the four-wave [9] and four-five-wave resonance [7] of surface gravity waves
in a finite water depth. Therefore, the next step is to establish a wave turbulence theory of
four-five-six-wave resonance for surface gravity waves in a finite water depth.

The existing spatial scale of the ocean can satisfy the six-wave resonance interactions.
If a wave length, a wave steepness [19], and a horizontal scale of the ocean are taken
as typical values, respectively, 100 m, 0.2, and 2 x 10° m, then the number of resonance
waves 7 is 1% =2x10% n = lg(l)'# ~ 6.15. It can be expected that the steeper the
resonance waves are, the higher the order of the resonance waves are, and the higher
the number of the resonance waves are until the resonance waves are broken [22]. If the
effect of the surface capillary waves is considered separately [21,23], the resonant number
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of ocean surface capillary waves can reach infinity in a wide ocean area, which makes it
possible to construct a high-order ocean surface capillary—gravity wave system with six-
wave resonance. Therefore, a six-wave resonance system for ocean surface gravity waves
is necessary. The fifth-order Korteweg—de Vries equation of solitary wave phenomena
originating from water waves may admit an infinite number of locally propagating waves
under some singular conditions [24].

It has been shown that the higher-order effect is not only possible but also ob-
served [22]. A quite common phenomenon seen by people on the sea or river surface
under the action of fresh wind comprises the so-called ‘'horseshoe’ or ’crescent-shaped’
patterns, which appear, owing to the class Il instability for the five-wave and higher-order
interactions [25-27]. Low-order theories sometimes distort the real physical picture and
produce apparent chaos, which disappears at a higher order. Therefore, the high-order
approximations of the water-wave problem are necessary [28] for reliable studies of the
transition from order to chaos. In the one-dimensional case, the amplitudes of four-wave
interactions in the effective Hamiltonian are exactly equal to zero, and the five-wave inter-
action is the first nonvanishing term [29,30], i.e., an effective five-wave Hamiltonian [31].
It is also found that the six-wave amplitude of the compact 1D Zakharov equation is not
zero; that is, the equation is not integrable [32]. The high-order spectral (HOS) of numerical
simulation [19] can be effective, and the theory of high-order wave resonance should be
more so.

If we look at other waves besides water waves, one-dimensional six-wave resonance
has already appeared in light wave turbulence [33] and quantum wave turbulence [34].
To this end, the classical dynamical equation and its kinetic equation [7] of the classical
four-five-wave resonance of the surface gravity waves in a finite water depth are extended
to the four-five-six-wave resonance. At the same time, the classical fifth-order expansion of
the Hamiltonian in integral-power series in a normal variable for ocean surface capillary—
gravity waves in a finite water depth is extended to the sixth order, thus laying a necessary
foundation for the dynamical equation and its kinetic equation for surface capillary-gravity
waves in a finite water depth in the future.

The nonlinear Schrédinger equations play important roles in constructing the math-
ematical model of ocean surface gravity waves, and they can be derived from the dy-
namical equations [8,19,35]. Based on the results, we can establish a fifth-order nonlinear
Schrodinger equation of ocean surface gravity waves. Afterward, the corresponding abun-
dant solutions can be obtained through various methods [36—40].

In this paper, we follow Krasitskii’s method to ensure that the coefficients of the two
equations obtained meet the desired symmetries. The paper contains six sections. In
Section 2, the sixth-order integral-power series of Hamiltonian and canonical transforma-
tion are introduced. In Section 3, the expansion of the Hamiltonian with accuracy up to
the sixth-order terms for ocean surface capillary—gravity waves with a finite water depth
is presented. In Section 4, the dynamical equations of ocean surface gravity wave that
contain four-five-six-wave interactions and the forms of the coefficients concerning the
canonical transformation are obtained. In Section 5, taking the method of quasi-Gaussian
approximation, the kinetic equations of four-five-six-wave resonance for ocean surface
gravity waves are established. Finally, the potential applications are discussed in Section 6.

2. Background and the Expansion Form of the Hamiltonian

The Hamiltonian description of ocean surface waves was introduced by Zakharov [8]

as follows:
o(xt)  SH  dp(xt)  OH 1
ot op(xt) ot 8l(xt) (

where x = (x, y) is the horizontal coordinate, {(x, t) is the vertical displacement, ¢(x, z, t) is

the velocity potential, i(x, t) = ¢(x,{, t) is the velocity potential evaluated on the surface,

z is the vertical coordinate directed upwards with its origin on the undisturbed surface
6H

z2=0, 55 1s the functional derivative of H with respect to ¥, and H is the Hamiltonian (the
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total energy) expressed in {(x, t) and ¥(x, t). Here, the Hamiltonian (H = K + II) is the
sum of the kinetic (K) and potential (IT) energies divided by the fluid density. These are

given by
1 1 /¢
k=3 / /41

1= ;g/gzdx+7/[(1+(vg)2)% —1}dx, (2b)

2
(V$)? + (3‘2’) ]dzdx, (2a)

where V = (%, %) is the horizontal gradient operator, & is the constant depth of water, g
is the acceleration due to gravity, and <y is the ratio of the surface tension coefficient to the
fluid density. The velocity potential ¢(x, z, t) must satisfy the following equations:

2
V2q>+37f:0, —00 < x,y < +oo,—h <z < {(x,1), (3a)
0P _
E—O, z = —h. (3b)

The Fourier transforms of {(x, t) and ¢(x, t) are introduced by
() = 5 [ Gl ek (k1) = (K, 1), (4a)

Pt = o [k Dk, plk, 1) = 4 (K, 1), (4b)

where ((k,t) and (k, t) are, respectively, the Fourier transforms of (x,t) and (x, ),
k = (ky, ky) is the horizontal wave vector, and the asterisk denotes the complex conjugate,
i = /—1. In the following, the time variable t is omitted for simplicity. Please note that
the Fourier transformation is the canonical one; then, the canonical Equations (1) can be
transformed into the canonical ones with the pair of canonically conjugate variables { (k)
and (k) as follows:

(k) ~ 6H oap(k)  6H 5)
ot Ssy*(k)’ ot  67x(k)’
To normalize Equation (5), the canonical transformation is introduced by
G(k) = U(k)[a(k) +a"(=k)], $(k) = —iN(k)[a(k) — a"(=k)], 6)
1 1
where U (k) = [%} Nk = {%} ? and w(k) is the linear dispersion relation
defined by
w?(k) = t(k)q(k), T(k) = g +7[k[>, q(k) = |k| tanh(|k|1). )

Equations (5) can be reduced to a single equation

da(k)  6H
3 sar(k) ®

i

using (6). Now, the Hamiltonian H is a functional of a(k) and a* (k). In this work, attention
is paid to waves of small but finite amplitudes (weakly nonlinear waves). Assuming small
wave slopes, we can formally expand the Hamiltonian H = H(a, a*) into integral power
series in powers of a and a*(see in Section 3). Here, we consider this expansion with
accuracy up to and including the sixth-order terms as follows:

H = Hy + H3 + Hy + Hs + Hg, 9)
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where H j( j = 3,4,5,6) stands for the Hamiltonian of j-wave interactions, and
H, = /woaSaodko, (10a)
1
H3 = /Ué/l),z(aSalaz + C.C.)éo_l_zdk()lz
L Mu® (atatas dk b
T3 Uy, (apa1a; + c.c.) 0o 142dk012, (10b)
1
Hy = /Vo(,l?zﬁ(aéalazug + c.c.)d9_1-2_3dko123
Ly e anass dk 10
+5 | Vo123%091920300-+1-2-3k0123 (10c)
T Vo1,2,3(a08182a3 + c.c.)001+42+3dk0123,
1
Hs = / W(g,l),z,3,4(ﬂ3111112113ﬂ4 +c.c.)0-1-2-3-4dko1234
1 2
35 / Wé,l),2,3,4(a3ai‘a2a3a4 +c.c.)0011-2-3-4dko1234 (10d)
1 5
Tg / Wé,l),z,g,4(a6aia§a§az + ¢.0.)00+1+2+3+4K01234,
1
He = /Xé,l),z,g,4,5(ﬂ3ﬂ1ﬂ2ﬂ3ﬂ405 + c.c.)00-1-2-3-4-5dk012345
1 2
t5 / Xé,f,2,3,4,5(a6ai‘ 2030405 + €.C.)00 1234 5dk012345 (10e)

1 3
*t3 / X((),l),z,e,,4,5ﬂ3ﬂfﬂﬁﬂ3ﬂ4a550+1+2—3—4—5dk012345

1 6
T35 / Xé,l),z,g,4,5(ﬂ3“T 5a3a405 + €.C.)00+1+2+3+4+50K012345,

where U™, V(") and W(") were given by Krasitskii [7], and X(") will be given in Section 3.
In the compact notation, the arguments kj ina, U(”),V("), W(”), X(”), and Jd-functions are
replaced by the subscript j, with the subscript zero assigned to k. For example, a; = a(kj, t),
(,LJ] = w(kj),50_1_2 = 5(’( — k1 — kz), U(gﬁ)g = U(”)(k, k1, kz), dk() = dk, dk()lz = dkodkldkz,
etc., and the integral signs denote corresponding multiple integrals with the limits from
—0o0 to +-o0.

It is important to assume that the coefficients um v w and x() satisfy the
natural symmetry conditions, which ensure that the Hamiltonian coefficients do not change

as the integral variable subscripts change. For example, the coefficient U(()ll) , is symmetric
under the transposition of the arguments 1 and 2, u(ge,l) , under all transpositions of 0, 1,

(1)
and 2, V0,1,2,
the arguments inside the groups (0,1) and (3,4), VO(? , 3 under the transpositions of all its

5 under the transpositions of 1,2, and 3, Vo(zl)2 5 under the transpositions of

indices, Wé,ll),2,3’4 under all transpositions of 1,2, 3, and 4, Wé’zl),2,3’4 under the transpositions

of the arguments inside the groups (0,1) and (2, 3,4), Xé}f,2,3’4,5 under all transpositions of

/////

and (2,3,4,5), and so on. The coefficients should ensure the Hamiltonian is a real quantity.
In view of this, there are additional symmetry conditions

vy

®)
0125 = V23010 X,

— x®
12345 = X345012° (11)
It should be mentioned here that the coefficients calculated directly are asymmetric, so
it is necessary to pay attention to skills in the calculation process (the definite integral has
nothing to do with the form of the integral variable) to construct the symmetric coefficients
(see Section 3).
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By virtue of (8) and (9), the following evolution equation is obtained:

iaa(k) - 5H2 5H3 5H4 5H5 5H6

ot ear (k) oar(k) T ea(k) | oar(k) | sar (k) (12)
where
% = «oftor (13a)
525?() = /Ué,ll)lgﬂlﬂz%—l—zdku +2/U2(,11)/0111‘a2(50+1_2dk12
+/uéi),zafaﬁ5o+1+zdk12, (13b)
525([‘;() = / V()(,ll),2,3a1a2a350—1—2—3dk123+ / Vé,zl?z,gai‘aza3(50+1_2_3dk123
+3 / V?,(,Ql,oai‘a§a350+1+2_3dk123 + / | Vo(j),z,gﬂfﬂ§ﬂ§50+1+2+3dk123, (13¢c)
5?5%) = /W(g,ll),2,3,4a102513“45071727374’3%1234
+ / thzl)zs 40102030400 +1-2-3-4dK1234
2/W43210”1‘“3”3ﬂ450+1+27374dk1234 (13d)
+4 / W432,1,0‘1Tﬂ§ﬂ§ﬂ45o+1+2+3—4dk1234
+/ 01234“1“3“3“Z5O+1+2+3+4dk1234,
5556 / Xo 12,3,4,5118203040500 123 -4-50K12345

+ / Xo,1,z,3,4,5”1ﬂzﬂ3ﬂ4ﬂ550+172737475dk12345
0,1,2,3,4,5914283040500+1+2-3—4—50K12345 e)
5,4,3,2,1,041203040500+1+2+3-4-50K12345
+ 54321001 02030405001142+3+4-50k12345
+ 0,1,2,3,4,571 020304 0500+1+2+3+4+50K12345-

To simplify the expression of the Hamiltonian, the canonical transformation a(k) =
alb(k), b* (k)] was introduced [7]. Thus, we can obtain a new Hamiltonian H that satisfies

ob(k)  O6H
o T b (k) (14)
where the canonical transformation satisfies Poisson’s brackets,
a(k) a(k')  oa(k) alk)], _
/ [ ob(q) 6b*(q) (Sb*(q) ob(q )}d‘i—of (15a)
a(k) éa* (k') da(k) da*(K) B L
/[ db(q) ob*(q)  ob*(q) ob(q) }d‘i—‘s(k K'). (15b)

Here, 6(k — k') on the right side of (15b) stands for the Dirac function.



Symmetry 2024, 16, 618

6 of 32

According to previously established canonical transformation principles, the form of
canonical transformation is postulated by

ap =by + /A(()?l),zble‘sOfledklZ + /A(()?l)’zbfb250+172dk12
+ / A(()?l),zbifbiﬁ50+1+2dk12+ / 36}3,2,3511725350717273dk123
+ / B, ,bibabsdos1-2-sdkizs + | / B, bib3b3d0: 142 adking
+ / B(()jll),Z,BbTb§b§50+1+2+3dk123
+ / C((),lf,z,3,4b1b253b450—1—2—3—4dk1234
+ / | C((),21),2,3,4bf babzbadoi1-2-3-adki1234
+ / C((J,31),2,3,4b16b§b35450+1+27374dk1234
+ / C(gjll),z,sAbTb§b§b450+1+2+3—4dk1234 (16)
+ / C41 25,401 b33 0014245 adK123
+/D((),l1),2,3,4,5blbzb3b4bs5071727374756”(12345
+ / D((J,21),2,3,4,5bfbzb3b45550+1—2—3—4—5dk12345
+ / D((),31),2,3,4,5bfbﬁbab4b550+1+2737475dk12345
+ / Dc()fl1),2,3,4,5bikb§b§b4b550+1+2+37475dk12345
+ / D ((J,51),2,3,4,5bf b3b3b3b500+1+2+3+4-5dk12345

6 .
+ / Dé,1),2,3,4,5bf by b3b3b5 00411424 344+50k12345.

Supposing that A, B(",C("), and D satisfy the natural symmetry conditions,
their detailed expressions will be given in Section 4. Then, the new Hamiltonian H can
be obtained by substituting (16) into (7). In the process, the coefficients um, yn W),
and X" are replaced, respectively, by ("), V("), W(") and X(") and satisfy symmetry
conditions like the previous ones.

On the basis of the transformation, as mentioned above, and the resonance conditions,
and choosing appropriate A", B("),C("), and D("), one can deduce the dynamical equation
of ocean surface waves concerning three-four-five-six-wave resonance by eliminating the
nonresonant terms at the right-hand side of Equation (12). The dynamical equation of ocean
surface gravity waves that contain four-five-wave resonance interactions was obtained
by Krasitskii [7]. In Section 4, the corresponding dynamical equation, which contains
four-five-six-wave resonance interactions, will be obtained.

3. The Six-Order Expansion Coefficients of the Hamiltonian

In this section, the precise form of the expansion coefficients um, vy w and
X" are obtained by complex calculations. The first three were given by Krasitskii [7].
Here, the expansion of H with accuracy up to the sixth-order terms for ocean surface
capillary—gravity waves with a finite water depth is presented. The general solution of
the Laplace equation satisfying the bottom boundary condition can be presented by the
following Fourier integral:

0(2) = 5 [ 9 BBk, (k) = ¢ (). a7
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3.1. Expending the Hamiltonian H in Powers of {(k) and ¢ (k) with Accuracy Up to the
Sixth Order

Using the expression of the kinetic K(2a) and (17), it can be shown that

¢ 3P\ 2
/41 l(V<P)2+ (az> ]dz
N _(271T)2//[(k k) I — |k [Fey [T ] (k) (Jey )&l K TR *dkodky, (18)

where
nsinh[m(h+ ¢)] + smsinh[n(h + )]

mn[cosh(mh) — cosh(nh)] ’

with m = |k| + |k1|,n = |k| — |k1].

Assuming |k(| is small (weak nonlinearity), and we can replace the hyperbolic sines in
I° by their Taylor’s expansion up to the fourth order [(m{*) and (ng*)], which is sufficient
for presenting the kinetic energy with accuracy up to the sixth-order terms. Thus, using (4),
the expansion of the kinetic energy is presented by

I = s =4, (19)

1 . 1
K :E/K(z)gbo%dko - m/K(3)¢o4’1§250+1+2dk012

1
T / K™ 018283001112 3dko123 (20)

1

- W/K(S)<P0<P162536450+1+2+3+4dk01234

1

— W/K(é)4704’1CzC3C4€550+1+2+3+4+5dk012345,

where
K® = [K| coth(|K|k), K®) = coth(|k|k) coth([ki[1)[(k - k1) — qoqu],
K® = %cothukm) coth([ky | h){[(k - 1) = [k1|*]q0 + [(ke - ky) — [ g1},
K = 2 coth([ [ coth [k ) [(|k[2 + a [2) (k- K1)
— 2|k (k1 |* = |k — K1 [*q0q1],
K(®) = L coth([kli) coth(Jky ) { [ 2(k - ky — 3lkr )

T 24
+ [ |3k - k1 — |k1[*)]q0 + [[1|* (k - ki — 3|k[?)

+ [Kk[?(3k - Ky — |k[*)]g1},

where g9 = g(k) is given by (7).
The expansion of potential energy I1 is trivial, and the result is

1 r N
I1 =5 / ToCoCodko+/Héfll),z,gCogl525350+1+2+3dk0123

+ / 118 5,450001 020504050041 2+3-5+6Konzsas, (21)
where
W =— (k- ky) (ko ks) + (k- ko) (ky - k3)
0123 =~ 24022 1) (k2 - k3 2) (k1 - k3
+ (k- k3) (k1 - k2)] )

_ T
24(270)2 0,1,2,3/
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(6) _ v
Iy15345 = 240(270)? [(k-ki)tr3a5+ (k-ka)ti 345

+ (k- k3)tipas + (k-ka)tipzs + (k- ks)ti234] (23)

The compact notation 1y = 7(k) is given by (7). We now have obtained the expansion
of H in terms of {(k) and ¢ (k) with accuracy up to the sixth-order terms.

3.2. Expressing ¢(k) through { (k) and (k) with Accuracy Up to the Fifth Order

From (17), we can obtain

cosh cosh[|k|({ +1)] oikx
/ Pk ) =k ¢ o (24)

The hyperbolic cosine in (24) can be replaced by Taylor’s expansion up to the fourth
order [(|k|Z)*]. Using (4), Equation (24) yields

1
o = coth(|k|h)¢pg + 7 / |k|¢18260-1-2dk12
1

+W

1
/ = |k1|? coth(|k1 |h)¢1028300-1-2-3dk123 (25)

27‘[ / k11> $102038400-1-2-3-adk1234

1

ML

ﬂ |k1|* coth(|k1 |h) 10283040500 1-2-3—a—5dk12345.

This equation can be solved by the iterative method. The solution of (25), after proper
symmetrization, is

¢o = tanh(|k|h) {1/10 - % /411/11C250—1—2dk12

((),31),2,34’1@2@350717273&'1(123 (26)
1 o) "
( )3 0,1,2,34%102030400-1-2-3-4dk1234
0,1,2,3,4,54’152@3545550717273—475dk12345
where
oG ) 1 k -
Po1,2 §(| 112 = q190-2 — q140-3), (27)
4 1
(D((),l),z, i [|k1| g1 —q (Z& k1 + kr|2> —290- 2@(() )2134 (28)
ri

3 3
- 2q0_3<15é_)3,1,2,4 - 2‘104‘15(()_)4,1,2,3}

[ch (- 2 et + ko) — 1 2(d0—2 + do-3 + Fos)

=2
4
+ quo r Z d1+s :| (29)
r=2 s=2,5F#r

5
@5,1),2,3,4,5 {|k1|4 - Z k1 + ke 91914
r=2
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—2 Y |k1+7+5|2(p§+)r+s,1,r,s - 607072(15((),)2,1,3,4,5
2<r<s<5
;) (@) (@
- 61/]0_3@0—3,1,2,4,5 - 6q0*4¢)0_4’1,2’3’5 - 61/]0_5@0_5,1,2,3,4}
1 4 5 ) , ,
_24{|k1| _Z|kl+kr| q1q1+r—|k1| ( Z |k]+r+s| )
r=2 2<r<s<5
5 5
+ Z q1q1+1’ Z |k1+}’+s (30)
5=

r=2 2,541

5 5
+2<|k1+kr|2q1 Y. qo- s>

r s=2,5#1
5
—111|k1|2< qo— r> +|k1|2 [IJO vy (Gor- s‘|
s=2,5#r1
5
—Zth% rl Z %rs( Z L]1+t>]}-
s=2,5F#1 t=2t£r t#£s

Now, the relation of ¢ (k) to (k) and ¢ (k) is obtained.

3.3. Presenting H through the Canonically Conjugate Variables (k) and (k) with Accuracy Up

to the Sixth Order

Substituting (26) into (20) and retaining therein the terms up to the sixth order leads to

1 r . .
- 2 / q0¢0¢0dk0 + / E(()?l),zlpow15250+1+2dk012
+ / E((Ji),z,slPo%C2§35o+1+2+3dk0123

* / Eé51)2 3,4%09102030400+142+3+4dk01234

/////

+ / Eo 1234 5P0910203040500+142+3+4+5k012345,

where
E| =——i4w«n+%m
0Lz 2(2m) '
1
0123 =~ 82n)2 {2‘70|k1|2 +2q1 |k[?
—qoq1(qo+2 + qo+3 + 142 + lh+3)] ,

4 4
5 _ 1
Eginze=— PIPIE [2|k|2|k1|2 - ‘70“‘1‘2(;’70“) - 41\k|2(r§511+r)

1 4 4
+ 54091 <|k|2 =Y ko P+ 1P = Y |kl+r|2>

r=2 r=2
4 4
+%%2%H<Z‘MJ}
r=2 t=2,t#r

6 1 6 6 6
Ebiasas = 4%Mﬂ“ﬁU£p+%q+m@U}

(31)

(32)

(33)

(34)

(35)
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with
(6) " T 2
E;” =qolk1]* — qolk1] Yo [kogres]
2<r<s<5
2 2 >
—kPkal? ] Y Gosres|, (36a)
2<r<s<5
5
6
EY) = Y qoq1q0+r <3|k1|2 - ) |k1+t|2>
r=2 t=2,t#r
5 5 )
-2 Z qoq0+r < Z 40+r+t> k1], (36b)
r=2 t=2,t#r
©6) 5 5 5
Ey’ =— Z qo9190+r [ Z qo+r+s ( Z l]u-t)} . (36¢)
r=2 s=2,5#r t=2,tr,t#s

Here, (0 < 1), standing for the first term in the curly braces of Equation (35), should
be repeated, and the indices 0 and 1 interchanged, such that the right-hand side of Equation

(35) should be symmetrized with respect to arguments (0,1). The detailed process of

deriving E((fl) 23 E(()Sl) 2340 and E(()él)

Please note that the coefficients Eé41) ,5and Eé 1)2 34 are identical to the classical ones
given by Krasitskii [7].

Using (21) and (31), we can obtain

aaif = qoo +2 / E@3,1/2¢1§2§0—1—2dk12
+2/Eg%ng¢1€2€350717273dk123 (37)
+2/E(,53/1,2,3/41IJ1§2€3C450—1—2—3—4dk1234
+2/E(,63,1,2,3,4,51,01525354@5507172737475011(12345,

Iy

3% - 060 — /Efz),,o%i#z%—l—zdku

- 2/Efz),s,_ollﬂl¢2§350717273dk123

—4 [ 1Y, (01adsbo- 12 sdhins

-3 / E§,52),3,4,701/)1¢2€3C45071727374dk1234 (38)
_4/E§,62),3,4,5,_ol/]1111253@4@5507172737475dk12345

- 6/Hf,éz),g,4,5,7()§1Cz§3§4555o—1—2—3—4—5dk12345'

Analogous to Krasitskii [7], the system of Equations (37) and (38) is more convenient
for the numerical study of combined four-five-six-wave interactions than the dynamical
Equation (47).

3.4. The Forms of Coefficients um v wm and x)

Finally, combining Equations (5), (6), (21) and (31), the forms of the coefficients
[U(”), v W) and X(”)] can be determined. The forms of U™, V(") and W) were
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given by Krasitskii [7]. After proper symmetrization, we obtain the following expressions
concerning X (")

1

(1)
X0,12345 = g(*X—0,1,2,3,4,5 — X 021345 — X-031245

— X 041235 — X-051234 T X1,2,-0345 + X1,3,-0245

+ X14,-0235 T X1,5-0234 + X23,-0145 + X24,-01,35 (39)
+Xo5,-0134 T X34,-0125 + X35,-0,1,24 + X45-0123)

— 61012345/

2) 2
X012345 = g(X70,71,2,3,4,5 — X 02,-1345 — X-03,-1,24,5

—X_04,-1235 — X_05-1234 — X-12,-0345 — X—13,-02,4,5

— X 14,0235 — X-15-0234 T X23,-0-1,45 + X24,-0,-135 (40)
+X25,-0,-134 + X34,-0-125 + X35-0-124 + Xa5-0-123)
+ 200012345,

(3)
Xo10345 = X-0-1,-2345 T X—0,-2,-1345 — X-03,-1,-245

—X_04,-1,-235 — X-05,-1,-234 — X-1,-2,-034,5 — X-1,3,-0,-245

— X 14,0235~ X-15-0234+ X 23-0-145+X 24-0-135 (41
+ X 25-0-134 1 X34,-0,-1,-25 + X35-0,-1,-24 + X45-0-1,-23
—3000,1,2,3,4,5/

(6) 1
Xo12345 = 5(X012345 + Xo21545 + X031245

+ Xo04,1235 T Xo51,234 + X12,0345 T X1,30245 T X1,4023,5 (42)
+ X150234 + X230,1,45 + X240135 T X250,134 + X340,1,25
+ X350124 + X450,1,23) +6I012345

where ;
X01,2345 = —3N0N1U2U3U4U5Eé,f,2,3,4,5,

6
Iopp345 = UoulU2U3U4U5Hé,1),2,3,4,5-
The coefficients X (") satisfy all the necessary symmetry conditions.

4. The Dynamical Equation

In this section, we pay attention to ocean surface gravity waves. The dynamical
equations that contain four-five-six-wave interactions and the forms of the coefficients
concerning the canonical transformation [A(”), B("), C ("), D(”)] are presented. The methods
of deducing the dynamical equations are as follows: (i) starting directly from the canonical
transformation conditions (15) [41]; (ii) substituting the transformation (16) into (9) [7];
(iil) using the Hilbert transformation to transform the canonical variables [30]. In the follow-
ing, method (ii) is adopted to calculate the coefficients of the canonical transformation and
the dynamical equation. The forms of A, B("), and C(") were obtained by Krasitskii [7].
Considering the symmetrization of the coefficients, Janssen [42] gave a new calculation
method concerning B, The six-wave resonance conditions of ocean surface gravity waves
are as follows [1]:

k+ki+ky=ks+ky+ks, (43a)
w(k) +w(ki) + w(ky) = w(ks) + w(ky) + w(ks), (43b)
k+ky =ky+k3+ky+ks, (44a)

w(k) + w(kl) = w(kz) + w(kg) + w(k4) + cu(k5), (44Db)
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k+ki+ky+ks=ky+ks, (45a)
w(k) +w(ky) + w(kz) + w(ks) = w(ks) + w(ks). (45b)

The following process is to determine the coefficients A Bn) ) and D), so
that the new Hamiltonian is simplified when the coefficients are expressed in terms of b.
This process implies removing nonresonant terms from the Hamiltonian. Thus, after a
successful determination of the function in (16), the new Hamiltonian H, which we wish to
obtain, has the form

H= / wobisbodko + % / 72, Jb5bibabados1 o sdkorns
+ % / Wéi),z,gA(bé‘bi*bzbsbz; +c.c.)004+1-2-3-4dko1234 (46)
+ % / X((J,zl),z,g,4,5(b3bf babsbybs + c.c.)d011-2-3-45dk012345
—i—% / 5(((]?1),2,3,4,5178bfb;b3b4bs5o+1+2737475dk012345-

Given this form of Hamiltonian and Equation (14), the dynamical equation of the
four-five-six-wave resonance for ocean surface gravity waves in water of a finite depth
takes the following form:

O _oH
Yot~ obg

+ / Wéi),zs,z;bf1725317450+1727374dk1234

= wobo + [ Vi3 abibabsbos-2-adkiz

3 [ * 7%
T3 / Wz%),z,mblbzbsb4(50+1+2—3—4dk1234 (47)
+ / }26,21),2,3,4,5bfb2b3b4bs5o+172737475dk12345
(3 * 1%
+ / X((J,1),2,3,4,5b1bzb3b4b550+1+2—3—4—5dk12345

52
+2 / Xé,ﬁ,s,z,l,obf b3b3b4bs500111213-4—5dk12345.

The following describes how to obtain the kernel functions X(") and the coefficients

D). We should substitute transformation (16) into (12) and substitute the derivatives aris-
ing from % from Equation (47). After combining the like terms and proper symmetrization,

we can obtain 18 algebraic equations concerning the coefficients, in which six equations of
D) can be written as follows:

Yé,ll),z,3,4,5 + X((J,11),2,3,4,5 +Ao-1-2-3-4-5 D((],ll),z,gAﬁ =0, (48)
28?1),2,3,4,5 = Yé,zl),z,3,4,5 + X((],21),2,3,4,5 + Ao+172737475D((),21),2,3,4,5, (49)
X255 = Yoramas + Xon2545 + B04112-3-4-5D41 25,45 (50)
2)?524),3»2,1,0 = Yé,41),2,3,4,5 + ZXé,zz;),a,z,Lo + A0+1+2+37475Dé%f,2,3,4,5, (51)
Yoy asas T 5% 5010+ Bor124314-5Dh 1 5345 =0, (52)
Yot aaas + Xo12345 + 8011124314150 02545 = O, (53)

/////////

where Ayt ptgtres = kn = km = kp £ kg + ky & ks. The detailed expression of function
Yo(ri)z sa5(n =1,2,3,4,5,6) is given in Appendix B. The coefficients D" can be divided
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into two classes: nonresonant ones (D(l),D(S), D(é)) and resonant ones (D(z), DB, D(4)).
The nonresonant coefficients can be obtained directly from Equations (48), (52) and (53):

1) 1)
pW :_Y012345+X012345 54)
0,1,2,3,4,5 Dot 3 as

(5) (1)
Y012345+5X543210

5)
D! - (55)
01,2345 Ao+142+43+4-5
(6) (6)
p©®  _ Yo12345 T Xo12345 6
012345 A :
04+14+2+3+4+5

We now turn to obtain the resonant coefficients (D@, DB), D®)) and the kernels of
the six-wave dynamical equation(Xéz1 23,45 0 1 2345)

First, by the symmetry properties, Equation (49) leads to

(2) 2) () ) _
A0+1—2—3—4—5[Do,1,2,3,4,5 -D 1,0,2,3,4,5] + Yo 1,2,34,5 Y1,0,2,3,4,5 =0. (57)

The general solution of Equation (57) is symmetric under transpositions within the
A0/1,2,3/4,5 is symmetric under the transpositions within the groups (2,3,4,5), and the function
A012345 is symrnetric under the transpositions within the groups (0,1) and (2,3,4,5). Itis
Mo12345 = 0, and the coefficient D(?) is a suitable particular solution of Equation (57),
which is symmetric under the transpositions within the groups (2,3,4,5) and non-singular
when Ag1-2-3-4-5 — 0. We construct a particular solution:

(2) _ 1 (2) 2
D 01,2345 — 2A 041-2-3—4-5 iY0,1,2,3,4,5 - Yl,0,2,3,4,5]‘ (58)

The solution (58) is formally singular for resonant condition Ag11_3_3_4_5 = 0; how-
ever, it is possible to show that each term of function Y@ can factor out Noy1-2-3-4-5,
which means that the solution (58) is non-singular when Ay 1_5_3_4_5 — 0. This yields

(2) (2) (2)
Y0,1,2,3,4,5 - Y1,0,2,3,4,5 = —2Mo41-2-3-4- 5D0 1,2,34,5° (59)

/////

Please note that the antisymmetry of D(()zl) 345 under 0,1 means

(2) (2)
Doi2345 = ~DPio2sas: (60)

From (49) and (60), we obtain

<@ 1.2 (2) ()
O, 2,345 E [YO,1,2,3,4,5 + Y1,0,2,3,4,5] + X0,1,2,3,4,5' (61)

This representation of the kernel(f((g/zl)’zlejl 4’5) already possesses all the necessary sym-
metry properties in explicit form.

Second, using (50), we turn to the determination of the canonical transformation
coefficients D®) as follows:

(3) (3) 3) 3)
Do+1+42-3-4-5[D012345 T D5 a3210l + V012545 ~ 543210 = 0 (62)
Analogous to the above, we construct a particular solution as follows:

(3) 1

D = - ®)
012345 6A01142-3-4-5

) (3)
5Y012345 = Y102345 ~ Y201345
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3) 3) 3)
= V345012~ Ya35012 Y5,3,4,0,1,2]' (63)
The solution (63) is formally singular for resonant condition Ag1147-3-4_5 = 0; how-
ever, it is possible to show that each term of the function Y®) can factor out Not142-3-4-5,

which implies that the solution (63) is non-singular when Agy117_3_4_5 — 0. Substituting
(63) into (50) gives

&(3) _ 1.0 (3) (3) (3) (3)
X01,2345 = 3 Yo12345 1 Y102345 T Y201345F Y345012 + Yi35012

®) ®)
+Y554012] T X012345° (64)
Finally, it remains to determine the coefficient D(*). Combining Equations (49) and
(51) leads to

D 1 ey,

2)
- 3%
54,3,2,1,0 A0+1_2_3_4_5

(2)
54,3,2,1,0 0,1,2,3,4,5] - 2D 01,234,5" (65)

Adding (65) to the equation arising from interchanging the indices 0 and 1 of each term in
(65) yields

(4) _ 1 (4) (2) (4) )
Dsa5210 = 200+1-2-3_ 475{[1/5,4,3,2,1,0 —2Y010345] T [Y543201 = 2V1023450)  (66)

Please note that each term of the function [Ys(i)?),zw — 2Y(§,21)/2 345) can factor out
Ao+1+2+3-4-5; then, the right side of (66) is non-singular. Equation (65) yields

-1
D (()%1),2,3,4,5 = m{ [Yé,?,z,&z;,s - 2Y5(,i),3,2,1,0] + [Y(gi),z,3,5,4 - ZYAI(,Z'S),B,Z,l,O]}' (67)
To summarize, all the coefficients of the canonical transformation and the kernels of
the dynamical equation are determined.
Obviously, Equation (47) conserves the energy. Now, we consider the integrals of
motion [ = f robobydko. For rg = k, the quantity I is the wave momentum, and for ry = 1,
it is the wave action. From (47), we obtain

.aI ~(2 *
25 = /(70 +1r1—12—13) 0(,1?2,3b3b1 bab3b0+1-2-3dk0123

+ /(ro +r—1p—13— r4)W(§/21)’2’3/4(b5b1‘b2b3b4 —c.c.)

X 004+1-2-3-adko1234

+ / (ro+r1 =12 — 13— 14— 15) X3 5 5 4 5 (0§ U babsbabs — c.c.) (68)
X 80+1-2-3-4-50k012345

+ % /(70 tritra—r3 14— 75)Xé?l)lzr3,4,5b6‘bi‘b§b3b4b5

X 00+1+2-3-4-5k012345.

From (43)-(45) and (68), we can find that the dynamical equation for four-five-six-wave
resonance (47) only conserves the momentum; however, the one for four-wave resonance
conserves both the momentum and the action. It is worth noting that the wave action is not
conservative when we only consider six-wave resonance.
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5. The Kinetic Equation

This section focuses on deducing the kinetic equation for ocean surface gravity waves
in water of a finite depth. First, some definitions are introduced. We define the observable
wave number spectrum F(k) of a horizontally uniform random wave field by

E(k) = 2711)2 w;k)N(k), < a(k)a” (K) >= N(k)é(k — K'), 69)

where the angle brackets imply an ensemble average. By analogy with F(k) and N(k), f (k)
and n(k) are defined by

fk) = n(k), < b(k)b* (k') >= n(k)s(k — k), (70)

where f(k) and n(k) are the weak-interaction spectra.

The calculating of a"a(tk) is usually performed using the following steps: (1) multi-
plying (47) by b* (k) and multiplying the complex conjugate equation of (47) by b(k'); (2)
subtracting the latter from the former; (3) averaging and setting k' = k. We can obtain

an
_2/ 01231 01)23]dk123
5
+2/"\701234 [M(() 1),2,3,4]‘7”{1234

(2) (5)
_3/W43210 43210]dk1234

A6
+2 / S0,1,2,3,4,5 [My12345]9k12345 (71)

(6-1)
—4 / X5,4,3,2,1,0 IH‘[M5,4,3,2,1,d”lk12345

(3 6—2
+2 / RiN2345 Im[Mé,Lz,%A,s}dkuMSr

/////

and Mé61 2,%/4’5 =< b*b*b*b3b4b5 > are the correlators In order to close Equatlon (71), we

1Ly

will apply the quasi-Gaussian approximation. Replacing the linear term wybg in (47) with
(wp — ig)by(e > 0), we can construct the evolution equations of M*), M®), M(©=1) and
M©=2) as follows:

0 . ;

&M((;}l),Zﬁ =i(wo + w1 —wy — w3+ 41€)M(()%1),2,3
+{VOMOY 1 (WMD)} 4 (§D M-y (72)
L EOME-2),

d . 5 . . 5
gM((),l),ZﬁA =i(wp + w1 —wp —ws —ws + 51€)M((J,1),2,3,4

+{VAMMN + (WA MO 4 {(XB MO~y (73)
+{XBIMO-2y,

9 . (6-1) . A g(6-1)
5:Mo12345 = i(wo + w1 —wy — w3 — wy — ws +6ie)My 153,45

+ {V(Z)M(S)} + {W(Z)M(9)} + {X(Z)M(lofl)} (74)
+ {XB)pm00-2)y,

d . (6-2 . . 6-2
EM((),LZ,;Aﬁ = 1((4)0 + w1+ wy — w3 —wyg — ws + 618)Mé]1/2’;’4/5

+ {V(Z)M(S)} + {W(Z)M(9)} + {X(Z)M(lofl)} (75)
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+ {XB)pm00-2)y,

where { V(2 M(6)} is the sum of the integrals containing the products of V(2) M(®), The other
expressions in brackets have a similar meaning. Next, the quasi-Gaussian approximation
is introduced: (1) M7, M®) is assumed to be zero; (2) the 6-8-10-order correlators are
expressed through the two-order correlators (Gaussian random process) as follows:

///////////////

+012,0345 +902,1,0345 +02,0,1,34,5], (76)
< bybybyb3bsbsbsb; > = noninanz[do1,234567 + 031,204,567

+0032,1,4567 01,324,567 (77)

+ 04123056789 100423156789 (78)

+00,1,43256,789 T 00,1,2435,67,89)

where
do-1 = 0(ko — k1), (79a)
%0,1,2345 = 60-361-4025, (79b)
001234567 = (00,1,2456 + 0021456 +91,02,456
+ 0120456 +92,1,0456 + 02,0,1,456)93-7, (79¢)
00123456789 = (001,235,678 + 031,205,678
+0032,15678 +90,1,3256,78)04-9- (79d)

The 2n-order correlator contains n! terms. In the cases of n = 2,3 and n = 4, we can
refer the reader to the respective work of Zakharov et al. [11] and Krasitskii [43]. With these
assumptions, Equations (71)—(75) are closed.

Using formula Im(x +ie) ™! — —md(x)(e — 0) and the correlators assumed to be
changing slowly (we neglect the time derivative), substituting Equations (72)-(75) into (71),
we can obtain the precise forms of M@, MG M- and M(6=2), Thus, the Hamiltonian
kinetic equation of four-five-six-wave resonance is

on(k) ~ (2 1
9t :4”/[ 0(,1?2,3]2”0”1”2"3(170 Tt )

X 0(wg + wy — wy — w3)dp41-2-3dk123

57(2 1 1 1 1 1
+ 127T/[Wérl)’2,3/4]2n0n1n2n3n4(n—o - - — )

X 0(wo + w1 + wy — w3 — wy)dp+14+2-3—4dk1234 (80)
(2) 2 1 1 1 1 1 1
+487T/[X0,1,2,3,4,5] ”0”1712”3”4715(% + wm m e n—S)

X 0(wp + w1 — wy — w3 — wy — Ws)d41-2-3-4-5dk12345

(3) 2 1 1 1 1 1 1
+487T/[X0,1,2,3,4,5] ”0”1712”3”4715(% + I +  m n—S)
X 0(wo + w1 + wy — w3 — wy — Ws)d4142-3-4-5dk12345

(2) 2 1 1 1 1 1 1
+ 96”/[X5,4,3,2,1,0] npn1nn3ngns nio + 771 + an + 173 — n74 — n—S)

X 0(woy + wi + wy + w3 — wy — Ws)804142+3—4—50k12345.
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Equation (80) contains the kinetic equation of four-five-wave resonance given by
Krasitskii [7]. In the approximation applied, each kinetic integral depends only on itself.

Finally, we consider the possibility of the existence of conservation laws of the form
J = f ronodkg. For rg = k, | is the mean momentum of the random wave field, for
o = wy, it is the mean potential energy, and for rg = 1, it is the mean wave action. From
Equation (80), we obtain

g =
X 0(wo + wi — wy — w3)dp41-2-3dk123

0 - 1
J ”/[V(,zl?zg]z(fo +tri—r— 73)”0711712713(”—0 4+ - —— )

i 1 1
ngp MM np

~(2
+ 67 /[W(g,l),z,a,ﬂz(ro + 71 — 12 — 13 — r4) M1 N2M3N4(

1 1
— — — —)d(wo + w1 — wr — w3 — Wy)doy1-2-3-4dk1234
ns Ny
$(2) 2 e —
+487 [ [Xg 10345 (ro+ 11— 12— 13 — 14 —15)noninangnans (81)
1 1 1 1 1 1
X(—+——————— —— )o(wo + w1 — wy — w3 — Wy — ws)

np m np N3 N4 Ns

X 8041-2—-3-4—5dk12345

(3
+ 81 /[Xé,f,z,3,4,5]2(ro + 11+ 12 — 13 — 14 — I'5)NoN1N2N3NYNS
X(—F+—F+——————— )0 (wp + w1 + Wy — w3 — wg — ws)
X 004+142-3-4—50k12345.

It is seen from this equation that (1) the Hamilton kinetic equation of four-five-six-
wave resonance conserves the momentum and the energy, and (2) only the Hamilton
kinetic equation of four-wave resonance conserves the wave action. The action evolution is
governed by Equation (81):

3 B ) 1 1 1 1 1

E / Ylodko = —67‘[./ [W0,1,2,3,4} 1’101’111’121’131’14(?0 + 7171 - ;2 - 1’173 - ;4)

X 0(wp + wy — wy — w3 — wy)dp+1-2—3—4dk1234 (82)

_ 7(2) 2 i, 1 1 1 1 1
4871/[X0,1,2/3’4,5] non1n2n3n4n5(n0 + o m ns)

X 0(wp + wy — wy — w3 — wy — Ws)d41—2-3—4—50k12345.

6. Discussion and Conclusions

The wave turbulence theory of ocean surface gravity waves has been advanced
from the classical four-five-wave resonance [7] to the four-five-six-wave ones in this
work, i.e., the dynamical Equation (47) and its kinetic Equation (80), which are hard
won and have another basic foothold at a deep level. This introduces a series of new
changes and extensions to the basic solutions of the Kolmogorov—-Zakharov spectra [11],
instability [25-27], nonlinear Schrodinger equation [8,44], etc., and also provides a the-
oretical platform for an extension of the practical and extensive level for wave—current
interactions [45,46], slowly varying depths [47,48], surface capillary—gravity waves [21,23],
atmosphere—ocean coupling [49,50], etc.

If we look back at the wave turbulence theory in this work, we find that it has a serious
theoretical defect, just like the classical wave turbulence theory [7,9]: it adopts the linear
dispersion relation instead of the matching nonlinear dispersion relation [20,51]. This can
only be addressed in the future.
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Appendix A. Derivation of the Three Expressions for the Kinetic Energy in (31)

Let
K® = Coth(|k|h)Cth(|k1|h)K((],3l)’
K@ = coth(|Kk[R) coth( ki 1)K, (A1)
K® = coth(|k|I) coth(|ky|h)KS >,
K6 = coth(|k|h)coth(|k1|h)K((J,6l)
In Section 3.3, we know that the terms E(()jll),z,sf E((J,51),2,3/4 and E(()'61)f2'3'4’5 are determined

by substituting (26) into (20) and retaining therein the terms up to the sixth order. Here,
the four-waves resonance coefficient E(()41) » 3 is determined by the fourth-order terms of the

first three terms of the right-hand side of ’Equation (20) after substitution; the five-waves

)

resonance coefficient Ey; , 5 ; is determined by the fifth-order terms of first four terms of

the right-hand side of Equation (20) after substitution; the six-waves resonance coefficient

E(()?l),z,3,4 is determined by the sixth-order terms of the right-hand side of Equation (20)

after substitution.

Appendix A.1. The Calculation of E0 123

The E((J,l),2,3 is composed of three components as follows:
(1) The first component is the fourth-order terms coefficient of substituting the (26)
into % /K (2)4304)6‘ dko. The process of calculation is shown below.

1 . 1

E /K(Z) tanh2(|k|h)1/)0 ( — W/@é?l)lz,3¢1€2§350123dk123) dko
1 1 * ok %

+3 /Km tanhz(k|h)1/10< - (Zn)z/q§(()?1),2,31/)1Cz§353+2+1—0dk123> dko (A2)
1 1 * ok

+ E/K(Z) tanhz(‘klh)w/qllplngsl:),l,ﬂiku/qllpléz5(),1,2dk12dk0

1
T T 202n)? _/[‘70( (3123+¢(§)1 23) q0+3%%}

X Po1028300+1+2+3dk0123-

The points of calculation are as follows:
1 . 1 . 1
5 /K(z)%(podko == /qozpo < — 2/@(()?1),2,31#’152@350123dk123) dko
t3 / qoto ( / 01,2,3%10203034241- odkua) dko  (A3)

+ 5/’70@/‘11%@2507172%12
X /%ﬁéﬁukodkudko-
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The first two terms on the right-hand side of (A3) are

1
T 20n) /qO [@((),31),2,3#’01/11525350—1—2—3 + @((),31),2,3#?047—1572€7353+2+1—o dko123
1 3) (3)
= 2002 /‘70@70,1,2,3 + @y 5 3)Po¥1820300+1+2+30ko123. (A4)

The last term on the right-hand side of (A3) is

1 e
W/qO/q"lpngméOfnfmdknm/l]11/11€252+1_0dk12dk0

1 * >k
= 2(27‘[)2 /Qn+an¢n€mq1lpl 5257n7m+1+2dknm12(n —0,m— 3) (A5)

1

= W/qo+3’70’711/101/)—1€72€3‘5—n—m+1+2dk0123
1

= W/qo+3q041¢0¢1§1§350+1+2+3dk0123-

Similar calculations will be used several times below, but we will not go into details.
(2) The second component is the fourth-order terms coefficient of substituting the (26)

into *ﬁ fK(3)¢o¢1§250+1+2dk012-

1
2(27)
1
2(27)

1
= 20202 / (K((J?l)Jqul +K(()i)m%)¢0¢1§2€350+1+2+3dk0123~

1
/ Ko Yol—5; / qo¥08201-0-24k02) 8200 +1+2dko12

1
/K((),gl)lljl(_ﬂ/q1¢’1€2507172dk12)§25O+1+2dk012 (A6)

(3) The third component is the fourth-order terms coefficient of substituting the (26)
into —ﬁ J KW o102030011 42+ 3dko123-

1
2(2m)2

/ K((fl) Po1828300+1+2+3dko123- (A7)

From the above, it follows that

4 1 3 3
E((),1),2,3 = 2(27_[)2 { - QO(‘I’(_(;,LZ;), + @6/11,_2,_3) + q0+39091
+ [(k - k143) — qoq1+3)91 + [(ko+3 - k1) — qo+391)90 (A8)

3 06 ) = [l Plao + (& ko) = [kPlgs }

By proper symmetrization, (A8) yields

4 1
E((),1),2,3 = 8ene { —2qoky - (k+ka +k3) —2q1ko - (k1 + ko + k3)
—q0q1(q0+2 + o3 + 142 + fh+3)} (A9)

1
" 8202 {2%|k1|2 +2911k|* — qoq1 (o2 + Go+3 + G142 + 9143) |-
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Appendix A.2. The Calculation of E((),51>,2’3,4

The E((),Sl),m, 4 is composed of four components as follows:
(1) The first component is the fifth-order terms coefficient of substituting the (26) into

1 [ K@ gopgsdko.
1 -1 r
2/40<2n/%¢’1§250—1—2dk12)
1 3) '
ol U W/@0,1,2,34’1CzC350717273dk123 dko
1 1 (4) *
+ 5/%% - W/<Do,1,2,3,4l/’1§2€3€450—1—2—3—4dk1234 dko
1 -1 *
+ 2/‘7()(27_[/1111/]152501211’(12)
1 3) o) dk
S W/%’1’2'3%@@50717273(1 123 | dko (A10)
! ; ! () 5 dkysy ) dk
+ E/%l/’o - W/®0,1,2,3,4¢152€3§4 0-1-2-3-4dk1234 | dko
1 3 (3
~202n)? /{’JOQOH ((D0+)4,71,72,73 + @7374,1,2,3>
—4qo (q’éﬂl,_;_@_z} + @813,1,2,3,4)} Po182030400+1+2+3+49k01234-

(2) The second component is the fifth-order terms coefficient of substituting the (26)
into *2(21n) J K® pog12260+14+2dkor2.

1 3 -1 3
52 / Ké,fwo( e / cb{,i,m,rwnémwlnmrdknmr)

X {200.+1+2dko12
1 1
2 b= )/K(?l) (_/erprgs(so—r—sdkrs>
( /qannCm51 n— mdknm>€250+1+2dk012 (A11)

57 | K5 (e [ oo ) et
1 3 3 3
= 2(27-[)3 /|:K(g,20—2¢(32,1,34 qulK(()+)31+4+K( )7 (D(1)2,0,3,4:|

XPo10203C400+142+3+4dk01234-

(3) The third component is the fifth-order terms coefficient of substituting the (26) into
_ﬁ J KW pop1222360-142+3dko123-

( —r / 1!’( /%¢n§m5lnmdknm)525350+1+2+3dk0123

K ( o [ arpisdn - sdkrs)¢152@350+1+z+3dk0123 (A12)

{’1 1+4 + %Ko+4 1} Yoy102038400+1+2+3+4dko1234-
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(4) The fourth component is the fifth-order terms coefficient of substituting the (26)

into — 2(21n)3 J KO pod122030400-11+2+3+adko1234-

1 5
- 2(2m)3 / K((n) P0¥18283C400+1+2+3+4dK01234- (A13)
From the above, it follows that

£ 1

() ®)
01234 = 3(27)3 {[q0q0+4( 0+4,-1,-2,-3 1+ P 4123)

)?
3 3
‘10( 0,~1,-2,-3, 4+¢(81234>}+[Ké,10—2¢(32,1,3,4

3 3 3
+ K(—l)—z,lq’(—l)—z,o,s/t - ‘70‘71Ké+)3,1+4} (A14)
4 4 5
+ [qlKérf 4+ 90KS 34,1] — k) }

By proper symmetrization, the terms on the right-hand side in (A14) can be expressed
as the following four equations, respectively.

1)
3 3 4 4
{‘10’10+4 (‘p(()+)4,—1,—2,—3 + ‘1’(—3—4,1,2,3) — 4o (‘I’((),Z1,—2,—3,—4 + ‘P(—g,1,2,3,4)}

1 4 4 4 4
=3 [q0|k1 2(Y qo4r) + 01 |k|2(Z T1++) — 29001 Z G0+ < Y. gt (A15)
r=2 r=2 t

=2,t#r

4 4 4
— o1 <|k1|2 -y |k1+r2> +q0lk11* (Y q0++) — qom (IkI2 -y |k0+r2>
r=2 r

=2 r=2

4 4 4
+41|k‘2(2 q14r) — 29091 Z%—i—r( Y. ‘h+t>]
t=

r=2 r=2 2,t#r
2)

3) 3) (3) (3) ®3)
[K0,02@02,1,3,4 - q0q1K0+3,1+4 + K7172,1 (p12,0,3,4]

1 4
=z {(|k1|2 + Kk [?) (ke - a) — 4[k*[Fe1 [* + 1 Z (k- ko+r) < )y ¢11+t> (Al6)
r=2 t=2,t#r
4 4 4 4
+q0 ) (k1 -Kiyr) ( Y 170+t> + 390 Zq0+7< Y. ‘h-‘rt)
r=2 t=2,t#r r=2 t=2,t#r
4 )& 4
— qoq1 Z ko - ( ) k1+t> — qolk11*(Y_ qo+r) — kP (X 14+ }
r=2 t=2,t#r r=2 r=2
3)
4 4
[qlK((),1)+4 + ‘70K(()+)4,1]
1 4 4 &
=z {Wh(k' Y ki — Y ki) + ) agrr (k- kayy) (A17)
r=2 r=2 r=2

4 1 4 4
—qlkP(Y lh+r)] tg {‘10‘71("1 Y ko — Y kosr]?)
r=2 r=2 r=2
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22 0f 32
4 L d
+ Y qoqo+r (k1 - kogr) = qolkr (Y q04+)
r=2 r=2
4) .
_K((),Sl) = —g[(|k|2 + [k1 [?) (e - Ty ) = 2[K[? |1 |* = |k — Ka[goga]- (A18)
From (A.15)-(A.18), it follows that
(5) 1 21512 2 24: 2 XA‘:
ES) = - 222 = ol (L )~ L 1)
01234 PIE L, 0+ L, T
1 2 v 2 2 v 2
+ 5901 | [kI* = Y Tkosrl* + [kal” = ) [Fer | (A19)
r=2 r=2
4 4
+ 4091 ) o+ < 0]1+t> ] .
r=2 t=2,t#r

/////

rrrrr

(1) The first component is the sixth-order terms coefficient of substituting the (26) into

3 [ K@ gopdko.

YNEY—.

(-
o f qowo( e [ OWanasiatatatsss 125 sk ) dhy

+z/%(

><< T / ) 1020300 12 3dk123>dk0

2/070( /‘11’#15250 1- 2dk12>*

(o

1 1
5 /404’5 ( - W/ (()51)23451P1C2€3§4§55012345dk12345>dk0

(()4,11),2,3,41,”1@253@501234dk1234> dko

/(P01231P1§2C350 1-2— 3dk123>

X

01234%@253@450 1-2-3— 4dk1234>dk0 (A20)

/////

1 1
+ 5/‘10 (—zﬂ/45631)231P1§2€350—1—2—3dk123>

X( /%1234’1@2@350 1-2— 3dk123> dko

= (4) (4)
-~ 2(2m)4 /[qoq0+5 (‘I’0+5,—1,—2,—3,—4 - @—0—5,1,2,3,4>

(5) () ©) (3)
— o (@0,71,72,73,74,75 + @70,1,2,3,4,5) +2q0+4+5P70 4 50,4590 45123

X Po10203C40500+1+243+4+50k012345-
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(2) The second component is the sixth-order terms coefficient of substituting the (26)
into —ﬁ I K® po12260+14+2dko12.

1 3 -1 4
- 2(27-[) /K((),l)lzbo((zn,)g, /(piyzlm,r,tlpngmgrgtélnmrtdknmrt)

X C200+142dko12

- /K6 ( o [ Ao Sdkr5>

2rm)
-1
X < 27 ) / 1nmrlp”€m€1’51 n—m— rdknmr>€2(5o+1+2dk012
1

()
1
) <(2n)2/ O”mrlpﬂgmgr‘so n—m— rdknmr)§25o+1+2dko12

1 -1
- 2(27[) /K(()l)<(2 )3 /(p(()jlrz,m,r,tlpngmgrgt%nmrtdknmrt> ll"lCdeOlZ
1 4

3 4
- 2(?.7T)4/{K(g )0 2@(_3 21345+K() 1‘1)(—1)—2,0,3,4,5

(3) (3) (3) (3)
— qo (K0+3,1+4+5 Digisias T Kilays04a CD1+4+5,1,4,5)}
X Po102030405004 11243 +4+54k012345-

(3) The third component is the sixth-order terms coefficient of substituting the (26)
into —ﬁ J KW o10283001142+ 3dko123-

1 -1 '
e i)

X $20300-+1+2+30k0123

1 1
- 2(2n)? / K1 <—27T / qulﬂrés&o_,_sdkrs)

1
X (—zn/qr¢r§s51—r—sdkrs>@2@350+1+2+3dk0123 (A22)

1 4 -1
3 ) 1 (e [ mantrto -t

X ¥102036041+42+3dk0123

1 (4) (3) (4) (3) (4)
= 2020 / [ 01+4+5P11415145 T Kotars1Potarsoas — 091Ky 4145
X Po10203040500+1+2+3+4+5dk012345-

(4) The fourth component is the sixth-order terms coefficient of substituting the (26)
into 5555 [ K®) po102033400 1423+ 4dk01234.

1
T 20Ap / K® o1 02030a00+1+2+3+adko1234
1

= _2(27.[)3 /K(() ( /leréstso r— sdkrs)¢1§2€350+1+z+3dk0123 (A23)

/ < 27'f/qu‘brgs(51rSdkrS>@2@3f50+1+2+3dk0123

/ {%KO% 1+ ‘71K(() 1+5} P010203048500+1+2+3+4+59k012345-
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(5) The fifth component is the sixth-order terms coefficient of substituting the (26) into
- 2(22)4 J K© po12223040500 11421344+ 58k012345-

2(2m)4 / K© 010205840500 +14+2+3-+4+50K012345

1
T 22n) /K((),él)lp04’152§3§4€550+1+2+3+4+5dk012345'

(A24)

From the above, it follows that

(6) 1 (4) (4)
Eoins45 = 2(2m)* {‘70‘70+5 (@o+5,71,72,73,74 + @7075,1/2,3,4)

(5) ®)
— 490 (@0,71,72,73,74,75 + @70,1,2,3,4,5)

3) 3)
+200+445P 0 4 5 0-4-5P 0 45103

©) (4) ®) (4)
T Ko —0-2P 021345 T K1 2191 20345 (A25)

(4) (3) (4) (3)
— 40 (K0+3,1+4+5‘p1+4+5,1,4,5 + K1+4+5,0+3¢’1+4+5,1,4,5>

(4) (3) (4) (3)
+ Ko ar5Pitarsia5 T Kolars51Poratsas

4 5 5 6
- qulK(()+)4,l+5 + ‘70K((J+)5,1 + ‘71K(,1)+5 - K(()l) }

The main purpose of the following is to simplify the right-hand side of the above
equation. After proper symmetric transformation, the right term of the (A25) can be
expressed into the following nine simplified equations:

)

(4) (4)
Joqo+5 (‘po+5,—1,—2,—3,—4 + q)—0—5,1,2,3,4)

1 4 4
:{24‘7007%5 [41|k1|2 —q1 Y ki * = |k ? <Z %+5+r> (A26)
r=2 r=2
4 4
+ 971%+5+r< Y ‘h+t>:|}+(5<:>2)+(5<:>3)+(5<:>4)
r=2 t=2,t#r

+0e)+(0e1,52)+(01,53)+(0<1,5<4).

In this context, where (m < n) standing for the terms in curly braces on the right-hand
side of (A29) should be repeated, and the indices m and n interchanged. The similarities in
the following text will not be specified.

@

(5) (5)
— 4o <@0,,1,,2,,3,,4,,5 + CZL0,1,2,3,4,5)

. 5
:ZZO{Uql‘*—}:Ik1+kr|2q1q1+r—|k1|2< L |’<1+r+sz>

r=2 2<r<s<5
5 5 ) 5
+ Z T1q1+r Z |kiqres]” | + Z

r=2 §=2,5#1 r=2

5 5
—q1]kq | <Z‘540+r> + [k * Y
r=

r=2

5
<k1+kr|2171 Y. q0+s> (A27)

s=2,5F#r

qo-+r E (%+r+s)]

5
$=2,5#1
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5 5 5
- Z q190+r l Z qo+r+s < Z ’h-i—t)
S

r=2 =2,5%#r t=2,t#r,t#s

}+(0<:>1).

3)
3) 3)
20044+5P2)_4_50,-4-5P 0_4-5103

= 21*440+4+5 (\k|2 — qoq0+4 — 110110+5) (Ik1* = q19143 — F1q142)

(4,5) « (2,3)) + ((4,5) & (2,4)) + ((4,5) & (2,5)) +((4,5) & (3,4))
(4,5 < (3,5)+(0e1)+(0<1,(4,5) < (2,3)
01,45 < (2,4)+(0<1,(4,5) < (2,5)
01,45 < (3,4)+ (0= 1,(4,5) < (3,5)).

o~ o~ o~ o~

+
+
_I_
_|_
4)

©) (4) ®3) (4)
Ko ~0-2P 021345 T K1 21P 1 20345
1

5
= 24{ (—|k|2 —k-ky— QOQO+2) [q1|k1|2 _ Z |k1+r|2
r=3

5 5 5
|k1|2<2970+2+r>+Z‘7140+2+r< 5 q1+t>]}+(2@3)
r=3 r=3

t=3,t#r
+2e4)+2e5+0=1)+ (01,24 3)
+(0&1,24)+(0& 1,2 5).

©)

o @)

(4) (3
— 4o (K0+3,1+4+5 11445145 T Kiai5043P1ar5145

ZZ [(kow k11415 — q0+39144+5) (\kl ?— q1q144 — 111111+5>}

+((4,5) & (2,4)) + ((4,5) < (2,5))
+Be2)+Be245 < 3,4))+B<=2(45) < (3,5)
+(3<4,(45 < 35)+3B<4,(45) < (
+(3e4,(45 < (2,5)+(B3<5,4,5) < (
+(3<5,(45 < (2,3)+(3B3<5,4,5) < (
+0e1)+(0<1,(4,5) < (2,4)
+(0<1,(4,5 < (2,5) +
+(0e1,3<2,(4,

+(0&1,3<4,(

+( (

+( (

(0<1,3<2)

)+ (0e1,3<2,(
)4+ (0= 1,3 < 4,(
)+ (01,34 5,(
)+ (01,345, (

7

4,5
4,5
4,5

4,5

3,5 4,5
01,344, 2,5 4,5
2,3 4,5

5) < (3,4)
) & (3,5)
) & (2,5)
0<1,3<5,(4,5 < (2,3)

7 7

(6)

(4) (3) (4) (3)
Ko1ray5Pivarsias T KolaysiPorarsoas

= 214{ Kk k14445 — |k1+4+5|2)% + (k Kipaq5 — |k|2> q1+4+5]

X (|k1|2 — 19144 — ‘11511+5> }

(A28)

(A29)

(A30)



Symmetry 2024, 16, 618 26 of 32

(4,5) < (2,5)) (A31)

@)

4
- ‘10‘71K0+)4,1+5
-1
g%m{ [(k0+4 kiys) — |k1+5\2} Jo+4 + [(k0+4 “kiys) — \k0+4|2} 0]1+5}

+((45) & (2,3)) +((4,5) & (2,4)) + ((4,5) = (2.5)) (A32)
+((45) © (3,4) +((45 < (35) + (0= 1)

0=1,(45) < (2,3) 1,(45) & (2,4))

(0=1,(45) < (2,5 1,(45) < (3,4))
(0<1,(4,5) < (3,5)

4,5
4,5
(
(

(2,

, (3,
+ )+ (0<
+ )+ (0<
+ )-

®)

5 5
‘70K(()+)5,1 + qlK((),1)+5

1

= 5470 [(|k0+5|2 + |[k1|?) (ko4s - k1) — 2|ko5|* k1 |* — [Kko4s — k1|2%+5‘71} (A33)
+52)+5<3)+6<4)+0e1)+(0<1,5<2)
+(021,53)+(0<1,5<4).

©)

—Ké?:—— (12 (k - ey — 3|k |?) + |1 [2(3K - ey — [Ka[?)]g0 (A34)
+ (ka2 (K - Ky — 3[K|%) + [k[2(3K - Ky — [K[2)] g1}

Substituting (A26)—(A34) into (A25), and combined with the resonance conditions,
after the combination of similar terms we can have

6
48(27r)4E((),1),2,3,4,5

5
——q0|k1|4+q0|k1|2< Y |k0+r+s|2>

2<r<s<5
2 2 >
+ k| (k1| Y Gotres

2<r<s<5

5 5
— ) qoq14o+r <3|k1l2 Z e ) (A35)
t=

r=2 2,t£r

5 5
+2Z‘100]0+r< )y %+r+t> 1215
(=2

r=2 =2,t#r

+(0<1).

5 5
+Z‘70‘71%+r[ Y. q0+r+s< Z ‘71+t>
S

=2,5#r t=2,t#r,t#£s

Merging of the similar terms is the key to simplification (3.91). There are eight types of
merging as follows:
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(1) The terms similar to |k1|2(25:3 q0+2+r)(k - kp) of (A29) are transformed to

q0+2+r‘k1‘2(k . kz + k- kr), and add to t]1+4+5k : k1+4+5‘k1‘2 = q0+2+3k . k1+4+5|k1|2 of
A31).
( (2) The terms similar to —q; |k1|*(k - k) of (A29) add to the terms —qq|k|?(k - k1) of
(A34).

(3) The terms similar to g; (Zf:3 \k1+,|2) (k - ky) of (A29) add to the terms
qolkos|*(koys - k1) of (A33).

(4) The terms similar to —qo(koys3-ki1415)k1|> of (A30) add to the terms
qok - k1yays|ki|* of (A31).

(5) The terms similar to qo|k1|? (ko5 - k1) of (A33) add to the terms —3qo|k1|?(k - k)
in (A34).

(6) The terms similar to (ko+3 - k1+4+5)9091(71+4 + g1+5) of (A30) add to the terms
—(kot4 - k1+45)q091 (q0+4 + g145) of (A32) .

(7) The terms similar to — (k - k3) {2513 q190+2+r (25:3,15 Lr quH of (A29) add to the
terms — (k- k11415)91+4+5q1 (144 + 9145) of (A.31) .

(8) The terms similar to —(k - k1145)q091(q1+4 + q1+5) of (A31) add to the terms
Yo—o —qoq1qor k11— Eo—p qod1qo++ ko — kal?, and Y0_5 qoqido-+r ko[-

Appendix B. Derivation of the Expression Forms of the Function
Y, 5 45(n =1,2,3,4,5,6) in (48)~(53)
For simplicity, introducing a function F implies that the 7 (Uo,1,... i) (n,... m) Stands for

a function which is symmetric under transpositions within the group (n,---,m), and it
contain (m — n + 1)! terms. For example,

1
F(Cu34))1,234) = 2 [(C(1,2,3,4) +Ca243) T C1342 +C324)

+Ca423) T C1432) +C2134) +C2143)
+C314) T C2341) +C2413) +Cr2431)
+Ci124) TC3142) +C214) +C3241) (A36)

+Ca12) T C3a21) T Cu123) +Cu132)
+Cu213) T Ca231) +Cuzin) + C(4,3,2,1)] .

In the following, we present the forms of functions Y(g?z,s 45 (n=1,2,3,4,5,6).

Yé11)2345 =2F(U, (g1)0 1Col)12345 + uf())l 0C§4)02345
+ u(§11)+2 3+4+5A§22,1,2 B§1+)4+5,3,4,5
+ UB(,+)4+5,0,7172A(73172,1,2B§Q4+5,3,4,5

+ U1(22 0,~3-4— 5A§1+)2 1 23(43), 4-5345)(12345)

3 3 4
+f(u(§ 21—2 —3—4—5A(—% 2123(—32 4— 5345)(1,2,3/4,5)

+3F (Vo103 4s5B5 0445345 (12345)

1 1
+3F(V, 0( 1)2+3 4+5A§+)3,2,3Az(p25,4,5)(1,2,3,4,5) (A37)

( ) (4)
+F(Vo12,-3-4-5B 3 4 5345)(12345)
aFl A A
01 —2-34+5%*-2-32,34*4+54,5/(1,2,34,5)
(3) (3)
+3F ( 10 2345800 303474 545)(12345)

(1) 1)
+4F (Wo103415444545)(12,345)
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(2) (3)
+F (W0,1,2,3,7475A7475,4,5)(1,2,3,4,5),

(2) — (1) (2) (1)
Vo345 = 2F U0 2C0 21345 T Uoois 14445

(M ¢ (1) M oW

+ UO,—1+2,3+4+5A—1+2,1,2B3+4+5,3,4,5 + u0+1,1,0C0+1,2,3,4,5
(M @ g0

+ U3+4+5,1—2,OA1—2,1,ZB3+4+5,3,4,5

5@

(1) (2)
Ayia23B 1 1ar5045

(1) (3)
U5 1,0 3040 323Bi 5 1145

+ U§91,737475,0A£27)1,1,23@7475,3,4,5

+ uéi)a,l7475,0A§£23,2,3BE)475,1,4,5

+ ué,Z)—O,chi)O,l,BA,S + u(g,1),7071c(75371,2,3,4,5
+ uéi)72,737475A§27)2,2,1Bg§7475,3,4,5

+ ué?2273117475A(_3%_3,2’3B§37)47511,4,5] (2345)

+35 [Vo(,1233,4+57132?571,1,4,5 + V()(,15?3+4,271A§1+)4,3,4
+F [Vo(,2233,4+571Bﬁsfl,4,5,1 (A38)
+ ZV()(,21?2,3+4+5 B§l+)4+5,3,4,5] (2,345)

+6r5 [V3(,11)72,7475,0A(734175,4,5‘4@2,2,1

(2)
Azfl,z,l] (2,34,5)

(1) (1) (3)

+ V4+5,7273,1,0A4+5,4,5A—2—3,2,3
(1) (4)

+ V3,727475,1,0B 727475,2,4,5] (2,3,4,5)

4 3 3
+3F [V()(,l),7273,7475A(—%—3,2,3A(fif5,4,5] (2,34,5)

+F [4W(§,12),3,4,571Aé27)1,5,1 + Wéi)75,2/3’4A§27)5,5/1
+ 3W(,21),2,3,4+5A§1+)5,4,5 + 3W£/23),1,727510A(_3%_5’2,5] (2,345)
—2F [A((),l,Z),O—ZW(gE)Z,l,SA,S] (2345)
-3 [36}3_2_3,2,3‘753)273,1,4,5} (2345)
Y()(i),2,3,4,5 =7 [Y3é?1),2,3,4,5](1,2)f (A39)
where
Y3((],31),2,3,4,5 =2F [ué}3,073c(()3—)3,1,2,4,5 + utg,l3)+4,5—1—2A§1424,3,4Bé3—)1—2,1,2,5
+ U(g,lzlfz,3+4+5A(f31) 72,1,2B§24+5,3,4,5
+ U(g,l3)71,4+572A§27)1,1,3Bﬁ)sfz,m,s
+ U(gi)l,l,océi)l,z,3,4,5 + u§24+5,1+2,0A§1+)2,1,2 B§24+5,3,4,5
+ ui1+)572,173,0A§27)3,1,3Bﬁ)572,2,4,5
+ ui1+)5,1+273,0A4(125,4,5 Bgi)273,3,2,1
+ ue(,lf)l,27475,oA§27)1,1,335?475,5,4,2
+ u711)72,737475,014(73172,1,213(:1\”27475,3,4,5
+ U§9172,7475,0A(73L5,4,5 Béi)lfz,l,z,B + ué?o)+3,oc(g?3,1,z,4,5

®) 4) ©) (1) (4)
T Uyt 01013452 T Upi12, 3 45410212873 4 5345
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where

(4)

(3) (2) (3)
+ u0,173,27475‘4173,3,1 327475,4,5,2
(3) 3) (2)
+ U0,475,1+273A7475,4,5B1+273,3,2,1] (34,5)
(1) (3) (1) (1)
+3F [Vo,4,5,37172337172,1,2,3 + Vo,3,4+5,7172A4+5,4,5
2

(1) (2) (2)
+ Vosa-15-244 11445 225](345)

®)
AT 21

2) 2) 1.0 )
+ 2J:[VO,1,3,4+572B4+572,2,4,5 + 5 VO,1+273,4,5B1+273,3,1,2 (A40)
2) (1) 2) 2) (1 1)
+ VO,1,4+5,3—2A4+5,4,5A372,2,3 + VO,l+2,3+4,5A1+2,1,2A3+4,3,4
2) 2) 2)
+ V01342541 33144 204

(2) (3) (3)
+ Vo,—4—5,—1—2,3A—4—5,4,5A—1—2,1,2](3,4,5)
(1) (1) (1) 3)
+3F (V341501083 1a15345 + Vani-as50B1 4 5451
(1) (3)
+ V35 4 510B2 4 5452

(1) 1) (2) (1) (3) (2)

+ Viiso 310845452 332 T V3245104 454543 223
(1) (1) (3)

+ V3 4514008 454541010
(1) (2) (2)

+ V3,4—1,5—2,0A4—1,1,4A5—2,2,5] (34,5)

(4) (4)
+3FVo12,-3-4-5B 3 45345

(4) (2) (3)
+2Vo10-3-4-543 33244 545](345)
(1) ®3) (2) 2)
+ F[4Wg545 12471 212+ 3Wo1545 245 225

1) (2) (1)
+Wo+234541 01, T3Wy 555104545

(2) (2) 1) (3)
+ 3W4,3,2,175,0A175,5,1 + 3W4,7375,2,1,0A—3—5,3,5] (34,5)

1w 3,2 w@
— FBAys0-3Ws4210-3— §Ao,3—0,3W1,2,4,5,370
(2) 77(2) (2) ~(2)
+ Ag1041Wo112345 — Boi12-345V112-3312
(2) 7(2)
+ 2By 415 23Vais 2245](345)

(4) _ (4)
Yo,1,2,3,4,5 =F [Y40,1,2,3,4,5](1,2,3)' (Adl)

(4)

_ (4) (1) (1
Y40,1,2,3,4,5 =2F [U0,1,0_5C075,1/2’3,4 + u0,4+5,717273A4+5,4,53717273,1,2,3

+ u(g,l4)7157273A427)l,1,4Bé:i)273,2,3,5

+ U(g,ll1—2,4+5—3A(—3%—2,1,23225—3,3,4,5

+ U((:‘r)l,l,océ?-,l-)l,z,3,4,5 + U£25—3,1+2,0A§1422,1,2Bzﬁ)5_3,3,4,5

+ Uél—)2—3,1—4,oA§2—)4,4,1 Bé:i)273,2,3,5

+ U(—ll)—z—s,—z;—s,oA(—32—5,4,53(—41)—2—3,1,2,3

+ uﬁs,1+2+3,0A§1425,4,5B§22+3,1,2,3

+ uzil—)1,2+3—5,0A4(12—)1,1,435?375,2,3,5

+ U(—11)—2,3—4—5,0A(—3%—2,1,2394—5,3,4,5 + Ué}gfo,océz—)o,l,z,_?,A
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+ u(g,4)71,2+375Az(12)1 1 435?3—5,5,2,3
+ u(g31)+2+3 7475‘4( i 54 5B§22+3,1,2,3] (45)
+3F[V, 0(4)5 10 B 1) 2-3123
+ ZVO( 5)4 1, 273A4(L27)1,1,4A(—3%—3,2,3] (45)
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+ 2V£12)73,7473,1,0A(—3%—3,2,3Agf5,4,5
+ 2V5%)74,1+2/0A§1+)2’1,2A§27)4/4/3 + 2V5(,12)+374,1,0 B§?374,2,3,4] (45)
+3F [V()(j),2,37475B§3’7)475,4,5,3 + 2V0(,?2+3,7475A§23,2,3A(73175,4,5
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+ F[AGa 04W( )05123 iA(()l) ~5(%1)320+1
+ 3A((] 2) —02W1345-0-2
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(1) 3) (1) 2
+ FI3Ws, 23 40104 5 434 T 4W5_ 4521045 445

(1) (1) (5) (2)
+ 12W5,3+4,2,1,0A3+4,3,4 + 4Wo,1,2,3,475A475,5,4] (1,2,3,4)

(3) 77(2) (4) ~(2)
+F [2A0,2,—0—2W7072,5,1,3,4 + 4Bo,2,3,1+475V1+475,5,1,4] (1,2,3,4)

Y(g,él),z,sA,s =2F [u((),ll1—2,—3—4—5A9%—2,1,2382—4—5,3,4,5 + u(()}i-)l,l,OC(()i-)l,ZjA,S
+ u(713)7475,1+2,0A%2,1,23827475,3,4,5
+ u9275,1+2+3,0A(734175,4,5392%,1,2,3
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(2) ®) ®) ) 4)
+FVor—2-3,-4-54"2 32344 545 73V 3 4 521085 45345

1) (1) ®) (4) (1)
TOVL 5043104243234 4 545 T30 123141583 7415345

+ 3V(§%1?2+3,4+5A§23,2,3A4(11+)5,4,5} (1,234,5)
+4F [W(714)75,3,2,1,0A(73275,4,5 + W(g,Sl),z,3,4+5Ail+)5,4,5] (12345)"
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