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(S I N

Abstract: There is a strong correlation between the concept of convexity and symmetry. One of these is
the class of interval-valued cr-log-h-convex functions, which is closely related to the theory of symmetry.
In this paper, we obtain Hermite-Hadamard and its weighted version inequalities that are related to
interval-valued cr-log-h-convex functions, and some known results are recaptured. To support our
main results, we offer three examples and two applications related to modified Bessel functions and

special means as well.

Keywords: Hermite-Hadamard inequality; Fejér-type inequality; cr-log-h-convex functions; modified
Bessel function of first kind
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1. Introduction

In recent years, there has been a notable surge in the exploration of various extensions
of convex functions, unveiling a rich landscape beyond traditional convexity. Convexity,
a fundamental concept with far-reaching implications in fields such as optimal control
and game theory, has long been a cornerstone of mathematical analysis. However, real-
world applications often present functions that exhibit properties falling within a broader
spectrum than strict convexity. This realization has sparked considerable interest in the
study of generalized convexity, an area of research that continues to captivate scholars. The
quest to understand and leverage generalized convexity has led to the development of
numerous novel frameworks tailored to address practical challenges. Among these, the
Hermite-Hadamard inequality stands out as a bridge between convex function theory and
integral inequalities, finding relevance across diverse scientific domains. Moreover, the
intricate interplay between convexity and symmetry concepts has given rise to intriguing
classes of functions, such as interval-valued cr-log-h-convex functions, with profound
implications in symmetry theory.

These inequalities serve as powerful tools with practical utility spanning optimization,
numerical analysis, and statistics. Notably, the Hermite-Hadamard inequality, recognized
as an analog of convexity, necessitates the presence of generalized convexity for its estab-
lishment. In engineering, particularly in the realm of 3D printing technology, both the
Hermite-Hadamard inequality and He Chengtian’s inequality are frequently employed to
approximate printing speeds, addressing the challenge of forecasting speeds with precision
(seee.g., [1-3]).
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The field of inequalities research encompasses a broad spectrum of theoretical and
applied mathematics, attracting contributions from renowned scholars such as Josip E.
Pecaric and Dragoslav S. Mitrinovi¢. Pioneering works like “Convex Functions, Partial
Orderings, and Statistical Applications” by Pecari¢ in [4] and “Analytic Inequalities” by
Mitrinovi¢ in [5] shed light on the intricate relationships between analytic, convex, and
probabilistic aspects of inequalities. These works, along with seminal contributions like the
Hermite-Hadamard inequality, enrich our understanding of these mathematical tools and
their applications, broadening the horizon of mathematical knowledge.

Let W be convex subset of Rand F: W C R — R be a convex function with ¢y, cp € W
and ¢ < ¢y, then

¢l + 17 F(cy) + F(c)
F( . ) < Cz_clc/F(v)dug —r ) 1)

Fejér [6], gave the generalized form of inequality Equation (1), as follows:

Co Cy (5]
F<Cl ;CZ> Awydv < [ Hw)Fv)do < w [ Ay,
C1 C1 él
)
holds, where H : [c1;¢2] — Ris integrable, symmetric and nonnegative function about
v =932,

Definition 1. In reference [4] A function F is said to be log-convex if

F(tep + (1 - t)ea) < [F(er)] [E(e2)] M7,
holds for all c1,c, € W with t € [0,1].

Many generalizations and improvements related to log-convex functions can be found
(see, e.g., [7-9]).

Definition 2. In reference [10] Let W,V be convex subset of R and h : W — R be a nonnegative
function. A function F : V. — (0, 00) is said to be h-convex if for all ¢1,c; € Wand t € [0,1],
one has

F(tey + (1 = t)e2) < h(t)F(c1) + h(1 — 1)F(c2).

The class of h-convex functions generalizes several other known classes of convexity, see [10].
In [11], Noor et al., mentioned log-h-convex functions as follows:

Definition 3. Let h : W — R be a non-negative function. A function F : V.— (0, 00) is said to be
log-h-convex for all c1,c; € Wand t € [0,1], if

F(te;+ (1 —t)cp) < [F(Cl)]h(t) [F(Cz)}h(l—t)/
holds.

Due to broad utility of Hermite-Hadamard inequalities and fractional calculus, and
across various scientific disciplines, researchers are actively exploring these type of inequal-
ities. This research direction has gained momentum, as evidenced by recent developments
in the field (see e.g., [12-17]).

Sarikaya et al., in [18] established the Hermite-Hadamard type inequalities for frac-
tional integrals:
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Theorem 1. Let F : [c1,¢2] € R — R be positive function with 0 < ¢; < cp and F € L[cq, ca]. If
F is positive on [c1, c3], then

F(252) = el P+ fFe] < TR,

with ¢ > 0. Here L[cy, cp) is the set of all Lebesgue integrable functions on [c1, ca]. The symbols ]f o
1
and ]Cg, represent the left-sided and right-sided Riemann—Liouville fractional integrals of the order
2
¢ € R that are defined in [15]

JerFe) = r(lg) / “(c— p)E(g)dp, (0< ¢t <c<c),

€1

and
O = [ (90 TFlgkg, (0<a<c<e)

The set R; contains all closed intervals on R. For [8,9] € Ry, if 8 > 0, then [¢, 9] isa
positive interval. The set of all positive intervals is denoted by R; .

Definition 4. In reference [19] Forany A € R, ¢ = [8,9], ¢ = [0, 7] € R, we have
O0+0=1[80+[c0]=[0+00+7]
and _
- A,AD] A >0;
A9 = A[8,9] = 0,00 ,A=0;
AG,A8] A <O.

Let 9 = [8,8] € Ry, the centre of § is defined as 9, = Q;j while radius of ¥ is given as

Y = EZ;Q. Then © = [8, O] can also be presented in the form of centre-radius as:
8+9 938
19 = <2/ 2> = <19Crl97‘>~

Definition 5. In reference [20] Let 8 = [8,9] = (0., 9,), 0 = [o,7] = (0, 07) € Ry, then the
center-radius order relation is defined by:

U < oy, 1f O # o,
<
l9_cr0'<:>{ 0 <o, ifﬁC:UC'
Obviously, for 8,0 € Ry, either ¢ < o or o < 0.

From log-h-convexity can be derived some known convexity classes.
In [11], Noor et al. proposed following inequality for log-h-convex functions:

Theorem 2. Suppose that F be a log-h-convex function with h(%) # 0, then
+o\mh
C1 T C2 \ 2n(3)

"(*27)

Liu et al. [21] generalized this concept of log-h-convex function to interval-valued functions.

IN

[ ! /621 F( )d]
Pl —e Sy WA

(F(cy )F(CZ))ﬁ)l h(g)dg.

IN
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Definition 6. Assume that F : [c1,c,] — R} be an interval valued function with F = [F,F| and
F € IR (i, c,))- A function ¥ is said to be cr-log — h-convex on [c1,co) where h : [0,1] — Rtisa
nonnegative function if

F(ter + (1= t)ca) <er [F(c1)]"® [F(cr)]" .

The set of all Riemann integrable interval-valued functions on [cy, 3] is denoted by IR (¢, c,1)-

Remark 1. Taking F = F, the function F reduces to log-h convex.

Definition 7. In reference [21] assume F : [c1,cp] — R} be an interval-valued function with
F=[FFland h:[0,1] — RY, then F is called cr-log-h-convex on [c1, 3] if

F(tx + (1 1)y) <o [F()]"O[E(y)]" 7,
holds V't € (0,1) with x,y € [c1, c2].

Theorem 3. In reference [22] let F = [E, F| is an interval-valued function where F t[e1, 0] = Ry
Then the function F is called Riemann integrable on [cq,cy|, provided F and F are Riemann
integrable on [c1, ¢p| and

[ Foau= | [ B, [ Fau.

1 1 €1

Theorem 4. In reference [23] the functions F 1, H : [c1,c2] — R} are interval-valued functions
where [1 = [F,F1] and H = [G H]. If F1,H € IR, o)), and F1(n) <¢ H(w) for all
W € [c1,¢2), then
2 2
[ rwdu <o [ Ay

€1 1

Utilizing cr-log-h-convex interval-valued functions introduces an innovative frame-
work for comprehending and enhancing intricate mathematical systems. This interdis-
ciplinary approach, blending concepts from convex analysis, interval mathematics, and
fractional calculus, offers a more nuanced and comprehensive method for addressing
mathematical problems. It has the potential to generate novel insights and solutions
across various domains, including optimization, control theory, and other fields reliant on
mathematical modeling.

In the main section, we give various type inequalities of Hermite-Hadamard and its
weighted version specifically for functions that are cr-log-h-convex. To further illustrate the
validity of our findings, we present two applications and three examples. Finally, in the last
section, we wrap up the paper by summarizing our conclusions and offering suggestions
for potential avenues of future research.

2. Main Results

Throughout the discussion cr-log-h-convex functions on [c3, ¢z | are denoted by SX (cr —
log- h, [c1,¢2], R} ). The set of all Riemann integrable interval-valued functions on [cy, 5] is
denoted by IR [, c,])-

We are ready to prove the Hermite—Hadamard-type inequality for cr-log-h-convex
functions.
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Theorem 5. Suppose that F be an interval valued function with F : [c1,¢2] — R, F= [F, F] and
F € IR (i, ,1), where h : [0,1] — RT with h(}) #0.IfF € SX(cr —log — I, [cl,cz], ), then

we have
+ 11
C1 T C2 \ h(3)
F Lt e 2

Proof. AsF € SX(cr —log— h,[c1,¢2), R} ), then

crexp {(Czr_(g;)g (I§2+ InF(p) +J¢ 1nF(u))] 3

< er(B(er)F(eg)) o (97 + -0 Dty

IN

F<”1 er ”2> <er [F(u1)F(up)]" 3. (4)
We can write Equation (4) as
1 Ui+ up
h(%)lnF< 5 ) <o InF(uq) + InF(uy). ()

On substituting u1 = @c1 + (1 — ¢)cp and uy = @cy + (1 — ¢)c; in Equation (5), we get
1

hz
On multiplying Equation (6) with ¢¢~! and after integrating between 0 to 1 w.r.t. ¢,

we obtain
1 lnF<Cl +C2>
h(3) 2

1 1
cr/O ¢* ' InF(pcr + (1 - (P)Cz)dqur/O ¢ ' InF(gpca + (1= @)er)de.  (7)

| 1nF(C1 ;”) <o InF(gey + (1— 9)c) +InFlgea + (1— p)ar).  (6)

From Equation (7), we have

1111’1F<C1 +C2>
h(3) 2

1 _ 1
[/0 ¢¢ ' InF(gey + (1 - <P)C2)d90//0 @' InF(pcq + (1 - (P)Cz)d(l’}

1 _ 1
+ {/0 ¢ 'InF(pcp + (1— <P)cl)d¢,/0 ¢ ' InF(pcr + (1 - CP)Cz)dGD]-

After suitable substitution, we obtain

()
- e[ i, [ -0 e

(c2—a1
e [T e B, [ ) ]
1

- — [ / (2 =W InF(wdu+ | f(uf q)“lnF(u)du}
[

(c2—c1

)Q
I) e Jo, IMF(u) + g, lnF(u)]

(c2—c1
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Similarly, as F € SX(cr —log —h, [c1, ¢2], Rf), we obtain
F(ger + (1— )ca) <er [Fen)]" ) [F(en)]" ),
and
F(ges + (1— )er) <er [F(ea)]" P [B(er)" ).
So,
InF(pe1 + (1= @)c2) < orh(@)InF(er) +h(1 — @) InF(cy). (8)
InF(pcy + (1 —@)c1) < h(e)InF(cp) +h(1 — @) InF(cq). )

On multiplying Equations (8) and (9) with ¢¢~!, and after integrating between 0 to 1
w.r.t. ¢, we have

I'(g)

o) J&, InF(p) (10)
1 1
= InF(cr) [ ¢ (@) +InF(cr) [ (1= ) h(p)dp.
(Czr_(gc)l)g]cgl InF(p) (11)

1 1
= InF(cz) [ ¢ h(p)g+InF(cr) [ (1 - ) h(p)dg.
On combining Equations (10) and (11), we obtain

(CZFEGC)l)g []Cgl— InF(p) +J5,, lnF(u)}

1
= InF)F(e)] [ [1=9) + o5 n(p)do.
O
Corollary 1. Taking F = Fand ¢ = 1, we obtain ([11], Theorem 4.3).

Corollary 2. For h(¢) = 1, we have
1+

(*27)

Corollary 3. Ifh(¢) = ¢, we obtain

1
+ T
lr1F<Cl 7 C2> "z)

Ic+1)
enp |G [ () + T InF ()]

S CrF(C])F(Cz).

IN

r
cr €Xp [(Czﬁgc)l)g [J&, InF(u) + J¢ In F(u)]]

IN

< o BET10) nFle)FC),

where B(x,y) is the Euler Beta function, it is defined as:

1
B(x,y) r:/o e (1 — )V .
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Corollary 4. For ¢ =1, we obtain ([2], Theorem 3.8):
+o\ D
C1 Co 2h(3)
f(23?)
Corollary 5. Ifh(¢) = 1 and ¢ = 1, we have
1+ ¢
f(232)

Now, we give weighted version inequality for cr-log-h-convexity.

IN

1 e
cr €Xp [ / In F(u)du] (12)
Cr—C1 Jg

C,(F(cl)F(cz))Jbl h(g)de

IN

IN

C:
cr €Xp ! / ’ InF(p)du (13)
C) —C1 Jg

< CyF(Cl)F(Cz).

N

Theorem 6. Assume F be an interval valued function where F : 1, c2] — R} and F = [F, F|with
F € IR, ), and 2 [0,1] — R with h(}) # 0. Let H : [c1,c2] — RT be a function which is
symmetric with respect to 152 IfF € SX(cr —log —h, [c1,¢2], R} ), then

1 1+ I'(g)
21 (1) M( 2 >(62—Cl)

6w + 6 A ()] (14)

< o [ I F QLA + G I F)F ()]
1
< a(nF(e)F(@) [ [+ - )] ) ilger + (1 - plea)do.

Proof. AsF € SX(cr —log—h, [c1,c2], R} ), then

InF(pc1 + (1 —¢)c2) < h(e)InF(c1) +h(1 — ¢)InF(cy). (15)
InF(pca+ (1—¢)c1) < oh(@)InF(ca) +h(1 — @) InF(cq). (16)

Multiplying Equation (15) by ¢ 'H(¢c1 + (1 — ¢)c2) and integrating between 0 to 1
w.r.t. ¢, we obtain

[ ¢ nFlger + (1~ g)ea)]Fi(ger + (1~ g)ea)dp
S /ol ¢V () InF(en) | H(ges + (1 — g)ca)dg
+ /01 ¢ 'H(1 — ¢)H(gcr + (1 — ¢)c2) InF(cp)]de.
We obtain
(CZ_lcl)g / f2<cz — WS InF(w) A (w)dy 17)

< & InF(c) /01 ¢~ H(@)H(gcy + (1 — @)c2)de

Fn(c)] [ g A - g)A(per + (1 g)ea)dy.
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Multiplying Equation (16) by ¢ 1H(¢ca + (1 — ¢)c1) and integrating between 0 to 1
with respect to ¢, we have

[ ¢ inE(ges + (1 - g)en) (g + (1 - glea)d
< o [ ¢ Alg)InF(er))Alger + (1 g)er)do
+ [0 B0 - )inE(e)]Ager + (1 - g,
We obtain
(Czlcl)g/:(u—ﬁ)g1[lnF(u)]H(u)du (18)
< olnk(e) [ ¢ Alg)Alper + (1 - g)er)dp
FinB(e)] [ (- g)Alper + (1 - g)er)dy.
On combining Equations (17) and (18), we obtain

e [ B FOOLA) + I, InF(olF o) 19

= (nF(e)F() [ [o71 40— )| Alp)Alper + (1 - g)er)do.

Now, multiplying Equation (6) by ¢¢~1H(¢c1 + (1 — ¢)ca) and after integrating be-
tween 0 to 1 w.r.t. ¢, we have

1 1+ 1 173 _
hG)lnF( 7 )/Ofp H(ger + (1= @)ea)dg

l ~

< o [ ¢ Hlger+ (1= p)ez) InFlger + (1 g)ea)dp
1 ~

+/o ¢ H(gper + (1 - @)er) InF(gez + (1 — ¢)er)dg.

Utilizing definition of generalized fractional integral
1 a+ Cz) I'(e) ¢p
InF H 20
]’l(%) < 2 (C2—C1)€]C2 (u) ( )
1

T (@-a) /CCZ(C2 — W () InF(p)dp

(62—161)9 /:(“ — 1) H () InF()dp.

Multiplying Equation (6) by ¢¢~1H(gcs + (1 — ¢)c1) and after integrating between 0
to 1 w.r.t. ¢, we obtain

1 1+ 2 1 c—17 .
i mF(A52) [ e e 0 e
1 ~
< cr/o ¢~ H(ger + (1 - @)ea) InF(ger + (1 — @)ca)de

1 ~
+ [ 9 MHlger + (1= g)er) InFlgez + (1= g)er)dp.
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Utilizing definition of generalized fractional integral
1)11‘1F<C1 +C2>( r(g) ]g H(u)

h(% 2 C2—C1)g “a
1

= (cz—q)g/:(cz — )¢ A () InF(p)dp

(62—161)‘5 /ccz(” —c1)" A () InF(u)dy.

On utilizing Equations (20) and (21), we obtain

L p(ate) I . ]
h(}) lnF( 1 2 2) (€ —c1)f [ffl_H(u)HfﬁH(p)}
2

T (@-a) /clcz (c2 — W) H(p) InF(p)du

(02—261)g /:(” — ) H (1) InF(w)du

- (szgci)'s []ng+[lnF(H)]H(H) + ]El_[lnF(u)]H(u)]

On combining Equations (19) and (22), we complete the proof. O

Corollary 6. For ¢ =1, we obtain

1 c1+cz> 1 /Cz
InF InF(p)d
2n(1) < 2 )la—a) ), MEWR

Cf(Czicl)/:H(u) InF(u)dp

(I (e () [ Al)Alger + (- g)er)dy.

IN

IN

Corollary 7. For H(u) = 1 in Equation (23), we obtain Equation (3).

3. Examples

(21)

(22)

(23)

Example 1. Let F(p) = [0,2] — R} is an interval-valued function given by F(u) = [e", e?"].

Suppose h(p) = ¢ for all ¢ € [0,1], then for ¢ = 2 we have

1+ C2 —1

N

1

wD
F(Cl + Cz> an(y) _ 2.72,7.39],

2

oxp |z (I InF() + /- InF))

= [2.72,7.39),

Nl—=

F(enFle) o (0 o e — (12,64, 1))
= [2.72,7.39].

Since [2.72,7.39] <. [2.72,7.39] <. [2.72,7.39], then Theorem 5 is verified.
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Example 2. Let F(pn) = [1,2] — R is an interval-valued function given by F(u) = [p,2p].
Suppose h(p) = cos ¢ for all ¢ € [0,1], then for ¢ = 2 we have

c1+¢c § 1 .
2 =5, h(5) = 087758,
k
WD
F<C“2LCZ> @2 _ 11.26,1.87],
I'(c) ¢ ¢
exp| —>—(Jo InF () +J2 _InF(u
pl(cz_cl)g(q+ (W) + - InF ()
= [1.47,2.94],
[F (e (ex)) (#7000 — (3,9 3, g 050
= [1.79,5.75).

Since [1.26,1.87] <., [1.47,2.94] < [1.79,5.75|, then Theorem 5 is verified.
Example 3. Let F(n) = [1,e] — Rj is an interval-valued function given by F(n) = [u, 1.
Suppose h(¢) = 1+ In(cos ¢) for all ¢ € [0,1], then for ¢ = 2 we have

(it 1+e 1,
= —5— h(z) = 0.8694,
1
(D
F (Cl ercz) @2~ [1.428,2.041],
I'(c) ¢ 6
exp| —>— (o InF(u)+ ]2 _InF(un
pl(cz_cl)g( oInF () + 5 InF(w)
= [1.789,3.202],
-1 — —
= [2.253,5.077].

Since [1.428,2.041] <., [1.789,3.202] <. [2.253,5.077], then Theorem 5 is verified.
4. Applications
4.1. Modified Bessel Functions

Let recall ¥5(z) : R — [1, 00] given by Watson's ([24], pp. 294, 480):

P5(z) = 2°T(0 + 1)z Fy(z), z € R,
where F5(z) is the modified Bessel function of the first kind:
0 ( )U+2n
H;O nl(T+n+1)
Then, the relations for ¢;(z) and ¢ (z) are as follows:
0(z) = 5 P (2)
" l 2
¥5(z) == =5 ¥o2(2) + 29011 (2) |- (24)

40+1)|v+2
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Let Fy(z) = ¢4(z) and h(¢) = 1. Then, from inequality Equation (13) and utilizing the
identities in Equation (24), we can deduce

1+ c1+c 1 /'CZ ’
A2 he S < In(w’
\/4(1,“)%1( ) < wep| o [Cin(n)de
Cc1C2
< —— Y5 [ 5 Ccp).
> cr4(5+1)2¢v+1( 1)¢v+l( 2)
4.2. Special Means
1.  Arithmetic mean:
c+¢
Alcq, ) = 12 =

2.  Geometric mean:
G(c1,¢2) :=+/c162, 0 < 1 < €3

Proposition 1. Let ¢y, c; € Ry where cq < cp and m € N, then
AMH (¢p ¢))

< o exp<m+1[c2(lncz—1) —c1(Ineq —1)])
(CZ - Cl)
< chZ(m+1)(C1r CZ)‘

Proof. Obviously F(v) = v™*! is a convex function on R... From Equation (13), we obtain
the required inequality. [

Proposition 2. For ¢, c; € Ry where cq < cy, then

eAlere) <, pAlare2) < g2A(c1e2),

Proof. For F(v) = e’ is a convex function on R where v € R. From Equation (13), we
obtain the required inequality. [

5. Conclusions

In this paper, using the notion of cr-log-h-convexity for interval-valued functions
several types of Hermite-Hadamard and Fejér inequalities that are related to interval-
valued cr-log-h-convex functions have been given. Moreover, several special cases are
given and some known results are recaptured. To show the validity of our main results, we
have offered three examples and two applications related to modified Bessel functions of
the first kind, and special means. We believe that this class of convexity is a powerful type
to find various type inequalities in the fields of fuzzy systems and real analysis, and with
possible applications to optimization problems with convex shapes associated with them.
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