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Abstract: Aiming at the problem of hovercraft formation—containment control with compound
perturbations including model uncertainties and ocean disturbances, a distributed control algorithm
for underactuated hovercraft formation-containment is proposed by combining adaptive linear
extended state observer (ALESO) and radial basis function neural network (RBFENN). Firstly, ALESO
and RBENN are designed to estimate the ocean disturbances and model uncertainties, respectively,
for dynamic compensation in the controller. Then, the auxiliary variables are introduced into the
formation error function, and the lateral and longitudinal error stabilization is transformed into the
design of longitudinal force and rotational torque by using the skew-symmetric matrix transformation,
which solves the lateral underactuated problem of the hovercraft. Finally, the uniform ultimate
boundedness of formation—-containment cooperative errors is proved by the Lyapunov stability
theory. Digital simulation verifies the effectiveness of the proposed method.

Keywords: multi-hovercraft; formation-containment; auxiliary variables; ALESO; RBFNN

1. Introduction

As a high-performance vessel, a hovercraft can travel at high speed on particular sur-
faces, such as ice, swamps, beaches, grass, etc., which cannot be achieved by conventional
surface vessels [1,2]. Currently, the research on hovercraft mainly focuses on the heading,
rotation rate, and trajectory tracking control problem of a single hovercraft under constraint
conditions [3-7]. However, a single hovercraft may face issues such as insufficient person-
nel and carrying resources when the task is more complex. For specific complex tasks, there
is a need for more intelligent multi-hovercraft systems that can encompass a broader range
of practical engineering task requirements. The multi-hovercraft can complete the assigned
task through cooperation and collaboration, which can significantly improve the efficiency
of task completion.

With the in-depth study of multi-agent cooperative control problems, many related
research branches have emerged, such as formation control [8-11], containment con-
trol [12-14], etc. Based on the leader-follower idea, the mathematical model of the formation
is given in [15]; that is, all leaders will track the time-varying trajectory obtained by the
decomposition of the desired formation configuration, and the followers are distributed
to the convex hull formed by the leaders. Based on this model, this paper designs a
formation—containment configuration model for multi-hovercraft systems to meet some
specific mission requirements of multi-hovercraft systems, such as formation escort opera-
tions. The advantage of the multi-hovercraft formation-containment configuration is that
some of the vessels in the multi-hovercraft system with better performance and equipment
can be considered as the leader vessels, and the rest as the follower vessels, and a control
strategy can be adapted to converge the follower into the convex hull formed by the leaders.
In the process of this cooperative control task, the followers are only responsible for the
transportation task, while the leaders with better performance are not only responsible for
the transportation task but also responsible for monitoring the surrounding environment,
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eliminating potential security risks and other tasks while protecting the followers of the
inner layer [16-18].

The hull structure and cushion navigation characteristics of the hovercraft are different
from those of the conventional surface vessel, which causes it to have uncertainties such
as parameter uncertainties, modeling errors, and other unknown ocean disturbances [19].
At the same time, the hovercraft is a typical underactuated vessel due to the lack of a
lateral propulsion mechanism. How to reduce the influence of uncertainties on hovercraft
and improve the anti-interference ability of hovercraft is a difficult problem. For complex
model modeling problems, scholars have proposed many solutions, such as extended
state observer-based control [20,21], model-free adaptive control [22], neural network con-
trol [3,23], and data-driven control [24]. The extended state observer (ESO) proposed by
J.H. in his pioneering work [25] not only has the ability of state observation but also can
estimate the generalized disturbances between the controlled object and the controlled
object model in real time. In [20], an adaptive ESO is designed to estimate the unmeasurable
linear velocity, angular velocity, and unknown external disturbances. The slowly varying
environmental disturbances and model uncertainties are treated separately, and experi-
ments prove the method’s effectiveness. Since a neural network (NN) can approximate any
nonlinear functions, the adaptive controller based on a neural network has been widely
used in objects with model uncertainties and unknown disturbances [3]. Reference [24]
developed a model-free fuzzy control law based on a data-driven fuzzy predictor, which
simultaneously learns unknown control gains and uncertain dynamics. Aiming at the un-
deractuated problem of hovercraft, the literature [26] transformed the lateral thrust design
into the yaw moment under underactuated by introducing an auxiliary variable, which
solved the underactuated problem of a three-degree-of-freedom (3-DOF) surface vessel. In
reference [17], the collision avoidance problem in formation—containment tracking control
of multiple USVs with limited speed and driving force is studied, but the uncertainty of the
model is not considered. In [16,18], the time-varying formation-containment problem of
multiple unmanned underwater vehicle systems in three-dimensional space is studied and
an extended state observer is designed to estimate the external disturbance and unknown
nonlinearity in real time, but the underactuated problem of the system is not considered.

Inspired by the above scheme, this paper studies the formation—containment control
problem of underactuated hovercraft with ocean disturbances and model uncertainties.
The main contributions of this paper can be briefly summarized as follows:

1. Compared with the literature [27], this paper expands the formation—containment
motion to the cooperative mission of 4-DOF hovercraft that considers compound
uncertainties and underactuated problems. Furthermore, the asymptotic stability of
the controller is proved by Lyapunov’s method. This layered structure allows for
more complex and flexible tasks and provides greater adaptability to the complex sea
operations of hovercraft.

2. By introducing an auxiliary variable in the cooperative error, the underactuated prob-
lem of the hovercraft is solved. Compared with the literature [7], multiple derivations
of the virtual control law are avoided, thus reducing the excessive differential terms
in the yaw direction control law. Compared with reference [18], a novel scheme is
designed to solve the underactuated problem in the formation—containment controller
design process.

3. A novel ALESO is combined with RBFNN to estimate the unknown ocean distur-
bances and model uncertainties of hovercraft. Compared with reference [20], the
ALESO relaxes the restriction on the change rate of disturbances. By adding a linear
adaptive factor to the adaptive update law, it is easy to prove that all the closed-loop
signals of the whole system are boundedly stable.

The remainder of this paper is organized as follows: Section 2 presents the math-
ematical models and preliminary knowledge. In Section 3, the formation—containment
controller is proposed. Cooperative stability analysis is presented in Section 4. Furthermore,
a simulation example is given in Section 5. Finally, Section 6 presents some conclusions.
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2. Mathematical Models and Preliminary Knowledge
2.1. Mathematical Models

Consider a multi-hovercraft system consisting of R; leaders, R, — Ry followers,
and a virtual leader, where R, > R;. The virtual leader number is defined as 0, the
leader number is defined as L = {1,2,...,R;}, and the follower number is defined
F={R;+1,R;+2,...,Ry}. The reference system diagram of the hovercraft is shown in
Figure 1. The 4-DOF kinematic model of the nth hovercraft is as follows

1y = R(1n)vn 1)

where n € LUF, 5, = [xu, Yn, P, wn]T represents the position and attitude information
of the nth hovercraft; v, = [un, Vn, Pu, rn]T represents the velocity information of the nth
R'(12)  O2x2

022 R"(17n)
the nth hovercraft, where R'(17,) = [

hovercraft; R(1,) = [ ] denotes the coordinate transformation matrix of

cosP, —siniyy, cos @, RY (1) = 1 0
sing, cosiy,cosp, |’ " 0 cosgu|’
Suppose that the roll angle ¢, € (—7/2,71/2).

v(sway)

plroll) r(yvaw)
L

Figure 1. Reference frames of the hovercraft.

The dynamic model of the nth hovercraft is as follows

g — Fuxo Tnu Any dyy
Un = Unfn + My, + Mo + Mpo + Mno
. 0

Up = —Uply + 5+ By + Ay

MuQ MmMuQ MuQ
_ Muxo A"P np (2)
Pn Jnx0 Jnx0 Jnx0

; d
7, = nz0 Tnr nr nr
n Jnz0 + nz0 nz0 + Jnz0

where 1,0, Juxo and Jy,;o represent the mass and moment of inertia of the hovercraft, respec-
tively. Fyxo, Fuyo, Muxo and Myzorepresent the total resistance of the model in each degree
of freedom direction [3], Ty, and Ty, represent the longitudinal and yaw direction control

input, respectively. Ay = [Auu, Ano, Anp, Dur] T denotes the impact of model uncertainty,
dy, = [dm,, dno, dnp, dnr} T represents the impact of ocean disturbance and D, = [Ay, d] T

denotes compound perturbations.

Assumption 1. The model uncertainty term A, and its first time derivative A are bounded.
Moreover, ocean disturbance term d,, and its first time derivative d,, are bounded as well.
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The resultant velocity of the nth hovercraft is defined as U, = y/u2 +5%, Uy =
Uy €os ¢y, Uy > 0. Then, (1) can be rewritten as

xp = Uy cosy,
v, = U,sing,
. 3
(pn = pn ( )

@n = T'n COS Py + :Bn
where ¢, = ¥, + Bn, Bn = atan2(0, /uy).

2.2. Preliminary Knowledge

The directed topology graph & = {7,&} is used to describe the communication
relationship between hovercrafts, where the node set 7° = {1,2,..., Ry} represents the
set of all hovercrafts, and the edge set & C 7" x 7" represents the set of edges of the
communication relationship between hovercrafts. Edge (n,]) € & indicates that the nth
hovercraft can obtain the information of the jth hovercraft, where the jth hovercraft refers
to the adjacent hovercraft of the nth hovercraft. An adjacency matrix & is defined to
describe the communication relationship between nodes, which is expressed as &/ = [a,;].
If (n,j) € &, then Apj = 1(n,j=1,2,...,Ry); otherwise, ayj = 0. In addition, the Laplacian
AL OR x(R,—Ry)
ZLr ZLL
in blocks, where Z1 1, denotes the communication relationship between the leaders, and
A r denotes the communication relationship between the followers and the leaders; %y
denotes the communication relationship between the followers. In addition, define % =
diag(alo, axg,...4a Rlo); if the ith leader can obtain the information of the virtual leader, then
a0 =1, (i € L). Otherwise, a;y = 0, and define matrix # = %1, + %.

matrix is defined as Z = 9 — &, which can be expressed as & =

Assumption 2. [27]. There is at least one path from the virtual leader to each leader. In addition,
the leaders have at least one path to each follower.

Lemma 1. [27]. Under the condition of Assumption 2, all eigenvalues of matrix H have positive
real parts, and each element of —3@‘1 A is non-negative and the sum of each row of —3]]:]171 A
is 1.

2.3. Control Objective

In this paper, a distributed formation—containment control scheme for 4-DOF under-
actuated hovercraft under the condition of ocean disturbances and model uncertainties
is proposed. The block diagram of the control system is shown in Figure 2. The control
objectives are as follows:

(1) In the formation layer, the control scheme is used to make the formula
}Lr?o llpi —po — %ol < ©;, Vi € L hold, in which p; and py represent the position
information of the ith leader and the virtual leader, respectively. £jy represents the
expected position deviation of the leader hovercraft i relative to the virtual leader
hovercraft, G; € R is a small constant, and the leaders in the multi-hovercraft system
realize formation tracking.

(2) Inthe containment layer, the control scheme is used to make tli—{?o H Pk — Zlel bypr =1 H
<Gy, Vk € F hold, where the non-negative constant by, (k € F) satisfies 25{:11 by =1,

Pk is the position information of the kth hovercraft, and ¢, € R, is a small constant,
and the followers in the multi-hovercraft system realize the containment control.
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Figure 2. The framework of control system.

3. Formation—Containment System Controller Design

This section proposes a formation tracking control scheme for the leaders and a
containment control scheme for the followers in the backstepping framework.

3.1. Formation Layer Controller Design

In order to track the virtual leader, a formation control scheme is designed for the
leader i(i € L) in the formation layer under the condition of ocean disturbances and
model uncertainties.

Firstly, the distributed cooperative error of the formation layer is defined as follows

Ei=]"(9; (Zazl fiz)+ﬂio(Pi—Po—fio)> 4)

—\ _ |cosy; —siny;
where ] (i;) = Linlpi cos i,
position information of the leader i, I, respectively. py = [xo, yO]T represent the position
information of the virtual leader. ¢;; = ¢y — ¢} represents the expected position deviation
of the leader i relative to the leader I. £}y represents the expected position deviation of the
leader i relative to the virtual leader.

The time derivative of (4) can be written as

], i,l € L. p; = [x,y:]" and p; = [x, y;]" represent the

E (1’1 COs @; +ﬁ )SE + d UZ'O] Zall] Z all] zl - alO] (1/J )pO (5)

] 1 0
Considering that there is no thruster on the side of the hovercraft, an auxiliary variable
0; is introduced to transform the lateral thrust design into the yaw moment design to solve
the hovercraft’s underactuated problem [28]. The cooperative error is redefined as follows

where d; = ZR:lo ajj, S = {0 -1

El’ =E; +9; 6)

where 6; = [6;, O]T, d; is a positive number. According to (5) and (6), the dynamic equation
of E; can be expressed as follows

Ei=— (r,» cos ¢; + B-)SE- +di[U;, 0] + (fi cos ¢; + 161) S5
Rl .
=L af" (§) 2w1w>u—%mem @)
= - (ri cos ¢; + /51-> SEi + Hiv; +0; +0;
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AT Ry .
where 0; = [U;,7,]", 0; = {O, 51’[‘51} , 0 = *El a7 (9;)p; Z a] T (9;) ¢ — an] T (¥;) po,

H,‘ = diag(di, 51' Ccos 901)
To stabilize the dynamic process of (7), the virtual control law of the formation layer is
designed as follows
aj = H ' (—=KnE; — O — 03) 8)

where K;; € szz is a diagonal gain matrix. Substituting (8) into (7), we have
Ei = _Kilfi — (rl- cos @; + ,31> SEi + H; (Bie + Déig) 9)

where «;, = a;, — a;, aj, is the output of the linear tracking differentiator, which will be
introduced later; v;, = U; — a;, is the dynamic tracking error.
According to (3), we have u; = U, cos(B;), v; = U; sin(B;). Combined with (2), we have

U; = cos B; (Uﬂ’i + “‘0 + s+ mf‘(‘)) + cos B ik

Mmio
. °F . .
+ s1n,BZ-<<—u-rl- + Wﬁ) + ,%’(’) + ,%’6) oS ¢; — p;v; sin gol) (10)
. — Mizo Tir h
7’1 - ]izO + ]1 + ]1 + ]izO

Taking the time derivative of U;, and combined with (10), we have
Uip = U; — &y = D + M\ + A + d; — & (11)

T
where ®; = [COS Bi(viri + Fixo/mig) + sin B ( (_”iri + Fz’yo/mi0> Cos @; — p;vj sin 901‘)/ Mz /]izo} ,
T = [T, T) ', M; = diag(1/mio, 1/ Jiz0), Bi = Mi[Ajy cos B; + Ajpsin B cos ¢, Ay, di =
M;[d;, cos B; + dj, sin B; cos (pi,dir]T, A; = diag(cos i, 1), a;, is the output value of the
differentiator. The total impact of A; and d; can be expressed as D; = M ! (Ei + Hi)

The following linear differentiator is designed to estimate the differential value a; of
the virtual control law.

S’ |

iy = &

Ao ) — 2k (12)
&g = — K7 (g — o) — 205,

where a4 € R? is the estimated value of &;, and x; € R2X2 is the diagonal gain matrix.

Accordmg to the convergence analy51s of the linear d1fferent1ator in [29], it is known that
the output error a;, = wj, — a;j, ajp = txd a; of the differentiator can converge to any small
bounded domain.

Since the ocean disturbance term d; in (11) is unknown, an adaptive extended state
observer (ALESO) is designed to estimate it.

ie’

The extended state vector Q; is defined as Q; = { vl d; ] and unknown ocean

disturbance d; is defined as an extended state variable. According to (11), we have

Qi = AiQi+Bi+xi (13)
0252 szz] {Cbi + M;A;T; — b‘ir:| A;
where A; = ,B; = xi= 1=,
' [02><2 022" 021 Xi d;

Inspired by [20], the ALESO in this paper is designed as follows

Q; = AiQi + B; — A;(Vie — Uj) — @ (14)
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T T
N ~T AT . . . ~ A ~T =T =
where Q; = {Uie, d; ] is the estimation of Q;, Q; = Q; — Q; = [Uig, d; } , where v;, =

~ T ~ T
[ﬁiel,ﬁiez} and d; = {dil,dl-z} is the observer estimation error. The observer gain A; is
designed as A; = [Ail,)\il]T € R¥*2 where \;; € ]R%FXZ, Aip € Rixz represent diagonal
gain matrices.

P;lCTgiEﬁiJrC,'P;lCT%iEp%/ ||%ie ” . ~
~ N ‘:. Fcip; 7 lf Uic’ # 0

@; (Uz‘e/Pi) = [oiel|-+<it N
O4x1 rlf HUie =0

(15)

where C = [Irx2, OZXz}T, ¢; > 0, and adaptive variable p; will be introduced later. Assume
that x; satisfies the following matching condition.

Xi =P ripi(t) (16)
1" e R4, pl, € R¥¥1 pl, € R?*!. The time-varying matrix 7; is

Do —Giz]
R 17
vi thz Gi 17)

where pf = [off, p}]
defined as follows

where Gil = dtag (51'81,51'32), GiZ = dlﬂg (dill diZ)-

Based on Assumption 1, it is easy to know that yx; is bounded, so p!, is bounded.
Assume that p!, has an unknown upper bound p; that satisfies the inequality relation
|of1]] < pi € Ry The adaptive update rate of p; is designed as follows

Uje

b = 1 ([[Fe]| - 76 (18)
where v; > 0,7; > 0, define p;(0) = 0, adaptive estimation error p; = p; — p;. Subtract (14)
from (13), we can obtain

Qi = AiQi — @ — xi (19)
where A; = {/\il b2 szz} is Hurwitz. There is a positive definite symmetric matrix
—Ainhxo O2x2
P; satisfying
7T —
A; P+ PiAi = —Isxa (20)

In order to prove the convergence of the observer estimation error, the following
Lyapunov function is selected

17~ 1
Vit = 5QIPQi+ 5 -pf (21)
The time derivative of V}; can be written as
) = . L~
Va =QIP, (AiQi —Xi— ‘Di) + 5. 0if; 22)

~b [—T —\ ~ ~ ~ Y .
— 1Q7 (A P+ PA;) Qi — QT Pixi — QT Py + L i, — L i,
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Substituting (15), (16), (18) and (20) into (22), we have
’ 1ATAH A Q CTUze 1+C1QI CTUw ,/ Uie ~
Vil = _szTQi + QiT’)’iPtl — =t pva”_H,”Q P/ lloel + Uze P 'szrpl %Pipi
T A = Nxe i+Ci Ntc Alz = ~
— 307 Qi + |[Uie||pi — M + (| Vie || i
= . - H u||+ iQi (23)
_77[{12 ’élp1+2'yﬁzz+ 2p1+27,p1 )
i 7{ 2 1
<- 2/\m ) Q PQ; - (* - ,-)Pz 207 t 2,0
< =iV +Q;

where 7; = min{1/2Amax(P;),7:/2 — 1/27:}, Qi = 7;p?/2 + ¢; 2 /2. Solving (23), we
have0 < Vi; < (Vi1(0) — Q;/h;)e "t 4 Q);/h;, when t — oo, the estimation error of the
observer can converge to a bounded domain, and the size of the bounded domain can be
adjusted by reasonably selecting parameters.

Next, to deal with the model uncertainties A; in (11), the RBFNN is designed to
approximate A;, and the projection operator is introduced to limit the upper and lower
bounds of the weights of the adaptive neural network. The input-output RBENN algorithm
is designed as follows

Ai = 0;Tgi(wi) +& (24)

where ©;1 = [@’&T, G)*,T} is the ideal weight matrix, which satisfies ||©};| < Ou; € R4,

T .
H@ H <0, €Ry, g = [eu ,erl] is the network approximation error, basis function

Ci(wi) =exp (— llw; — i/ Zbiz) , where ¢;, b; respects the central position and width of the

ith neuron, respectively. w; = [u;, v;, pi, ti, ¢i] T is network input. The output of RBFNN is
A; =0 Gi(w) (25)

where @T [@5 , @T} is the estimation, letting ®; = ©; — ©. The adaptive weight
matrix update law of the neural network is designed as follows:

@ = Proj (@1,;41 <§l(w1) ‘141@ )) (26)

The definition and properties of the projection operator Proj(-,-) can be found in
reference [30].

Based on the output values of differentiator, ALESO and RBFNN, the distributed
cooperative anti-interference control law of multi-hovercraft is designed as follows

=AM (—Kizﬁie —®; —d; + af, — O] &j(w;) — Hifi) (27)
where K € Fixz is a diagonal gain matrix.
Choosing a Lyapunov function candidate as
1 1 1
Vip = Vi + 2ETE + 50D + 5 trace (®T® ) (28)

whose time derivative alone (9), (23), (24), (25), (26) and (27), we have
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. *T — *T o _ o = T o A ~ A
Vi < —E; KnEi + E; Hitjo — Via + Qi — 0,KigTie — Ujyd; + 0,8 — 0,0 Gi(wy) + 5 trace (@f@,)

< —Amin (Kit) || Ei || + Amax (H) (HElH + H%Hz) /2 — 1iVig + Q= Amin(Ki) |Tie |* — Thd; — TLOT & (w;)

—l—ﬁg;a + itrace (@TProj (O, u; (Ci(a)i)ﬁg + ﬁi@i)))
(Amin(Kin H,)/2)|Ei||” - Ama(H H;)laie|* /2 = 1iVia + Qi = Amin (Ki) [Biel|* — vEodi + vl
+ trace( ( PT’O] Z/,ul(érl(wl) ]/ll
—piGi(wi)Tl, + i ﬂz® Hi #1®
< _(/\mln il ) /\max H)/Z HE || +)\max( i)”aieHz/z - ﬁiVil + Q) (29)

_)\min( i2) ||Ul€||
< —(Amin(Ki1)

—(Amin(Ki2) = 1)|[Te||?

< —(Amin(Kip) —
—hiVi + 0 + %‘ d;
< AV + O

17;01, + vle ; y;rrace@f@i

= 112
_/\max(Hi)/z)HE'H +)\max( ')”aieHz/Z_hiVil"i'Qi

~ 2
+ %‘ d; 2||s,|| 7i;trace®! ©;
Hi)/z)HEiH - min(Kiz) - )||Uie|| Jr)‘maX(Hi)||"‘i8||2/2
dled® — 5|6, + B lle;I;

where 7\ - min{ﬁz/ /\mm( 11) /\max(Hi>/2/ )\min(KzQ) - 1/ﬁi/2}/ 6z' = Qi + O-SAmax(Hi)
@*2

Accordmg to (29) we have 0 < Vip < (Vpp(0) — Q;/A;)e ! +Q;/A;. When t — oo,
the system error can converge to a bounded domain, and the size of the bounded domain
can be adjusted by reasonably selecting the parameters.

3.2. Containment Layer Controller Design

Next, a control scheme is designed for the following hovercraft k(k € ). The definition
of the containment layer error function is as follows

Ry Rq
Ec =" () ( Yo ai(pe—pj) + Y an(pe— Pz)) (30)
j=Ri+1 =1

— cosy, —siny . T
where ](ll)k) = |:sin$]l: Cosq)lik], k,] € Fand !l € L. Pk = [xk’yk]Tr pi = [x],y]]

and p; = [xl,yl]T represent the position information of the followers k, j and the leader
I, respectively.
Taking the time derivative of (30) along (2), we have

. , Ry R -
Ex =— (fk cos @y + ﬁk) SEy + di[Uy, 0] — ) ak]-]T (¥e) P — Y aul"(9)p, (1)
=1

j:R1+1

where d;, = Z]R:ZO agj. The auxiliary variable dy is introduced to solve the underactuated
problem of the hovercraft, and the tracking error is redefined as follows

Ek = E; + (32)
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where &, = [6, 0] T bpisa positive constant whose time derivative (32) along (31) satisfies

Ex=— (Vk cos @ + ﬂk) SEy + dy[Uy, 0] + (”k cos ¢k + 5k) Sox
Ro . Ry ..
— L aglT($)p,— L oalT ($)p (33)
=Ry+1 =1
= — (rk cos @k + ,Bk) SEy + Hi 0y + Oy + 0y

. 1T Ry .
where Hy = diag(dy, & cos gr), T = [Ug,7i]", O = [0,5/431(} , O = _1;1 a]T (P) P

- ZF:ZRlJrl ai] T () pj-
In order to stabilize (33), the distributed virtual control law of the underactuated
hovercraft with a containment layer is designed as follows

ar = H ' (=K Ex — O — o) (34)

where Kj; € R2*? is the diagonal gain matrix. Substituting (34) into (33), one has
+ & & &

Ey = —KiEfx — (rk cos ¢y + ﬁk> SEy + Hy(Tke + ttke) (35)

where ay, = ay, — ay, ay, is the output of the tracking differentiator, which will be intro-
duced later. Uy, = U — ay, is dynamic tracking error.
Taking the time derivative of Uy, it follows that

ﬁke = ﬁk — dkr = ch + MkAka + Kk + Hk — b‘kr (36)

where &) = [COS Br(vkrk + Frxo/myo) + sin By ( (—Mkfk + Fkyo/mko) COS Pk — PkU) Sin (Pk),

Mio/Jieo]', dk = Mildiy, cos By + di sin i cos @, die] T, By = Mi[ A, c0s By + Ay sin By
c0s ¢, Mer] T, Te = [T Ter) T My = diag(1/myo, 1/ Jxao), Ak = diag(cos By, 1), dy is the out-
put value of the differentiator, and the design form of the differentiator is completely con-
sistent with (12). The total impact of Ay and dj can be expressed as Dy = M; ! (Zk + Ek) .

Next, ALESO and RBENN are introduced to estimate the unknown ocean disturbance
dy and model uncertainties Ay in (36), respectively. The design form of ALESO and RBFNN
is completely consistent with the formation layer, and the design process is omitted here.

The distributed cooperative control law of the multi-hovercraft with a containment
layer is designed as follows

T = A M (—Kkzﬁke — @ — dp + af, — Of & (wy) — HkEk> (37)

where Ky, € R3*? is a diagonal gain matrix.
Referring to the formation layer Lyapunov function form, the containment layer
Lyapunov function can be finally organized into the following form

Vie < ~MVip+ O (38)

where Ak = min{ﬁk, Amin(Kkl) — /\max(Hk)/zr /\min(KkZ) — 1, ﬁk/Z}, 6]{ = Qk + /\max(Hk)
~ 112
ke /24| | 12+ 6272+ T /2.
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4. Stability Analysis

Theorem 1. Consider a multi-hovercraft system consisting of Ry leaders and Ry — R; followers
and satisfying the relevant assumptions, as expressed in (3). Then, the control law (27), (37)
and the virtual control law Equations (8) and (34) proposed in this paper can make the multi-
hovercraft system achieve formation—containment control, and the formation tracking error and the
containment tracking error can converge to a bounded domain.

Proof of Theorem 1. Consider the following Lyapunov function

Ry Ry
V=Y Vot Y Ve (39)
i—1 k=R;+1

The time derivative of (39) can be written as

. Rl . RZ . — —
V<Y (—AVe+Q) + )Y (—AVie+ ) < -AV+Q (40)
i=1 k=R;+1

where A = min{A;, Ay}, Q = sup{ﬂf{:ll Q; + lejiRﬁl 6k}-
According to (40), we have

0<V < (V(0)—Q/A)e™M+Q/A (41)
Then, we have
B Eil, < /2(v(0) —Q/A)eM +20/4 w)
Ek Rt [Exll, < \/2 (0) — Q/A)eM +20/A

Equation (41) implies that V is bounded, and the error signals E;, Qi, Pi, Uie, ©; Ex, Qr,

Ok, Uke and ©y are bounded. Combining (6), (32) shows that the error E;, Ej is bounded.
Therefore, the boundedness of all signals in the multi-hovercraft system is guaranteed.

.= =T =T =7 1T T - =T <T an

Define E; = [El,Ez,...,ERl} JEL = [E{,E{,...,Egl} 3L = [51,52,...,51{1} )

T T
T
po=[plpl, bk ] = A ek tho] and 1R = (1. 1)T € RR1
According to (42), we have

|ELll, <¢ (43)
where ¢ = \/2 —Q/A)e M +20/A.
Substituting (6) into (33), we have
IELll, < ¢+ ||oc], (44)

The formation tracking error of the i(i € - - - L) leaders can be defined as E; = p; —
po — Zjo- Then, the formation tracking error of all leaders can be defined as Er = pr —
1R, ® po — £. According to (4), we have E; = diag(JT (1), ..., ]" (¢r,)) (% ® L)Er, then
the formation tracking error Et satisfies

IEzlly < (6 + [loLl,) /() (45)

where ¢ (%) is the minimum singular value of matrix % .
. = =T =T =7 1T T T 1T
Deflne EF = |:ER1+1/ER1+2""’ER2:| ’ PP = |:pR1+1’pR]+2""’pR2:| P

T - ~T =T <1 1T .
Er = [E1§1+1,E£1+2,. ..,EEJ ,0F = {5R1+1,5R1+2,...,(5R2} and the k(k € F) following
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hovercraft containment error is defined as Ecy = py — Zﬁll byxip;. According to Lemma 1,
the sum of each row of —3@1 A ris1, and the containment error of all following hovercraft

is written as Ec = pr — (—Q]EFlh‘ZL]F ® Iz) pL. According to (42), one has

IEe]l, <¢ (46)

According to (30), we have

Er =diag(J" (Yr,+1), -, ] (¥r,)) ((Ler @ L) pr + (Lir @ I)pL)
= diag(J" (r, 1), )T (¥r,)) (Few @ b) [pr = (L A @ L)pr| @)
= diag(JT (Yr,+1),---. JT (¥r,)) (Ler @ L) Ec
Then, the containment error E¢ satisfies
IEcll, < (¢ +1[9Fll,) /o (Zrr) (48)

where ¢(Zpr) is the minimum singular value of matrix Zp.
By adjusting the parameters reasonably, the tracking error can be adjusted to the
bounded domain, that is, tlim |Erill, = tlim lpi —po—"%oll, < Gy
—00 —00

. . R _ .
tlggloHEC;{Hz = tlggloHpk -4 bkllez < Gk This completes the proof. [

5. Simulation

In this section, simulation results are provided to illustrate the efficacy of the proposed
multi-hovercraft formation—containment control scheme. The communication topology
between the multi-hovercraft system is shown in Figure 3, which includes the virtual leader
(Hovercraft #0), three leaders (Hovercraft #1-Hovercraft #3) in the formation layer, and two
follower (Hovercraft #4-Hovercraft#5) in the containment layer.

Virtual leader

Containment Layer

Figure 3. Communication topology graphs of multi-hovercraft systems.

For detailed information on the main parameters of the hovercraft used in the simula-
tion, please refer to [3]. The formation structure vector information is set as
?10 = [0m, —150 m]T, %50 = [0 m, 150 m] T, £30 = [300 m, 0 m]T, auxiliary variables are set
as [61,0, 03,04, (55]T: [1,1,05,1, 1]T. The initial state of the ALESO, linear differentiator
and RBENN is set as zero. The initial state of the multi-hovercraft system is designed

as 170(0) = [0,0,0,90°]", vp(0) = [18m/s,0,0,05 /s]", ;1(0) = [~150m,0,0,89°]",

v1(0) = [18m/s,0,0,0%, 72(0) = [150m,0,0,88°]", va(0) = [19m/s,0,0,0]",
173(0) = [0,300 rn,O,92°]T, v3(0) = [16 m/s,O,O,O]T, 174(0) = [=50 m, —200 m,0,90°]T,
v4(0) = [18 m/s,0,0,0]", 74(0) = [50 m, —250 m,0,90°] ", v5(0) = [18 m/s,0,0,0]".
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The desired trajectory generated by a virtual leader consists of two straight lines and
a circular arc [4]. x4(0) = 0 m,y;(0) = 0m, ;(0) = 90", uy(0) = 35 knots,
v4(0) = 0 knots, the desired trajectory which is shown in Figure 4 is given by

Xy = Ug4COS Py —vgsinyy
Yy = ugsinyy +v,cos gy

Ya="ra
where
0 t<300s
rg=1405/s 300s<t<540s
0 540 s < t < 600 s

The parameters of the control are designed as K11 = diag(0.5,1), Ky, = diag(1,0.2),
Kyy = diag(0.5,1), Kpp = diag(1,0.2), K31 = diag(0.8,1), K3, = diag(10,20),
Ky = diag(0.2,0.3), Kgp = diag(3,0.005), K51 = diag(0.2,0.3), Ksp = diag(3,0.005). The
parameters of ALESO are set as A, = diag(20,5,15,10), ¢, = 0.1, 7, = 0.01, %,, = 0.2. The
parameters of the differentiator are set as x, = diag(0.1,0.1). The parameters of RBFNN are
setas p,, = 0.05, 7, = 0.01, b, = 0.5, ¢, = [-15,-5,—-1,-0.5,-0.1,0,0.1,0.5,1,5, 15]". The
model uncertainties were modeled using the following functional form:
An = [0.1sin(0.5t)Fyo , 0.05 sin(0.2t) Fyy0 , 0.1 cos(1.5t) My , 0.1 cos(1.5t) Myz0] T The
effect of ocean disturbances on the system is modeled in the following functional form [4]:

~—

Spp

Stp
SLPHhav
Spple

duwind = O‘5CXPau2¢,ind Sln(wwindt
dz;wind =0. 5CYPH wmd Sln(wwzndt
dpwmd 0. 5CKpuuwmd Cos(wwzndt
dywindg = 0. 5CNpauwmd cos(

—_ —

Wyindt

where dy;ng = [duwind/deind/ dpwindrdrwind]T/ uwind(t> = V254ind Cos(wwindt)/ Swind(t) =
Jﬁ/wp (1 + 1.5Wying /wp), 6y = 0.15(2/20)" Va,wp, = 0.0571V,, Cx and Cy are wind coeffi-
cients, Cx and Cy are wind torque coefficients, p, is the density of air, Spp and Sy p are
the frontal and lateral projected areas, /. and Hj,, are the height of the hovercraft, u,,,;
denotes pulsating wind speed, wy;;,y = 0.1 s lis pulsating wind frequency, S,y denotes
wind spectrum. z = 10 m is the height above water, V;, = 10 knots is the average wind
speed, a = —0.125.

Aywave = nglcswave Sin(wwuvet)

Aywave = 0-46nglc5wave Sin(wwavet)

dpwave = O-llpwglgswave Cos(wwavet)

Arwave = nglgswave COS(ame;gt)

where dygpe = [duwm;e/ dvwave, dpwm;e/ drwave]T/ dy = dwmd + dwave, Swuve(t) = sz;[?vg
exp(—B wm,e) A = 0.0081¢%, B = 3.11h;2, pp, = 103 kg/s is the density of water,
g=98m /s> denotes gravitational acceleration, wyj;,; = 0.2 s~ L is wave frequency, Swave
denotes wave spectrum. /i; = 1 m is the height of water.

The simulation results are illustrated in Figures 4-7. Figure 4 illustrates the trajectories
of three leaders (Hovercraft #1-Hovercraft #3) and two followers (Hovercraft #4-Hovercraft
#5) under compound perturbation conditions. At the beginning of the simulation, Hover-
craft #4 and Hovercraft #5 are located outside the convex envelope shaped by Hovercraft
#1-Hovercraft #3. By using the proposed formation—containment scheme, Hovercraft #4
and Hovercraft #5 can be successfully guided into the convex envelope formed by the
leaders. The multi-hovercraft system distributed cooperative errors, formation tracking
error of Hovercraft #1-Hovercraft #3, and containment tracking error of Hovercraft #4 and
Hovercraft #5 are plotted in Figures 5 and 6, respectively. From Figures 5 and 6, it can be
seen that the coordination error, formation tracking control error, and containment tracking
control error can converge to the bounded domain. In order to show the superiority of the
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algorithm in this paper, the control algorithm provided in the literature [17] is compared
with this paper in the simulation. The contrast effect diagram is shown in Figure 6. Method
1 represents the control scheme of this paper, and method 2 represents the control scheme
of reference [17]. It can be seen from Figure 6 that the method designed in this paper makes
the followers have higher tracking accuracy. When ¢ = 300 s and 500 s, the tracking errors
fluctuate due to the change in the rotation rate, but the errors converge quickly. Figure 7
represents the total estimated effect of ALESO on the unknown ocean disturbances and
RBFNN on the model uncertainties. From Figure 7, it can be observed that ALESO and
RBENN achieve a good estimation effect.

1000 T T T T T T

straight line .

-1000 - 200
100

E. 0
% 2000

-100

-200

-3000

-300  -200 -100 2000 2100 2200 2300 2400 2500

- - - - Hovercraft#1
Sl Hovercrafti2 < straight
Hovercrafts3 line
- - - - Hovercraftéd €
- - - = Hovercraft#5
1 1 1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000
Y(m)
Figure 4. Multi-hovercraft formation—containment movements trajectories.
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700 |+ — — — Hovercraft#4 | 7
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600 [ T
| sEz=========1 4
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E L of L
ol - — £ — — = = e ] -
—:400i 05 ?"V/“_S-=-_==__
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" 300 T
i © -20
200 Jl 36.75 36.8 36.85 36.9 36.95 330 340 350 360 370 7
100 K 1
\ ety
0 N e e e e e e e e e e e SV LN e S —
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Figure 5. Distributed cooperative errors of multi-hovercraft system.
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1000 T T T T T
4 T T T T T — — — Hovercraft#1
800 b e e e e e e e e — — — Hovercraft#2 [
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2r i
= 600 .
= 200 ot L s L s 4] .
i 267.5 268 268.5 269 269.5
200 - \ ]
--- - - - -"-—"—- &\« F e E == I
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Figure 6. Formation tracking errors and containment tracking errors.

4
5 X 10 1 1 I T 1
Ecnl
Zz 0
|
_5 1 1 1 1 1
0 100 200 300 400 500

t(s)

_4 1 1 1 1
0 100 200 300 400 500 600

t(s)

Figure 7. Compound perturbations and its estimated value.

The velocity curve of the hovercraft is shown in Figure 8. It is worth noting that the
heeling velocity of the hovercraft fluctuates obviously. Due to the lack of control torque,
the heeling angle and angular velocity cannot be limited. Future work should consider
reducing the fluctuation of the heeling angle. The control force and torque of the hovercraft
are shown in Figure 9. In the initial phase, the response curve of control force and torque
fluctuates largely due to the large formation tracking control error and containment tracking
control error at the beginning. When the multi-hovercraft system reaches a stable state, the
control torque value fluctuates within a small range.
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Figure 8. Velocity curve of multi-hovercraft system.
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Figure 9. Force and torque of multi-hovercraft system.

6. Conclusions

This paper studies the formation-containment control problem of multi-hovercraft

systems under compound uncertainties. The designed ALESO and RBENN effectively com-
pensate for unknown ocean disturbances and model uncertainties of the multi-hovercraft
system. The stability of the multi-hovercraft system is analyzed using Lyapunov’s stability
theory, and it is concluded that the tracking errors can converge to a bounded domain.
Finally, simulation results show that the scheme proposed in this paper can achieve multi-
hovercraft formation—containment control with small distributed cooperative errors under
compound perturbations. In future research, we will focus on model-free control schemes
and connectivity maintenance of the multi-hovercraft system.
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