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Abstract: One of the most important and unanswered problems in particle physics is the origin of the
three generations of quarks and leptons. The Standard Model does not provide any hint regarding
its sequential charge assignments, which remain a fundamental mystery of Nature. One possible
solution of the puzzle is to look for charge assignments, in a given gauge theory, that are inter-
generational, by employing the cancellation of the gravitational and gauge anomalies horizontally.
The 331 model, based on an SU(3)¢ x SU(3)L, x U(1)x does this in an economical way and defines a
possible extension of the Standard Model, where the number of families has necessarily to be three.
We review the model in Pisano, Pleitez, and Frampton’s formulation, which predicts the existence of
bileptons. Another characteristics of the model is to unify the SU(3)¢c x SU(2)L x U(1)x into the
331 symmetry at a scale that is in the TeV range. Expressions of the scalar mass eigenstates and of the
renormalization group equations of the model are also presented.

Keywords: particle theory; physics beyond the Standard Model; collider phenomenology

1. Introduction

In the quest to unveil new physics governing fundamental interactions at the Large
Hadron Collider (LHC), resolving several crucial questions remains a challenge within the
Standard Model (SM). These include the gauge hierarchy problem in the Higgs sector and
the origin of light neutrino masses.

Addressing these issues often requires theories involving larger gauge groups and a
broader spectrum of particles. Grand Unified Theories (GUTs) offer promising avenues,
but their high energy scales (around 10'2 to 10> GeV) far exceed the electroweak scale
probed by the LHC.

Bridging the gap between the GUT scale and the TeV scale, where the LHC operates,
to identify signatures of symmetry breaking presents a significant challenge, due to the
increased complexity of these extended theories.

However, specific scenarios exist where evidence for enlarged gauge symmetries
might be discovered or excluded at the LHC scale, suggesting alternative exploration paths.

One such example is the 331 model (SU(3), x SU(3). x U(1)x), where the constraint
of real gauge couplings significantly restricts the parameter space for potential signal
searches. This model was proposed as a potential extension to the SM, in order to address
certain theoretical and experimental shortcomings, as well as to provide explanations for
phenomena not accounted for within the SM.

The 331 model introduces a new gauge group, SU(3)1, which is isomorphic to the
color gauge group SU(3)c. This implies that the strong force acting between quarks within
hadrons is now governed by the SU(3); symmetry, in addition to the color symmetry.

The fermion content of the 331 model differs from the SM, due to an extended gauge
symmetry. Typically, in the 331 model, the quarks and leptons are organized into multiplets
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that transform under the representations of the SU(3) gauge group. For example, quarks
and leptons may be arranged in triplets or antitriplets of SU(3);, depending on their
electric charge and other quantum numbers. One notable feature of the 331 model is the
presence of new gauge bosons called “bileptons”. These are bosons carrying both a lepton
number and electric charge, with charges Q = £2 and L = £2. Bileptons arise due to the
extended gauge symmetry and can have significant implications for various phenomena,
including neutrino masses and decays of heavy particles.

Similar to the SM, the 331 model also involves spontaneous symmetry breaking, where
the gauge symmetries are broken at a certain energy scale. This results in the generation
of particle masses and the emergence of the familiar gauge bosons, such as the W* and
Z° bosons.

The 331 model offers potential explanations for various phenomena beyond the scope
of the SM, including neutrino masses and mixing, and the unification of fundamental forces
at high energies.

Overall, the 331 model represents an intriguing extension of the SM, offering new
avenues for exploring fundamental physics beyond the established framework. However,
it remains subject to experimental scrutiny and theoretical refinement to fully ascertain its
validity and implications for our understanding of the fundamental forces and particles
in nature.

In the model, the constraint of real gauge couplings significantly restricts the parameter
space for potential signal searches. This property establishes the vacuum expectation values
(vevs) of the Higgs bosons, responsible for symmetry breaking from the 331 scale to the
electroweak scale, around the TeV region. The model under consideration incorporates
the presence of bileptons, denoted as gauge bosons (Y~ —,Y""), possessing a charge
Q = +2 and lepton number L = £2. Consequently, we dub this framework the “bilepton
model”. Within the array of 331 models, the existence of bileptons within the spectrum
only arises through specific embeddings of the U(1)x symmetry, as well as the charge (Q)
and hypercharge (Y) generators within the local gauge structure.

An additional noteworthy aspect of this model is its departure from the conventions of
the Standard Model or typical chiral models seen thus far. In contrast to merely extending
the SM spectrum and symmetries, the determination of the (chiral) fermion generations
hinges on the interfamily cancellation of gauge anomalies. Remarkably, gauge anomalies
cancel across distinct fermion families, thereby pinpointing the number of generations as
three. From this vantage point, the model emerges as distinctly singular. Furthermore, in
the framework outlined by Frampton, which we adopt henceforth, the treatment of the
third fermion family is asymmetrical in comparison to the initial two families.

Our work is organized as follows: We will first discuss the general structure of the
model, starting with the anomaly constraints that crucially characterize the charge assign-
ments of the spectrum. We then move on to characterize the gauge boson spectrum, turning
afterwards to the Higgs sector. The structure of the potential is thoroughly examined, both
in its triplet and sextet contributions. We discuss the energy bound present in the model,
induced by the structure of the gauge coupling relation coming from the embedding of
the Standard Model into the 331. This bound on the energy scale at which the model is
characterized by real (as opposed to complex) values of the couplings is one of the salient
features of this theory. A second important feature is the presence of a Landau pole in the
renormalization group equations (RGEs) of the gauge couplings, which we briefly illustrate
numerically. A list of results for the mass eigenstates of the Higgs sector is contained in
Appendix A. Notice that an important feature of the model is the identification of the
electric charge operator in terms of the diagonal generators of the fundamental gauge
symmetry. In general this is given by

Q=T>+pT +X1 (1)

where B is a parameter of the model, with T® and T® generators of SU(3). Our discussion
will focus on the choice B = /3, as in Pisano, Pleitez, and Frampton’s original formulation.
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This choice induces the presence of bileptons, which are doubly charged gauge bosons
carrying lepton number L = £2. We refer to this version of the model as to the minimal one.

2. The Particle Content of the Minimal 331 Model

One of the most important questions that arise in particle physics is why there are
only three families of quarks and leptons. There are many observables in particle physics
that depend on the family number and they all agree to constrain this number to three. In
the Standard Model, there is no mechanism that prohibits the existence of more families
than those observed. To answer this question P. H. Frampton, F. Pisano, and V. Pleitez [1,2]
proposed a new model that extends the Standard Model and could provide an elegant
answer to this fundamental question. Specifically, this is called the 331 model, and it is
built on the gauge group

SU(3)c x SU(3)L x U(1)x, (2)

which enlarges the SU(2); symmetry of the Standard Model. Three exotic quarks must be
added to the particle content of the Standard Model to allow for SU(3); symmetry in the
quark sector. The 331 model democratically treats leptons in each of the three families, in
fact color singlets are SU(3), anti-triplets

e i T
(—ve> , (—vy> , (—VT) — (1,3,0) 3)
eC L VC L TC L

each with X = 0. Where with e, 4, and 7° we are denoting the left-handed Weyl spinors of
the relative charge conjugate field. On the contrary, in the quark sector, the three families are
treated differently, the first two generations are in triplets of SU(3); with the corresponding
left-handed field of exotic quark

-t

both with X = — % On the other hand, the third generation in the quark sector is embedded

in anti-triplets of SU(3).
b 2
—t] — (3,3, > (5)
3
Ty

with X = % To each left-handed field there is a corresponding right-handed field singlet
under SU(3)

Gt
Gt
o (3) ®
- (11,-3), ©)

The U(1)x charges are respectively — %, % and % for u¢, d°, D° and the corresponding field of
the second generation. The X quantum numbers of the third family instead are respectively
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%, —% and —g for b°, t¢, T¢. Three scalar triplets under SU(3) are necessary to ensure the

spontaneous symmetry breaking

p++ ;713 XO
p=l e =\ Jx={ & (10)
P 772 X

respectively with X charge X = 1,0, —1, and a scalar sextet

ottt 4 9

1 V2 V2
c=| 9L N0 2 (11)
=l o2 A

% 0, V2

1 22 oS

V2 o ov2 2

in order to generate physical masses for leptons, as we will see in Section 6. All quantum
numbers under SU(3)¢c x SU(3); x U(1)x in the 331 model can be found in Table 1. This
unconventional assignment of quantum numbers in the model ensures that gauge anomalies
are not canceled vertically for each family, as in the Standard Model. It is necessary to add
the contribution of each quark in the triangle anomaly to obtain the total cancellation. This
is one of the most important and attractive features of the model, because it provides a
possible explanation for the number of generations. This could provide a first step towards
understanding the flavor puzzle and perhaps serve as a guide for new models inspired by it.

Table 1. Quantum numbers of the particle spectrum of the minimal 331 model.

SU(3)c SU)L u(1)x

u¢ 3 1 f%
e 3 1 3

dc s 3 1 %
b° 3 1 -2
D¢ ¢ 3 1 3
3 5

¢ 3 1 -3
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3. Cross-Family Anomaly Cancellation and the Flavor Question

In this section, we analyze the non-trivial cancellation of anomalies in the 331 model
and discuss why this method of eliminating them could represent an initial step towards
addressing the flavor question.

There are six types of anomalies that occur in the 331 model

SUB)E, SUB)EU()x, Su@s)i,
Su@)zu(1)x, ui, grav> U(1)x, (12)

where grav? U(1)x is the mixed chiral anomaly with two gravitons and a chiral U(1)x
gauge current; i.e., the gravitational chiral anomaly.
Each vertex collects a factor

26r(TE{T}, Ts}) = A(R)d™,  with A(fund) = 1 (13)

from the gauge current group generators, where A(R) is the representation dependent
anomaly coefficient, with A(fund) in the fundamental representation of SU(3), and d**° is
the totally symmetric invariant SU(3) tensor.

The anomaly involving only gluons is obviously zero, as in the Standard Model.
Another anomaly arises from the mixed SU(3)2C U (1) x vertex, which imposes the following
constraint on the X charges

SU3)EU(1)x = 3Xg, + Xy + Xge + Xje = 0. (14)

Here, the index i ranges over families, but there is no summation over it, Q; stands for
quark triplets, while Ji denotes the complex conjugate of the exotic quark fields. Indeed,
for this reason, the anomaly cancellation in this case occurs vertically between families, as
in the Standard Model.

The same cannot be said for another anomaly, which involves only the gauge group
SU(3)r. In the Standard Model, the SU(2);, group possesses a vanishing anomaly coeffi-
cient, rendering it unnecessary. However, in the case of SU(3) or, in general, SU(N) with
N > 2, it exhibits a non-zero anomaly coefficient. In the 331 model, such SU(3)% anomaly
cancels due to the equal number of fermions in the 3 and 3 representations of SU(3).

In the minimal 331 model, the SU(3)? U (1) x anomaly can only be canceled by account-
ing for contributions from all three families. This type of anomaly cancellation is referred
to as a horizontal cancellation. If we consider anomaly cancellation on a generation-by-
generation basis, it does not vanish, and requires summation over different families. The
relative constraint is

3
Su@3)iu()x — Y Xg, =0. (15)
i=1

The same motivations lead to the cancellation of the cubic anomaly
3
Ui~ 1 (333, + X3 + X3 + X5.) =0, (16)
1=

with the relative constraint.
The last anomaly that needs to be checked is the gravitational anomaly, but it is not
difficult to show that it leads to the same constraint as for SU(3)% U(1)x

grav’ U(1)x — 3Xg, + Xye + Xge + Xje = 0. (17)

A summary of anomalies and relative constraints can be found in Table 2.
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Table 2. Anomaly cancellation constraints on the fermion charges in the minimal 331 model.
Anomaly
SU(3)2U(1)x 3Xq + Xue + Xge + Xje =0
su(3); Equal number of 3; and 3] representations
SU(3)2u(l)x Y2 X =0
umsi 3, <3X3Qi + X + X3 + X?) —0
grav?U(1)x 3Xq, + Xus + Xge + Xje =0

The non-trivial cancellation of anomalies in the model is arguably one of its most in-
triguing and distinctive features, which was first discussed in [3]. The horizontal approach,
involving all three generations of quarks and leptons, inherently constrains the number of
families to three. Unlike the Standard Model, which lacks a mechanism to limit the number
of fermion generations, the 331 model provides such a constraint.

Notice that, in the Standard Model, the number of generations is fixed experimen-
tally by the annihilation process eTe~ — hadrons, which is sensitive to the number of
families. Experimental constraints based on these observables restrict the number to three;
nevertheless, the model lacks a theoretical guiding principle for predicting such a number.
The horizontal approach to anomaly cancellation of the 331 model, on the other hand, as
already mentioned, can serve as a guiding principle for investigating other UV-completions
beyond the Standard Model (BSM) that aim to address the flavor question.

4. Spontaneous Symmetry Breaking

Below the electroweak scale, in the Standard Model, the gauge symmetry is SU(3)¢ x
U(1)em. Therefore, in the 331 model, spontaneous symmetry breaking (SSB) must also occur,
in order to reduce the SU(3)¢c x SU(3). x U(1)x gauge symmetry. The breaking can be
divided into two stages. Initially, at energy scales greater than 246 GeV, the gauge symmetry
of the 331 model can be broken down to that of the Standard Model, and subsequently to
SU(3)c X U(1)em- This can be represented as

SU(3)c x SU(3) x U(1)x — SU(3)¢ x SU(2), x U(1)y — SU(3)c x U(1)em.  (18)

Achieving this requires a more intricate Higgs sector comprising three scalar triplets and a
scalar sextet of SU(3);. In the following two sections, we will analyze the pattern of SSB
and explore how it predicts the existence of bileptons, specifically massive double-charged
gauge bosons that carry lepton number of L = £2, which can be classified as elementary
bifermions (including also leptoquarks and biquarks) in the framework based on SU(15)
noted recently in [4].

4.1. The Breaking SU(3)c x SU(3)p x U(1)x — SU(3)c x SU(2)L x U(1)y

Spontaneous symmetry breaking to the Standard Model gauge group can be accom-
plished by means of a vacuum expectation value of a scalar triplet belonging to SU(3),

denoted as p,
ptt
o= ( ot ) (19)
o

which carries charge under U(1)x, namely X =1

0
(0) = ( 0 ) : (20)
%0

The SU(3) x U(1)x covariant derivative can be written as follows:
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/\a
_ ; ; a_
Dy =9y —ig1 XXy, — 1g27WH =
w3 n wh oW W iWg
2 100 21 2\/25 2 3 2 8 26 27
. ) wl W W wé  We W
- (ai‘ - l\[gglxxi‘> 0 1 0)—iga|l 45" —F+55 -7 | (21)
0 01 Wi oiWS WS W] w$
2 2 2 2 V3

where X is the charge under U(1)x of the fermion, X, is the corresponding gauge bo-
son, and W, are the generators of SU(3)r. A” are the Gell-Mann matrices normalized as

Tr (/\“)Lb ) = 26°. Once the Higgs triplet p acquires the vacuum expectation value, its
kinetic term gives

+

1
D,l0]]= —gvg ( —4V281 80X, W' + 467 X" X, + 3g5Y T Y, ~
Op
+3g VIV, + 2g§w§WV8) : (22)

From Equation (22), it is easy to observe that the mass terms obtained are expressed in a
basis that is not completely diagonal. This implies that, in order to obtain the mass eigen-
states of the bosons, it is necessary to perform an orthogonal rotation of the corresponding
states. Before doing this, we mention that the W= bosons, given by

1
WE=—
H \@
remain massless. This is due to the fact that the residual symmetry SU(2); remains unbro-

ken at this stage. We also recognize two correctly diagonalized kinetic energy contributions,
given in terms of the charge operator eigenstates. As we will see, the charge operator in the

331 model is embedded as Q = %)\3 + @)\8 + X1. We have

(w;, T wf,), (23)

1
£+ _ 4 __ar5
Y, = 7 (Wﬂ F zWV), (24)
for the bileptons and
1
+_ 6 —— A7
Vi = \/§<Wy $1WP>, (25)

for the exotic charged gauge bosons. The mass matrix that needs to be diagonalized in the
{X, W8} bases is the following:

2.2
829 2 2
\[ZBP _§81327)p ) (26)
2
—731820,2; %8%0;27

The diagonalization can be easily achieved through the orthogonal transformations

1
7l = —— (W8 + V241X 27)
I I )
V& +281 ( )
1
By = (ﬁglwﬁ - ngy), (28)

\/ &5 +281
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which can be thought as a rotation from the basis {X, W8} to {B, Z'}, with an angle

. &2
sim 9331 = T (29)
Vet g

that gives

0 0
: (30)
Q%%%+%D
From the matrix in Equation (30), we can read off the squared masses of the mass eigenstates
{B,Z'}

1
My=0 M} =2df (&3 +28%). (31)

It is clear that we obtain a massless boson related to the U(1)y symmetry of the Standard
Model. It is not difficult to identify the embedding of the Y charge operator in the 331
model, namely

Y
5= V3T8 + X1, (32)

where T? is the eighth generator of SU(3). The matching condition between the U(1)x cou-
pling and the Standard Model hypercharge can be easily computed, leading to
the relation 1 6 3

=5, (33)
& & &

4.2. The Breaking SU(3)c x SU(2)p x U(1)y — SU(3)c x U(1)em

Once the gauge symmetry has been decomposed into that of the Standard Model,
another symmetry breaking is necessary to end up with the residual SU(3)c x U(1)em
gauge symmetry. To realize the correct breaking scheme, we require two Higgs triplets, 7
and x, which acquire the vacuum expectation values

m=|%| withx=0, (34)
0
and
Ox
V2
=10 with X = —1, (35)
0
and a sextet of SU(3)
00 %
@y=[0 0 0] withx=o. (36)
% 0 0

After the first symmetry breaking, the covariant derivative can be written in terms of the mass
eigenstate fields, namely in the basis { B, Z'}. Inserting the inverse of the Equations (27) and (28)
into (21) gives

w3 wl w2 Wi w3
; M 4 H H ; H M
Iy —ig2a=" + K1 —igs (2 -2 —igl5 -7

) Wl w2 . w3 . |7
Dy=|—-iga|l 7=+ =5 —igaz +Ki —ig2( 5 — = (37)

. | . A
cip(F ) cie(Fe) ek
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where K; and K; are given by
(¢Z%@@QX—J)—ZM5+A&UQ)
2v/3
and
i(V2Bugagi (X +1) + Z (83 — 281°X)))
. (39)

Ky = 7

Once all the scalar field has acquired a vacuum expectation value, the gauge fields W+
and Z become massive too, while Y**, V* and Z’ obtain more involved mass terms. The
squared masses of W, V* and Y** are given by

2,2 2.2 2.2
v (% v
Mz, = 8271 8% | &0 (40)

2

My =2E 2 8 (41)
2.2 2.2
&0 &0

M%zTPJr%Jrg%v?ﬂ (42)

where we recall that

Wi = s (WEF WD), v = s (weEawT), v = (wiEmg). @

On the other hand, the neutral gauge bosons also gain non-diagonal mass terms, which in
the {W3, W8, X} basis, are given by the following matrix:

818275 18203
g%v% + 8%”?( NV b - 323:/5;( _%gngUg(
_813227% . glgz”}( @ + Szz’% + 8%”?( + $% _ﬁ + g%”%( _ % (44)
V3 23 > 2 212 2 212 2 ;;\{?, ;1\2/5 3
B P o 8% G 82% | &% 4 &%
2 X 4./3 4./3 4/3 4 4 4

In a first step, the two neutral gauge bosons W® and X mix, giving rise to the two bosons B
and Z. The mixing angle is denoted by 6331 and is given by

. 82
sin gy = — 52 45)
Ve + 3

which was the rotation discussed in the previous section. Then, we can proceed in complete
analogy with the Standard Model, where B mixes with W3 through the Weinberg angle 6y,
which in the minimal 331 model takes the form

sinfy = —5Y (46)
V82 8%
Using (46), it is straightforward to show that we can express the 6331 angle in terms of the
Weinberg angle, namely

Ccos 9331 = \/gtan Qw, (47)

therefore the photon field A and the two massive neutral gauge bosons Z and Z’ are

identified as
A = sin Oy W + cos Oy (\/gtan OwWs + 1/1 — 3 tan2 GWX), (48)



Entropy 2024, 26, 420

10 of 28

Czlzl -

g sin® By (CSC2

Z = cos Oy W3 — sin Oy (\f?:tan OwWs + m}()’ (49)
7' = —\/1 - 3tan? O Ws + v3tan y X. (50)

The Weinberg angle also relates the coupling of SU(3);, which through matching is equal
to the SU(2), of the Standard Model, to the U(1)x coupling, through

g3

@ 1—4sin?fy’

)
6sin” Oy (51)

which can be obtained from Equations (45) and (46). From Equations (48)—(50), it is evident
that there is a residual mixing between the massive gauge boson, which is given by

the matrix
Czz Czz )
52
< szl CZ/Z/ ( )
with entries
Czz = g5 (20w) (U% + v% + v%), (53)

(Ow) (v% + v% + 405( + v?,) + 9sec?(Oy) (v% + v% + 0(27) - 4(0% + 40% + v}c + 40,2,)>

Mj =

M%/ -

1
6

4
24 cos(20y) — 12 o B

] 2 sec3(0) (_ cos(20) (vg + Z(U% + v%)) +202 + 02 + v%) (55)
77! = 4./12 — 9sec?(Ow) |

Therefore, a further rotation is needed

Z1\ _(cosfzy —sinfz\[(Z
(Zz) - (sin 67 cosfz z' (56)
in order to obtain the masses of propagating gauge bosons, namely

(383 (vp +v3) — (91 (v + v3)? + 68183 (v — v (07 +07)

+ 03 (=0 + 0% — 05)) + §3(vp — 05 (05 + 0 + v5) + vy + 05 (20 — )
1
—v%vi—f—vi—i—vé)z)—i—g%(vg—kv% —i—vi—kv%)), (57)
and

1
¢ (38T (05 +23) + (981(v + v%)* + 68183 (v — v (v} +75)

+ vi(—v% + vi —v2)) +g§(vﬁ - v%(v% + vi +02) + v% + v%,(Zv% - 0)2()

2.2 4 AWL o 200 0 0 2
_qux+v)(+va))2 +g2<0p+vq+vx+va))' (58)
Once the orthogonal rotations have been performed and the Lagrangian has been
written in terms of the mass eigenstates of bosonic fields, it is possible to extract the values

of the couplings. In particular, it is possible to derive the expression of the electric charge
in terms of the couplings of the minimal 331

A, (59)
V8 + 48t

with the embedding of the charge operator given by

e =

Q=T%+V3T% + X1. (60)
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One of the most interesting features of the model is that the embedding of the Standard
Model gauge group into the 331 model gauge group induces a bound on the UV completion
of the model [5]. From (51), it is clear that we need to satisfy the following condition

sin? By < i, (61)
in order to guarantee that the g; coupling of the minimal 331 model is finite. When
sin? Oy (1) = 1/4, the coupling constant g1(u) diverges, indicating a Landau pole in
the renormalization group evolution of the model, which causes the theory to loose its
perturbative character even at energy scales lower than . With the particle content of the
Standard Model, the condition sin” 8y () = 1/4 is reached at an energy scale of around
4 TeV, and the presence of an additional particle at the TeV scale can make this behavior
even faster, loosing a perturbative character before 4 TeV. The alternative scenario, where
<o tends towards zero, is disregarded, as g, coincides with the Standard Model’s SU(2)
coupling, ¢», due to the full embedding of SU(2) into SU(3).. We show the running of
the Standard Model couplings ¢ in Figure 1a and g, in Figure 1b, and in Figure 1c we
show how the matching condition of the coupling g; evolves in terms of the matching scale.

Here, we have defined
= _ 828y

81 —F—y
\/& — 382

which expresses the value of the U(1)x coupling in terms of the Standard Model. Finally,
the evolution of g in the context of the 331 Model is shown in Figure 1d, where we have
plotted the quantity

(62)

gi

1 = i (63)
which makes it clear that when & > 1, the theory looses pertubativity. A more recent study
was performed in [6].

The occurrence of a Landau-like pole in the minimal 331 model is not surprising, as
many non -asymptotically free theories exhibit a similar behavior. What distinguishes some
of these models is the possibility of encountering this behavior at energies as low as a few
TeVs. Consequently, the cutoff scale, A, ., cannot be removed by taking A, .. — 0, as
in other renormalizable theories.

From a phenomenological perspective, this result is not overly concerning. The neces-
sity of embedding QED within the electroweak theory at energies of a few hundred GeVs,
along with the requirement to account for weak and strong corrections in calculations of
physical observables, has already been acknowledged. Nevertheless, as a mathematical
exercise, studying pure QED at infinitesimal distances proves intriguing. Lattice calcula-
tions suggest that chiral symmetry breaking within QED mitigates the Landau pole issue
by shifting it above the cutoff scale. Interestingly, the potential existence of the Landau pole
or the triviality of the theory arises even at low orders in perturbation theory, suggesting
that this phenomenon is not merely a perturbative artifact.

The renormalization group offers qualitative insights into the asymptotic behavior
of theories at very high energies, even when coupling constants at the relevant scale
prohibit the use of perturbation theory. However, it is essential to remember that both QED
and the Standard Model are effective, not fundamental, theories. Consequently, effective
operators with dimensions higher than d = 4 must be considered for a realistic continuum
limit in lattice calculations. Thus, employing the pure versions of these models remains
inconclusive, and the renormalization group may provide valuable insights into this issue
within the minimal 331 model.

cutof f
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Figure 1. Behavior of the matching condition between the Standard Model and 331 model, which
makes it clear how the Landau pole at the TeV scale emerges from the matching with the Standard
Model. (a) Running of the coupling ¢» in the Standard Model. (b) Running of the coupling g, in the
Standard Model. (c) Evolution of the matching condition of the coupling g; of the 331 model with the
Standard Model coupling constants. (d) Running of the coupling a; in the minimal 331 model.

5. Higgs Sector

The inclusion of the sextet representation in the potential enriches the phenomenology
of the model and enlarges the number of physical states in the spectrum. In fact, we
now have, after electroweak symmetry breaking (EWSB) SU(3);, x U(1)x — SU(2) x
U(1)y — U(1)em, five scalar Higgses, three pseudoscalar Higgses, four charged Higgses,
and three doubly-charged Higgses. The (lepton-number conserving) potential of the model
is given by [7]

V =mip*p + mon'y +maxTx + A1 (0" 0)? + A (T )? + A3 (xTx)?

+ Aap o'+ Aaapox T x + Aasxxn i + G i o + Cusp xx o + Caan

+my Tr ((7“0) + Ag(Tr (0*(7) 124 Ao pTr (0*(7) + Aogty Tr ((7*(7) + Asax x Tr ((TJF(T)

+ Ay Tr (U+¢TU+U) + Zuup’ oot o + Zogn ooty + Cauxtoo'x

+ (\/ifpnxeijkpiﬂj?(k + \/EfpaxpT(T+X

+ Crae o oo + 4 ™ i Oim0ien + Eaa€T X vix i) + hec. (64)

In principle, it is possible to extend the potential with additional lepton number violating
terms that are singlet under 331 gauge group [7], this possibility has been extensively dis-
cussed in [8]. The EWSB mechanism will cause a mixing among the Higgs fields [9]. From
Equation (64), it is possible to obtain the explicit expressions of the mass matrices of the
scalar, pseudoscalar, charged, and doubly-charged Higgses by using standard procedures.
In the broken Higgs phase, the minimization conditions

W

- = 0 = fr
30, 0, (¢")=vp, ¢=p,1,x0 (65)
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will define the tree-level vacuum, one-loop contributions to the vacuum stability were re-

cently analyzed in [10] for a simpler model version, namely the economical 331

model [11,12]. We remind that we are considering massless neutrinos by choosing the vev

of the neutral field ) as zero. This was the choice in Frampton’s original formulation. This

can be generalized in order to give a small Majorana neutrino mass to the neutrinos [13].
The explicit expressions of the minimization conditions are then given by

1

1 1
myvp + Alvﬁ + i)tlzvpv% — foyxVnvx + E/\13ZJPU§( — ﬂémz}pv”va + fooxVx Vo (66)

1 1
+§A14UPU%' + 1§14Up0%, =0

1 1 1 1
movy + 5/\120%”77 + )‘202 — foyxVp0x + 52‘230’70}( — 2\—6(:140300 + ﬁvivg (67)
1
+§/\24v,70(2, - 5240770%, =0
3,1 2 1 2 1
mavy + A3vy + E)LBUPUX — fonx0pvy + 5)\230,70)( + \ﬁégw,]vxvg + fooxVpVc (68)
1 1
+§/\34Z)XU¢27 + Z€34UXU%T =0
1A V205 + A v3+1/\v3+f vv—ig 020 —|—L(§ v, 02 (69)
140V 440y 24(7 poxYolx zﬁlzlpﬂ 2\&34”)(

1 1 1 1 1
/\140500 + Zélﬁlv?)vﬁ + */\240%00 - 5240%00 + S Aasvivs + ZC34U§CUU' =0

2 2

These conditions are inserted into the tree-level mass matrices of the CP-even and CP-
odd Higgs sectors, derived from M;; = 02V / 0;0Q;| ,» Where V' is the potential in

Equation (64). The mass eigenstates are defined as follows:

+
0 p
EZ‘ PO Im p° Xt ot
0 + ++
h=RS|Rex® |An=RP| ™ |+ = RC| T [m++ = g€ | X (70)
0 Im x° m of "
Re oy Im¢? o ot
o) 1 L 2
0.
2

where the explicit expressions of the mass matrices are too cumbersome to be presented
here, and are given in Appendix A.

In this case, we have five scalar Higgs bosons, and one of them will be the SM Higgs
of mass about 125 GeV, along with four neutral pseudoscalar Higgs bosons, out of which,
two are the Goldstones of the Z and the Z’ massive vector bosons. In addition, there are six
charged Higgses, two of which are the charged Goldstones, and three are doubly-charged
Higgses, one of which is a Goldstone boson.

Hereafter, we shall give the schematic expression of the physical Higgs states, after
EWSB, in terms of the gauge eigenstates, whose expressions contain only the vev of the
various fields. In the following equations, R{; = Rg(ml, my, m3, A1, Ay, . ..) refers to the
rotation matrix of each Higgs sector that depends on all the parameters of the potential in
Equation (64). Starting from the scalar (CP-even) Higgs bosons, we have

H; = R3Re? + R)Re 1’ + R%;Re x° + R} Re o) + RiiRe 03, (71)

expressed in terms of the rotation matrix of the scalar components RS. There are similar
expressions for the pseudoscalars

Ah; = REIm 0% + RDIm #7° + REIm x° + REIm ¢ + REIm o? (72)
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in terms of the rotation matrix of the pseudoscalar components R”. Here, however, we
have two Goldstone bosons responsible for the generation of the masses of the neutral
gauge bosons Z and Z’ given by

1
Ay = N (vplmpo — vyIm 17° + v, Im (7?), N; =4 /v% + U% +v%; (73)
1
2 _ 0 0 _
Af = ﬁz(—vplmp + v, Im x ), Ny = /v + V3. (74)

For the charged Higgs bosons, the interaction eigenstates are
H = Rijp" +Ra(n )" + Ry +Ra(x )" +Rizoy +Rigloy )", (75)

with R€ being a rotation matrix of the charged sector. We recall that, even in this case, two
H f are massless Goldstones bosons, because in the minimal 331 model there are W* and
the V* gauge bosons that both become massive after EWSB. The explicit expressions of the
Goldstones are

1 _ _

Hy; = N (—ognt +ox (X ) +ool0y)"), Nw=/o2+2+0%  (76)
1 _

H{ = N—V(vpp+—v,7(17 )+ ve0y), Ny = /03 + 02 + 5. (77)

In particular, we are interested in the doubly-charged Higgses, where the number of
physical states, after EWSB, is three, whereas we would have had only one physical doubly-
charged Higgs if we had not included the sextet. The physical doubly-charged Higgs states
are expressed in terms of the gauge eigenstates and the elements of the rotation matrix
RC as

HiF =Rip™ +RE (X )" +RE o7 " + Ry (o3 7)" (78)

In particular, the structure of the corresponding Goldstone boson is

1
Hft = N (—z)f7p+Jr + (X 7) = V2ue07 T + \/500(0277)*) (79)

where N = /03 + 02 + 4v2 is a normalization factor.

6. The Yukawa Sector

The model presented in the previous section exhibits the interesting feature of having
both scalar and vector doubly-charged bosons, which is a peculiarity of the minimal
version of the 331 model. In fact, it is possible to consider various versions of the SU(3). x
SU(3)r x U(1)x gauge symmetry, usually parametrized by B [14,15]. We discuss the case
of B = /3, corresponding to the minimal version presented here [1,2], leading to vector
bosons with an electric charge equal to 2.

Doubly-charged states hold particular interest, due to their potential for unique charac-
teristics in terms of permissible decay channels, such as the production of same-sign lepton
pairs [16-20]. Within the framework of the minimal 331 model, an even more intriguing
prospect arises. It becomes possible to discern whether a same-sign lepton pair originates
from either a scalar or a vector boson. As we will elaborate, this distinction also offers
insights into the existence of a higher representation within the SU(3), x SU(3)r x U(1)x
gauge group, notably the sextet.
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6.1. The Triplet Sector

In the previous section, we saw that the EWSB mechanism is realized in the 331 model
by giving a vev to the neutral component of the triplets p, # and x. The Yukawa interactions
for SM and exotic quarks are obtained by means of these scalar fields and are given by

‘Cc\]/, triplet — Qm (lezzzxﬂ*dlxR + lerlmx*uma) - 63(1/51&)(‘10612 + Y;aquma)'i_
— Qu(YhuXJur) — Q3Y3xJar + hec. (80)

where v, yi, and . are the Yukawa couplings for down-, up-type, and exotic quarks,
respectively. The masses of the exotic quarks are related to the vev of the neutral component
of p = (0,0, v,) via the invariants

Q10"Dh, Q10*Sh ~ (3,3,—1/3) x (1,3,—1) x (3,1,4/3)
QspTi ~ (3,3,2/3) x (1,3,1) x (3,1,—5/3), (81)

responsible of the breaking SU(3). x SU(3)r x U(1)x — SU(3), x SU(2)L x U(1)y. It
is clear that, being v, > vy, the masses of the exotic quarks are O(TeV) whenever the
relation Y/ ~ 1 is satisfied. As we will see, the model also needs a sextet.

6.2. The Sextet Yukawa Coupling

The need for introducing a sextet sector can be summarized as follows. A typical Dirac
mass term for the leptons in the SM is associated with the operator [ Heg, with I = (v, er)
being the SU(2); doublet, with the representation content (2,1/2) x (2,1/2) x (1, -1) (for
I, H and eg, respectively) in SU(2);, x U(1)y. In the 331 model, the L and R components of
the lepton () belong to the same multiplet. Consequently, identifying an SO(1,3) x SU(3)r,
singlet requires two leptons in the same representation. This can be achieved (at least
partially) with the operator

cll?tlfiplet = Ggh(l;aea'gliﬂ)ﬂ*kel]k+h.C.

= G I yel® 4 he. (82)

where the indices a and b run over the three generations of flavor, « and  are Weyl indices

contracted in order to generate an SO(1,3) invariant (I’ - l{} = léae“ﬁléﬁ) from two Weyl

fermions, and 7, j,k = 1,2,3, are SU(3) indices.

The use of 77 as a Higgs field is mandatory, since the components of the multiplet I/
are U(1)x singlets. The representation content of the operator lél{; according to SU(3) is
given by 3 x 3 = 6 + 3, with the 3 extracted by an anti-symmetrization over i and j via e’/¥.
This allows identifying I liiy*keifk as an SU(3) singlet. Considering that the two leptons
are anticommuting Weyl spinors, and that the e*? (Lorentz) and e’* (SU(3);) contractions

introduce two sign flips under the a <+ b exchange, the combination
My, = (I 1)y e (83)

is therefore antisymmetric under the exchange of the two flavors, implying that even G,
has to be antisymmetric. However, an antisymmetric GZb is not sufficient to provide mass
to all the leptons.

In fact, the diagonalization of G by means of a unitary matrix U, namely G = UAUT,
with G” antisymmetric in flavor space, implies that its three eigenvalues are given by
A = (0, A, Az3), with Ayp = —A33; i.e., one eigenvalue is null and the other two are equal
in magnitude. At the minimum of 7, i.e., 7 = (0,v;,0), one has

Gl M™ = —Tr(AUMU") = 20,Ap Un, I} - 1§ U3, + 20y As3 Us, 1} - 13 U, 84)



Entropy 2024, 26, 420 16 of 28
with I} = e,; and li’ = e} Introducing the linear combinations
Exp = Up I} = Up, ' ear Usy Iy = Uy, ehr = ioa(Unp epr)* = Esg, (85)
then the antisymmetric contribution in flavor space becomes
Yuk
L] ripter = 20yA22(Ear Egg — EsLEsg), (86)

which is clearly insufficient to generate the lepton masses of three non-degenerate lepton
families. We shall solve this problem by introducing a second invariant operator, with the
inclusion of a sextet o

ot ot /V2 /2
o= Ul‘"/ﬁ 0'? Uz_/ﬁ S (1,6,0), (87)
/N2 oy /N2 oy

leading to the Yukawa term
Yuk. i
El,gextet = ngl{ll : l{;Uile (88)
which allows building a singlet out of the representation 6 of SU(3), contained in [, - li,
by combining it with the flavor-symmetric ¢*, i.e., 6. Notice that G, is symmetric in
flavor space.

It is interesting to note that without considering the sextet, a doubly-charged scalar
would not be able to decay into same-sign leptons. This is because, without the sextet, the
interaction responsible for the leptons only involves the scalar triplet, denoted as 7, which
does not contain a doubly-charged state.

6.3. Lepton Mass Matrices

Let us now come to discuss the lepton mass matrices in the model. They are related to
the Yukawa interactions by the Lagrangian

Yuk. Yuk. Yuk.
El = ’Cl,gextet + El,?riplet +h.c (89)

and are combinations of triplet and sextet contributions. The structure of the mass matrix
that emerges from the vevs of the neutral components of 77 and ¢ is thus given by

E,Y”k' = (\/anGZ/b + ZUWGZb) (ear - €pg) + O'?ng (vLTiava) +h.c, (90)

which generates a Dirac mass matrix for the charged leptons Mib and a Majorana mass
matrix for neutrinos M}

MYy, = V2(00) Gy +20, Gy, Mij = (07) Gy 1)

In the expression above, (¢?) and (¢?) are the vacuum expectation values of the neutral
components of ¢. For a vanishing GY, as we have already discussed, we will not be able to
generate the lepton masses consistently, nor any mass for the neutrinos, i.e.,

M., =20,Gl, , M“"=0. (92)
On the contrary, in the limit G7 — 0, Equation (91) becomes

() o

Méb = V2(00) Gop ’ M:z/fb = W ab’ (93)
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which has some interesting consequences. Since the Yukawa couplings are the same for both
leptons and neutrinos, we have to require (¢7) < (¢?), in order to obtain small neutrino
masses. For the goal of our analysis, we will assume that the vev of ¢ vanishes; i.e.,
(09) = 0. Clearly, if the matrix G’ is diagonal in flavor space, from Equation (93), we will
immediately conclude that the Yukawa coupling G” has to be chosen to be proportional
to the masses of the SM leptons. An interesting consequence of this is that the decay
H** — I*I*, which is also proportional to G7, and therefore to the lepton masses, will
be enhanced for the heavier leptons, in particular for the 7, as thoroughly discussed
in [21]. This is an almost unique situation that is not encountered in other models with
doubly-charged scalars decaying into same-sign leptons [22].

7. Flavor Physics in the Minimal 331 Model

One of the features of the minimal 331 model lies in its arrangement of fermions within
triplets of SU(3).. However, to maintain anomaly cancellation, it becomes necessary to
assign one of the quark families to a different representation than the other two, ensuring
an equal number of triplets and anti-triplets in the fermion sector.

This introduces several complexities, particularly concerning the flavor physics within
the model. First, to achieve the spontaneous symmetry breaking of the 331 gauge sym-
metry to the SU(3)¢ x U(1)en symmetry, at least three scalar triplets of SU(3); must be
introduced. While these are sufficient to impart masses to quarks in the quark sector, the
flavor structure becomes intricate due to the differing group representations of the three
quark families.

Conversely, in the lepton sector, a fundamentally different situation arises. Realistic
masses cannot be obtained using only three triplets. As previously argued, the introduction
of a scalar sextet belonging to (1, 6,0) becomes necessary to generate appropriate masses
for charged leptons.

A general feature of models of this kind, where mass terms arise from different
scalar fields, is the introduction of flavor-changing neutral currents mediated by neutral
scalars [23].

7.1. Quark Sector
Let us revisit the presence of three scalar triplets within the model. The first triplet,
ptt
p=1|p" | €131), (94)
o
acquires a vacuum expectation value (vev) on the order of the spontaneous symmetry
breaking of the 331 symmetry. The other two triplets,

+

M
n=|n"]e130), (95)

U

XO
x=1|x | €@3-1), (96)

o=

acquire non-zero vevs at the electroweak scale. In the quark sector, the Yukawa interactions
are described by

’C;/, triplet = = ém (Yr‘fmn*daR =+ Yffmx*uma) - G3(Y3da7(dal? + Ysﬂ’?”ma”
— Qu (YhuxTur) — @31/3]?(]31{ +h.c.. 97)

The mass matrices for the up-type and down-type quarks arise when all scalar triplets
acquire real vevs: p — v,/ V2, n— oy/ V2, and X — Ux/ V2. Both matrices involve
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contributions from the triplets # and x. Exotic quark mass terms emerge following the
initial spontaneous symmetry breaking.

Since there are two quarks, namely D and S with electric charge Q = —4/3 ¢, they
undergo mixing via a Cabibbo-like 2 x 2 matrix

D\  ~_1(Dg D)\ .1(DL
()= (58) (5h)=w(5r) )

Notably, only the quark T remains unmixed, being the sole quark with Q = 5/3 e.
The resulting mass matrices for ordinary quarks from the Lagrangian in Equation (97) are
as follows:

u u u

oY vxYin UxYis

— u u u
M, = UXY21 (7 vXY23 , (99)

u u u

opYz UpY3  UpYa

d d d
Uy Y}jl Uy Y}f Uy Y}js

M=oy, Y%ll Uy Y%IZ Uy Y%l3 . (100)
Y3 UxYzm UxYa

In the minimal version, there is typically no reason to initially place one type of quark
in the diagonal basis, unless some specific additional symmetry is introduced. Therefore,
similar to the Standard Model, we proceed by independently rotating down-type and
up-type quarks into their mass eigenstates

d; dr d dr
si | =V s sk | =V sk (101)
b, by by bR
up ur, Up UR
adl=utle i | = Ugt| er (102)
t tr th tr

Here, the primed fields represent flavor eigenstates, while unprimed fields denote mass
eigenstates. Matrices Uy, Ug, V1, and Vy are unitary matrices satisfying

Vivp = Vivg = Ufu, = utug =1, (103)
which diagonalize M, and M, respectively via bi-unitary transformations
UfMUg = M, Vi MyVg = M, (104)

where M, and M are diagonal 3 x 3 matrices containing quark masses.
In the Standard Model, all three families are placed within the same group representation of
the gauge symmetry, and this results in no family distinction in the Lagrangian apart from
the Yukawa sector. Here, non-diagonal terms between quark masses arise if the couplings
are non-diagonal. The same field rotation procedure is implemented in the Standard Model
to diagonalize Yukawa interactions, while leaving the Lagrangian mostly unchanged, and
the only part sensitive to flavor rotation is the W boson interactions, where the CKM matrix
arises as

Vekm = UL VL. (105)

Every other sector in the Lagrangian remains unaffected. Consequently, the GIM mecha-
nism is naturally implemented, since there are no flavor-changing neutral currents (FCNCs)
at tree-level, resulting in a natural suppression of these processes, which can only occur
at loop-level. Up-type quark masses can be assumed as diagonal from the outset, while
down-type quark flavor and mass eigenstates can be related through the CKM matrices, as
any other rotation effects cancel out in the Lagrangian.
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However, in the context of the minimal 331 model, the situation is fundamentally
different. As previously emphasized, the appealing feature of constraining the number
of families is that it causes every sector of the Lagrangian to be sensitive to flavor, owing
to the different group representations to which the quarks are assigned. Consequently,
flavor rotation matrices persist in various combinations in fermion interactions, either with
scalars or gauge bosons. From the Yukawa Lagrangian in Equation (97), we can derive the
fermion-scalar interactions after the field rotations discussed previously

e = —dL VLSS, Ukug —a U S5 Vidg + hoe, (106)

scalar

where d and u represent the down-type and up-type flavor vectors in the mass basis, and

XY XY XY

f= (v oavh g, (107)
M Yz 1y Y oy Y3
771+Yiil ’71+Yi12 ’71+Yiia

wd = 771+Yﬁ;1 ’71+Y§;2 ’ﬁyé:s . (108)
X5 o xtTYs XY

In the expression above, all the charged scalars are interaction eigenstates, and we need
to perform a rotation in (111) and (110) in order to extract the corresponding mass eigen-
states. It is evident that, in general, the combination of flavor rotation matrices cannot
be further reduced, and they persist in a combination distinct from the CKM matrix.
This behavior also manifests in the neutral currents mediated by scalar fields, where the
Lagrangian becomes

ne = —a U SUfug — dp Vi S¥Vidg +hec, (109)
with 0 0 0
XY\ XY XY
Sne = XgYﬁ‘l XSYZMZ XSYZM3 (110)
Y3 Yz Y3
and

Si° = WOY% ongz 770Y5l3 (111)

where, as in the case of charged scalars, here we also need a further rotation in order to
extract the mass eigenstates of this sector.

Although the matrix combinations UpS})‘ U;Q and VL Si¢ VE resemble those in
Equations (101) and (102), they are insufficient to diagonalize the interaction. Hence,
flavor-changing neutral currents in the scalar sector are a prediction of the minimal 331
model. They can be controlled, but not entirely avoided.

In the minimal 331 model, eight bosons are present, including the neutral ones: the
photon A¥, with straightforward interactions, Z* and Z'", and the charged ones, W*, vE,
and the doubly charged bileptons Y**. However, rotations in flavor space do not leave the
interactions unaffected. The d-type and u-type quarks interact with the W= boson as in the
Standard Model

Layw = %dLW”VCKMuLW;T +h.e. (112)

Here, the CKM matrix appears as expected. Further interactions are possible between
exotic quarks and ordinary quarks mediated by exotic gauge bosons. The interactions of
u-type and d-type quarks with the exotic T quark are given by

Lytv = &TLYH(UL)C),]'H]‘LVJ +h.c. (113)

V2
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> —
Lary = %TL’)’V(VL):g]'d]'LY;JF +h.c. (114)

Here, only the third column of the rotation matrix appears due to the difference
between the third quark generation and the other two. Similar interactions occur between
up-type and down-type quarks with the other two exotic quarks D and S

ﬁdjy = %E’YV (OJFVL)m]‘d]'LV‘,; +hec  withj, = (D, Sp) (115)
Lujy = %ﬂw(o*ugmjdﬂy;* +he  withj, = (D, Sp) (116)

where the O matrix in Equations (115) and (116) is a 2 x 2 Cabibbo-like matrix, which mixes
the exotic quarks D and S.

Finally, the interaction of ordinary quarks with the Z’ boson can be schematized as
follows—omitting an overall coefficient-

Lygz = (uLu{W”YZ Upug +d V' Y] Vidy

T TRUR Y Urug + @VEW?&VRdR) z, 117)

where we have defined the couplings with Y} and Y?, which are proportional to the
following matrix

1 —2sin?(Oy) 0 0
¥ — Y7 0 1—2sin?(By) O (118)
0 0 -1

In this interaction, there are flavor-changing neutral currents (FCNCs) in the left-handed
interactions, but the right-handed neutral currents mediated by the gauge boson Z’ are
diagonal in flavor space, as Y% o 1 and Y% o 1 [24].

It is noteworthy that in the quark sector, the rotation matrices of the right-handed
quarks cancel out from the Lagrangian, similarly to the case of the Standard Model. Con-
versely, the left-handed U}, V| matrices not only survive in a combination analogous to
the CKM matrix of the Standard Model, but also independently. From a practical stand-
point, it is possible to redefine the fields in the interactions—using the unitary condition
UfU; = 1—to construct a Lagrangian for the quark sector in which only two matrices
appear: the CKM matrix and V;.

To obtain an appropriate parameterization for the matrix V7, it is necessary to initially
enumerate the additional parameters present within this matrix. Upon examining all
conceivable interaction terms, it becomes apparent that, subsequently to employing phase
transformations of the up and down-type quarks to simplify the CKM matrix, three more
potential phases emerge from transformations in the D, S, and T quarks. This results in a
total of six supplementary parameters, encompassing three mixing angles and three phases.
However, it is evident that only the V3j elements are essential when computing FCNCs,
thus allowing for a parameterization that effectively diminishes the number of parameters
involved. We obtain [25]

s i(6,—5 is i(5y46
cc1s $12023¢™ — c1ps13s23e 1) cppepssize®®t 4 s1p5p3¢(02100)
—C135126 7% 12003 + 512513503 9172 793)  —g1p003813e! (01 70) — cppspzei® | (119)
i —is
—syze” "1 —C13523¢ "2 €13€23

where only two additional CP violating quantities J; and &, appear, which are responsible
for the additional CP violating effects.
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7.2. Lepton Sector

In the minimal 331 model, similarly to quarks, the leptonic sector exhibits a multitude
of parameters. Despite the Z and Z’ interactions being diagonal in flavor space (owing to the
consistent transformation behavior of the three lepton generations under the electroweak
symmetries SU(3); x U(1)x), flavor-changing neutral currents (FCNCs) occur in the scalar
sector [26]. These parameters result from the diverse contributions to the mass matrices of
charged leptons, mirroring the scenario observed in quarks.

The Yukawa interactions in the lepton sector must incorporate the triplet # and the
sextet, whose components are detailed as follows:

S I
1 V2o V2
c=| o 0 o (120)
i
~1 22 0‘77
V2 o vz 72

In the minimal 331 model, including the sextet in the scalar sector is necessary to assign
physical masses to charged leptons. This necessity arises from how the Yukawa interaction
is constructed from group theory. When combining three triplets according to 3 ® 3 ® 3, the
resulting invariant structure demands antisymmetry among the triplets. As a consequence,
the Yukawa matrix must exhibit antisymmetry in flavor indices to allow for vanishing
interactions. However, this interaction pattern leads to eigenvalues of (0,1, —m) of this
matrix, which is evidently an unphysical solution.

Once spontaneous symmetry breaking occurs, the scalars acquire vacuum expectation
values as follows:

+
1 1 177 ! i
)]
o+t o vt Setils
. 1 V2 2
N -
o= T 0 % . (122)

— o
V2| 2 2 V2

VotZotile T -

2 V2 2

In the context of the minimal 331 model, as originally proposed, neutrinos are massless
at the tree level. However, a mechanism to generate massive neutrinos can be obtained
through the scalar sextet. Indeed, the component (Tg can also acquire a vev, which can be
used in the Yukawa interactions to construct a Majorana mass term for the neutrinos

LY = —1£G%vo +he.. (123)

This interaction is not invariant under flavor rotation, therefore an additional rotation
matrix appears in this sector, in order to diagonalize the neutrino mass terms

VIM,V, = M, (124)

where M, is a diagonal matrix containing physical neutrino masses.

The inclusion of this additional vev carries further implications, such as the mixing
between the singly charged gauge bosons W* and V*, which can be predicted to be a
small value of v, chosen to yield small neutrino masses. The interactions between charged
leptons, neutrinos, and W= remain the same as in the Standard Model

i

L =
IvW 2\/§

where Vpyins is the Pontecorvo-Maki-Nakagawa-Sakata matrix given by

(WV;MNS'YVZL + (lC)RVPMNs'Y”(VC)R) W, +he (125)



Entropy 2024, 26, 420

22 of 28

Vemns = Vi V. (126)

The model also predicts that the interaction between charged leptons and neutrinos must
include additional contributions from V*

_ 182 (7o c +
Ly =5 % (Vi ve + VgV (DR Vi +he. (127)
where the definition

Viy = (V)T (Vi)™ (128)

In this model, there are also interactions between charged leptons and doubly charged
vector bosons given by the Lagrangian

_ 182 (eoulv _oTY _ o5on (v 7T\ ) y++
Ly = 555 (F* (Vi = ViT) = %0* (Vi + Vi) ) ¥ (129)
with
Vi = (Vi) "V (130)

Finally, leptons couple universally to neutral vector bosons, since no distinction has been
made between generations of leptons, where the Z’ boson also has the property of being
Leptophobic [27].

Therefore, in the minimal 331 model, V, is always not equal to Vppsns, and V£ and VIZQ
both appear separately in the combination shown in Equations (128) and (130). Because the
charged lepton mass matrix includes an anti-symmetric contribution, we cannot assume
it is diagonal from the beginning. This means we cannot simply set V} as equal to 1 in
the interactions in Equation (127). However, if interactions between leptons and the scalar
triplet  are forbidden by some discrete symmetry, then this simplification becomes possible.

In this scenario, the charged lepton mass matrix is diagonalized using the same unitary
matrix as the neutrino mass matrix, making the PMNS matrix straightforward. Similarly,
just like in the quark sector, determining the values of the entries in the matrices V,, Vé,
and V}, is crucial for understanding the realistic behavior of this model.

8. Conclusions

The 331 model stands as a remarkable embodiment of the anomaly cancellation
mechanism, encompassing all fermion generations. It represents a compelling avenue for
extending the fermion sector of the Standard Model in an alternative direction. Within
the framework of the 331 model, the significance of anomaly constraints cannot be over-
stated. They serve as pivotal guiding principles, steering us away from the conventional
sequential structure of the Standard Model’s fermion families. Unlike the traditional model,
which lacks a clear rationale regarding the number of fermion families, the 331 model
offers a fresh perspective, inviting exploration and deeper understanding of fundamental
particle interactions.
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Appendix A. Rotations for the Determination of the Mass Eigenstates

In this appendix, we summarize some results concerning the scalar/psesudoscalar

sectors of the model [28,29].

*  Mass matrix of the scalar sector, Basis: (p1, 02,03, 04, a?), (01,02, 03, P4 %)

mP1P1 mP2P1 mP3P1 mP4P1 0
mPle szPz mPst mP4Pz 0
mi = | Mopips  Mpyp3  Mpsp;  Mpyps 0
mP1P4 mP2P4 mP3P4 mP4P4 0
0 0 0 0 mlrzo(,zo,*

1
Mp,p; = 1 (12)\10% + 2()\12?},27 + )L13Z)§() — 2\/52),72)(7514 + Z)g <2)\14 + §14>) +

1
Mpp, = fOx +7p ( - ﬁvagm + )\12017)

1
Moy, = E (6/\2'0,27 + )\127)% + /\2303( + ”0%,( — 2(:;’24 + /\24>) + 2

1
Mpips = \ﬁf,,vg+fv,7 + A30p0x
1
Mpy3 = fUp + 0y <ﬁ%§34 + /\230;7>

1
Mpsp; = Z (12)\32])2( + 2()\1305 + /\23037 + \/50110,7634) -+ ZJ%, (2/\34 + §34)> + U3

Mp1py = % (ﬁfv?’x + Y ( — V20,814 + v, (2/\14 + 514)))

Moy, = %% <U§(§34 - 1?%514) + qua( — 2804 + /\24)
Mpzp, = % (\/Efavp + Uy (\/50;7634 + 0o (2}\34 + 634) ))
Mpypy = % (ZU% ( — 28 + /\24> + 6(2)\4 + )\44) v2 + vfc (2)\34 + §34)

+, (2?\14 + Cl4)> + 4
1
mazoazo,* = E (2}\42}% + /\1402 —+ )\342)3( + U% </\24 =+ €24>) + Uy
This matrix is diagonalized by R®
S _2pSt _  dia
R°myR>" = myp
with
S,* _ S, _ S,
p1:Zle hj, pzszjz ]’lj, p3sz]-3 /’l]
i j j

ps = ZRfjhj, 0’ = ZRfs'*h]-
j j

e Mass matrix of the pseudoscalar sector, Basis: (0, 0%, 03,04), (01,02,03,04)

Mg, oy —foy *%fava - fvﬂ *%fvvx
—J0 m —T0, m
mi‘o: . f X (%p1%) f 4 174172 +§Zm2(Z)+§Z/m2(Z’)
_ﬁfﬂvﬂ —foy  —fovp M3y _ﬁfﬂvp

1 1
- ﬁfﬂ’x Moy - ﬁfﬂ’p Mooy

(A1)

(A2)
(A3)
(A4)
(A5)
(A6)
(A7)
(A8)
(A9)

(A10)

(A11)

(A12)

(A13)

(A14)

(A15)

(A16)
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1
Moo = § <2 (/\12?1% + )\130;) — 2V20,05C1a + 4/\11;% + 02 (2/\14 + 514)) + 1 (A17)
1
Moyr, = 5 (2/\20 + /\120 + )»230 +0 (2524 + /\24)) +u2 (A18)
1
Mayoy = 3 (2 (/\1305 + A230; + \67717017534) + 44303 + 07 (2)\34 + 534)) +Hs (A19)
1
Mayoy = 4 ( 80y Ve Cos + \@(7&‘:34 - U%‘;M)) (A20)
1
Mayoy = 4 < ((2/\4 + )\44) vy +o (2524 + )\24)> + 0% (2?\34 + C34>
+ %(2/\14 + 514)> + Uy (A21)
The gauge fixing contributions are
m(71¢71 mUzO’] m0’3(71 mU4l71
mi(gy) = | Mo Mon Moo Mao (A22)
Meioz  Moyos Mozoy  Moyos
Mooy Meyey Mooy,  Moyoy
1
Mooy = 3 p( 2V/3g182RHRS, + 3’811{1222 +82R2222) (A23)
Meyo, = 6827’9”17 (glRlzz( —3R5 + \/ngzz) + 82R§2( —R% + ﬁRé)) (A24)
1
Mgy, = Eg%v%( 2V3R%R%, +3R% + R ) (A25)
1
Mayo3 = *gvpvx( 3g182RY; (\[Rzz + Raz) + 682RZ2 + 8RS (\[R32 + Rzz)) (A26)
1
Moyoy = *2827]11”)(( - ZglRlzz( —3R% + \/ngzz) +82 ( —3R% + Rzzz,z)) (A27)
1
Mooy = 12 ?((123%1{122 4g1g2R122 <3R322 + \/gRgz)
+ 83 (2V3RERE, + 3R% + REY) ) (A28)
Moy = 220,00 (61R% (= 3R + V3RS ) + 2R% (- Rl + V3RS (A29)
0104 632 Vo | §1R712 32 22 82822 22 32
1
Moy, = ﬁg%v,,vg( Z\fRzstz -i-3R32 +R22 ) (A30)
1
Mooy = ﬁgﬂ’x”a( - 281R1zz( 3R%, + \[Rzz) + 82( 3RE + Rgz'z)) (A31)
1
Moya, = 7830% (— 2V3RERS +3RE + RY) (A32)
Mooy Moyry  Mogey  Moyoy
2 m m m m
m?(Ey) = 102 720 03072 0407 (A33)
Meyoz Moyoy  Mogoy  Moyoy
Mooy Moyoy Mozoy  Moyoy
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Moo = 3 (03— 2V38192RE RS + 3GREE + BREY) (A34)
Mayo, = ggzvpvn (81R123( ~3R% + \@R%) + 82R§3( ~ R% + \/§R323>> (A35)
Moo, = % 3393 (—2VBRERE, +3R% + REP) (A36)
Mooy = _%vpvx( —3g182R13 <\@R%3 + R3Z3) +63TRT + R (\[R33 + Rza)) (A37)
Mayas = %82%]0}(( - 281R123< B+ fst) + 82( 3R+ R§32>) (A38)
Moy = 112 o? (1263R — 412K (3R3Z3 +V3R%)

+ 83 (2V3RGRE, + 3R + R ) (A39)
Moro, = 6 820000 (1R% ( —3R% + VBRE,) + @aR% (— R% + V3RE) ) (A40)
Moo, = %gﬁvﬁvg( ~ 2V3RRE, + 3R + R (Ad1)
Moy, = égﬂxva( - 281R1Z3( 3R + \[st) + gz( 3R+ R2232>) (A42)
Mayoy = %g%v%,( —2V3R4R%; + 3R5 + Rféz) (A43)
where R? is the rotation matrix that diagonalize the mass of the neutral gauge boson
components in the {W3, W8, X} basis, which is given by the following matrix
o rgiey  -PEE- o ot
_gl\g/%vfa _ 8128;;% p + 82 v % a iz\/g 4 4\[ iz\;zg (A44)
— 3818202 —%Jri‘i/f > gZJJFg%TXJF%
The matrix (A16) is diagonalized by the matrix R”
RPmZ RPY = mgs, (A45)
with
o = ZR].Pl'*A]Q, 0y = Z;R;’Z'*A?, 03 = ZRP'*A;’ (A46)
j
2 RP FAY (A47)
e Mass matrix for Charged Higgs, Basis: (pi, 771+’*, (75’*, Ny X—s (Tf), (p+, n, (72;’, "
X0 *)
Moo 0 0 e 0 My,
O Mypeyr Mgy %,q;
o I S S | e W g W) (ad8)
i o oy
0 Myt Mope s 0 My 3% 0
m o 0 0 m o 0 m oToT
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1
Mpzp, = 5 (2)\10 + ()\12 + @12)0 + )L13?) + A0 ) + 11 (A49)
1
m;ﬁ o = ZL (2 ()\120 + (/\23 + 623) ) + 4/\20 + 0 (2/\24 + §24)> + o (A50)
1
Myrel = <\f2 p’§14 + vyvs (4524 + @24)) (A51)
1
Mopeor = (2((2A4 + A44> 2 + )‘34U§> (2A24 + g24) T (2/\14 n g14)) + g (A52)
1
Moty = 4 ( 4fvy +vp (2512017 + \fvaém)) (A53)
1
o = 1 (2( (12 + G12) 22 + Aa302 ) + 42002 + 02 (2004 + Qs ) ) + 2 (A54)
1
m17+ =1 ( 4fvp + Uy (2@23077 \/Evg§34>) (A55)
1
Moprys = 71 (\f(ngvp + vvvxi§34> + vxva§34) (A56)
1
My e = 5 (2250 + Mo} + (Aa3 + 52302 + Aagol ) + s (A57)
1
p+of T Zl (\/E(Zﬂﬂ)x - Upvﬂglél) + Up00§14> (A58)
1
My = 4 ( V203834 + vy 05 (4524 + @24)) (A59)
1
Morors = 4 ( ((2)\4 + A44) Ug + Ava}) +v3 (2)‘34 + §34) +0p (2/\24 + @24)) + pa (A60)
The gauge fixing contributions are
0 0 0 0 0 0
0 18 %ggvgvv 0 ‘;%%%Unvx 0
2 _| O —31&vve 380 0 380V 0 A61
m(Ewe) = | g 0 0 0 0 0 (A61)
0 —18vyvx 1800 0 1803 0
0 0 0 0 0 0
%g%v% 0 0 4g§vpv,7 0 %g%vpvg
0 0 0 0 0 0
0 00 0 0 0
2
m=(Gpy+) = (A62)
(Cpr+) —%g%vpvﬂ 00 %g%v,zi 0 —%g%qug
0 0 0 0 0 0
%g%vpvg 0 0 —lgﬁvnvg 0 %g%v%,
This matrix is diagonalized by R¢
ROy RO = mi (A63)
with
p+ =) RGH, 0 =Y RGH, o} = Y RGH] (A64)
j j j
- Coxpy— o Coxpr— - C*p7—
m =) RyH, X-=YRgH, oy = LR'H; (A65)

] ) ]

X oot

Mass matrix for Doubly Charged Higgs, Basis: (o "*,x™ ", 007,00 T*), (p* T,
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M -+ p++ m*__ mt __ m*
ot tp x—ptt m——ptt oyttt
T 4+ 5y —— My, —— ., —— m* —— % m* PR— =k
mi_ = mP X mx X N, N UZJ;JFXUZg + Eyrrm?(YTT) (A66)
ot gy X~ "o . 171*2*(7]*;* /440y n 24
Mpttrgytt  My——gy it FA4405 + 0;7624 M g4+ gy -+
1
Myt pptt = 1 (2 ()lev,z] + (Alg, + 513)056 + ﬁquggm) + 4)\1?)%
+0; (2)\14 + Cl4)> +m (A67)
1
Mpttpy——n = 5 ( —2fu, + \fogvg + §13vpvx) (A68)
1
My = 1 (2((/\13 + €13> Ug + )tgg,?)%) — 2\/50;70(7634 + 4/\303(
+0; (2)\34 + 534)) +u3 (A69)
: V2
mp++'*171——'* = Z (4faUX + Up( — 2?];7€14 + 22)(7€14>) (A70)
1
My = = ZLUX( — 20yG34 + \6%@4) (A71)
1
My~ gy == = 5 (2 ()\4 + /\44)037 + /\1405 + /\240% + Ui ()\34 + €34)) +us  (A72)
1
Myt gyt = 10‘0 (20;7(:14 + \/Evaglél) (A73)
1
My = g (4f oV + Uy (27’71 Caa + \/500534» (A74)
1
Moy ttroyts = 5 (2 ()\4 + /\44)05 + A24¥y + A0y + 0 ()\14 + C14)) +us (A7)
The gauge fixing contributions are
18305 —§830p0x %%gﬁvpvg *%\%g%”pvv
1 1 11 1.1
2 B —183V00x 18305 —jﬁg%vxvg i\ﬁg%vxvg A76
m=(Cy++) = 11,200 11 2. o 12,2 12,2 (A76)
2282900 2./2820x% 2{52 v l282 v
~158%0% 3580 1830 2850
This matrix is diagonalized by Ry
Rycm?,__Ri- = md4__ (A77)
with
ptt = Zch,jl H],++ ) X = ZR;CJQH]'__ , T = ZR;CJSH].__ (A78)
j i j
(A79)

ottt = ZRZC,}’4H]'++
j
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