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Abstract: This study primarily focuses on the buckling behavior of wave-shaped pressure hulls
subjected to uniform external pressure. The effect of slant angle on the buckling behavior of hulls
was examined. The tested slant angles ranged from 0◦ to 30◦ and were increased at 1◦ increments.
The buckling of smooth cylindrical pressure hulls and wave-shaped pressure hulls was investigated
using numerical methods. A wave-shaped pressure hull was produced for experimental verification.
The nonlinear numerical results aligned with the collected experimental data. The buckling load of
the tested wave-shaped pressure hull was approximately 1.87 times that of the equivalent cylindrical
pressure hull. Furthermore, a formula was developed to estimate the load-bearing capacity of the
wave-shaped pressure hull. This formula, which has been experimentally validated, comprises a
correction coefficient (obtained through numerical evaluation and regression analysis) and a classic
semi-analytical formula for cylindrical pressure hulls.

Keywords: wave-shaped pressure hull; nonlinear buckling; slant angle; buckling estimated formula;
external pressure

1. Introduction

In recent years, cylindrical pressure shells have attracted considerable attention in
the fields of marine engineering and deep-sea exploration because of their efficient spatial
utilization and straightforward geometric configuration. Such shells are widely used
in underwater pressure hulls, such as submarines, submersibles, and torpedoes [1–5].
However, such pressure hulls are prone to buckling under uniform external pressure
because of factors such as reduced wall thickness and geometric defects [6–9].

An effective buckling prevention strategy is to enhance the stiffness of a shell by
adding rings [10,11], stringers [12,13], or corrugations [14–17] (Figure 1). This strategy is
applicable not only to pressure shells but also to the seismic protection of walls [18]. Cho
et al. examined the stability and failure modes of ring-stiffened steel cylinders under exter-
nal hydrostatic pressure and identified multiple failure modes to provide novel insights
into the structural integrity of such cylinders in the context of marine and naval engineer-
ing [19,20]. Do et al. studied the collision responses of steel stringer-stiffened cylinders and
performed hydrostatic pressure tests to characterize the ultimate strengths in damaged and
intact conditions. Their results revealed that collision damage had a minimal effect on the
ultimate strength of stringer-reinforced cylinders [13]. Ghazijahani et al. investigated the
buckling behavior of thin cylindrical shells reinforced with circumferential corrugations
subjected to uniform external pressure. They compared experimental results with theoret-
ical predictions to demonstrate that corrugation improves the buckling stability of such
structures. In another study, the same research group revealed that corrugation consider-
ably enhances buckling strength and failure capacity and that the number of corrugations
influences the rigidity and behavior of shells [21,22]. Ross and colleagues conducted an
experimental and numerical study on corrugated cylinders and developed design charts
for predicting the plastic collapse of such cylinders by applying a semi-empirical method.
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The collapse pressure of the tested cylinders was calculated by obtaining the theoretical
instability pressure of an ideal cylinder on the basis of design charts [14,23]. Among the
buckling prevention strategies that have been employed, corrugation appears to be the
most promising and effective and does not require additional stiffeners. However, the
production of high-precision, large corrugated pressure shells is challenging because of
limitations pertaining to materials and molding tools.
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Figure 1. (a) Cylindrical pressure hull stiffened by rings, (b) cylindrical pressure hull stiffened by
stringers, and (c) corrugated cylindrical pressure hull.

The rotational pressure shell comprising several large periodic-wave segments can
overcome the aforementioned challenge. When the focus is on a relatively small number of
relatively large wave segments, the overall precision and structural integrity of a pressure
shell can be maintained. Ross proposed a specialized rotational pressure shell consisting
of several large cones. Through the application of numerical tools, one study discovered
that the linear buckling load of this type of shell is 2.1 to 2.3 times greater than that
of a smooth cylindrical pressure shell [23]. Zhang et al. reported similar results; they
fabricated rotational pressure hulls composed of four identical cones and examined the
effect of slant angle on the linear and nonlinear buckling loads of cone-segmented pressure
hulls [24]. Ultimately, they confirmed that rotational pressure hulls with large periodic-
wave segments exhibit excellent load-bearing capacity. However, their cone-segmented
pressure hulls could not smoothly transition at junctions, resulting in an inefficient use of
internal space. Furthermore, an abrupt geometric change at a connection point resulted
in stress concentration. Therefore, this study focused on the buckling behavior of wave-
shaped pressure hulls with four cones and three cylinders while they are being subjected to
uniform external pressure.

2. Materials and Methods
2.1. Problem Identification

Consider a wave-shaped pressure hull with four cones and three cylinders enclosed by
two thick plates. The closed capacity (V) of such a hull is identical to that of the cylindrical
pressure hull examined in another study [24]. As displayed in Figure 2, the aforementioned
wave-shaped pressure hull features a short base radius (r), a long base radius (R), a slant
angle of α = sin−1(R/h − r/h), and a wall thickness (t). The plates have a thickness of T and
a diameter of D = 2R. A single cone and a cylinder have the same generatrix length (h). The
wave-shaped pressure hull has a total length of H = 4hcosα + 3h. Accordingly, the closed
capacity (V) of the wave-shaped pressure hull can be mathematically expressed as follows:

V =
4
3

πh((R − h sin α)2 + R2 + R(R − h sin α)) cos α + πR2h + 2π(R − h sin α)2h. (1)
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Figure 2. Notations for wave-shaped pressure hulls.

To investigate the influence of the slant angle on the geometrical and mechanical
properties of wave-shaped pressure hulls, wave-shaped pressure hulls with slant angles
between 0◦ and 30◦ were tested at intervals of 1◦. In other words, 30 wave-shaped pres-
sure hulls and one cylindrical pressure hull were investigated in this study, given that a
cylindrical pressure hull can be regarded as a wave-shaped pressure hull with a slant angle
of α = 0◦. Table 1 presents the constant parameters characterizing the analyzed pressure
hulls. The dimensions H, t, T, and V remained constant across all the wave-shaped pressure
hulls. The thickness (T) of the plates was approximately 28 times the thickness (t) of the
pressure hull walls, resulting in rigid closure. The generatrix length (h) and diameter (D)
for multiple slant angles were determined using Equation (1). Detailed data are shown in
Figure 3; the results indicated that the length and diameter increased with the slant angle,
suggesting an increase in the material for manufacturing the pressure hull.

Table 1. Constant parameters of simulated pressure hulls.

H [mm] T [mm] T [mm] V [mm3]

395 30 1.074 12,427,945
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2.2. Numerical Methods

Numerical simulations of 31 pressure hulls were conducted using Abaqus [25]. The
representative numerical models applied in this study are depicted in Figure 4. Linear and
nonlinear buckling behaviors were extracted from the results of numerical assessments.
The considered linear behaviors included the lowest eigenvalues and corresponding eigen-
modes, and the nonlinear behaviors included critical buckling loads, equilibrium paths,
and post-buckling modes.

J. Mar. Sci. Eng. 2024, 12, x FOR PEER REVIEW 4 of 18 
 

 

2.2. Numerical Methods 

Numerical simulations of 31 pressure hulls were conducted using Abaqus [25]. The 

representative numerical models applied in this study are depicted in Figure 4. Linear and 

nonlinear buckling behaviors were extracted from the results of numerical assessments. 

The considered linear behaviors included the lowest eigenvalues and corresponding 

eigenmodes, and the nonlinear behaviors included critical buckling loads, equilibrium 

paths, and post-buckling modes. 

 

Figure 4. Finite element models of wave-shaped pressure hulls. 

Finite element analysis was conducted using four-node shell elements (S4R) with six 

degrees of freedom. S4R provides solutions for shell problems that are comprehensively 

described by the classic Kirchhoff shell theory, with bending strains approximated accord-

ing to the Koiter–Sanders shell theory [26]. As displayed in Figure 5, convergence studies 

based on linear analysis revealed that a finite element model comprising 41,000 elements 

was sufficient. In this study, the nominal section thicknesses (Table 1) of the shells and 

plates were set inward and outward, respectively. Five points for integration over thick-

ness were selected. The elastic–plastic material modeling performed in this study can be 

expressed as follows: 

,
= .

,

y

y y

E

K

  


   

 


+ 
 (2) 

 

Figure 5. Finite element models of wave-shaped pressure hulls (α = 15°). 

Figure 4. Finite element models of wave-shaped pressure hulls.

Finite element analysis was conducted using four-node shell elements (S4R) with six
degrees of freedom. S4R provides solutions for shell problems that are comprehensively de-
scribed by the classic Kirchhoff shell theory, with bending strains approximated according
to the Koiter–Sanders shell theory [26]. As displayed in Figure 5, convergence studies based
on linear analysis revealed that a finite element model comprising 41,000 elements was
sufficient. In this study, the nominal section thicknesses (Table 1) of the shells and plates
were set inward and outward, respectively. Five points for integration over thickness were
selected. The elastic–plastic material modeling performed in this study can be expressed
as follows:

σ =

{
Eε , σ ≤ σy

σy + Kε, σ > σy
. (2)
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The present material properties are described as follows: Young’s modulus E = 198.4 GPa;
Poisson’s ratio ν = 0.3; yield stress σy = 275 MPa; hardening coefficient K = 1140 MPa. The
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identified bilinear elastic–plastic relationship was consistent with that presented in another
study [24].

The three nodes of each finite element model were uniformly constrained to counteract
additional reactive forces and to prevent rigid body motion. Specifically, Ux = Uy = 0 for
the centers of the top and bottom plates, and Ux = Uz = 0 for the middle node of a shell.
This boundary condition, recommended by the China Classification Society (CCS) Rules for
the Classification and Construction of Diving Systems and Submersibles, can be applied to
numerically evaluate the ultimate strength of spherical and cylindrical pressure hulls [27].
Furthermore, this boundary condition has been applied to effectively evaluate the ultimate
strength of egg-shaped pressure hulls [28–30], longan-shaped pressure hulls [31], and
corrugated pressure hulls [17].

A unit load of 1 MPa was applied to the outer surface of the finite element model.
The lowest eigenvalue obtained was multiplied by the unit load that was equal to the
linear buckling load, and the highest load factor obtained was multiplied by the unit load
that was equal to the nonlinear buckling load. The subspace algorithm was selected for
linear buckling analysis; the number of eigenvalues to be estimated was set to 6, with
a maximum of 3000 iterations. The modified Riks method was employed for nonlinear
buckling analysis, the initial increment of the arc length was set to 0.01 (total arc length
scale factor = 1), the minimum arc length increment was 10−50, and the maximum arc
length increment was 0.02.

2.3. Experimental Methods

A wave-shaped pressure hull was fabricated from a thin stainless plate. This fabri-
cation process involved laser blanking, manual bending, spot weld assembly, preform
welding, and external surface smoothing (Figure 6). First, four arc-shaped plates and three
rectangular plates were blanked from a 1.074 mm thick stainless sheet through computer
numerical control (CNC) laser cutting. In addition, two circular plates were cut from a
30 mm thick steel plate. The dimensions of these plates were calculated using the data
presented in Figures 2 and 3 and Table 1. Second, a numerically controlled roller machine
was used to roll-bend each arc-shaped or rectangular plate into a cone or cylinder. Third,
four bent cones, three cylinders, and two plates were preliminarily assembled into a pre-
form through spot welding. Fourth, the assembled preform was closed through manual
welding. Finally, manual polishing was performed on the closed preform to remove welds
and ensure a smooth external surface. Notably, because of the thin-walled structure of the
fabricated items, stress relief was not required after fabrication.
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Figure 6. Preform fabrication involving (a) blanking, (b) bending, (c) assembly, (d) welding, and
(e) grinding.

After fabrication, the external geometries and wall thicknesses of the fabricated wave-
shaped preform were measured to confirm the accuracy of the fabrication process. The
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external geometry of the fabricated wave-shaped preform was optically measured using
an optical three-dimensional scanner (EinScan HX; SHINING 3D, Hangzhou, China) with
a measurement accuracy level of approximately 0.04 mm (Figure 7a). Before scanning,
marking stickers were evenly and randomly affixed to the shell of the preform. At least
three marking stickers were required for stitching in the common areas. During the affixing
process, an essential step was ensuring that the marking stickers were visible within the
camera’s field of view at a working distance. The optical scanner automatically stores point
cloud data to generate the geometric model of a preform surface.
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Figure 7. Photographs of experimental setups for the fabricated preform: (a) geometric measurement,
(b) thickness measurement, and (c) hydrostatic test.

After geometric scanning, all marking stickers were removed, and the surface of
the preform was cleaned with ethanol. The measurement points were the intersections of
28 equidistant meridians and 12 equidistant circumferential lines; that is, thickness measure-
ments were taken at 336 points (Figure 7b). The thickness of the fabricated wave-shaped
preform was measured using an ultrasonic non-destructive thickness meter (DAKOTA/PX-
7; Sonatest Corporation, Milton Keynes, UK). The thickness of the welds was not measured
because the randomly distributed geometry could have led to measurement deviations.

After the thickness of the fabricated wave-shaped preform was measured, the preform
was subjected to hydrostatic testing within a pressure tank (Figure 7c). The internal radius
and height of the pressure tank were 250 and 500 mm, respectively. The pressure tank had
a wall thickness of 30 mm and was designed to operate at a maximum operational pressure
of 8 MPa. A digital pressure sensor was mounted on the tank cover to record the pressure
inside the tank. Pressure data were recorded using a dynamic data acquisition system
(DH5902N, DongHua, Jingjiang, China) at a sampling frequency of 50 Hz to ensure accurate
and real-time monitoring of pressure variations during the testing process. Pressure was
incrementally applied using a hand-operated pressure pump to establish quasi-static
loading conditions. Tap water served as the pressure medium. A rapid decrease in pressure
and audible noise indicated that the fabricated wave-shaped preform was buckling.

3. Numerical Results

This section describes a numerical investigation of the linear and nonlinear buckling
behaviors of 30 wave-shaped pressure hulls and a cylindrical pressure hull. Finite element
analyses were performed using Abaqus 2021 [25]. Apart from FEM, many other strong
numerical methods can be potentially used, such as the Finite Difference Method [32],
Bezier Multi-Step Method [33], and Differential Quadrature Method [34].

3.1. Linear Buckling Analysis

First, linear elastic eigenvalue analysis was conducted at multiple slant angles. The
obtained linear buckling load is presented in Figure 8, and the obtained linear buckling
mode is presented in Figure 9. When α < 23◦, the linear buckling load increased with the
slant angle; this increase can be attributed to the increased stiffness. A similar finding for
corrugated pressure hulls was reported in another study [17]. At small slant angles, the
linear buckling mode took the form of half a meridional wave and several circumferential
waves located at the thinnest midpoint of each pressure hull. This buckling mode is a
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typical buckling mode of cylindrical pressure hulls. When the slant angle increased, the
linear buckling location shifted from the midpoint to the two ends. Because of the rigid
constraints of the plates, the amplitude of the end waves was substantially lower than that
of the middle waves.
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When α ≥ 23◦, the linear buckling load tended to decrease considerably; this phe-
nomenon was attributed to the reduced axial stiffness caused by excessive slant angles,
resulting in a change in the buckling mode. The linear buckling loads of the wave-shaped
pressure hull with α = 23◦ were up to 4.9 times greater than those of the equivalent cylin-
drical pressure hull, representing a considerable increase compared with the previously
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reported result for a cone-segmented pressure hull with a slant angle of 7◦ (i.e., the linear
buckling load of the hull was 2.8 times that of the equivalent cylindrical pressure hull) [24].
Regarding α = 23◦ as an inflection point, after this point, the linear buckling location shifted
again from the two ends to the midpoint.

3.2. Nonlinear Buckling Analysis

In the nonlinear modeling experiment conducted in this study, the linear buckling
mode obtained through linear elastic eigenvalue analysis was defined as the initial geomet-
ric imperfection. This definition was established in accordance with the guidelines of the
CCS (2018) and has been effectively applied in other studies [35–38]. The nonlinear buck-
ling load that was numerically obtained when the imperfection size was 0.05 t is presented
in Figure 8, which reveals that the nonlinear buckling load increased substantially when
α < 15◦. Notably, when α ≥ 15◦, the nonlinear buckling load exhibited stability. However,
both the linear and nonlinear buckling loads of the wave-shaped pressure hull with non-
zero inclination angles were significantly higher than those of the equivalent cylindrical
pressure hull, whether linear or nonlinear. Furthermore, because of material nonlinearity,
the nonlinear buckling load was considerably lower than the linear buckling load.

The optimal slant angle range for maximizing the hull’s nonlinear buckling load was
determined to be 14◦ ≤ α ≤ 16◦. Notably, slant angles exceeding 23◦ were nonoptimal
because of severe stress concentration and the rapid decrease in axial stiffness resulting
from an excessive incline. Therefore, the wave-shaped pressure hull with a slant angle of
15◦, the equivalent cylindrical pressure hull, and the cone-segmented pressure hull with
a slant angle of 7◦ [24] were selected to compare their sensitivity to imperfections. The
contour profiles of these three pressure hulls are presented in Figure 10c. The obtained
knockdown factors for the three pressure hulls, under the assumption that the imperfection
amplitude range is 0–3 t, are presented in Figure 10a. The knockdown factor is defined as
the ratio of the nonlinear buckling load for an imperfect geometry to the nonlinear buckling
load for a perfect geometry [39–41]. A smaller knockdown factor was associated with
higher sensitivity to imperfections.
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In general, the wave-shaped pressure hull exhibited the most favorable performance
with respect to imperfection sensitivity. As indicated in Figure 10a, when minor imper-
fections were present, the imperfection sensitivity levels of the three pressure hulls were
similar; with moderate amplitude imperfections, the cone-segmented pressure hull exhib-
ited the highest imperfection sensitivity; when major amplitude imperfections were present,
the cylindrical pressure-resistant shell exhibited the highest imperfection sensitivity. There-
fore, the wave-shaped pressure hull required lower manufacturing precision compared
with the cone-segmented pressure hull. As indicated in Figure 10b, the nonlinear buckling
loads of the wave-shaped pressure hull and cone-segmented pressure hull were normalized
by the nonlinear buckling loads of the equivalent pressure hull at various imperfection
amplitudes. The load-bearing capacity of the wave-shaped pressure hull was greater than
that of the cone-segmented pressure hull, exhibiting a clear advantage in the presence of
moderate amplitude imperfections.

The equilibrium paths of the wave-shaped pressure hull and equivalent cylindrical
pressure hull obtained through nonlinear Riks analysis are presented in Figure 11. Because
the maximum deformation of the shell increased before its collapse, the applied pressure
levels increased monotonically and nonlinearly. This pattern of pre-collapse behavior
indicated that the shells underwent a markedly nonlinear collapse. The first yield load
(P1) corresponded to the lowest applied pressure where the maximum equivalent stress
in the pressure hull was equal to the yield point of the material. The first yield load also
corresponded to local yielding and not to local buckling. The critical buckling load (P2)
corresponded to the maximum load at which the pressure hulls buckled or lost stability.
All yield points were identified in the pre-buckling stage, suggesting that material yielding
occurred before buckling and confirming that the pressure hulls exhibited an elastic–plastic
buckling regime. After the critical point was reached, the pressure hulls buckled and
entered the post-buckling stage, during which the applied load substantially decreased as
deformation increased. The final post-buckling mode of the pressure hull was characterized
by local dimples. The buckling load of the wave-shaped pressure hull was approximately
2.4 times that of the cylindrical pressure hull. The deformation evolution of the pressure
hulls at several typical loading points is presented in Figure 12. The pressure hulls initially
exhibited uniform pre-buckling deformation in the circumferential direction because of
their axisymmetric geometry, boundary conditions, and pressure loading. After the critical
buckling point was reached, the pressure hulls exhibited nonuniform local post-buckling
deformation due to instability.

J. Mar. Sci. Eng. 2024, 12, x FOR PEER REVIEW 9 of 18 
 

 

 

Figure 10. (a) Knockdown factors of three pressure hulls, (b) normalized nonlinear buckling loads 

of two pressure hulls with an optimized slant angle at multiple imperfection amplitudes, and (c) 

profile diagrams of three pressure hulls. 

The equilibrium paths of the wave-shaped pressure hull and equivalent cylindrical 

pressure hull obtained through nonlinear Riks analysis are presented in Figure 11. Be-

cause the maximum deformation of the shell increased before its collapse, the applied 

pressure levels increased monotonically and nonlinearly. This pattern of pre-collapse be-

havior indicated that the shells underwent a markedly nonlinear collapse. The first yield 

load (P1) corresponded to the lowest applied pressure where the maximum equivalent 

stress in the pressure hull was equal to the yield point of the material. The first yield load 

also corresponded to local yielding and not to local buckling. The critical buckling load 

(P2) corresponded to the maximum load at which the pressure hulls buckled or lost sta-

bility. All yield points were identified in the pre-buckling stage, suggesting that material 

yielding occurred before buckling and confirming that the pressure hulls exhibited an 

elastic–plastic buckling regime. After the critical point was reached, the pressure hulls 

buckled and entered the post-buckling stage, during which the applied load substantially 

decreased as deformation increased. The final post-buckling mode of the pressure hull 

was characterized by local dimples. The buckling load of the wave-shaped pressure hull 

was approximately 2.4 times that of the cylindrical pressure hull. The deformation evolu-

tion of the pressure hulls at several typical loading points is presented in Figure 12. The 

pressure hulls initially exhibited uniform pre-buckling deformation in the circumferential 

direction because of their axisymmetric geometry, boundary conditions, and pressure 

loading. After the critical buckling point was reached, the pressure hulls exhibited nonu-

niform local post-buckling deformation due to instability. 

 

Figure 11. Representative equilibrium paths of (a) an imperfect equivalent cylindrical pressure hull 

and (b) an imperfect wave-shaped pressure hull with a 15° angle. 
Figure 11. Representative equilibrium paths of (a) an imperfect equivalent cylindrical pressure hull
and (b) an imperfect wave-shaped pressure hull with a 15◦ angle.



J. Mar. Sci. Eng. 2024, 12, 821 10 of 18J. Mar. Sci. Eng. 2024, 12, x FOR PEER REVIEW 10 of 18 
 

 

 

Figure 12. Deformation evolution of (a) an imperfect equivalent cylindrical pressure hull and (b) an 

imperfect wave-shaped pressure hull with a 15° angle. 

4. Experimental Results 

Numerical simulations were validated through experiments, where a wave-shaped 

pressure hull with an optimal slant angle of 15° was manufactured and underwent geo-

metrical measurements and hydrostatic testing. The experimental, numerical, and semi-

analytical results were consistent. 

4.1. Analysis of Measurement Results 

The geometric measurements of the fabricated wave-shaped preform indicated high 

fabrication accuracy. As indicated in Table 2, the fabricated wave-shaped preform had 

wall thicknesses of 1.008–1.098 mm and an average thickness of 1.074 mm, which was 

slightly lower than the average thickness (1.083 mm) of the cylindrical pressure hull tested 

in another study [24]. The standard deviation of the thickness of the fabricated wave-

shaped preform was 0.016 mm, which was considerably higher than that of the aforemen-

tioned cylindrical pressure hull (0.003 mm). This difference was attributed to the cold 

bending process employed to produce the conical geometry and the necessity for addi-

tional welding. The measured surface area of the fabricated wave-shaped preform was 

363,845 mm2, which closely approximated the nominal measurement of 360,774 mm2. Sim-

ilarly, the measured volume of the fabricated wave-shaped preform was 14,581,047 mm3, 

which closely approximated the nominal measurement of 14,644,516 mm3. The differences 

between the fabricated and nominal geometries of the wave-shaped preform were only 

1% and 0.4% for the external surface area and volume, respectively. 

Table 2. Geometric parameters of two fabricated pressure hulls. 

Sample 
Tmin 

[mm] 

Tmax 

[mm] 

Tave 

[mm] 

St.dev. 

[mm] 

S 

[mm2] 

V 

[mm3] 

Cylindrical 

pressure hull 
1.072 1.090 1.083 0.003 349,100(1.000) 14,438,837(1.009) 

Wave-shaped 

pressure hull 
1.008 1.098 1.075 0.016 363,845(0.990) 14,581,047(0.996) 

Figure 13 illustrates the contours that represent the geometric differences between 

the fabricated and nominal geometries of the pressure hull. Positive (negative) values cor-

respond to outward (inward) deviations of the fabricated pressure hull from its nominal 

geometry, indicating localized convex (concave) imperfections. The geometric deviations 

in the fabricated wave-shaped pressure hull were primarily influenced by assembly 

Figure 12. Deformation evolution of (a) an imperfect equivalent cylindrical pressure hull and (b) an
imperfect wave-shaped pressure hull with a 15◦ angle.

4. Experimental Results

Numerical simulations were validated through experiments, where a wave-shaped
pressure hull with an optimal slant angle of 15◦ was manufactured and underwent geo-
metrical measurements and hydrostatic testing. The experimental, numerical, and semi-
analytical results were consistent.

4.1. Analysis of Measurement Results

The geometric measurements of the fabricated wave-shaped preform indicated high
fabrication accuracy. As indicated in Table 2, the fabricated wave-shaped preform had wall
thicknesses of 1.008–1.098 mm and an average thickness of 1.074 mm, which was slightly
lower than the average thickness (1.083 mm) of the cylindrical pressure hull tested in
another study [24]. The standard deviation of the thickness of the fabricated wave-shaped
preform was 0.016 mm, which was considerably higher than that of the aforementioned
cylindrical pressure hull (0.003 mm). This difference was attributed to the cold bending
process employed to produce the conical geometry and the necessity for additional welding.
The measured surface area of the fabricated wave-shaped preform was 363,845 mm2, which
closely approximated the nominal measurement of 360,774 mm2. Similarly, the measured
volume of the fabricated wave-shaped preform was 14,581,047 mm3, which closely ap-
proximated the nominal measurement of 14,644,516 mm3. The differences between the
fabricated and nominal geometries of the wave-shaped preform were only 1% and 0.4% for
the external surface area and volume, respectively.

Table 2. Geometric parameters of two fabricated pressure hulls.

Sample Tmin
[mm]

Tmax
[mm]

Tave
[mm]

St.dev.
[mm]

S
[mm2]

V
[mm3]

Cylindrical
pressure hull 1.072 1.090 1.083 0.003 349,100(1.000) 14,438,837(1.009)

Wave-shaped
pressure hull 1.008 1.098 1.075 0.016 363,845(0.990) 14,581,047(0.996)

Figure 13 illustrates the contours that represent the geometric differences between
the fabricated and nominal geometries of the pressure hull. Positive (negative) values
correspond to outward (inward) deviations of the fabricated pressure hull from its nominal
geometry, indicating localized convex (concave) imperfections. The geometric deviations
in the fabricated wave-shaped pressure hull were primarily influenced by assembly tol-
erances, residual welding deformations, or weld seam grinding, with most deviations
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being concentrated at weld seams (Figure 13b). Figure 13 also indicates that the cylindrical
pressure hull exhibited minor geometric deviations. These deviations, which were mainly
due to bending errors in the cylinder, were primarily concentrated in the middle section of
the cylindrical pressure hull. The comparisons presented in Table 2 and Figure 13 reveal
that the manufacturing precision for the wave-shaped pressure hull was lower than that
for the cylindrical pressure hull because of the additional assembly and welding required
to fabricate the wave-shaped pressure hull.
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Figure 13. Differences between the fabricated and nominal geometries of two fabricated
pressure hulls.

The post-buckling modes of all the tested pressure hulls were characterized by a local
collapse resulting from major fabricated imperfections (Figures 14 and 15). The buckling
mode of the cylindrical pressure hull exhibited a single inward lobe, which was almost
uniformly distributed across the entire shell. By contrast, the buckling of the wave-shaped
pressure hull occurred at the lower end of the shell, specifically at the junction of two cones
and a cylinder, manifesting as multiple minor collapses. These results indicate that the
structure of the wave-shaped pressure hull significantly enhanced its stiffness, thereby
effectively preventing buckling propagation. Such collapse modes are also reflected in the
numerical observations presented in Figure 10.
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Figure 14. (a) Applied pressure values recorded during hydrostatic testing of the cylindrical pressure
hull and (b) photograph of the fabricated cylindrical pressure hull after hydrostatic testing.

Because the pressure pump used in this study was manually operated, the obtained
pressure curves were step shaped, with each step corresponding to a small loading in-
crement. The long loading time reflected by each curve indicated a quasi-static loading
condition. The maximum recorded pressure in each curve corresponded to the buckling
pressure of the hulls. The experimental buckling load for the cylindrical pressure hull
was 0.55 MPa, which was considerably lower than that for the wave-shaped pressure hull
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(1.03 MPa). The load carrying capacity of the wave-shaped pressure hull was 87% greater
than that of the cylindrical pressure hull; this outcome closely aligned with the numerical
evaluation results (Figure 10). In addition, the experimental buckling load of the cylindrical
pressure hull aligned with the numerical evaluation result (0.55 MPa; Figure 10). However,
the experimental buckling load of the wave-shaped pressure hull was slightly lower than
the numerical evaluation result (1.32 MPa) because of major geometric imperfections during
the fabrication process.
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Figure 15. (a) Applied pressure values recorded during hydrostatic testing of the wave-shaped
pressure hull and (b) photograph of the fabricated pressure hull after hydrostatic testing.

4.2. Numerical Analysis of Fabricated Pressure Hulls

The FEM was employed to further examine the buckling of the experimental wave-
shaped pressure hull. The simulation results for element meshing, element selection, pres-
sure loading, boundary definition, material modeling, and model solving were consistent
with the descriptions in Section 3.1 of this paper. The average wall thickness values based
on the measurements presented in the fourth column of Table 2 were used for subsequent
analyses. Linear and nonlinear analyses were performed on the fabricated wave-shaped
pressure hull with real geometric imperfections. This numerical model was previously
used in research conducted by the National Aeronautics and Space Administration [41–43].
The obtained numerical data are presented in Figures 16–19.
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Figure 19. (a) Equilibrium paths of the cylindrical pressure hull and (b) post-buckling modes of the
wave-shaped pressure hull.

The linear models of the hulls are presented in Figures 16 and 18. Figure 16 depicts
the first four linear buckling modes of the cylindrical pressure hull, showing a single
axial half-wave and several circumferential waves; these results were consistent with the
observations illustrated in Figure 9. Because the fabricated wave-shaped pressure hull
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exhibited major geometric imperfections relative to the ideal wave-shaped pressure hull,
the buckling mode of the fabricated wave-shaped pressure hull diverged considerably from
the observations illustrated in Figure 9. Buckling was localized in either the upper or lower
half of the fabricated shell, characterized by a single axial wave and several circumferential
waves. Furthermore, the first four orders of the linear buckling loads for the cylindrical
pressure hull were almost identical but were all significantly higher than the experimental
load; this pattern was also observed for the wave-shaped pressure hull because of material
and geometric nonlinearity.

Given the obtained results, nonlinear analysis was necessary. The numerical re-
sults all indicated unstable post-buckling behavior and an elastic–plastic buckling regime
(Figures 17 and 19). The first yielding occurred during the pre-buckling stage at a point dis-
tant from the critical buckling point. This phenomenon was particularly prominent in the
case of the wave-shaped pressure hull, where imperfections due to geometric differences
led to stress concentration. The post buckling modes manifested as local dimples, and their
forms were consistent with the experimental observations presented in Figures 14b and 15b.
For nonlinear buckling loads, the obtained simulation and experimental results exhibited
strong agreement. For the wave-shaped pressure hull, the simulated and experimental
buckling loads were 1.18 and 1.03 MPa, respectively; that is, the ratio of the simulated
buckling load to the experimental buckling load was 1.146. The lower experimental values
relative to the simulation values were primarily attributed to localized thinning caused by
weld grinding and surface polishing. The cylindrical pressure hull had a simulated load of
0.56 MPa, which was close to its experimental load of 0.55 MPa. The ratio of the simulated
buckling load to the experimental buckling load was 1.018, confirming the accuracy of the
FEM. Furthermore, these findings are consistent with the numerical results reported in
Section 3 of this paper.

4.3. Semi-Analytical Evaluation of the Fabricated Wave-Shaped Pressure Hull

Various semi-analytical formulas for evaluating the loading capacity of cylindrical
pressure hulls have been proposed, such as the NASA equation [41], the Venstel–Krauthaer
equation [44], and the Ross equation [45], indicated as follows:

PCylinder−NASA =
0.926E

√
γ( RCylinder

t

)2.5(
H

RCylinder

) . (3)

PCylinder−Ven =
0.92Et

H

(
t

RCylinder

)1.5

. (4)

PCylinder−Ross =
2.6E

( t
2r
)2.5

H
2RCylinder

− 0.45
(

t
2RCylinder

)0.5 . (5)

where E is the Young’s modulus, t is the wall thickness, RCylinder is the cylinder radius,
√

γ
is the safety factor (

√
γ = 0.7), and H is the cylinder length.

A wave-shaped pressure hull is a type of rotational cylindrical structure. Therefore, the
nonlinear critical buckling load (Pcr) of the wave-shaped pressure hull could be obtained
by multiplying the load-bearing capacity correction coefficient (η) of the wave-shaped
pressure hull by the loading capacity (Pcylinder) of the equivalent cylindrical pressure hull
as follows:

Pcr = ηPcylinder . (6)

The load-bearing capacity correction coefficient (η) of the wave-shaped pressure hull
is defined as the ratio of the nonlinear buckling load of this hull to that of its equivalent
cylindrical pressure hull. Figure 20 illustrates the relationship between η and sinα (the sine
value of the slant angle; data derived from Figure 8). The load-bearing capacity coefficient
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(η) was obtained by combining the linear and nonlinear regression analysis results using
SPSS Statistics. The value of the coefficient of determination (R2) is 0.99.

η = 10.064 sin3 α − 19.844 sin2 α + 10.22 sin α + 0.928 . (7)
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pressure hull.

The radius RCylinder of the equivalent cylindrical pressure hull was determined on the
basis of the principle of equal closed capacity V as follows:

RCylinder =

√
(6 + 4 cos α)(R − h sin α)2 + (3 + 4 cos α)R2 + 4R(R − h sin α) cos α

12 cos α + 9
. (8)

Thus, the nonlinear critical buckling load (Pcr) of the wave-shaped pressure hull
could be derived by applying three semi-analytical formulas for the equivalent cylindrical
pressure hull.

The buckling loads of the wave-shaped pressure hulls were predicted using semi-
analytical formulas (Table 3). The estimated-to-tested buckling load ratios of 0.912, 1.291,
and 1.320 were obtained using the Modify-NASA, Modify-Ven, and Modify-Ross equations,
respectively. The findings suggested that the Modify-NASA equation provided an accurate
but slightly conservative estimation, indicating the feasibility of extending the classic
formula for cylindrical pressure hulls to suit wave-shaped pressure hulls.

Table 3. Loading strengths of fabricated cylinders obtained through semi-analytical formulas and
experimental testing.

Pcr [MPa] Pexp [MPa] Pcr/Pexp

Modify-NASA 0.94 1.03 0.912
Modify-Ven 1.33 1.03 1.291
Modify-Ross 1.36 1.03 1.320

5. Conclusions

In this study, the buckling behavior of wave-shaped pressure hulls was investigated
numerically and experimentally. The main conclusions are summarized as follows:

(1) The slant angle of a wave-shaped pressure hull affected the hull’s linear and nonlinear
buckling loads. In terms of load-bearing capacity, the 30 wave-shaped pressure hulls
outperformed the equivalent cylindrical pressure hull. Furthermore, the optimal slant
angle for wave-shaped pressure hulls was 14◦–16◦.

(2) A wave-shaped pressure hull was less sensitive to imperfections at any amplitude
compared with the equivalent cylindrical pressure hull. This finding extends the liter-
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ature on segmented pressure hulls, which only exhibit lower imperfection sensitivity
than equivalent cylindrical pressure hulls when large imperfections are involved.

(3) The experimental and numerical results were consistent. The simulated and exper-
imental buckling loads of the wave-shaped pressure hull were 1.18 and 1.03 MPa,
respectively. The simulated load of the cylindrical pressure hull was 0.56 MPa, which
was close to its experimental load of 0.55 MPa. The simulated-to-experimental buck-
ling load ratio ranged from 1.018 to 1.146, confirming the accuracy of the FEM.

(4) The experimental buckling load of the equivalent cylindrical pressure hull (0.55 MPa)
was considerably lower than that of the wave-shaped pressure hull (1.03 MPa). That
is, the buckling load of the wave-shaped pressure hull was approximately 1.87 times
that of the equivalent cylindrical pressure hull.

(5) A formula for estimating the load-bearing capacity of a wave-shaped pressure hull
was designed in this study. This formula incorporated a correction coefficient and
the classical semi-analytical formula for cylindrical pressure hulls. The formula for
calculating the correction coefficient was obtained on the basis of numerical evaluation
and regression analysis results. The estimated-to-tested buckling load ratios of 0.912,
1.291, and 1.320 were obtained using the Modify-NASA, Modify-Ven, and Modify-Ross
equations, respectively. The corresponding findings suggest that the Modify-NASA
equation provided an accurate but slightly conservative estimation.
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