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1. Introduction

Ref. [1] has studied the average Kolmogorov c—widths and average linear c—widths of
multivariate isotropic and anisotropic Besov classes in L, spaces. Research on the widths
and optimal recovery of multivariate Besov classes in Orlicz spaces has not been conducted
so far, and there are few related articles. This paper carries out some of this work. Orlicz
spaces are introduced by Polish mathematician W. Orlicz. Since more than half a century,
Orlicz spaces theory has been widely used. It not only provides intuitive background
material for functional analysis, but also has many applications in differential equations,
integral equations, probability theory, approximation theory of functions, harmonic analysis
and other disciplines. As well known, the activity world and metrics provided by L, spaces
are very effective for discussing problems such as equation solving and approximation
theory of functions. However, L, spaces are only suitable for dealing with linear and at
best polynomial type nonlinear problems. Whenever nonlinear problems appear, L, spaces
will show its limitations. At this time, people naturally use the expansion of L, spaces—
Orlicz spaces as an alternative tool. With the emergence of more complexity problems
and nonlinear problems, it has become a choice to study the approximation problems in
Orlicz spaces, which is the practical significance of this paper. Orlicz spaces are larger than
continuous function spaces and L, spaces; they are an extension of L, spaces. In particular,
the Orlicz spaces generated by N-functions that do not satisfy the Aj-condition are a
substantial generalization and promotion of L, spaces. Considering that the norm structure
of Orlicz spaces is more complex than that of continuous function spaces and L, spaces, it is
difficult and of theoretical significance to study the widths and optimal recovery problems
in Orlicz spaces, and it can also reflect the characteristics of the function spaces of the study
of the approximation problem from ‘small’ to ‘large’.

In this paper, let M (u) and N(v) be complementary N-functions; the definition of an
N-function is as follows.
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Definition 1. A real valued function M(u) defined on R is called an N-function if it has the
following properties.

(1) M(u) is an even continuous convex function, and M(0) = 0;

(2) M(u) > 0 foru > 0;

(3) lim,, o M)

=0, and limy—seo Mf{”) = oo.

The complementary N-function is given by N(v) = [’ (M)~ (u)du. Properties of
N-functions are discussed in reference [2]. The norm in Orhcz spaces is

||“||M(Rd) = sup
p(v;N)<1

/Rd u(x)v(x)dx|.

All measurable functions {u(x)} with finite Orlicz norms constitute the Orlicz space

L3, (R7) associated with the N-function M (), where p(v; N) = ¢4 N(v(x))dx expresses
the modulus of v(x) with respect to N(v). Here, u(x) = u(xl, ce Xg), (x) =0(x1,...,%g),
etc., are functions of d elements. For convenience, denote || - [[s = || - || py(ga)- According to

ref. [2], the Orlicz norm can also be calculated by

e = int 5 (1+ [, M(BuCx)a ).

In this paper, C is used to represent a constant, and in different places its value can
be different.

Leta > 0 and P, := xa(-)x(-) be the continuous linear operator on L},(R?), where
X« (+) is the characteristic function of [—a, #]%. Let e > 0 and L be the subspace of L},(R?),
and define

K, (zx, L L}‘\A(Rd)) ;= min{n € Z, |dy (P,X(L n BL;d(Rd)),L;A(Rd)) <el,

where d,, (A, X) represents the Kolmogorov n-widths of A in X, see refs. [3,4]. The average
dimension of L in L},(R¥) is defined as

- K, (oc, L L}‘\A(Rd))
- % od\) o i e s
dlm(L’ Lu(R )) = lim lim inf (2a)1

Let o > 0and S be the centrally symmetric subset of L} (R?). The average Kolmogorov
o-widths (average o — K widths) of S in L};(R?) are defined by

Go(S,Lig(R) := inf sup inf () — y() |,
x(-)€S y(-)eL
where the first infimum takes all subspaces L C L},(R?), which satisfy E(L, Li, (R )) <o
The average linear c~widths (average ¢ — L widths) of S in L};(R¥) are defined by

d5(S, L (RY)) := inf sup ||x Ax(- ,
(S.ListR) = fnf sup 1)~ Ax()

where the infimum takes all pairs (Y, A) such that, for each pair (Y, A), Y is the normed
space, which is continuously imbedded in L};(R?), S C Y, A is the continuous linear

operator from Y to L}, (Rd), and dim (I mA, Ly, (Rd)> < 0, where ImA represents the range

of the operator A.
By definition, we have

do(S, Lig(RT)) < d'o (S, Ly (RY)). (1)
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Suppose that k € N, for every f € L%, (RY),
K : 1k (K
84 = (-0 () 410
=0
is the k-th difference of f at the point x with step t, where (’lc) = I'(kk%l)' We use A’t‘j f(x) to
denote A’t‘f(x) when t = (0,...,0, ti, 0,...,0).

Definition 2. Letk € N, v >0, k—r >0, 1 <6 < oo, and wesay f € Bg/w(Rd) if f satisfies
the following conditions:
(1) f € Li(R?),

2
(2) 12470 0 1/6
L { Rd( t|t|r M> |(;1|td} <OO/ 1§0<00,
||f“h;m(Rd) = .
o 18Ol _ A
p‘t‘#o Mr ’ ’

where | - | is the Euclidean norm.
By ref. [5], the linear space B}, (R?) is a Banach space with the norm

11l (rey = 1 F e+ D f e ray
and is an isotropic Besov space.
Definition 3. Let k = (k1,...,kd) S Z‘j_, r = (r1,...,rd), rp > 0, k] > 1, j= 1,...,d,
1< 0 < oco. Wesay f € BL,(R?) if f satisfies the following conditions:

(1) f € Ly (RY),
(2) Forj=1,...,d, we have

1/6

Koo 0
f ;t]ﬂ )HM 4 <oo, 1<f<o
If1 AV -
j PN
bijg(R ) Ak/.f(A)H
su W57 "l < 00 0 =00
ptﬁéO ‘tj|f]‘ Y .

By ref. [5], the linear space Bj (R%) is a Banach space with the norm

d
1 £l rey = 1 laa +]; SIS

and is an anisotropic Besov space. By ref. [5], B},,(R?) = By;»"(R?) whenry = - -+ = r4.
For real vector M = (My, ..., My), M;>0,j=1,...,d, wedefine

Mo (RY) = {f € Liy(RY) < [ £l ey < 1},
WoB(RY) = {f € Ly(RY = [ fll gy rey < 1),
Mob(RY) := {f € Ly(RN) : If sy oy S Mjij =1, d},

ijMG(R )

BoB(RT) := {f € Lig(RY) - [[fllgy ey < 1.
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Letp >0, v=(v,...,v4), v; >0, i=1,...,d. Define BM(R?) as the set of all
those functions from L}‘VI(R”’) in which, for each function f, the support of the Fourier
transform f in the distributional sense of f is contained in [—vy,v1] X - - - x [—vy,v,4]. The
Schwartz theorem states that BM(R?) coincides with the set of all continued analytically
entire functions of type w < vin L}‘\A(Rd ). Here, w < v means that wj <vj,j=1,...,dfor
everyw € RL = {xeR?:x;>0,j=1,...,d}.

In this paper, we study the average Kolmogorov widths, average linear widths, and
the optimal recovery problem of the Besov classes SgAeb(Rd), SR/IQB(R"’), St pb(R?), and
St B(R?).

2. Average Widths Problem
Lemma1 ([6,7]). Letp >0, v=(vy,...,v4), v; >0,i=1,...,d. Then,

R(BSA(R"Z),L}*VI(R"Z)) - %

Let Bx represent the unit ball of X.
Lemma 2 ([3]). If1 < n < dim(X), then
dn(Bx,X) =1,

where dy, (A, X) represents the usual Kolmogorov n-width of A in X, while X is a normed linear
space, and A is the subset of X.

Theorem 1. Let k = (kq,...,k;) € 74 ¢ = (r,...,7q), kj > 1 >0, i=1,...,4
1<60<co0,0>1. Then,
(1)

o™ <o (2,Lig(RY) <o (2, Lig(RY) < Sp I = Ty flow < o™,
S

where

d
A= Sb(RY) or SyB(RY),a = (Y_1/7;)7%,
j=1

a/r;
M;" (4 = 1when 2 = SiyeB(RY)),

d
},{ =
j=1

and the definition of Ty, ..., f is given in the proof below.

(2) B%@ (R%) is the weakly asymptotic optimal subspace of average < o for d (Ql, L}‘M(Rd)) ,

where p(0) = (01(0), ., pa(?)), pi(0) > Ois defined by p;(e) = (™' M;c®)"i(p;(0) = /"
when A = St B(RY),j=1,...,d.

Proof. To find the upper bound, first of all, we construct the following continuous linear

operators from Bt (R?) to L}, (R?). For every f € L},(R?), t € RY and natural number /,
we have

(1t =0 R0 (1 o)
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where Z}Zl d; = 1. For any real number v > 0, let

. 2s
qu(t) = Ay (Sr;‘/t) (teR,25 > 1)

be an even entire function of one variable exponential type 2sv, where A, s = [, (sinvt/t)*dt =<
v5 1, v — 0. Letp = (p1,...,04), pi >0, i=1,...,d. Forevery f € BY,j(R?), let

Ty (%) 1= [ g0, (80 (FDF 18 7 (0) + £()) iy
—/gp, Zd]f X1, .-, Xi 1, X + jti, Xig1, - - -, Xg)dE;
*\/ G‘DZ x xl/ . /xi—lrti/xi+lr--'/xd)dti/

where Gy, (t) = 2;(":1 (d;/])8p;(t/])- By ref. [5], Gy, (t) is an entire function of one variable

of exponential type 2p;s. Let
Tpl,..‘,pn (f/ x)
= /R” Gp,(u1) .. Gp,, () f (X1 411, o) X+ Uy, Xpge1, - -, Xg)dUt,
1 <n <d.Then, Tj,,..p, is the d variables entire function of exponential type o = (2sp1, .. .,2504).

Let2s > d + max{r;,i = 1,...,d}. Using the Minkowski inequality and Holder inequality,
we have

1£() = To, (f, ) Im
/Rd (f(x) = Tp, (f, x))v(x)dx

= sup
(v, N)<1

u ,x) |v(x)dx
5N1;><1/ () = Ty (£, 0)]0(x)

— sup [ 1FG0) = [ g ()[(~DF AR F(x) + £(x)] Aty o(x)de

o(v,N)<1

= su / / 8o (1A} £ (3)dtro(x)dx

o(v, N <1

< (SIAAIP<1 /Rd (x)dxgp, (t1)dt 2)
o(v

< [ a2, o )t

f
/ ( £y |1 1/H9 (210 g, (11)dy
FOY ) (et
£y 11 T+ (1/0) 1 Em 1

Scpl_rl Hf”b;l]Mg(Rd)’
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where 1/0 +1/6' = 1. In addition, we have
||TP1 (f’ ) - Tpl,Pz(ff ) HM
—H A Gpl(tl)f(xl +1t1,%x0,... ,xd)dtl
— /1;2 Gpl(t1)Gp2(t2)f(X1 +t1,x0 +12,x3,... ,xd)dt1dt2
M
—H/ Gpo1(t1)m (x1 + t1, x2, ..., xg)dty
R M
< [ gor() 11 gty = 1) g,
where
h(X1, X2, ... ,xd) = f(xl,X2, - ,xd) — /R sz(tz)f(xl,JQ +1tr,x3,... ,xd)dtz.
Similar to (2), we have
1) laa < o3 fll, oy
Inductively, for 2 < j < d, we have
s
I Tot,wj1 () = Tor,.eop; (f )1 < Coo; ]||f||b;]}M9(Rd)- ®3)
Therefore, from (3), we have
”f( ) Tp]r~'~rpd(f’ )HM
_”f( ) Tp1(f")+TP1(fr')*Tplfpz(f/')jL"'7TP1,~--,Pd(ff')HM (4)

<cY p. "Il - .
< ];p] ”f”bx’jMQ(Rd)

By (4), we have
d J—
1 Tot,wpa (fr ) Iz < (IIfIM + 2 I£1l (Rd)> max{1,C},
]':1 x]-MG

where C = Cmax{pj_rj,l < j < d}. Therefore, the operator A, : BY,5(R?) — L3, (RY),
A2f(:) = Tp,,..0.(f,-) is continuous and linear. Let 2sp; = p;(0) = (u~'M;c®)'/"i (let
pj(0) = o/ when 2 = St sB(RY)). Hence, by (4) and Lemma 1, we have

d'o(2, Liy(R7)) S?ug 1FC) = Tornpa (F) M

<C g <L por "
?1615]29] IIbe] (ki) RO

Toestimatethelowerbound letA = (Ay,..., A9), A = (M= (20)")V/7i (A; = (20)/i
when 2 = SY,B(RY), i = .,d, and the non-zero function ¢(x) € C*(R) with
supp(¢) C [0,1]. Forevery j = (]1,. ., ja) € Z%and every t = (t1,...,t;) € RY, let
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d

H k k_]k

k=1

then, q)]‘,)\(t) c Coo(Rd),Suppq)j’A C A]"/\ = Ul/\ll (]1 + 1))L1] X -+ X UdAd/ (]d + 1))\11]
For any N > 0, let m;(N) := [NA;]. Define the following set of functions

Lm,/\ = Sp(ll’l{q)]'l/\(f) L—my S jk S mj — 1,k = 1,. . .,d},
then the dimension of space L,, 5 is 713 = Hflzl (2m;). Forany f € L, ,, itis easy to see that

suppf C [—mlAl,mlAl] X - X [—md/\d,md/\d} - [—N, N]d.

If
mlfl mdfl
fe =Y - Y a..Pa),
jim—m o jg=—mg
then
ml—l mdfl
| fllm = sup /d< Y, L ajl,‘..,jdq)j,)»(t)>v(t)dt
p(v,N)<1|/R j1=—m Ja=—my
m171 md—l
= sup /d< Z Z ]dn(p e — ik )U(t)dt (5)
p(v,N)<1 R j1=—m jdzfmd
d d
= H)‘j ||‘P||M[o,1]‘|aj|‘lﬁr
j=1
-1 my—1
WhereHaj”lW:Z}?l:_ml : Z]dd,_mdah Sid
By the Minkowski inequality, we have
t; ti ki
k,
I e = [ [0
Xf(x1, 000, xpFuy - g, X, ..., Xg)duy,
M
ti ti mlfl md—l
:H/o dul'”/o Yo Y )
p=—my o jg=—my
1 ki 1
X(A7 N+ A ug) =)Ao (A xs — s ) dug,
sF#i M
mlfl md—l (6)

DR DR

p=—my jg=—my

[ti] It
0 0

(A Mo+ ug 4+ ug) — )AL ]_[gbA Lys —js)

SF#I
d —k
(m) )
J

=1

d
=C H)\) |t|k ||ﬂ || Ty
1 ] Jim2 .

j=1

’du

M[Ol ||a]||l’”2 |t |k
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By (6), we have
k. d
1AL F Ol < Clifllm < C{TTA | llajll s @)
i=1
Hence, by (6) and (7), we have
k; d 1 ki
1AFF ()l < C{TTA; ) llajll g min{1, (A7 [#:])" )
j=1
In addition, for 1 < 6 < oo, we have
Hbe;fMg(Rd)
1/6
/ IAFF() I\ d;
R\ \f |
d A o 1/6 8)
<C <H?\1) lajll (/0 J\i‘kf@R“‘i—Yf>9—1clR+/A R"l’e‘ldR)
j=1 i
d L
=C H)\] Ai lHa]'”[W'
j=1
For 8 = oo, (8) is also valid. Let
ON = (H)\> 2‘7 CN (CN = H‘i’”ﬁ/{[o,l} =+ max C)/ )
QN(ON) = {f € Lna : llajllz < 5"} (10)

Then, Qn C . 7
Now, we estimate the quantity d, (2, L},(R?)). Let A be the subspace of L},(R?) and

its average dimension dim (A, L3 (R"l)) < 0. By the definition of the average dimension,

forany N > 0, & > 0, there exists a subspace A; C L},(I¢;) with dimension K := dim A; =
Ke(N, A, L}, (I4)) such that

d
E(B(A)ly, A1 Lin(I4)) < e,

where B(A) represents the unit ball of space A. In addition, for any ¢ € A, we have

(8l A1 Lin(R)) < elglla

here, e(x, B, X) := inf,(.ycp [|x(-) — y(-)[|x denotes the distance of element x and B, while
B is the subset of linear normed space X. Hence, for any f € 2 and any ¢ € A, we have

1f = gllar ZI1f = &llpaag
>e(f, Ar, Liy(I) — e(g, A1, Liy(IR)
>e(f, Ar, Lis (1) —€llgllm
>e(f, Ar, Liy(IN) — €l f = gllm — el fllan-

Hence,
(L+e)llf — gllm > e(f, A, Li(I%)) — €l fllm-
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In addition, we also have
(1+e)E(, A, Liy(I%)) > E(Qn, A1, Lig(IN) — & sup || fllm- (11)
fEQN
By (5), (9), (10), and Lemma 2, we have

d PR PR

E(Qn, A1, Ly (If)) >CT o5 dx (B(I™),1™2)
j=1

(12)

d
=C[JAé5" = Cuo™.
j=1

By (11) and (12), let N — oo, ¢ — 0, and we obtain
Ao (2, L (RY) > po .
By (1), we finish the proof of the Theorem. O

Since BR/IG(Rd) = B;Z'é’r(Rd), taking M; = 1,7; =r,j =1,...,d, by Theorem 1, we have
the following.

Corollary 1. Letk € N,y > 0,k—r > 0,1 <6 < 00,0 > 1. Then,
(1)

o1 < o (8, Ly (R) < @0 (8, Liy(RY)) < P f ~Tovpuflla < ™",
S

where 8L = St ,b(RY) or S ,B(RY).
2) Bé‘fa) (R%) is a weakly asymptotic optimal subspace of average dimension o for dy (il, Ly (Rd)> ,
where p(c) > 0 is defined by p(c) = o/,

3. Optimal Recovery Problem

By ref. [8], be similar to the definition in [9,10], for o > 0, let ©, be the set of all
sequences & = {¢y} 4 of points ¢, in RY, which satisfies the following conditions:

(1) Forv,v' € Z4,|&,| < |&,| if and only if |[v| < |V/],

(2) Forv,v' € 7%, ¢, # &, if and only if v # v/,

®3)

card (C N[—c, c]d)
card¢ := liminf <o,
c—00 (Zc)d

where | - | is the usual Euclidean norm, and for any ¢ > 0, card (C N[—c, c]d) denotes the

number of elements of the set & N [—c, c]%.

Let X(R?) be the normed space of functions on R? with the norm || - ||x, and for the
set A, B of X(R%), let

E(A,B,X):= sup inf [x(-)—vy(-)]x-
x(-)eAy()EB

Let K C X(RY), and the quantity

d(K):= sup [lx(-) =y()[x
x()y()eK
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is called the diameter of K. For { € O, the information of f € K is defined by
Ief = {f(¢v)},eza- Iz is called a standard sampling operator of the average cardinality
< 0. The quantity

Ar(K,X) := inf supd(I:'I:fNK
oAKX) 1= inf sup (1'1ef nK)

is called the minimum information diameter of the set K in space X(R%). If K is the balanced
and convex subset of X (Rd), then

Ae(K,X) =2 inf sup{If|lx : Ief = 0,f € K.

For every ¢ € O, the mapping ¢ : Iz(K) — X(R¥) is called an algorithm, and ¢ - Iz f
is called a recovering function of f in X(R?). Use ®; to represent the set of all algorithms on
K. If ¢ can be extended to a linear operator on the linearized set of K, we call the algorithm
¢ linear. Use <I>é to represent the set of all linear algorithms on the linearized set of K.

The quantity
E;(K,X) := inf inf — (I 13
o (K, X) gle%ﬂplé‘@gf}éﬁ“f oLz f)llx (13)
is called the minimum intrinsic error of the optimal recovery of the set K in the space X.
Taking @é to replace @ in (13), and corresponding to this, we obtain EL(K, X), which we
call the minimum linear intrinsic error. If K is a convex and centrally symmetric subset of
X, then by ref. [11], the following inequality holds.

%AU(K, X) < Eq(K, X) < EL(K, X). (14)

Let I be an even number, 0 < a < [, similar to ref. [12], for every f € L}‘\A(Rd), and
define the following differential operator

(D*f)(x) == lim (D¢ f)(x),

L (R4),e—0+

where DY is defined by

1 ALf(x)
DYf)(x) := L dy,
(D)) = s /MZE bl
(eiyl/Z _ efiy1/2)l
mg (o) == dy,

R |y[@te

where y = (y1,2,...,y4) € R%. Fora > 0, let
Wix(RT) := {f € Liy(R) N C(R?) - [ D*flly < oo}.
Let r be an even number, for any f € L},(R%), and let

r

30 = L (1) (ot (5 -1)8) = (v = 702) 70,
L

where 7, f(x) = f(x —y), x, y € R%. For any real number p > 1 and s € N, the function

sin pt

2s
} ,JAER 25 >d+uw

kos(t) = {



Mathematics 2024, 12, 1400 11 of 15

is a univariate entire function of exponential type 2sp. kos(|x|)(x € R?) is a multivariate
entire function of spherical exponential type 2sp. Let

Kp,S(x) = )\,;slkp,5<|x|)r

where Aps = [pakps(|x])dx =< 0?74, 0 — oo (See ref. [13]).
Define

-1
(M) = 1) = 72 (72) [ MRS

then, we have

Lemma 3. Fora > 0, let r € N(r > a) be an even number, when « —d # 0,2,4,...; then,
we have

1f = Torfllm < Co™*[ID* flar-

Proof. By the Minkowski inequality, we have

||f - Tp,rf”M
= sup

-1
o<1 /Rd lf(x) - (f(x) — (12 (712> /Rd A;f(x)Kp,s(y)dy>1v(x)dx
p(v;N)<

Sp(zilhlfr);l /Rd (712) _1/ Auf (X)Kpsy)dyolx)dx
< [ 18 FllaKs ().

(15)

By ref. [12], we have
AL f(x) = /Rd (Ay@a) (u)(D*f) (x — u)du, (16)

where ¢, < C\x|""d fora —d #0,2,4,...and @, < C|x|""dlog |x| fora —d =0,2,4,....
For (16), by the Minkowski inequality, we have

1Ay fllm = :t;pq/ /Rd A pa) (1) (D*F) (x — u)duo(x)dx
4 su @ — (17)
< /R (Bw) sup [, (DN = wyo(x)drdu

<[1Ayall1 1D fl aa-

By ref. [12], it can easy to see that [|A}@a 1 < Cly|%, |y] —0fora—d #0,2,4,...,

and [[A}pull1 < Cly[*logly|~ Lly] = 0Ofora —d = 0,2,4,.... Sofora —d # 0,2,4,...,
wehave

1F = Tor s <ID*Fllas [, ClyI*Kps(v)dy
<Co*[ID*fllm (o — o0).
The proof of the Lemma 3 is complete. [

Forp > 0, let

Sp.pf(x) Zf( >Lﬁ px =),

vezd
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where Lg(x) satisfies that Lg(v) = 4,0, v € 74, and its generalized Fourier transform is

A - ly| P
Lg(y) = (2m)~4/2 —-
P Yyezd ’]/ —2vrt| p

Similar to the proof of Lemma 3, we obtain the following.
Leta >0, p >0, B > &, and B > d; then, for every f € W3 (RY)(a —d #0,2,4,...),
there exists a constant C > 0 such that

1f = Spofllm < Co~*[[D* fllm- (18)

For A > 0, define SBY!(R?) as the set of all the entire functions of spherical exponential
type < A; then, we have the following.

Lemma 4. Let A > 0,0 > 0, and, for almost all f € SB/]\VI(Rd), there exists a constant C > 0
such that

ID*fllm < CA*[ fl[m-

Proof. By the definition of D*f, we have

Al f(x
|D*fllm = sup 1(“)/ o/ >dyv(x)dx

p(o:N)<1 JRY M (&) Jpyze [y|d+e

Al
<o [,
R

d |y|d+tx

(19)

Because f € SBY(RY), it is easy to prove that
A, fllm = sup

p(o;N)<1 /Rd Jg(—l)f <i>f(x+ (% _j)]/>v(x)dx
= i el /Rd (i)f(x * (% —f)y)v(x)dx (20)

j=0p(;N)<1
<C||fllmmin{1, (Jy|A)}.

So by (19) and (20), we have

AT 3
1D fll < C||f||M<Al |ooeea [ 1t“1dt> = CA"| .
0 -
Thus, the proof of the Lemma is complete. [
Theorem 2. Letk € N, r >0, k—r>0,1<60 < oo, 0> 1;then,

_ 1
0T <S8 (SiygB(RY), Lig(RY)) < Eo(ShgB(R?), Liy(R?))

<EL(ShB(RY), Liy(RY)) < o~"/2.

Proof. Let us complete the upper estimate first. For every f € S;AGB(R"Z), by ref. [5], in the
sense of L}, (R), f can be represented by the series that converges it; i.e., f(x) = Yz L Qu(x),
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Z, :={0,1,...}, while the terms of series are an entire function of spherical exponential
type a',a > 1 such that

{Zz a'"1Qu 1} }1/9 1<6< oo
gy = § Lemer el @1)
supl€Z+ a r||le ||M/ 6 = 00.

Leta € (0,7), B > r, for p > 1, let N be a natural number that satisfies p < al¥ < 2p,
for 0 <! < N —1, by (18) and Lemma 4, we have

HQal - S,B,anl ||M Scpiﬁ”D'BQul HM

_ (22)
SCP 'BalﬁHQalHM/
and for I > N, we have
1Qu = Sp,pQuillm < Cp~*ID*Quillm < Co™*a™(|Qul| - (23)
Hence, by (22) and (23), we have
) N-1 0
If = Spofllm < Y} 1Qu — SppQullm = ( Y+ Z) 1Qat — Sp,0Qutllm
1=0 1=0 I=N
(24)
B N-1 ] B 9] "
<p P Y aPlQullm+p* Y a1 Qullm
I=0 I=N
By (21) and Holder inequality, we have
N-1 N-1 170 /N—1 e
Y. aPlQullm < ( Y ’JWHQal”?\/I) < Y allfe )
1=0 I=0 I=0 (25)
<<||fHB;W(Rd)”N(ﬁ7r)
<P fllgr vy
and
-~ o /0 , 1/6'
Z alaHQalHM < < Z alr9|Qa]|gA> (Z al(ar)9/>
I=N I=N I=N
_N(r— (26)
<<Hf||B§\Ag(Rd)” Nir=#)
<<Pa_r||f‘|37we(1zd)’
forl < 6 < oo.
By (24) to (26), we have
I1f = Spopflm < (p7P 0P +07 0" ) Ifllgy , re) 2

<o "I fllpr, (re)-
For 6 =1, 00, (27) is also valid. Let p = o/, By (27), we have

Eg(SheB(R'), Liy(RY)) < sup  |If =Sy gfllm < o/%.
FEShuB(RY)
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Now, let us complete the lower estimate. For every ¢ € O, i.e.,

card (é N[—c, c]d)
card¢ = liminf <o,
c—00 (Zc)d

there exists a cube with the following form
Q={xe R%: a; < x; < aj—i-m*l,j =1,...,d},m= (20)1/d

such that its interior IntQ does not contain any point of ¢, thatis IntQ N ¢ = @. Thus, it can
be seen that |Q| = (20') 1. Let A(t), t € R be the univariate function satisfing the following
conditions: A(t) € C(R), suppA C [0,1],0 < A(t) < 1fort € R, A(t) = 1fort € [1,3].
For1l <60 < oo, let

folx) =nTA(m(x; —a))),

where 7 is a positive number to be determined. It is easy to see that fo(x) € C®(R?),
suppfo C Q, Izfo = 0, and by ref. [1], we have

lfollm=sup | folx)o(x)dx

p(v;N)<1
(28)
SC/Rd fo(x)dx
SCnm_d.
It is easy to see that
1A% fo(-)llm < Crym~ min{1, (m]¢])*}.
In addition, we have
m~! [} 1/6
—d kO 4 (k—r)60—1 —r6—1
Hf0||b;m(Rd) SCUTH (/0 mt dt + /r‘rﬁl t dt) (29)

chm*dﬂ*r'

For 6 = oo, (29) is also valid. By (28) and (29), if we let = m="C~1, then fo €
SheB(R?). Let

_ 1 3 .
Qz{xERd:aH—mSxigai+%,z=1,...,d},

and for every ¢ € ©,, we have

a(1 1 (12£0) N ShieB(RD) ) 2ol > 1foll o)
>Cm"(2m) % > o4,

(30)

By (30) and the definition of A (S}, B(R?), Lyy(R?)), we have
A(,( ;AQB(R"Z),L}‘M(R"Z)) > o7/,

By (14), the proof of the Theorem is complete. [

Comparing refs. [10,14,15], the study of approximation problems in Orlicz spaces has
potential application value and development prospect.
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