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Abstract: In this paper, we consider the nonlinear Neumann problem (P;): —Au + V(x)u =
K(x)u("“‘z)/("_z)_g, u > 0in Q, du/dv = 0 on ), where () is a smooth bounded domain in
R", n > 4, e is a small positive real, and V and K are non-constant smooth positive functions on Q.
First, we study the asymptotic behavior of solutions for (P,) which blow up at interior points as
€ moves towards zero. In particular, we give the precise location of blow-up points and blow-up
rates. This description of the interior blow-up picture of solutions shows that, in contrast to a case
where K = 1, problem (P;) has no interior bubbling solutions with clustered bubbles. Second, we
construct simple interior multi-peak solutions for (P¢) which allow us to provide multiplicity results
for (Pe). The strategy of our proofs consists of testing the equation with vector fields which make it
possible to obtain balancing conditions which are satisfied by the concentration parameters. Thanks
to a careful analysis of these balancing conditions, we were able to obtain our results. Our results are
proved without any assumptions of the symmetry or periodicity of the function K. Furthermore, no
assumption of the symmetry of the domain is needed.

Keywords: partial differential equations; Schrodinger equation; Neumann elliptic problems; blow-up
analysis; critical Sobolev exponent

1. Introduction and Main Results

In this paper, we consider the following nonlinear Neumann equation:
—AMu+V(x)u=Kx)ul,u>0 in Q
(PV,K,q) : { u _
S5 = on 0Q),
where () is a smooth bounded domainin R”, n > 3,1 < g < o0 and K and V are smooth
positive functions defined by Q.

Such equations arise in various areas of applied sciences; for example, the Keller-Segel
model in chemotaxis [1], the Gierer-Meinhardt model for biological pattern formation [2],
and stationary waves for nonlinear Schrodinger equations, see, e.g., [3-5].

In the last few decades, equation (Py g 4) has been widely studied. Most of the works
have been carried out when the functions K(x) = 1 and V(x) = u > 0. In this case, it is
well known that the problem (7,1 ;) strongly depends on the constant y, the exponent
g, and the dimension n. When g is subcritical, thatis, 1 < g < (n+2)/(n — 2), the only
solution to (7,,1,4) is the constant one for a small y [6], whereas for a large , non-constant
solutions for (P, 1,4) exist and blow up at interior points or at boundary points, or at mixed
points (some of them in the interior and others on the boundary), see the review in [7].
When g is critical, that is, ¢ = (n +2)/(n — 2), the problem (7,1 ;) becomes more difficult.
On one hand, Zhu [8] proved that, if () is convex, n = 3 and y is small, then (Py,l,q) has
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only constant solutions. On the other hand, if n € {4,5,6} and y id small, (P,,1,,) admits
non-constant solutions [9-11]. For a large y, (P,,1,4) also has solutions which blow up,
as in the subcritical case, at boundary points as y tends to infinity [12-15]. However, in
contrast with the subcritical case, at least one blow-up point has to be on the boundary [16].
In [17,18], the authors considered the problem (7P, 14) for a fixed  when the exponent g is
close to the critical one; thatis, = (1 +2)/(n — 2) £ € and ¢ is a small positive parameter.
They showed the existence of a single-boundary blow-up solution for n > 4. They also
constructed single interior blowing-up solutions when n = 3. Recently, it has been proved
that, unlike dimension three, problem (7,1 ;) has no solution, blowing up at only interior
points whenn >4, g = (n+2)/(n — 2) + € and ¢ is small, positive, and real [19]. In light
of the results mentioned above, we see that problem (Py k4) requires further study.

In [20], the authors considered problem (P, , iz .); that is, a case in which the func-

tions K =1land g = (n+2)/(n —2) — e and ¢ is small, positive, and real. They constructed
simple interior bubbling solutions. They also showed the presence of interior bubbling
solutions with clustered bubbles. Note that, in the results of [20], all concentration points
in the interior bubbling solutions constructed (simple and clustered) converge to critical
points of the function V as e moves towards zero. The same phenomena appears in [21]
when the author studied the location of the blow up of the ground states of (Pv,l,% )

in the hall space. Indeed, he proved that, under some conditions of V, the ground-state
solution concentrates at a global minimum of V. In view of these results, a natural question
arises: what happens when the function K is not constant? In particular, do interior bub-
bling solutions (simple and clustered) still exist? If this is the case, do the concentration
points converge, as ¢ moves towards zero, to critical points of V or K? These questions
motivate the present paper. We show that simple interior bubbling solutions still exist and,
in contrast with problem (Py, | 12 _,) studied in [20], we prove that (PV/K/ g .) has no
interior bubbling solutions with clustered bubbles. In addition, we show that the presence
of a non-constant function K, in equation (Py, ; ny .), excludes the role played by the
function V in determining the locations of interior concentration points. Indeed, ignoring
the presence of the function V, all the interior blow-up points converge to critical points of K
as ¢ moves towards zero. To state our results, we need to define some notation. Throughout
the remainder of this paper, we consider the following nonlinear Neumann problem:

—Au+V(x)u=Kx)ubP"5,u>0 in Q,
(Pe) : u _
v on aQ,

where Q) is a bounded domain in R” of class C!, n > 4, ¢ is a small positive parameter,
p+1 = ;2L is the critical Sobolev exponent for the embedding H!(Q) < L1(Q2), and K
(resp., V) is a C? (resp. C?) positive function defined by Q).

Problem (P;) has a variational structure. Solutions to (P;) are the positive critical
points of the functional

1

Ie(u) = %/Q(|Vu|2+ V(x)uz) T p¥i—e

[ Kol )

defined by H'(Q) equipped with the norm ||.|| and its corresponding inner product
given by:

2 _ 2,2 _
]| —/Q(|VM| +u )dx, (u,v)—/Q(VuVU—FuU)dx.

Note that all solutions u, to (P;) satisfy ||u¢|| > C with a positive constant C indepen-
dent of . Thus, the concentration compactness principle [22,23] implies that, if u. is an
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energy-bounded solution to (P) which converges weakly to 0, then u, has to blow up at a
finite number N of points of (2. More precisely, u, can be written as

N
ue =y K(al-,s)(27”)/45,11./8,AilE +7v. where )
i=1
loellgn =0, Aje = 0,8, >a; €Q Vi as e—0, (3)
2-n
Aig A 2\ o
g = (A?S + Aff + AieAje|aie — ajel ) —0ase—0 Vi#j 4)
7€ ie

and J, ) are the so-called bubbles defined by

n—-2
)LT n—2

dan(X) = co —5 A>0ax€eR", ¢g=(n(n-2)) % )
(A2 |x—ap)

and which are, see [24], the only solutions to the following problem

+2 .
—Au:u%,u>0 in R".

In this paper, our aim is to deal with the qualitative properties and existence of interior
concentrating solutions for problem (P;). More precisely, we consider the case where

d(airs,80)2d0>0 ViE{l,"',N}. (6)

We first start by studying the asymptotic behavior of solutions to (P;) which blow up
at interior points as ¢ moves towards zero. It should be noticed that the symmetry of the
domain simplifies the choice of the blow up points and reduces the number of unknown
variables. In this paper, our results are proved without any assumptions of the symmetry
of domain or of the function K. We give a complete description of the interior blow-up
pictures of solutions that weakly converge to zero. Namely, we prove:

Theorem 1. Let n > 4, K (resp., V) : O — R be a C® (resp., C?) positive function, and y, - - “Yq
be the critical points of satisfying K; if n > 5, then we make following assumption

_ AK(yi) .
— +d,V(y; 0 Vie{l,---,q}, 7
2 K(yi) n (]/1) # { l]} (7)
where
=2 [ BPP-1) S s
=35 /JR” 5 <) dx and d, = 5 w (14 2Py T dx.

Let (ug) be a sequence of solutions of (Pe) having the form (2) and satisfying (3), (4), and (6).
In addition if the number N of concentration points (defined in (2)) is bigger than or equal to 2, we
assume that all the critical points y's of K are non-degenerate. Then, the following facts hold
(i) Foranyie€ {1,---,N}, thereexists j; € {1,-- - ,q}, such that the concentration point a; .
converges to the critical point y;, of K as ¢ — 0. In addition, if n > 5, we have

_ MAK(yj,)

—C
> K(y;)

+dnV(y;) > 0. (8)
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(i) Foranyie€ {1,---,N}, we have
d InA;, .
LV ()T = e(1+0:(1)) if n=4, o
o MK(y;) | 4, .
(- 2%k + 8v(y)) ke =e(+o1) if n>5,

where dy := 2+/2 meas(S®) and

(=2t [ (P DI ef)

a= g % (1 + [x]2)n 1

(iii) If the number N of concentration points satisfies N > 2, then N < m and a positive constant
c exists independent of € such that the concentration points satisfy

|ai,£ _ak,e‘ >c Vi#k,

where m is defined by
| cardinal of {y is a non-degenerate critical point of K} if n=4,
| cardinal of {y is a non-degenerate critical point of K satisfying (8)} if n > 5.

Remark 1.

1. When the number N of the concentration points satisfies N > 2, the non-degeneracy assump-

tion is used to show that two concentration points cannot converge to the same critical point of

K. This shows that the presence of a Morse function K in the equation (P, ; n+2 ) excludes
=2

the existence of interior bubbling solutions with clustered bubbles.

2. Theorem 1 also excludes the existence of solutions which resemble the form of a super-position
of spikes centered at one point, as in the slightly super-critical problem [25].

3. Itis easy to construct a function K satisfying (7) and (8) for any positive function V. For
example, assuming, without the loss of generality, 0 € Q) and taking a positive real 7y such
that B(0,27y) C Q. Let a := (v,0,---,0), we can take

K(x) = R —In(9? +2|x — a|?) — In(y* 4 2|x +a|?)

with R chosen to be large so that K > 0 in Q). By easy computations, we can check
that AK(x) < 0 for any x € Q, and K has only three critical points which are 0, b :=
(v/ V2,0, -, 0), and —b. These critical points are non-degenerate. Clearly, (7) and (8) are
satisfied for any positive function V.

Our next result provides a kind of converse of Theorem 1. More precisely, our aim
is to construct solutions to (P¢) which blow up at multiple interior points as ¢ moves
towards zero.

Theorem 2. Let n > 4, K (resp., V) : Q — R be a C3 (resp., C?) positive function. Let N < m
(where m is defined in Theorem 1) and y1, - - - yN be non-degenerate critical points of K. If n > 5,
we further assume that they satisfy assumption (8). Then, there exists, for e small, a sequence of
solutions to (Pg) which decomposes as in (2) with the properties (3), (4), (6), and (9). In particular
(Pe) admits at least 2™ — 1 solutions.

To prove our results, we make a refined asymptotic analysis of the gradient of the
functional I, and we then test the equation using vector fields which make possible to
obtain balancing conditions satisfied by the concentration parameters. Through a careful
study of these balancing conditions, we obtain our results.

The rest of this paper is organized as follows: in Section 2, we make a precise estimate
of the infinite dimensional part of u,. Section 3 is devoted to the expansion of the gradient
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of the functional ;. In Section 4, we study the asymptotic behavior of the solutions to
(P¢) which blow up at interior points as e moves towards zero. This allows us to provide
proof for Theorem 1. In Section 5 we construct solutions of (P,) which blow up at multiple
interior points as € moves towards zero which gives the proof for Theorem 2. Lastly, in
Section 6, we present some future perspectives.

2. Estimate of the Infinite Dimensional Part

For N € N*, let (u,) be a sequence with the form (2) with the properties (3), (4), and (6).
It is well known that there is a unique way to choose Ai, g, a; ., and v, such that

N
U = 2 Déi,e5a,~,€, Ao T Ve with (10)

a;{g”’zK(aiﬁ)—l —0ase—0 Vie{l,... N},
Qi =8 €, Aijg —ooase >0 Vie{l,... N}, (11)
8,‘]‘—>0aS€—>0 Vi # j, ||7Jg||Hl—>O/ Ve € Eg e

where (g, Ae) € QN x (0,00)N, E,_,. denotes
904, A
Eqhe = {ve H'(Q / VoVé, . / oy Lishs :/ Vo—ttis _ g
’ ier 1& aAlS Q aage
VI<i<NVI<j<n} (12)

For the proof of this fact, see [26,27]. To simplify the notation, we will set, in the
sequel, a; = a;¢, AMi = A, g,6; = 04, rig i = e, and E; y = Eg, \e. Throughout the sequel,
we assume that 1, is written as in (10) and (11). To study the case of interior blowing-up
solutions, we need to introduce the following set

O(N, o) = {(oc,)\, a,0) € (RN x (RN x QN x HY(Q) : o "2K(a;) — 1] < po,
Aj > ]151, elnA; < po, d(a;,0Q0) > c,e;; < po, v € Egp, [0 < yo}, (13)
where p is positive, small, and real.
Next, we are going to deal with the v-part in (10). To this end, we perform an expansion
of the associated functional I, defined by (1) with respect to v € E, , satisfying |v| < o,

where y is a positive small constant. Let (¢, A,a,0) € O(N, ug), taking it = YN | «;6; and
v € E, ) with ||v]| < po, we observe that

/|V|+/|V|+2/ —I—%/vaz
e

But we have
K(x L't+vp+l_€:/Kxﬁf’+1_s+ +1—c¢ /Kxﬁ”_sv
| K@i+ [ K(x) (p+1-¢) | K(x)

+ (P +1 —;)(P — 8) /QK(x)ap—l—sUZ + RE(U),

where

p+1l—e “p—2—¢|,13\ _ min(3,p+1—¢)
</|v > Y (ifn< 5)0(/01,&’ |v|) O([[omnG+1-9)  (14)
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which implies that

L7 +0) = L() + (I, 0) + ~Qe(0) + Re(v)  where

2
<l€rv> = /Q V(x)ﬁvf/()[((x)ﬁp—svl 15)
v) = /Q|VU|2+/QV(X)UZ(JC) — (P—€)/QK(X)12P71*502' (16)

Notice that the derivatives of R, satisfy
Ri(0) = O(||o|™@P=)) and  R!(0) = O|fo|n#~14)). (17)
Next, we are going to prove the uniform coercivity of the quadratic form Q.

Proposition 1. Let n > 3and (x,A,a,0) € O(N, uo). Then, there exists eg > 0 and C > 0 such
that, for € € (0, ), the quadratic form Q, defined by (16), satisfies

Q:(v) > Cl|jv||*> Yo € E,z.
Proof. On one hand, since eIn A; is small and ) is bounded, Taylor’s expansion implies that
57F = cgeA; 22 (1 + o(sln(l +A2)x — ui|2)>) =1+0(1). (18)

On the other hand, letting v € E, ), we have

N
e/QKa”’l’evz < CSZ/ P71 < cello]?, (19)
i=1
N oy 5.\ (P=1)/2 2 ; >
/ Kl 172 = Z/ K(a;6;)P 17502 + 2]#lo(f0(5151) U) it n=>4, 20)
0 i=17Q Z]#O(fﬂ 5?(5]'02) if n=23.

But, using estimate E; of [26] and Holder’s inequality, we obtain

(p-1)/2 2 n/(n-2) 2m o 2/(0=2) 1N/ ny 2
/Q((s,«(sj) ? (e " Pmegt) o) = e/ P neg P of2. (@1)

Thus, combining (18)-(21), we obtain

/ \w|2+/ Vo2 o 1/ KoP 10 + o(|[o]|2). 22)

But, we have

W7 [ Koo = oK /5” 1v2+o(/ IK(x) — K(a;)[s"" 2)
(@)

and we notice that
/ IK(x o) 1o < c/ lx — a;]6P " '0% = o(||o]|2).

Using the fact that zxfflK(ai) =1+o0(1), we obtain

N
= VZ/VZ— /5”12 2), 23
Jolvert+ [ Ve =p L [ oo +o(lol?) 23)
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But, according to the proof of Proposition 1 in [20], a positive constant ¢ exists such that

N
sz—i-/VvZ— /§P7102>c02
Jolvor+ vt =p [ o7 = el

which gives the desired result. The proof of the proposition is thereby complete. [

Next, we are going to give the estimate of the infinite dimensional variable v,. Our
result reads as follows.

Proposition 2. Let n > 3and («,A,a,0) € O(N, po). Then, if ug > 0 is small enough, a unique
0e € E, ) exists which minimizes I (Zilil ;g 7, + v) with respect tov € E, 5, and ||v|| is small.
In particular, we have

N
<1;( Y wibap, + ag),w> =0 VYw€E,,. (24)
i=1
In addition, 0. satisfies the following estimate
||77€H < CR&,a,/\/ where (25)
2—n)/2 .
Y »s~+2/\( ifn <5,
VK(a) e f

+{ Tjzieij(ineg 12/3 4 A72(In A)?/3 ifn =6,

Z:] #i 1]”""2 /(Z(n_z))(11’18;1)(”+2)/(2n) +/\;2 an >7.

ea)\_5+2

Proof. Using estimate (17), Proposition 1, and the implicit function theorem, we derive
that, for a e small, 7, € E, , exists, such that ||7¢|| = O(||l¢||), where I, is defined by (15).
Thus, we need to estimate [.. To this end, letting v € E; 5, we observe that

N N
/Va|v|<czai/ 5ilo] <Y [0l R(A;)  where
Q i=1 7 i=1

R(A;) = AP it =6, (26)
S D R T S
We also observe that
p*S
N Y. 0 0;0:) 2 |v if n>6,
/()Kapfsvzzaf*/ﬂmffsw 7 (f”( ) | |> 27)
i=1

LiziO(Jo o CGlel) i <.

But, using (18) and estimate E, of [26], we obtain

n+2
—e I n_ ”+2 n+2
| (66) % el < /@@4v<{é@m"ﬁ loll < clloflel™? ' e (28)

Forn <5,wehavel <

- +2 it follows from (18) and Lemma 6.6 of [19]

that

n+2
. —1- . -1 . ;127" nSi &
o Sajv|=o(/0(sf (sj|v):o |v|(/0(5].+2(5i24> — O([[oll ). (29)

For the other term in right hand side of (27), using estimate (18), we obtain
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/()Kéf*sv:cas)te—%w A l,v+O(s/Q(5ip|v|ln(1+A?|x—ai|2)>
e _e(n=2) p 14
= ciAe K(a,«)/Q(SZ.zH—O \VK(ai)|/Q|x—ai\5i 10|
+O</Qx—ui|2(5f|v|+s|v]|). (30)
Observe that
. . (n+2)/(2n)
) P el
[ b= aeltol < el [ - af et ™) < e, a1
(n+2)/(2n)
- cllo]
= aiPoflol < clol( ) bx = afi2a ) <<l 32)
Q ! Q ! As

Now, using (6), the fact that eIn A; is small, and v, € E, 5, we obtain
94;
—¢ P 7t
o Ae” o2 /(5 </30 al/vf_|)

_ 1 _of el
O<W /m'”'> *O(W—z)/z)' (33)
i i

It follows from (30)—(33) that

p—e _ ~(IVK(a)] o]
/QK(SZ. v=0( y |\v||+/\imin(2,(n72)/2)+£Hv||). (34)

Combining (26)—(29) and (34), our proposition follows. [

3. Expansion of the Gradient of the Associated Functional

In this section, we are going to perform the expansion of the gradient of the associated
Euler-Lagrange functional I, in O(N, up). Notice that, for u,h € H'(Q), we have

n) :/ Vu.Vh+/ Vuh—/ KlulP~1¢uh. (35)
@) Q Q

Let (a,A,a,0) € O(N, ). In (35), we will take u = Zfi1 «;0; + e := 1 + 0, and
h = f; € {6;,1i96;/9A;, A;laéi/aai} with 1 <i < N. Thus, we need to estimate each term
in (35). We start by dealing with the last integral in the right hand side of (35). Namely, we
prove the proposition below.

Proposition 3. Let n > 3 and (a,A,a) be such that (x,A,a,0) € O(N,ug). Let us denote
that i1 = Zfil w;6; and u, = 1 + T, where T in defined in Proposition 2. Then, for f; €
{0;,A;95;/0A,, /\i_laéi/aai} with1 <i < N, the following fact holds

/QKWS’piliEMSfi :/QK(“i(Si)p p—¢ };/ K(a;j0)P~ =% (a0g) fi
+k§/ (axdR )P fi+ (p— )/QK(“z‘KSi)p_l_sﬁefi

+O(||Z7£H2+Z€]?;T1z lngg}) lf1’1_3 (Zekrln2/3 —1) (36)
k#r k£
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Proof. We have
/K|L{ |P 1- eusf /Kup efl p—e /Kup 1- Evsfz
O / TP 8 Fil + P2-€15. 121 £:.1). 37
( [ﬁsmul Uil (o <] 7] |f") (37)

Observe that

IR R e T A e A
< elfz|

Thus

| Kludrcucf = [ it (p—e) [ Kt Utofi+0(led?). 69

To deal with the second integral in the right hand side of (38), we write

ok eadi= |,

Qi={xeQ: ) md(x) < 1061'51'(95)}-
i 2

For n > 6, we have p — 1 < 1. Using (28), we obtain

+ / . .-+, where (39)
Jo\o;

i

n+2

Joe Kl Goellfil < e [ (0000 ol < e L fadleg” ™ (neg) 5. 40)
k#i k#i

and for n < 5, using (29), we obtain

Jo Kl el < e X [ (00 <aia

k#i

§c||vg\|Zeikgc\|z7g||2+628%k. (41)
ki ki

For the first integral in the right hand side of (39), we write
Jo K aef = [ Kl oefi 40 [ (i) (X () ) el L)
i k#i
_/ (:8:)P 150 f — /Q\Q K(a:6;)P~1=¢5, f;

4 (if n > 6)0 Z/ (6:6)8[2c]) + (if n < 5)0 Z/(s ‘o). @)
k#i k#i

Using Estimate E; from [26], (39), (40), and (42), we obtain
/ KaP 1745, f; —ua / K(Sp = ez?gfl—b—O<|\v€|| )

+O<I;<si’}<‘2 lnsﬁcl) 2

min(

(43)
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Now, we are going to estimate the first integral on the right hand side of (38). To this
end, letting ); be defined by (39), we write

Ka'~tfi = [ Kal™f, Ka! " fi = I + b, 14
/Q fz 0; € fl+ 0\ € fl 1+ 1 (44)
For the first integral (I;) in (44), using (18) and the fact that |f;| < ¢d;, it holds that

L :/Q‘K(“i@)p_sfz’*'(lﬂ—e)/ﬂ K(ao:)P =1 s(Z"‘l<5k)fz

i k#i
+o(/ (ai6) 2(Zak(5k) £)
k#i
_/ p((S p—¢ Z/ 0((5 zxk5kfi
k#i
+(ifn > 4) Zo(/ (60077 ) + (ifn =3)0( % [ 5#47).
kA 7@ ki

Thus, using Estimate E; from [26], we obtain

L=al" /KJP fit(p—ce Z/ K(a;0;)P 1% (abp) fi
k#i

+(ifn > AJ:)O(si"k%2 Ine; ) ++(ifn= 3)O(s§k(lne;cl)%). (45)

For the second integral on the right hand side of (44), using (18), the fact that | f;| < cd;,
and Estimate E, from [26], we have

p—e
K_pis ;= K ) A / 5 5
/Q\Q' il f; oG, (Z:iock k) f,—i—O( (};ak k) (a; )|ﬁ|)
kz# /Q K(adi)? " f; (m;k# o, 0 (G aﬁﬁgﬁu D)

+o( Z/ 5k5nz +(if n = 3) Z/ oo
_Z/ (ady)? ef—f—O Z/ (6x0r) nz + (if n =3) (Zslkln2/3 *1)

ki k#r k#i
_Z/ (axdi)P~ gfl—l—O(Zs;jzlnsk ) + (if n =3) (Zs In?3¢; ) (46)
k#i k#i

Combining (38), (43), (44), (45), and (46), we obtain the desired result. [

Next, we deal with the linear term in Proposition 3 with respect to 7. Namely, we
prove the following Lemma.

Lemma 1. Let n > 3 and («, A, a) such that (a,A,a,0) € O(N, uo). Then, fori € {1,...,N},
the following fact holds:

T . 95;
< cllae| <e+ [VR(a)] | 1) N {cllvsliw if fi € {6, A 3903,

/K(s’” e f; ,
2 _ 3 .
’ Ai Aj cl[vel| /7] if fi= )%,-g%f

where U, is defined in Proposition 2.

Proof. Using (18), the fact that | f;| < ¢d;, (31), and (32), we obtain
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/Kéf’*l*gﬁ f;
o i e]i
= K@) [ o 0cfi+ O(IVK@)| [ [x—alel (ol + [ x— 5]
B —&(n—2) 1. VK bl
=y K@) [ o g0 e + 1)
+o(s/ o] In(1 + AZ|x — i)
Q! 1 1
_ —&(n—2) 1. _ VK(a 1
= A Klm) [ o vgfi+o(||vg|\(| A(z al +F+£>) 47)
If f; = 4;, since 0 € E; , we have
p—]_ o P _ 3(5 5
n)/2

But, since a; — 4; € ), we have [96;/dv| < c)\527
we obtain

uniformly on dQ). Therefore

footon=o0( ) 9

1

If f; = )\i%, using again the fact that 9. € E; , and a; — a; € (), we obtain

pl o l/_ 96 —__ﬁ/ 9 (96 _ o 7l
/Q(Si vefi =My I A(E)/\i %= faav \ax, ”E_O(Aqn—zwz)' (49)
1

Lastly, if f; = - a—‘s we obtain, in the same way,

P15, f = 9065\ _ 1 995\ _ Ll
/5 Zp/ A(E)a) ~ pA; Jaa ov \ 9a; Ue_o</\:?/2)' (50)

Clearly, our lemma follows from (47)-(50). O

Next, we are going to make the statement in Proposition 3 more precise.
We start with the case where f; = ;.

Proposition 4. Let n > 3 and (a, A, a) such that (x,A,a,0) € O(N, ug). Let us denote that
Ue = Zil\il «;6; + e 1= il + D¢, where D is defined in Proposition 2. Then, for 1 <i < N, we have

1 pe —e(n—2)
/ Klu|P™ "fud; = a; "A; 2 K(a;)Sy
Q

+O(s+ﬁ+||vg|\ +kz7él£lk> zfn—3)O(;i).

Proof. Using (38) and (43) with f; = ;, we obtain
/K|ug|p -ey5, —/ Ka?~¢5; + (p — €)a” /Kcs’” 0+ O (o2 + Lew). 61
k#i

The second integral on the right hand side of (51) is estimated in Lemma 1. For the
first one, we write
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[ Kt = o= [ ke Y 0( [ oo+ [ a0])

k#i

/ Kslte 4 O( Zfzk)

k#i

Now, observe that, for r positive small, using (18) we obtain

/ KePH e = K(ai)/ Sy o(/ |x — aizzsf“) +/ Kl
Q B(a;,r) B(a;,r) O\B(a;,r)

—&(n—2)

CP—H_S)L 2 dx 1

= K(ai) / : s(n 2) + o /\2 /\n
(1+[x[2)" i

—e(n—2) 1
o serofer 1),

i

Combining the previous estimates with Lemma 1, we easily derive our proposi-
tion. O

Next, we take f; = )\i% in Proposition 3 and our aim is to prove the following result.

Proposition 5. Let n > 4 and («, A, a) such that (x,A,a,0) € O(N, up). Let us denote that
Ue = Zfil «;0; + T := 11 + Tg, where T is defined in Proposition 2. Then, for i < N, we have

96; g, —t2) AK(a;
/()K|u€|p*1*£u€)\'—l =al A2 (—c‘lsK(ai) -0 /\(;L)) —I—O(HﬁEHZ) + O(R)
i

oA
+c1 Z }\l
k#i Ai

1—¢ f€<372) p—l-e 78(372)
K(ﬂl‘))\i —|-D(k K(ﬂk)/\k ,

where ¢1, ¢; are defined in Theorem 1 and

VK(@@)]?  (InAg)?
R=¢+ +Ze,’gzlns +Z | + ,
A?Z iz ( A2 A )

2n

=

)
n+2 "
2

= | ———
AP

Proof. Applying Proposition 3 with f; = A;(d4;)/9A;, we need to estimate the integrals
involved in (36). For a small positive r, since K is a C3-function on O, we have

P—e)
R
96; 96;

3 _ 1 3 _
— K(a: [ Phad ,/ D2K(a)(x — a: x — a:)oF A, —L
(Ll,) /B(ai,r) 51 Al a)\‘ 2 (a;,r) (al)(x i al)él Al a)\i

o) 1‘*5”“) o( ) 52
* (/B(ﬂi,1’>| ~ai " At 2

Next, we recall the following estimate which is extracted from [20] (see estimate (91)

of [20])

Y s I
p=ey T a2 i 2)
/B & Mgy = e +of 7 +2) (53)
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Combining estimates (52) and (53), we obtain
creK(a;)  AK(a;) ¢, 06;
K(sps C1€ i + i / x_a‘25‘l7 At
/ 18/\ /\'e(ﬂ2—2) 2n JB(a; r)| i, "aA;
1
\0n
+O<£2 + (lr”\;) ) (54)
A°
1
But, using (18), we have
1 2cp—¢ 851'
— — PP TN
2n /B(a,w) |x al' 51 la/\i
e =D 1 (n—2) |x|2(1 — |x|?)dx €
— E)L- 2 . / O —
‘o % AZ dn ©OAr) (14 ]x[2)ntt * ()\12)
—e(n-2) 1 €
=-0A; 7 S 4+0(+ ) 55
2h <A? /\12) 9)
Thus, combining (54) and (55), we obtain
z —e(n=2) _ =222 AK(g; InA;)on
/ KsP™A la)f —ored; T K(a) — e[ 2 #qLo(ser%). (56)
1 1

Next, we are going to estimate the second integral on the right hand side of (36). To

this end, using (18), we obtain

p—1—e '%_ / p—1—e %
p/QK(Si By = pK(@) [ oo

+O<|VK(ai)|/ xai|(5f5k>+0(/0|xai|25f(5k)

— pK(a )cgs)f;z/ o 15,()\1854—0(/ 5%)
oA rRN\Q
+O<s/ﬂ§ip5kln<1—|—/\12|x—ai|2>>
RN e
+O<|VK(111»)|</Qx—ai|2(5i” 2) ([ 072) )

1\2/n a5
+o<(/ﬂ|x—ai|"5f’+) }(/Q((Siék)n—z) ) (57)
But, using estimate F16 of [26], we have
-1 06; 85 oe s _
p/Rnéf (Sk/\ia—);:)\i/wélfa/\ 1)\18/\”‘ O<£ik21nsik1>. (58)
We also have
1 +1 il 2
576, = 5PN (6:60) < / s /5»5% ’
Jor0 2706 = fon 030 < ( ot )" ([ (6072)
/\2 exIns e, (59)

S/R” &g (14 A2[x —a;f?) < e/Rn((si(sk)éf’*1 In(1+A2x — ;)

< &g In"" e;cl. (60)
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And (57)—(60) imply that

1 85 _ —e(n-2) a =
p/QK(sf higt = etA; ! (ai)cl/\ZaA +o( zlnelk>

K(a; In A;)2/™
+O((s+ |V/\('az)\ + (n/\lz) )8ik(lne;(1)("_2)/”). (61)
t i

Now, in the same way, we consider the third integral in the right hand side of (36) and
we write

pS
/KfS Mo

K(ay /(5;7 A 9 +O<|VK ax \/ |x — ag|d; 5>+O</Q|x—ak|25£(5i>

—e(n=2)
= K(ag)cy Ay 2 al Oeix +O< g/ (n=2) lnsﬁcl)

la)\

K In A2 /(e
+0( (e IVAiak)l n (nAz;) Jer D (inegh) 2/ 62)
k

Combining (56), (61), (62), Lemma 1, and Proposition 3, we obtain the desired re-
sult. O

Now, taking f; = Al gil in Proposition 3, we are going to prove the following crucial result.

Proposition 6. Let n > 3 and («, A, a) be such that (x,A,a,0) € O(N, pg). Let us denote that
U = Zfil «;0; + Tg, where T, is defined in Proposition 2. Then, for 1 < i < N, the following

fact holds
_1— 1 9¢; _p . —tn=2) VK(Q) 1 O¢: 1 —e(n—2)
1 _ JPE = k p €
/QK|uE|7’J Sugxia—a’i—txi At C4Tl—|—cll§iock/\—i aall- a; K(aj)A; 2
1 —e(n—2)
+af K (ag) A, 2 ) +o(||z7€||2) +O(R;),
where
VK (a (In Ay )4/m
R; =¢ —i———f—Z' k +Z/\k|al ak\s +2£,’§r21nskr —|—Z k
k#i
=30 2 112/3 1 P 7”—2 p+1 |x|2dx
+(Fn=3) (Zew G) el a=T0 N L e
k#r ’
Proof. Taking r positive small and denoting that B; := B(a;,r), we write

—¢ 1 94; _¢ 1 94; 1 99;
Ko! LJ:/ KoP e = 2% / 5 5
/Q oA oa; B ' A da; O( RM\B; ' A ; )

1 96; 1
— . p—¢ 3 P+1
_/BiVK(al)( a;)0! A o0 +o / |x — a;| 36! A;?H)’ (63)

But using (18), we have

—¢ 1 9¢;
[, VK@) (=)ol 5 aal
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Notice that, for 1 < j < n, we have

1 05 & 9K 1 99;

/VK )f)\ 3(a ) :kz‘iaxk(ai)/&(x )51)\3( )
9K 1 05;
—ax]xai)/Bi( ] 3 3G

2

10K /\?—H(x - ai)'
S ¢ f

=(n—-2)c a; dx.
( )% ax B (14 A2|x — a;]?)r+1

We notice that the last integral is independent of the index j. Then we obtain

+1 2
= -2 Sy, [ e

p1
VK(a;)(x —
/ (x —a)df i 7 o(a;); i)j (1+ AZ|x — a2+

_(n—)pﬁag ,1/ W
o n ‘0 ax]'(al)')\i B(0,A;1) (1+|x|2)n+1dx

oK G4 1
Clearly, (63), (64), and (65) imply that
: 196  _, =t=2  VK(a;) e|VK(a;)| 1
p—e - 9% _ —ey —2 i i 1
/Q e R o< N ) (66)

For the second integral on the right hand side of (36), following the proof of (57), we write

Cger1es, L 9%
P/ Ko Ok )\ oa;

/510 1 19‘5+o(|v1<(ai)/Q|x—al-|5f5k>+O</Q|x—ﬂi|25f5k>

e(n=2) 1. 1 94;
— p—1
= pK(a;)c, SAl : /n o Ok K2 o

+O(((ln)?zi) +et |Vi(iai)|)£ik(1n£ﬂ(l)(n"2))' ”

=N

But, using estimate F11 of [26], we have

b1 106 1 [ 05 10 iy
p/w(si 33 3 = 1 o b = O e O Melei el ). (68)

Combining (67) and (68), we obtain

—1— 1 99; _ —e(n=2) 1 o¢ Z%l
p/QK(Sf eékxa—a" ST )61)\—8—”{ + O Agla; — agle)”
1 1 1

. N2/n
+O<<€+ |VI;(”1)| + (ln);\’; )&'k(lns;cl)(n_z)/n). (69)

Lastly, in the same way, we deal with the third integral on the right hand side of (36),
and we write
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_¢ 1 96;
p—e 1 00;
./QK(S" Aj 0a;

= Klaw) o+ 2 0| VKtap) [ ot ol —an) +0(

= : \xfak\zélféi)

ag,r
—e(n—2)

_ 1 oe atl
= K(a)cy A, 2 (cl X on ik +O()\k\a, ak|sfk2))

VK In Ag)2/" —1(n—2)/n
+O<<s+‘ /\(kak)|+(n/\;%) >sik(ln£ik1)< 2)/ > (70)

Combining (66), (69), (70), Lemma 1, and Proposition 3, we obtain the desired result. [

Now, we are ready to give the expansions of the gradient of the associated Euler—
Lagrange functional I; in the set O(N, pp). Namely we prove the following crucial result

Proposition 7. Let («, A, a) be such that (a,A,a,0) € O(N, ug) and Let u = Zfil @i0g; 7, + Ve,
where Ty is defined in Proposition 2. Then, for 1 <i < N, the following facts hold:
(i) Forn > 3, we have

&(n—2)

(Il(ue),6;) = a;Sn (1 A W K(ai)> +O(Ryi(g,a, 1)),

where S, is defined in (83).
(ii)) Forn > 4, we have
94; In?" A; e, —n22 [ AK(a;)
’ o p—e _ _
<I€(u€),Aia—);> = —dua; V(a;) 22 “al A2 <c2 2 2+ ¢eK(a;) |,

1

e(n=2)

de 11— —
+ 1 szk A a/\’k [1 - Y ocf gK(aj)/\]. z
j=ik

+O<R2i(s, a,/\)),

where dy = 242 meas(S3), c1 is defined in Proposition 5, and where €1, Cy, dy, for n > 5 are
defined in Theorem 1.
(iii) For n > 3, we have

/ 1 85 o p—¢ —@ _ VK(IZI)
<I( Uy 8a,> G oA “4TN
1 aS 1— 78(1‘!72)
+ Z“k)\ aalk |}— Z P E i i 2 +O(R3i(s,a,/\)),
i =ik

where ¢4 1s defined in Proposition 6 and where

Rii(e,a,A) = e+ |5 +Z£1]+Z

7 /\” 7t Af 1 ifn=4
s |VK ak N ln/\k)4/” Nooq
Ryi(e,a,A) = &>+ Y e/ ?Ine} Z +3Y ( v +) =
kr =1 k=1 k k=1
In?" (min(A;, A B
+ T ealay - ag Pl In o, — ak||+2 ettt e,
kyéz k#i
VK(a
R3i(e,a,A) = €2 + —l-z | zk + ) Axla; — ak|s” w2 + Y e 72 Ine, !
M iZi kZr
ln/\k
+Z +” 8H2 /\ Zelk+z)\n 1°
k [kt

Proof. Claim (i) follows from estimates (50)—(54) and (56) from [20] and Proposition 4.
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Next, we are going to prove estimate (ii). First , we know that (see Estimate (51)

of [19])
_n_ _ 1

/ Vu.V ( ) chzxk)\l a)ik —i—O(Zs;}(‘z Ine;! —i—Z“) (71)
iZi kM

Second, taking r positive small and using estimates (52),(53) and Lemma 6.6 of [19],
we obtain

W _ e % a5 :
/()VLLSA’BTH_MV(QI).A;( )5/\18/\ +O(/B(ur |x — a; (5)4—0(/0\8(’“)(5

s, 9% e
+]§;/Q%V5]Ala)t- +o(/0|v£|51)

In" A
= —duV (@)= + O L eilai — ap P In [a; — ay)
i k#i
1 o (min(Ag, Ay)) 2
+O(M)+O<I§ielkh‘ o ) +oled?)
1
4
. In3 A;
+(1fn=6)O< e 1> (72)
1

where we have used (26).
Combining (71), (72) and Proposition 5, we easily obtain Claim (if).
To prove Claim (iii), we first use Proposition 3.4 of [19] to derive

1 99; n+l
/ Ve - ( ) =ay Zock alk +O(ZM T+ ) Aklai — ak|s;;;2). (73)
l

Ai ki k#i
Second, taking r positive small, we write
1 94; 96;
Lvee s =o( [, o 1\ il + b sz)
+o(% [ Vo~ /|g| (74)
ezl A
But, using Lemma 6.3 of [19], we have
A3 if n >5,
1|99 ) ‘s .
/ S |5 |x — ] < 67 <c{ A InA; ifn =4, (75)
B(ajr) Ail04; )‘ B(a;,r) 1_7_ .
A if n=3.
1 196; c
/ Six 3| < w1 (76)
O\B(a;,r) A /\i
n+2
(Si % 2n
[t 32| <ol f (5er)
A32 if n=3,
<cllTell4 A2 AN if n =4, (77)

A2 if n> 5.
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Furthermore, for k # i, it holds that
<c / _ 9%
— Ja Ajlx — a
1
1

< £ 5:6,) 2 & T 78
Ai(/( 2 ) (/ |x—al|" 1) syl 9

Combining estimates (74)—(78), we obtain

1 a(s 2 1 (ln/\.)ﬂn
/ Vite+ O(Jlee|? + o Y i+ ) 7
ki A

96;

1
Vo —|—
/Q k)ti

Combining estimates (73), (79) and Proposition 6, we easily derive estimate (iii). This
completes the proof of our proposition. [

4. Asymptotic Behavior of Interior Bubbling Solutions
Our aim in this section is to study the asymptotic behavior of solutions to (P;) which
blow up at interior points as ¢ moves towards zero. We begin by proving the following
crucial fact:
Lemma 2. Let n > 3 and (u;) be a sequence of solutions of (Pe). Then, foralli € {1,...,N}, the
following fact holds:
elnA; — 0 ase — 0.

Proof. Multiplying (P;) by ¢; and integrating over (), we obtain

—Z i [ s 5—/Av€(5+2 i Vs + [ vix
—/ sz](s +v£)p_€(s,-. (80)

First, using Lemma 6.6 of [19] and Appendix B of [28], we obtain

—/()A(sjfsi:/()(sf(si:o(sij) —o(1) Vj#i (81)
+1 1
—/()A5i~5i:/05f _S”JFO(A?)' (82)
where p
szpﬂ/gg;if. 83
n CO R" (1+‘x|2)n ( )

Second, since ve € E; y and due/dv = 0, we observe that

—/Avsé 7/ V0. V5; — / %5 - / i lo(i/\z > o(1), (84)

In% A; 2\ B
Vs + [ v (”IO@@mna+Wd(5m )zdﬂ(%)

where o, =0ifn #4and o, = 1if n = 4.
Third, using Lemma 6.6 of [19], we get, for j # 1,

/Q V(x)5j0; = o(/O 5j5i) = O(eij) = o(1). (86)
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Next, we are going to estimate the right hand side of (80). To this end, we write

N p—e — —& —€
/(2K<]§aj5j+vs> 6; = /g:)K(tXiéi)p 8@4—0(;/@ (5]7) 51'—0—557 (5]))
Jro(/Q (leelP=6i+ 87 ~“Jed ) ). (87)
But, using Estimate E; of [26], we have

/Q (o7 +5“5'H) = / (668 + ((sizs«)(s;’*s)
(/ ) ( (517 1- s% ﬁ+/ (65:5)) e /(:)(Si(p—l—s)%>ﬁ>
_O(S”(h‘s DA >) o(1). (8)

We also have

/Q (|vg]”7£(5i + 5{"8\04)
. TZ n+2
< clloclr ([ ) T ol ([a77F) T o). @9)
Concerning the first integral in the right hand side of (87), we write

+1- C o p+l- ' +1-
ke =) [ o [ —afel )

Cg+1—£/\7?78(n72) /2

1 ‘x|/\7€(7172)/2
= K(a)/ 1 +O 7/ i
Y R (1 +Ai2|x _ ai|2)”*€(”*2)/2 ()\i Jrr (1 4 |x|2)nfs(n72)/2

Anfs(n72)/2
+ O(/ i )
R"M\Q (1 +A2|x _ ai|2)n7€(n72)/2

But, we observe that

Cp+1—€Aﬁ7£(n72)/2 Cg-&-lco_g)t;e(nfz)/Z

U :/ = A7D2(5, 1 0(e))
fe (A —a) D J oy ppprmz N

— O(/\ &(n— 2)/2),

<[
e o pm < o T
/\ﬁfe(n72)/2

1

*/R"\Q (1 +/\lg|xl_ai|2>”_5(”_2)/2 - O</\:l—s(n—2)/2) =o(1).

The above estimates imply that

e(n—2)

af‘s/ﬂmlf’“‘s = o K(a)A; 7 (Sn+0(e)) +o(1). (90)
Combining estimates (80)-(90) and using the fact that a} 'K (a;) =14 0(1), we obtain

Su+0(1) = A, P2(s, 1 0(1))

1

e(n—-2)/2

which implies that A, =1+ 0(1). The proof of the Lemma is thereby complete. []
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Next, we consider (1) a sequence of solutions to (P;) which have the form (2) and
satisfy (3), (4), and (6). We know that u, can be written in the form (10) where a;, A;, a;,
and v, satisfy (11). Using Lemma 2, we see that (x,A,a,v:) € O(N, ). Since u, is a
solution to (P;), we see that (24) is satisfied with v,. Thus, through its uniqueness, we
obtain v, = 9, where 7, is defined in Proposition 2. Therefore v, satisfies Estimate (25). We
start by proving Theorem 1 in the case of a single interior blow-up point, thatis N = 1. In
this case estimate (25) becomes

|VK((1)| A—min(2,(n-2)/2)  jf 4 £ 6,
< 1
o < efe+ 5750 ) +c A—21n2/3 ) if 1= 6. O
Combining (91) and Proposition 7, we obtain
n— A2InA ifn=4
1A= K (a) = 14 0(e) + ’ 92
: @=1+00+{" " "] @)
InA 1y _gn=2) 1
—dgV (@) + @l AT e eK(a) = O 4+ 53 ) (for m=4)  (99)
(n-2) 1 (n=2)
( —d,V(a) +aP 1A C_zAK(a)> 2 +aP 1A T e K (a)
VK@ 1  In?A
= O<£2+ | 2 | toet ) (for n>25) (94)
VK(a) 5 (InA)7 1
5 = o(e + T 4,n_2)) (for n>4). (95)
Putting (92) and (95) in (93) and (94), we obtain
InA 1
- d4V(a)? +cie= O(s2 + ﬁ) (for n=4), (96)

AK(a)
K(a)

2
>1+c‘18:O<82+ L +M) (for n>5). (97)

( —ng(a) +C_2 ﬁ /\7172 /\4

Using (96) and (97), we obtain

{e <cA2InA if n=4, (98)

e <cA? if n>5.
Putting (98) in (95), we derive that

|[VK(a)| <cA™l if n=4,
|VK(a)| <cA™2 if n>5.

This implies that the concentration point a converges to a critical point y of K. Using
this information, we see that (96) and (97) show that (8) and (9) are satisfied. This completes
the proof of Theorem 1 in the case of N = 1.

Next, we are going to prove Theorem 1 in the case of multiple interior blow-up points;
thatis, N > 2. Without loss of generality, we can assume that

A <A< <A

First, using the estimate of ||v¢|| given by Proposition 2 and the fact that u, is a solution
to (Pe), the Claims of Proposition 7 become
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_e(n=2)

(E“i) afflfe)\if 2 K( ) (£+Zgl/+zln Ak)
j#i k
AK(a;)y 1 0
(B1) i~ daV (@) nA)™ +2 z<<(a3))Az+““€ oL
(In Ay) VK (ay)|?
(€+2£kr+2 n k ) (2\ ak )| )
k#r k k
VK(a; nA;)o [VK( ak)‘ lnz/\k

(Eﬂ]_) ‘T (8 Jrké:rekr )x3 +Z)\n 2+Xk: /\2 +Zk: /\% )r

where dy = meas(S3 )c%, d,, is defined in Theorem 1 for n > 5 and where we have used
(Ey;) in (Ey,) and (Eg,).
Summing (E,;, ), we obtain

VK(a;)

LT

1
(e +Zek7—|—2 n)‘ +ZA”1—2)’ (99)

k#r i i M

Putting (99) in (E,,), we obtain

InA de
2 1 ik
—atd,V (a;) +aZcie— o1 Y ao)
l l Az2 k#i ZaA
ln/\k .
—0(€+Z€k,+2 ) ifn =4, (100)
k#r k
_ AK(Q') 2 asik
(cz K(a) —d,V(a )) py: +a2cie — ¢ Igizx,ock)\lW
—0(£+Z€k,+2 )1fn25. (101)
k#r k

Now, for the sake of clarity, we will split the rest of the proof into three claims.

Claim 1. For n > 4, we have

e+ Zskr < 1n)\1)
k#r

To prove Claim 1, we first notice that

azk

>celk and —/\igg)ik

Oejk
—/\k 8)\ > CEjk fOT’ )Lk > /\l’. (102)

Thus, multiplying (100) and (101) by 2! and summing overi € {1,--- , N}, we obtain

(InAq)%n ogjx (InA1)7n
O ——— =oe+ ) e +-—5—). (103)
( A2 ) : 8/’\ < k#r ' M )
Clearly, the combination of (102) and (103) completes the proof of Claim 1.
To proceed further, we introduce the following set
D={1- NI\ {j<N: 2 5o} (104)

Aj

Then, our second claim reads:
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Claim 2. For each j € D, there exists i; such that the concentration point a; converges to a critical
point Yi; of K. In addition, we have

)L]|a] _yi]-| < ¢ In” /\] and i]' #ix VjkeD with j#k
To prove Claim 2, letting j € D, we put Claim 1 and estimate (99) in (E,,). This leads to

VK(@)| _ _(nA)® __(nd)™

oSS S (109
]

]

which implies that |VK(a;)| tends to 0. Hence, there exists i; such that the concentration point
aj converges to a critical point y;; of K. Furthermore, since y;, is assumed to be non-degenerate,
Estimate (105) implies that

/\]\a] — yi]-| < /\JIVK(LI])‘ <c (ln)\]’)gn

To complete the proof of Claim 2, arguing by contradiction, we assume that j, k € D exist with
] # ksatisfying y;, = ;. Since j, k € D, we obtain

AjAglaj — ar? < c (In% Ap)2.
This implies that

(2—n)/n In%" A
ek > (c + ¢(In" /\1)2) > c(In Ap)27" >> n)% !

which gives a contradiction to Claim 1. The proof of Claim 2 is thereby complete.
Next, we state and prove the third claim.

Claim 3. The set D is equal to {1,- -, N}, that is, all the rate )\;s of the concentration are of the
same order.

To prove Claim 3, arguing by contradiction, we assume that D # {1,---,N}. Let
j = max D. Multiplying (E,,) by 2'a; and summing over i > j + 1, we obtain

O(M)"’C& Z 221—C1 Z Z““ZZAla/\ 70<£+Z€k7 ln)}\\Zl) )

Aj+17 >+ > 11 kZr

Thus, using (102) and Claim 1, we obtain

InAq)on
y Zel,+e_o((“A21) ) (106)
i>j+11#i
Now, using (106) and Claim 2, we obtain
1 n . .
Slkzo(%) 1fk2]+1,

(107)

on
< £ < o - (M) <
slk - (Al/\k|ﬂ]7ﬂk‘2)("*2)/2 — /\lil72 0 A% lf k < ]

Writing (E,, ) and using (107), Claim 1 and (106), we obtain, for n = 4,

InA InA
—d4V(ﬂ1)0¢1 —1= 0 (71 )/

M M
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which gives a contradiction. Therefore our claim follows for n = 4. In the same way for
n > 5, using (106) and (107), (101), with i = 1, implies that

CAK@)\1 /1
al(—ng(ll1)+C2 oy )/T% _o()\?). (108)

In addition, using Claim 2, the concentration point a; converges to a critical point y;,
of K. Thus estimate (108) becomes

(=avtun) ey =otn

which gives a contradiction. This implies that our claim also follows for n > 5.
To complete the proof of Theorem 1, it remains to be shown that Estimate (9) holds.
Combining Claims 2 and 3, we see that

c In7" A4 ..
Sz] > (Ai)tj)(”*Z)U 0( A% ) Vo 7é ]

Thus, for n = 4, using (100), for each i, we obtain

In A; |
—d4V(yk,)7l +oe= 0(
1

which implies estimate (9) for n = 4.
For n > 5, using again (101), we obtain

_ AK(y,) -
(—ng(yki)+cz K(yif() ))3124‘618—0(/\112)

which implies estimate (9) for n > 5. This completes the proof of Theorem 1.

5. Construction of Interior Bubbling Solutions

The goal of this section is to prove Theorem 2; that is, we are going to construct
solutions to (P;) which blow up at N interior point(s) as € goes to zero, with N > 1. As the
proof of the theorem is simpler in the case of one concentration interior point, we will focus
on the case of multiple interior blow-up points. The proof of the theorem for one blow-up
point is easily deduced from our proof by eliminating the terms which involve more than
one point. We will follow [20] (see also [29]). Let vy, - - - , yn be non-degenerate critical
points of K satisfying (8) if n > 5. Inspired by Theorem 1, we introduce the following set
which depends on the kind of the blow-up points we want to obtain.

M(N, &) = {(x,A,a,0) € (RN x (RN x QN x HY(Q) : |oci"%21<(ai) —1| < celn?e,
1 AZe

<
c In A;

<c laj—y| <ce’S V1<i<N,v€E, and|v| <cye}, (109)

where c is a positive constant, E; ) is defined by (12), 0, = 0if n > 5and 0, = 1if n = 4.
Notice that such a condition imposed on the parameter A; in M((N, ¢) implies that

1 . B Ve if n>5,
A—i—O(f(e)) with f(e)_{\/s/lnd if n=4.

We also introduce the following function

(110)

N
g :M(N,e) > R, (a,A,4,0)— g(a,Aa,0)= Ig( Z“iéaw\i + v).
i=1
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Since the variable v € E, ,, the Euler-Lagrange multiplier theorem implies that the
following proposition holds.

Proposition 8. (a,A,a,v) € M(N,e) is a critical point of g if, and only if, u = YN | a;0; + v is
a critical point of I; that is, if, and only if, ts (A, B,C) € RN x RN x (R")N exists such that the
following system holds

98 (a,A,a,v) =0Vie {1,..,N}, (111)
du;
98
S A,a0) _B/vm a)\2+2c1]/v N}, (112)
9ge 9%4; 8
o (w\a0) _B/vmla}\a +Zc,] WT “Lvie{1,..,N},  (113)
da;0a;
ng (a,A,a,0) % ( a(Pk atpk + ZC Ck]) (114)
Jdv =
where
90y
or(a, A, a,0) :/ VoV, Pr(a, A, a,0) = Ak/ VoV —=,
0O a/\k

5k

a

Crj(a, A, a,0) = /\k/V 811

The proof of Theorem 2 will be carried out through a careful analysis of the previous

system on M(N, ¢). Observe that 7,, defined in Proposition 2, satisfies equation (114).

In the sequel, we will write v, instead of T,. Taking (a,A,a,0) € M(N,e), we see that

U = ):il\i 1 ;0 + v¢ is a critical point of I, if and only if (a, A, a) satisfies the following
system foreach1 <i < N

(Ea;) (Ii(u),6;) =0 (115)
116
A A, aa (116)

() <1;( )a,aA> / vor, 2 o +Zc1]/ Vo
1 9%

/ —_—
(Fa) <I( " 9a; > B/W)”a)\a +ZC’]/V Ai dada;’ )

Notice that, since («,A,a,0) € M(N, ¢), we have

O(e"=2/2) if n>s5,

lai—aj| >c>0 and ¢g; = )
e/|Ing| if n=4.

The following result is a direct consequence of Proposition 7.

Lemma 3. For a small ¢, the following statements hold:

7/10 ; :
€ if n>5, € if n>25,
Jodl < ¢ T2 Ry=sc o=
Vve/llne| if n=4, e/|Ine| if n=4,
7/5 if n>5
Ry Ry < ¢ zfn_,
e/|Ine| if n=4,

where Ry;, Ry;, and Ry; are defined in Propositions 7.
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Next, our aim is to estimate the numbers Ajs, B/s, and Cl(]»s which appear in
Equations (115)—(117).

Lemma4. Let (x,A,a,0) € M(N,¢). Then, for a small ¢, the following estimates hold:

A; =O(eln*e), B;=0(e) and Cj=0(¢(e)) VI<i<N,VI<j<n,

BEL if n>5,
9(e) = /10 /IIne| if n=4.

Proof. Applymg £ (see (114)) to the functions J;, A; gf\‘ and 7 L a(s, , we obtain the following

where

quasi-diagonal system

=z

e+ 0((£()"2( L4 + 1B + L1Gy1)) = @iﬁfsl),

=

A~ T~
~
Il
-

(|Ak|+|Bk|+Z|CkJ )) <%g£ A’§i>

™=z

¢'B;+0((f(e)"

k=1 j=
N n
dg: 1 96;
ey n—2 , _ [ 98 1 9%
¢"Cy+O((f(e)) (k21<Ak|+Bk|+];|ck]>)) <av,maa£>,
where 5
2 .
c:/ |Vé;|?, = AZ-V% and ¢ = [ |2y (118)
R R" dA; Rr A aaf

Combining Proposition 7, Lemma 3 and the fact that (¢, A,4,0) € M(N, ¢), we derive
thatforalli € {1,---, N} we have

9ge o\ _ 2 dge | 90;\ _ age 196\
<av,(51>—O(eln €), <av'/\18/\i =0(e) and 90 %o = O0(¢(¢))-

Thus, we obtain
M(A,B,C)T = (O(eln®¢),0(¢), O(¢(e))T,
where M is the matrix defined by m;; = O((f(¢))"2) Vi # j and
c+O((f(e))"?) for 1<i<N

mij =< +0((f(e))"2) for N+1<i<2N
" +0((f(e))"2) for 2N+1<i< N(n+2),

where ¢, ¢/, and ¢” are defined in (118).
Hence Lemma 4 follows. [

Next, we are going to study equations (Ey;), (Ey,), (Es;). To obtain an easy system to
solve, we perform the following change of variables

_ p—1 In? A; o . <<
Bi=1—u«; K(a;), X = X e1+n;), zi=a;—y; 1<i<N, (119)
where
( ) d4 V( l) lf n= 4,
A= -0 ((y)) +d, V(y;)) if n>5.
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Using this change of variables, we rewrite our system in the following simple form:

Lemma 5. For e small, the system (115)—(117) is equivalent to the following system

= O(¢[Ing|) V1<i<N
(S) :O(£/5+|Z|) V1<i<N (for n>5),
D2K<y1>< )=0(&M0+ [zP) V1<i<N.
= O(e[Ingl) V1<i<N
(S) (1/|lne|+|zi|2) V1<i<N (for n=4).
DZK(%) (zi,.) = (\/W+|zl|) V1<i<N.

Proof. Using the fact that

n-2

T =0 1 0() and A7 =140(ehnA;),

1 1
we see that equation (115) is equivalent to
(Ey,) Bi=0O(e|]lne]) V1<i<N.

For the second equation (116), we start by the case where n > 5. Using Proposition 7
and Lemmas 3 and 4, we obtain

fe— (_E2AK(ﬂi) +d, V(ﬂi))i _ 0(87/5).

K(a;) A2
Writing AK(a2: AK (v
Vi) = K + Oz Gt = i+ 0l
we obtain
Ai = O(25 + |zi)). (120)

Now, Using again Proposition 7 and Lemmas 3 and 4, we obtain
VK(a;) = O(A;€”/%) = O(2/19)

which implies the third equation in the system (S). Using the fact that y; is a non-degenerate
critical point of K, we deduce that

2l < c(10 +]i?).

Putting the last inequality in (120), we obtain the second equation in the system (S)
which completes the proof of the lemma for n > 5. In the same way, we prove the lemma
in the case wheren = 4. [

To complete the proof of Theorem 2, we rewrite the system (S) in the following form
ﬁi:ULl-(s,ﬁ,A,z) V1<i<N

Ni=Upi(e, B, A 2) Y1<i<N
D?*K(y;)(zj,.) = Uz (e, p,A\,z) V1<i<N,

and we define the following linear map
L:RN xRN x (R")N = RN x RN x (R")N
(,B/ /\/Z) — (,B/ /\/ DzK(]/l)(le-)/ e /D2K(yN)(ZN/'>)/
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where B = (B1,--- ,BN), A= (A1,--- ,An)and z = (zq,- -+ ,ZN)-

We see that L is invertible. Thus, applying Brouwer’s fixed point theorem, we deduce
that the system (S) has at least one solution (B¢, A¢, z¢) for a small e (for more details,
see [20]). As in [20], we prove that the constructed function u, = Zf\il «;d; 4 v is positive.
Lastly, as a straightforward consequence of this construction, we see that (P;) admits at
least 2" — 1 solutions provided that € is small, where m is defined in Theorem 1. This
completes the proof of Theorem 2.

6. Conclusions

By using a careful asymptotic analysis of the gradient of the associated Euler-Lagrange
functional in the neighborhood of the so-called bubbles, we were able to give a complete
description of the interior blow-up picture of solutions of (P) that weakly converge to zero.
We also constructed interior multi-peak solutions which lead to a multiplicity result for the
problem. Notice that, when the number of concentration points is bigger than or equal to
two, a non-degeneracy assumption for the critical points of K was needed to prove that the
concentration points are uniformly separated. However, some questions remain open:

(i) What happens if a degenerate critical point of K exists, particularly when K satisfies
some flatness assumption?

(if) Do solutions exist which involve some interior concentration points which converge
to the boundary?
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