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Abstract: The Standard Model is not a complete description of reality; it omits the existence of dark
matter, dark energy, and an explanation as to why no CP violation has been observed. However,
some of these phenomena could be explained through a new force mediated by a new boson. If
such a boson were massless it would result in a power law potential and if massive the interaction
would be Yukawa-like. A previous experiment employing the interactions of a micromechanical
oscillator attached to spherical test mass was successful in placing the best limits on a mass—mass
Yukawa-like interaction, but the data were never analyzed in the context of a power law. Here, those
data are analyzed considering a power law for powers n = 1-5 where n is the number of boson
exchanges. The results show that the limits obtained through power law analysis of these data
are not better than the currently accepted limits. A discussion of an experiment design capable of
producing better limits on power law extensions to the Standard Model is presented, and suggests
that a micromechanical-oscillator-based experiment remains capable of improving the limits by at
least one order of magnitude.
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1. Introduction

The success of the Standard Model (SM) in describing matter and interactions cannot
be overstated, but it is not a complete description: it does not explain dark matter and
dark energy [1], it predicts charge-parity (CP) violations in the strong force, which have
not yet been observed [1-3], and there is no quantized description of gravity [1]. This
incompleteness has lead to many theories to fill the gaps in the SM.

One such approach is hypothesizing an interaction mediated by an as-yet undiscovered
boson [4,5]. If the hypothetical boson is massive it leads to Yukawa-like interactions [6],
but if it is massless, the interaction will be parameterized with a power law [7]. This power
law is typically written as a correction to Newtonian gravity and for two point masses is

expressed as
_ —Gmymy ro\ "1
u_r(1+An(r) ) (1)

where G is Newton’s gravitational constant, 7 and m; are point masses separated by a
distance r, A, is the strength of the correction relative to gravity for a particular power
of n, and r( is a constant used to preserve the dimension of the interaction; in this work
ro = 1 x 10~ m. The value of 7y was chosen to be the same as in Ref. [8] so that the A,
reported in this work can be directly compared to the A, found in Ref. [8].

Previous experiments to probe both power law and Yukawa-like deviations in Newto-
nian gravity were reported in Refs. [§-10]. One experiment to probe hypothetical Yukawa-
like interactions was carried out in 2016 [11]. The Yukawa-like interaction of the form

U= 7—61:111112 (1 + txe’”) (2)
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was probed and the experiment placed the best limits on « for a range of A € (30, 8000) nm,
where « is the strength of the correction and A is the Compton wavelength of a massive
hypothetical boson [11]. The experiment consisted of a spherical test mass attached to
a micromechanical oscillator that was brought within 200 nm of a source mass made of
alternating Au and Si sections, and the force was measured between the two masses. The
set-up was not designed to probe power law extensions of the SM and was expected
to not be sensitive enough to improve those limits. However, a reanalysis of the force
measurements from [11] and a full analysis with the data was never carried out in the
context of a power law.

This work carries out a full analysis considering power law extensions of the SM on
the force measurements in [11] as well as on new data. The limits obtained are not an
improvement over the current best limits [8,10], so we discuss what would need to be done
for the approach in [11] to improve limits on power law extensions to the SM.

2. Materials and Methods

Ref. [11] used a differential force measurement technique between a spherical test
mass attached to a micromechanical oscillator and a source mass. The test mass was a
sphere composed of 3 layers; a central sapphire core with a 149.3 £ 0.2 um radius covered
by 10 nm of Cr followed by 250 nm of Au (see Figure 1 for a cross-sectional diagram of the
test and source mass). The sphere was glued to a 500 x 500 pm micromechanical oscillator
and the system had a quality factor Q ~ 7200. The deflection of the test mass was measured
through a change in capacitance between the oscillator’s plate and electrodes located below
the plate.

Au

Cr
Sapphire

Figure 1. Cut out view (not to scale) of the source mass and test mass showing the individual layers.
The source mass has a top Au layer, followed by a Cr layer, and then the alternating Si and Au regions.
The test mass has a central sapphire core (shown in blue) coated with Cr and Au. The z indicates the
separation and the direction in which the experiment is sensitive.

The source mass was a layered structure consisting of BK7 Schott glass followed by a
2.10 & 0.02 um layer of alternating sections of Au and Si. The Au and Si sectors shared a
common layer of a 10 £+ 1 nm Cr wetting layer, on top of which was a 150 nm Au layer
covering the sample. The shared top Au layer thickness was chosen to be larger than the
effective penetration depth of the Casimir force. In this way, the contribution due to the
Casimir force is the same whether the test mass is located over a Si sector or an Au sector
and leads to a Casimir-less measuring technique as described in [12].

The test mass was brought to within 200 nm of the source mass’s surface, and at this
separation the minimum detectable force is 12 fN/+/Hz. The closest the masses could be
brought is ~200 nm without the Casimir force making the sphere jump into contact and
ruining the whole experiment. The sensitivity also decreases as the separation increases.

The source mass was rotated so that the sections alternated under the test mass at the
oscillator’s resonant frequency. Doing so makes the experiment select the first harmonic of
the force commensurate with the period of the samples.
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While the source masses used to set limits on the Yukawa-like interaction [11] had
upwards of 300 Au and Si sections, there were source masses that had only two, 1 mm
wide, sections of alternating gold and silicon, as depicted in Figure 2. One sample had an
inner radius of 2.5 mm and the other had an inner radius of 5 mm. The layered structure
is the same as the 300 section samples, except the wetting layer is Ti. The data taken with
these larger source masses were not previously analyzed.

Figure 2. A diagram showing the new source mass geometry, regions alternate between gold
and silicon.

To extract limits on A, the force due to the potential expressed in Equation (1) was
calculated by integrating over the experimental geometry. First, the interaction between a
spherical test mass and an arbitrary point in the source mass was calculated analytically
with a coordinate system centered at the sphere, shown as the unprimed coordinate system
in Figure 3, using spherical coordinates (7, 6, ¢), where 6 and ¢ are the polar and azimuthal
angle, respectively. The potential energy between the sphere and the source mass is

 2nGoipAn /// ( {R(1P3_Ijq)3—n

(11’) R)4 " 1,’)+R)3 n _ (1’[]+R)4—n
(4=m)(3- n)+ 3—n (4—”)(3—14)})01%”1

)

_|_

where R is the radius of the sphere, p; and p; are the densities of the sphere and the point,
respectively, ¢ is the distance from the center of the sphere to the arbitrary point in the
source mass, and d Vs, is the differential volume of the source mass; see Appendix A for
details. It was verified that Equation (3) does not diverge for n = 2, 3, and 4 by taking the
limit of Equation (3) as n — 2, 3, and 4, respectively. These limits can be seen in Appendix A.
The integrals over the source mass were carried out using cylindrical coordinates (o, ¢’, z’)
in the primed coordinate system, see Figure 3, centered in the middle of the source mass.
In the primed coordinate system

P = \/Q2 — 2005 cos (0 — 6s) + 0% + (2 — z5)? (4)

where ¢ is the radial variable integrated between the inner and outer radius of the sample,
¢’ is the angular extent of the sample, ¢; is the radial distance to the sphere, 6; is the angular
position of the sphere, z, is the vertical position of the center of the sphere, and z’ is the
vertical coordinate integrated over the thickness of the sample.

The experiment is only sensitive to forces in the vertical direction. Normally, calculat-
ing the force in the z direction would be carried out by

d
F=-—-U 5
= ©)
where dF, is the differential force in the vertical direction that needs to be integrated over
the geometry of the source mass. However, since Equation (5) needs to be integrated
along 2/, calculating the derivative explicitly can be avoided because the operations are the
inverse of each other, meaning that the integral of Equation (5) over the source mass in z
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is simply the difference of Equation (3) evaluated at the z’ integration limits of the source

mass, z; and zjp.
" = / / (U™ (z1) — UM (25))d Ag 6)

where d A, is the area element of the source mass that remains to be integrated. A polar
coordinate system centered at the center of the sample, the primed coordinate system in
Figure 3, is used for the last two integrals. The area element is expressed as dAs,, = ododt’,
where (g, 8') are the polar coordinates in the primed system. The integrals over ¢ and ¢’
were done numerically with Python code using SciPy version 1.11.4 packages [13].

Figure 3. The coordinate system and geometry over which the test mass and source mass were
integrated. The unprimed coordinate system is used to integrate over the sphere. § and ¢ are the
polar and azimuthal angle, respectively, ¢ is the distance from the center of the sphere to an arbitrary
point in the source mass, and r is the separation between points in the sphere and points in the disk.
The primed coordinate system is the system used to integrate the geometry of the source mass. ¢ is
the polar angle in the primed coordinates and ¢ is the radial variable in the source mass system.

In order to obtain the correct interaction from the layered geometry, the numerical
integrations were carried out three times, once for each of the three different layers of the
test mass. Each test mass layer was considered to be a solid sphere with corresponding
radii of Rsqp = 149.30 um, R¢, = 149.31 um, and Ry, = 149.56 um for sapphire, Cr, and
Au, respectively. As an example, for n = 3 the integrations for each layer are

))dden @

;ﬁ:mm@ﬂ(Mﬁ$§@J>> ( (z1) = Raw) (9(22) + Ry
) ) dAsm (8)
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)
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(¢ )
(IIJ( ) RCV)

(B _ 2 RSap(lp(ZZ)_q}( 1)) (¢(z1 Rgap (IP(ZZ)'i‘RSap)
Fop = 277t [ < WeeG) " <(¢ 21) + Rap) (9(22) — Rs,w>)>‘“‘“" ©)

Equations (7)—(9) are the integrals over the source mass geometry carried out after the
limit of Equation (3) was taken as n — 3, where 1(z1) and (z;) are Equation (4) evaluated
at z1 and zp, respectively. The integrals for the other powers were carried out in the same
manner. Once the integrals for each test mass layer are carried out, the total force due to
the layered structure of the source mass and test mass (Figure 1) is

EY = As(pau—psi) (0sap — pcr)Fia) + (0cr — Pau)ES) + PauFL) (10)
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where p 4y, Ocr, Psap, and pg; are the densities of Au, Cr, sapphire, and Si, respectively, FZ(3)
indicates the total force in the z-direction for the power n = 3, and the factor out front,
(pAy — psi), accounts for the difference when the sphere is over an Au or Si sector in the
source mass. Furthermore, since the first two layers are a shared layer of Au and Cr, the
contributions of these layers to the interaction are subtracted out.

The total force was calculated with the test mass at different angular positions (67),
Figure 4. The amplitude of the first harmonic for a particular power, Agn), of the force
commensurate with the period, ®, of the sectors was equated to the error bars of the

force measurements,
e
AE”) = é /0 F" Cos(zggs>d9s. (11)

The error bar value is fer; = 0.13 fN at a separation of 300 nm, as shown in Figure 5.
Equating the calculated first harmonic of the force to the experimental error bar allows
limits on A, to be extracted,

Ay = ferr ) (12)
Al

The same method to determine limits was used for the powers of n =1 to 5. Table 1
shows the limits placed on A, from both the 300 sector source masses used in [11] and the
4 sector source mass with inner radius of 2.5 mm as depicted in Figure 2.

Table 1. The constraints placed on A; from our experiment compared to the limits reported in [8].
The two rightmost columns are the limits calculated using the data from the many-sector samples
and the large-sector samples.

n Ay from [8] A, Many-Sector Sample A, Large-Sector Sample
1 1x 1077 8.0 x 108 3.0 x 102
2 3.7 x 108 6.1 x 1015 2.5 x 1013
3 7.5 x 1019 7.9 x 10%4 8.8 x 102
4 2.2 x 1031 1.2 x 10%* 5.2 x 10%
5 6.7 x 10%2 1.4 x 104 1.0 x 10%3

05 %1028 .
g
u-t"!
..: -
n
%_N

3.5 . . . ! ! *

0 0.5 1 15 2 25 3

0, (radians)

Figure 4. The total force as the angular location of the sphere changes, which is equivalent to fixing
the location of the sphere and rotating the sample. The first harmonic of the force in accordance
with the period of the sectors is calculated and equated to the error bars of the force measurement to

extract Ay,. This example is from Equation (10), where F = /F\—ZZ, F2 from Equation (10).
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200 300 400 500
z (nm)
Figure 5. Measured force as a function of separation of the large source mass. The blue circle data

correspond to the sample with an inner radius of 2.5 mm and the orange squares are the data from
the 5 mm inner radius sample.

3. Results

The limits presented in Table 1 were calculated using results from an experiment that
was not designed to probe power law extensions to the SM. The best limit on A, with this
geometry came from the large-sector sample, but these limits are not better than the ones
found in Ref. [8].

The reported values of A, in this work are large because those are the best limits that
can be placed given these experimental data. As an example, for n = 5, we are not claiming
the value of A5 = 10%3, rather we assert that A5 would need to be of that order for this
experiment to have seen its effects, and likewise for the other values of n considered in this
work. These are the values for A, that, for the used geometry, provide an interaction equal
to our sensitivity.

4. Discussion

While the experiment did not yield better limits on A,, changes could be made that
would improve the system’s sensitivity. For example, if the source masses were designed
with a power law in mind, the limits could be further improved. Figure 6 shows the poten-
tial limits for As as a function of the sample’s radial extent (o) for a thickness of 2 mm. The
limits have a similar functional dependence with the other dimensions of the sample as the
radius increases. The improvement is attributed to the larger volume of interaction improv-
ing the sensitivity of the measurement, yielding better limits. However, the improvement
gained in the limits by increasing the source mass’s volume quickly diminishes.

Altering the test mass to also have a larger volume of interaction could provide a small
improvement on power law limits. Considering a system, like the one proposed in [14],
where the test mass is cylindrical. If the spherical test mass is exchanged for a cylindrical
one, and we carry out a similar analysis ot the one described above, the expected limits
using the new test mass can be calculated. The details of the calculation can be found in
Appendix B. The following is the expression of the force between a cylindrical test mass
and an infinite slab with thickness t = 2 mm along the vertical direction

—?Gp1p2LAsTg A3 A?

3 (R2—A2)\JAZ—R2  (R?— A3),/A} - R?

where A} = d+ Rpy, Ay = Aj+t,and L = 500 pum the length of the cylinder. The
expected limits for the powers n € [1,5] using a cylindrical test mass are listed in Table 2,

Fs =

(13)
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calculated using a separation d = 200 nm. Only the power n = 5 is expected to improve by
about an order of magnitude using a cylinder. Using a cylinder with a length of 500 um
and radius of curvature R = 150 um optimizes the sensitivity given the constraints of the
micromechanical oscillator and the lithographic fabrication method of the cylinder.

42
5.73882 o= 10
—— Finite p
p—) 00
n
<
5.73881
0.02 0.04

o (m)

Figure 6. The limits on A5 can be marginally improved if the size of the source mass is designed
with power law interactions in mind. Shown here are the estimated limits for n = 5 as a function of
the width of the source mass. However, the improvement gained by increasing the source mass size
quickly diminishes. The constant orange line is the limit that would be achieved as the width of the
source mass goes to infinity.

Table 2. The constraints that could be placed on A, if a cylindrical test mass were used with a source
mass designed to probe power law potentials.

n A from [8] Cylindrical Test Mass
1 1x 107 6.1 1072
2 3.7 x 108 4.4 % 100
3 7.5 x 1019 2.0 x 102
4 2.2 x 103 1.1 x 1032
5 6.7 x 1042 2.8 x 1041

Other aspects of the experimental design could be change but would either have
little impact or have fabrication limitations. One could conceivably use source mass
materials that have larger difference in density since, as seen in Equation (10), the response
is proportional to the difference in densities between the two materials. Changing the
source materials, however, will not improve the signal by more than a factor of ~2 if using
Osmium and air. Certainly, our selection of Au and Si is not optimal, but as they are
relatively easy to work with, we think it is a convenient selection. In regards to the test
mass, Au is again a suitable choice. A thicker layer of Au would benefit the experiment;
however, we started to observe a peel off of the Au from the sphere at 300 nm.

5. Conclusions

Improving the limits of power law extensions to gravity is a challenging endeavor,
and new methods are needed to continue to make improvements on short-range interaction
experiments. While these types of mechanical measurements have a high precision even at
separations of ~200 nm, this work shows that the size of the masses limit the sensitivity
when probing power law interactions. The limit on As, reported here to be 1.0 x 10%3, is
expected to improve about an order of magnitude the best current limits [8] if a cylindrical
test mass were used. The cylinder has a larger interaction volume when compared to a
sphere, which results in a higher sensitivity. Several experimental approaches are being
developed to test gravity at short distances, seeking signs of deviations potentially due to
dark matter effects [15-22]. The description of these new approaches does not explicitly
state probing power law extensions to the SM. Researchers should evaluate whether
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du =

—27tGPtmPsmAnty

these new techniques are equally suited to test power law models as well as Yukawa-like
interactions, which could result in a larger selection of theories being ruled out.

Author Contributions: Conceptualization, T.B. and R.D.; methodology, T.B. and R.D.; validation,
T.B. and R.D.; formal analysis, T.B.; investigation, T.B.; data curation, T.B.; writing—original draft
preparation, T.B.; writing—review and editing, T.B. and R.D.; visualization, T.B.; supervision, R.D.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: All data is available upon request.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A. Detailed Calculation Method for Sphere Test Mass Geometry
1 dVimdV:
au = *GptmpsmAnrg ! (tmsm)

- (A1)

Equation (A1) is the differential potential that needs to be integrated to calculate the
interaction between the test mass and the source mass, where G is Newton’s gravitational
constant, oy, (0sm) is the density of the test mass (source mass), A is the strength of the
correction for a particular power 1, rg is a constant used to preserve the dimension, dV,
(dVsm) is the test mass (source mass) volume element, and r is the distance between a point
in the test mass and a point in the source mass and is expressed as

r=\/7 4 42 — 27 cos(9). (A2)

where 7 is the radial coordinate of a point in the sphere and has integration limits from zero
to the radius of the sphere, 6 is the polar coordinate of the sphere, and ¢ is the distance
from the center of the spherical test mass to an arbitrary point in the source mass. We
use spherical coordinates to integrate the test mass, so the test mass volume element is
expressed as

AVim = Pd7d(cos(0))de. (A3)

The integral over the test mass is carried out as follows
Rl 27 #drd(cos(0))d¢
AU = ~Gompantary [ [ AVor. (A4
PrmpsmBnTo ( 0 J-1o  (P2+ 92 —2Fpcos())r/2) " B

Nothing in Equation (A4) depends on azimuthal angle, ¢, so the integral over ¢ results
in a factor of 2.

R 1 727
_ et 7=drd(cos())
AU = =27t GpimpsmAntg (/0 /71 (72 + 2 — 27 cos(0))"/2 Vo (A5)

Using the following change of variables: x = cos(f) and u? = # — 27px + ¢?,
Equation (A5) is now

R p(9=7) pd =" dudr
au = 727TGpthsmAn1’g_l (/0 /(111—4-‘) rulpdudr)dvsm (A6)

and carrying out the last two integrals for the test mass, we are left with the potential
between the sphere and an arbitrary point in the source mass.

1

$(2-n)(3—n)(4—n)

(R =m) (g = R+ (p = RF" 4+ R(A—m)(y + R’ = (p+ R )aVey (A7)
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For n =2, 3, and 4, Equation (A7) yields 0/0; as such, it needs to be verified that it
does not diverge by taking the limits as n — 2, 3, and 4. Taking the limit of Equation (A7)

(RE4 =) = R+ (p = R)*" + R(—m) (g + R — (9 + R)*")

. 2=mB=mE—n) (A8)
and using I'Hoptial’s rule to evaluate (A8) results in
L [(RO =R —4)In( — R) — (p = RP) (¢~ R)* " In(y ~ R)
n—23,0r 4 —(B3=n)4—n)+2-n)(4—n)+((2—-n)(3—n)) A9

R((p+R)*"(n—4)In(p+R) — (p + R)*> ") + (¢ + R)* "In(y + R))
—(B-n)(4—=n)+(2-n)(4-n)+(2-n)(3—-n))

Evaluating Equation (A9) for n = 2, 3, or 4 shows that (A7) does not diverge, see
Table Al.

Table A1l. The results of taking the limit of Equation (A9) for powers n = 2, 3, and 4 showing that
Equation (A7) does not diverge for those powers.

n Limit Result
27R2 R
2 Ry + 4550 )ln<$+R>
$—R
4 yR

It was verified that integrating (A6) the powers n = 2, 3, and 4 yield the same expres-
sions as taking the limit expressed in Equation (A9). Now that it is shown that Equation (A7)
does not diverge, all that is left is to integrate over the source mass.

Appendix B. Detailed Calculation Method for Cylinder Test Mass Geometry

The starting point to calculate the interaction between an infinite slab and a cylinder
is the potential

du = —GPSmAn76171 (d‘/sm > . (AlO)

rh

The procedure to integrate the cylinder-slab geometry is the following
1.  Integrate over the source mass;
Calculate the field due to the source mass, g, along Z;
Calculate the force, Fz(n) = My, where myy, is the mass of the test mass calcu-
lated using my, = [[[ ptmdVim, where py, is the density of the test mass and
AV = dxdydz is the volume element of the test mass.
The coordinate system used for integrating the infinite slab-cylinder geometry is
shown in Figure A1.
First, we will start with the integral over the source mass.

dpd6dz
= —GpsmAnr /// . ZF/) —z)2)n/2 (A12)

The limits of integration over the source mass are p € [0,00),0 € [0,27], z € [0, —t].
; ; ; 2 _ 2 I \2
Integrating over 6 and carrying out the change of variable s* = p* 4 (z’ — z)
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1 [® ds
U = —27GpanAnr! ™! /Z - (A13)
—t dz

_ -1

= —27GpamAnr! /0 A= = (A14)
—27GPsm At/ _

SOt 241 i

Equation (A15) is used for n =1, 4, and 5; for n = 2 and 3, Equation (A10) was integrated
specifically for those powers.

L/2
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\
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\3
<«--»

|
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Figure A1. The coordinate system used to integrate over the infinite slab—cylinder geometry. L is the
length of the cylinder and d is the distance from the top of the slab to the bottom of the cylinder.

The field is along Z due to the source mass is calculated by

dll

§=—7;2 (Al6)
Appendix B1.n =1
_ 2nGpanh (ot
U= (7 - E+0™) (A17)
g = —2nGpsmA1tZ (A18)
Y = @myy = —27GpemA1t2(pmR2L) (A19)
Appendix B2. n =2
— Gpsmaro /// Vo (A20)
B pdpdfdz
= Gt [ [ SET (A21)

Here, the limits of integration for p are p € [0, p]. Integrating with respect to 6 and
making the following substitution s = p? + (2’ — z)? gives

pA+(-2)? ds
dU = —tGpsm Aot /
Psm\2T0 (2/—2)2 s

_ 2 N2
U = —7GpsmAar /0 In (W) dz (A23)

(A22)

(z/ —z
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L oadu, d [t [ph+ (2 —z2)?
2 / 2 2 4. n
_ p3+ (' +1) Py tz
= ﬂGpSmAZrO (h’l ((Z/—i-i')z —1In le (A25)
2 / 2 / 2
+(z +t z' +t
= nGPsmAzro <ln (W) —In ( ( 2/2 ) >> (A26)
Since we are considering the source mass as an infinite slab, we take p; — +o0
2 / t 2
lim In p*“;(i) ~0 (A27)
o —>+00 P4 + z2
. Z +t)?
§ = —tGpsmNato ln(( o ) ) (A28)
= /// (2" pimdxdydz' (A29)
( ) — = —tGPsmPrm N2t /// ln< z +t )dxdydz (A30)

The limits of integration over the cylindrical test mass are x € [—L/ 2,L/ 2],
€1[0,vVR2—7r2],andr € [-R,R]withr =d + R — z/ and dr = —dz’

@ VRZ-r2 (d+R+t—r)
E™ = —ﬂGPsmPthzf’oL/ / H(W dy(—dr) (A31)
(d+R+t—r1)?
= _”GPsmPtm/\zroL/ VR? —12In (W)(_dﬂ (A32)

We could not find an analytical solution to the final integral, and it was solved numer-
ically.

Appendix B.3. n =3

dod6dz
— —GosmAs? / / / > f Z‘f 72 (A33)

Integrating 6 and substituting s> = (p? + (2’ — z)2)!/2

U = —27GpsmAsr? / / dsdz (A34)
= ~27Gpanard [ T e | (A35)
_nGpsmA3rOln< Z”) (A36)

5 1 1
8= _nGpsmA?)rO( Tt - Z,) (A37)
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1 1
FY = —nGpumpmart [[[ (Z,H - Z,)dxdydz’ (A38)
Z
@) _ / / VR =1 —dydr dydr A39
& 7GpsmpimAs7GL dtR+i—r drR—_7 (839)
@) _ ) /R —v/RZ—¢2 VRZ — 2
F, TGPsmPrmN3rjL L (d TRit—r TdTR_7 dr (A40)
(@) _ m(d+ R+t)? m(d + R)?
F; G, Asr3L A41
715 PsmpPtm 2370 (2((:1 TR —RP2 Ty re—reypn) A4
Appendix B.4. n =4
Starting with Equation (A15) for n = 4
_ 2nGpsmAary [ 1 1
U= 2 Z 2 4t (A42)
§ = nGpsmAard(—2' 2+ (7 +1)72) (A43)
Y = —tGpsmAgry ///(z’_2 — (2 + )" ) dxdydz’ (A44)
(4) 5, (VR OR / 2
EY = —2GpanAsriL /0 / T (& ) Dy () (A45)
Ayt A
FY = — G psmpimAsriL 22 - 21 - (A46)
JB-RE AR
A2:d+R+tar1dA1 :d+R
Appendix B.5. n =5
Starting with Equation (A15) forn =5
—tGpsmAsr (1
U= S0 ( 2 - T (A47)
L —2nGpsu st
g= (e (A4S
(5) —ZHGpsmA51’0
£ — ZE7CPsmAsTo / / / - Z, Ere L (A49)
€[-L/2,L/2],y€[0,VR2 =12, r=d+R—2,dr=—
) _ —tGpsmAsrgL i A? - A3 (A50)
3 (A17R2)3/2 (A27R2)3/2

Ay=d+R+tand Ay =d+R
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