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Abstract: Cloud computing (CC) capacities deliver high quality, connected with demand services and
service-oriented construction. Nevertheless, a cloud service (CS) is normally derived from numerous
stages of facilities and concert features, which determine the value of the cloud service. Therefore, it
is problematic for the users to estimate these cloud services and select them to appropriate their
requirements. In this study, a new algorithm is carried out for a multi-agent system (MAS) based on
fractional power. The study depends on a fractional difference equation of type two point boundary
value problem (BVP) based on the fractional entropy. We discuss the existence of solutions for the
system as well as the stability, utilizing the Hadamard well-posed problem. Experimental results
show that the proposed method demonstrates stability and performance.
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1. Introduction

Recently, numerous huge groups such as Google, Amazon, etc., have capitalized on massive data
centers (DC). These funds have still not achieved rising client supplies. Nevertheless, the process and
conservation budget of such data centers is significant. Therefore, to reduce the DC overall budget,
these groups have started moving to cloud computing (CC), as service benefactors.

The aim of CC is to optimize the tradition of software resources, physical, develops suppleness and
mechanizes organization, which is consequently realized as a method to reduce costs and to increase
income for cloud service sources. The achievement of CC will be contingent on how successfully it:
drives skilled to instantiate and dynamically working computing platforms, is constructed out of cloud
service (CS), and encompasses the arbitrarily varying service requirements of cloud costumers. Usually,
these services will be described by the quality of CS requirements, such as capability, timeliness, high
availability, security, trust, etc. Moreover, the assistance of CC comes from new experiments such
as security, consistency, efc., that must be suitably addressed. Consequently, corresponding and
defining the best cloud for a modified request is significant and often controls the achievement of the
fundamental business of the cloud users.

Multi-agent system (MAS) are significant classification schemes because of their trade and armed
requests. Saber et al. [1] introduced multi-agent systems, with a stress on the attractiveness of the
fixed data flow, strength to variations in network topology due to link/node failures, performance
guarantees and time-delays. Xie and Wang [2] imposed the consensus of second order discrete time
MAS with fixed topology. Ma et al. [3] reflected the group consensus problem of second-order nonlinear
multi-agent systems through leader-following approach and pinning control. Recently, Meng ef al. [4]
studied finite time multi-agent consensus problems under networks based on signed graphs whose
edge weights can be not only positive but also negative. Chu et al. [5] investigated the agreement
tracking problem for MAS with direct graph applying the Lyapunov function. The fractional integral
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system in the economy was suggested for the first time by Baillie [6]. Studies of the multi-agent
systems focus fundamentally on integer calculus, whose dynamical equations are ordinary differential
equations. However, various MAS cannot be deliberated with the integer cases in the complex physical
situation, although they only are selected with fractional order (non-integer) differential equations.
Recently, fractional economic systems have been investigated by Machado and Mata [7,8].

The distributed work is based on three factors; database, platform and service node. Moreover,
cloud computing depends on a large number of users and in the normal structure the load is not equal.
The changing of the load casues the usage of various classes of difference equations. In addition, this
class provides a good comparison and improves the quality of the cloud service. The applications
show the simplicity and validity of our system, which has perfect usability, reliability and stability.
We shall consider a special type of fractional power operator. This operator allows us to make sure
that there is a connection between the users in the cloud system. This connection can be controlled
by employing a sufficient fractional power. Another reason to utilize the difference equation is that
the database is distributed and shared between different computers. The database system involves
one logical database, which is divided into various segments. Each segment is stored in one or more
computers which are connected by a communication network.

In 1974, Diaz and Osler [9] carried out a discrete fractional difference operator founded by
infinite power series. In 1988, Gray and Zhang [10] offered a group of fractional difference operators
and presented the Leibniz formal. In 2009, Atici and Eloe [11] announced the approaches for
composing fractional differences and sums. Mathematicians, physicists, and engineers have lately
been employing fractional calculus to explain and model changes of applied problems in diverse areas.
Recently, Ibrahim and Jalab [12,13] investigated a positive solution of discrete fractional boundary
value problems for continuous Gateaux differentiable functions. A generalized Gateaux derivative is
introduced by employing a fractional discrete operator.

In this study, a new algorithm is carried out for an entropy MAS based on fractional power.
The study depends on a fractional difference equation of type two point boundary value problem
(fractional boundary value problem (BVP)). We discuss the existence of solutions for the system as
well as the stability, utilizing the Hadamard well-posed problem. Experimental outcomes show that
the proposed method is furnished with stability and performance.

2. Formal Algorithm

The formal emphasis is upon the influence of the overall trend of choices of technology
transition times. In this setting, a continuum of agents having non homogenous preferences,
pay a cost to transfer from one point to another point in the state space. Assume that there are
n agents whose communication network is a directed graph. The agent i has the cost function
O (tx,u,m);x = (x1,-- .,)(n)T,u L= (ul,...,un)—r and p : = (yl,...,yn)T; representing what
an agent pays to have the features x; (t) (i.e., the level of cloud computing at time f) under the
controller input u; () and the density y; (t) of the population for a given level of yx; (¢) . It has been
shown that the integer linear system

xi () = > i (xj () —xi (), ai #0
jEN

is a distributed agreement algorithm [14] such that a;; > 0 s the (i, ]) (agent i can receive information
from agent j, otherwise a;; = 0) element of the adjacency matrix A. The contract is asymptotically
touched when the mutual conclusion is equivalent to the average of the initial state of all agents.
A consensus algorithm with this specific invariance property is called an average-agreement algorithm
and has wide implications on distributed computing in networks

1
h o= ;;Xf(o)



Entropy 2016, 18, 14 3of11

In this study, we deal with a multi-agent system of fractional difference equations of type two
points BVP, taking the formal

ANS?
# = Y @it xup),i=0,...,n-1
i

(Pxo+4gxn = r,p+q#0)
where p, g, 7 are constants, 0 <&« < 1,0 <b=N/n < N,t; =ib,i =0,...,n — 1 and A" is defined by

n—1

n—1 .
n—i—a—1 n—a—1 .
A xn = ), ( 0 ))ﬁ—( - >X03— Y, Bn—=1,&i) xi — Boxo

i=1 i=1

It is clear that the extended binomial coefficients satisfies 0 < (1 — 1, ;i) < 1forall w € [0,1]
(see [14,15]).

Recently, fractional entropy has played an important role in improving many results in various
applications in science engineering. In [16], Tsallis imposed a fractional entropy, which is a modification
of Shannon entropy. In [17], Mathai and Haubold generalized the Tsallis formula. Machado recently
considered a novel formula for entropy by applying fractional calculus [18]. Ibrahim and Jalab
employed the fractional entropy in image processing and dynamical systems [19-21]. The arrangement
of multiple managers on a particular physical machine increases various security concerns. Many
of these concerns are associated with problems that multi-agent systems had to address when they
went from the single agent to MAS. Of chief concern is keeping one user’s data, programs, activity
and resources separate from all others. Usually, to avoid these weaknesses, a modified cloud entropy
management system is considered and employed [22-25].

By employing the fractional Tsallis entropy, given by

Tdx—1

or in a discreet form
1 LA

and by using the coefficients B (m, ;i) < 1, we have the following modify entropy:

Ty (B) = ﬁ (Z /57(m,1x;i)—1> = By (muasi),i =1,...,m,

i=1

(we[0,1), y#1,0< i B(m,u;i) <1)
i=1

for a suitable « and a large value of m, we suggest a new difference operator of the formal

A

Alxn = By (n—1,0;1) xi — Boxo
where

n—1
By(n—1,mi) = % (Z ﬁ”r(n—l,zx;i)—l)

i=1
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Our aim is to study the multi-agent system of fractional difference equations of type two points
BVP, taking the formal

Adx
yAi+1
w ZCD (txumu,i=0..n-1 @)

Subjected to the following boundary condition (BC):

(PXo+qxn = 1,p+4q#0)
where ®; (¢, x, u, ) is the cost function for all agents in the cloud system.
3. Findings

The mathematical concept well-posed problem (or Hadamard well-posed) is defined as the
mathematical platforms of physical phenomena that should have properties such that:

(i) A solution exists;
(ii) The solution is unique;
(iii) The solution’s behavior changes continuously with the initial conditions.

Otherwise, it is called ill-posed. It is well known that, if the problem is well-posed, then it can be
viewed as a good algorithm of outcome on a computer employing a stable algorithm. Since the system
Equation (1) is formulated for multi users, it is enough to show that Equation (1) has multi-solutions.
In this case, we satisfy part (i) of the well-posed problem.

3.1. Uniqueness
The main result can be formulated as follows:
Theorem 3.1. Let ®; : [0, N] x R3 — R be continuous and p +q # 0.
Suppose that there exist constants x € (0, N), p > 1, and a positive function £ : [0, N] — R4. If

(D (£, 20w (8, ) 1 (8, X)) = @i (£, X, u (8, X) 1 (X)) < £(8) (Ix = X1),

2
(Vte[0,N], (u,n) e R?,) @
and
nk*LpB < 1
where L : = max l(f),
¢(i,j): = max{ }
10 S
and
. n—1 N .
Bi= 2, Br(n-1Luj)
j=0
Then the problem Equation (1) has a unique solution for each 0 < b < x
Proof. Consider the complete metric space (2 : = R"*!,d,,) and forall y,v € E
n
= 2 (r=ul)™
System (1) can be viewed as the following summation equation:
n—1 n—1 R "
Xivr = 0% D0 D @ (i) By (n =15 ) By (b, p) + —— ©)

i=0j=0 pt+q
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where
L,Ogjgifl

N p+q
¢ (i,]): =

qu,iéjén—l.

We aim to show that Equation (1) has a unique solution. Define the following operator

n—1 n—1
(A1) =08 X0 D @) By (n = L) i () + @
i=0j=0 prq
So that

Evidently, A (x) is bounded
v
®; (,0,0,0)] + ——|

n—1 n—1
(A =" X X @) By (n=1,0)) [@; (tx,u, 1) + Pi (£,0,0,0) — P; (£,0,0,
i=0j=0 p+q
n—1 n—1
< ZO ZO\4>(1 ) 1By (n=1,8;7) (L|x| +|®; (£,0,0,0)]) + |
i=0j=

=0

K“cpﬁ( NS d>|) S

where 0 is the zero element in R"..
We proceed to demonstrate that (Ax) = x for a unique x € E. Since ®; is well-defined on
[0, N] x R3, it implies that A : £ — E. We display that A is a contraction mapping on E with respect

d, i.e., there is a constant 0 < ¢ < 1 such that

dy, (Ax,AX) <od, (x,X),Vu,veR"

A calculation yields, for 0 < a < 1,
n—1 n—1

[ (Ax) = (AX) | = b* Z D By (n=1,0)) ¢ (i) @i (1, x,u (b, x) 1 (£ X))

n—1 n—1
=0 Y X ) By (= 1,05) @i (1, X u

i=0j=0

n—1 n—1
<O 30 D19 ) By (n =105 )| (£, x, 1 (8, ), 1 (1, X)) = @i (£, X, 4 (8,X), 1 (1K) |

i=0j=0

(£X) 1 (EX) |

n—1 n—1
<KL '20 '20 9 (0,) 1By (n =1, 255) x — R
1=0j=
5

Hence, yields
(AX) = (AR)] < nx"LBlx — X

Consequently, we obtain
do ((AX), (AX)) < ody (X, X)

where 0 < 0 : = nk*L@B < 1. Thus, A is a contraction mapping on R” with respect to the d,, metric
and thus, all of the conditions of Banach’s fixed point theorem valid. Therefore, there exists a unique

solution x € R” such that Ax = x. This completes the proof. o
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Theorem 3.2. Let the inequality Equation (2) be satisfied. If x*Ln*¢ <1, 0 <b < «, x € (O,N), and
v € [1,2) such that

m
> BT (mai) <2—7
i=1

then the problem Equation (1) has a unique solution.

Proof. Consider the metric space (E: = R",0) and forall x,x € E

a (X’)Z) = miaX|Xi - Xvi|/X = (Xl/ .. '/X}’l) /Xv = ()?l/ .. -/Xn)
It is easy to show that (5, ) is a complete metric space. By the assumption, we conclude that
0< Bn, (n—1,a;j) < 1, for all j, then operator Equation (4) implies that
n—1 n—1

[(Ax) = (AX)] <K"‘L,ZO‘ZOI¢(Z}J')IBv("—LIX;J’)Ix—Xl
i=0j=

n—1 n—1 o N
<eL'Y Y 19 llx—3
i=0j=0
< n*x*Llx — X
Taking the max, we obtain
2 (Ax, AX) < n*k"L§o (X, %)
Thus, we conclude that
J(Ax, AX) <00 (X, X)
with
o= ALn*p <1

Hence, A is a contraction mapping on R"” with respect to the ¢ metric and so, all of the conditions
of the Banach fixed point theorem archived. Therefore, there is a unique x € R” such that A x =,
implying the existence of a unique solution to the problem Equation (1). o

3.2. Exact Solution

The solution of system Equation (1) has the formal type

Xi = (PIX,’Y (tOl ti/ 7’, XO/ 1/[, ]’l) 7 ti/ tO € [O/ N] 7 tO < ti (6)
with
Pa,y (tor to, 7, X0, U, ]’l) = X0
Thus, the group property of the solution Equation (6) can be read as

X(t+0) = @y (t+L, 01, x,u,p),0:= " @)

By applying the following substitution in Equation (7),

b=t x (£) = Xi
we have
Xit1 = Qay(bistive, 7, X0 1, 1) ®)
which is the solution of Equation (1). We have the following result :

Theorem 3.3. The system Equation (1) has an exact finite scheme solution taking the form Equation (8).
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There are various well-known cloud computing service suppliers, such as, Google, Amazon, IBM
and Microsoft, etc. How should one select the furthermost proper cloud service for owners from the
suppliers? It has been shown that information-entropy is the best method for the selection of cloud
computing services. We believe that system Equation (1) can be used for this purpose, because it
calculates the entropy of the cost function of the multi-agent system. Consequently, affording the
difference equation involving the entropy, and the evaluation values given by experts for each case,
we may conclude that the cloud tends to be a more objective and reasonable one.

4. Applications

Wireless networks aim to offer an Internet connection over numerous technologies anywhere
and anytime. The collection of an optimal technology of these obtainable technologies is necessary
and critical in terms of assurance, customer flexibility and service permanency in a mixed wireless
cloud environment. In this section, we prepare an application for the above algorithm (see Figure 1)
and compare it with the model which is based on the integration of simple additive weighting (SAW)
method (see [26]),

n
Ui(t) = > i xij ()
j=1
where a;; > 0 denotes the connection between i and j, else a;; = 0, U; is the utility of the agent i in
the cloud service during time . Moreover, the maximum utility of the cloud can be calculated by the
following equation:

u* = {U; : max;,U; (t)}

Demand: the user

Is the cloud
good (BC)?

of good payoff

T

The preference user:

Input Equation (1)

With condition (2) Equation (3)

Yes

ttt

Cloud users

Figure 1. The proposed algorithm.

The aim of the new algorithm is to select the greatest network of the various available
networks.There are four agents and a supervisory agent (a leader). At the first stage, one service agent
is started. An arrangement of each service agent is the same. The relation of demand, the number
of agents and time of receipt of all agents (per seconds) is shown in Table 1. It can be seen that for

v>1, % = 1,b = 1,a = landt € [0, 90.1], the system service load is 30 service demands;

therefore, the cloud has one agent. In the second interval of time f € [0, 163.1 ], the demand increased
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to 35, hence the number of agents in the system is 3. The highest value appeared at Demand = 42, thus,
the system involves four agents in the third period of time f € [0, 285.4 ]. For the fractional power
« = 0.5and « = 0.75 the system converges to the normal case.

Table 1. Fractional multi-agent system.

o Timeof Receiption = Demand (Service Load) Number of Agents
90.1 30 1
163.1 35 3
1 285.4 42 4
365.7 35 3
467.7 30 2
90.1 27.57 1
163.1 32.165 3
0.75 285.4 38.6 4
365.7 32.165 3
467.7 27.57 2
90.1 26.58 1
163.1 31.01 3
0.5 285.4 37.212 4
365.7 31.01 3
467.7 26.58 2

In general, by utilizing the proposed algorithm, we receive less loading of the service request.
For instance, for o = 0.5, we obtain Demand = 37.212, while when « = 1, Demand = U* = 42. Figure 2
shows the performance comparison of cloud service, multi-agent system algorithm with the proposed
arrangement algorithm. The proposed method has a good performance. The cloud Sim tool is utilized
in cloud computing. As an outcome of simulation tests, for a 4-agent system, we conclude that the
maximal Demand = 42 appears for o = 1.0 and the minimum Demand = 37.2 for x = 0.5, i = 4.

42 " /

0 /
38 / / a=1

36 . / /
34 * / \ AN
/ AN
32 - //// a=05 \ \\
/ \
30 » /y N
N\ a =0.75

8 L

Figure 2. Convergence of the algorithm: four-agent system: demand with respect to time.
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5. Discussion

Recognized analysis of the performance of multi-agent systems that include additional categories
of instrument is developed in this study. An equilibrium of the suggested system in (1) is read in
the formal .

1
* = (... ,h) eR" R = = :
X ( ’ 4 ) € ’ n igl Xi (O)

It has been exposed to an associated network, and the equilibrium x* is globally exponentially

stable (see [1]). For System Equation (1), we calculate the initial value

"
x(0) = —,p+qg#0
ptq P
If we let

max ¢ (i,j) = P, = yjandp(n—1,u;j) =1

P
p+aq
then Equation (4) implies the unique solution

r

= ——,0 1
P gy ST
Similarly, if we let
. —q
maxg (i, ) = —
p+q
then the unique solution can be read as follows:
- 0<a<l
X praamy
Hence, we obtain
limy = x*

b—0

Moreover, the combined dynamics of the assembly of agents ensuing formal (6) can be read
as follows:

Axik—1) = =X (k) x; (k)
where X (k) = ¥, ; (k) is the Laplacian of the system, which always has a zero eigenvalue corresponding
tonormal vector1 = (1,..., 1)T . Therefore, the system Equation (6) has the same equilibrium of the
system Equation (2) namely x*. Finally, we consider the usage of conjunction investigation approaches

that employ the properties of Laplacian determination of the presentation, and the conjunction
investigation of self-synchrony in oscillator systems [22].

6. Conclusions

Investigators in different areas such as computer science, communications, neural networks,
dynamical systems, control systems, food processing, signal processing and economics focus on
mathematical modeling because it naturally influences the nonlinear difference equation. This study
delivered a hypothetical outline for the investigation of procedures for MAS of fractional order with
a foczs on the character of concentrating data movement, toughness to modifications in complex system
topology owing demands, time, and routine guarantees. A summary of straightforward concepts
of information in approaches of convergence and performance investigation of the procedures is
delivered. Our analytical framework is founded depending on the theory of fractional difference
equations and control theory. We established direct connections between the graph Laplacian of
the network and the proposed algorithm. Applications are presented that show the algorithms and
cooperative control. Furthermore, we proved that the algorithm is asymptotic under some condition
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using the concept of the well-posed Hadamard. The applications showed the simplicity and validity
of our system, which has perfect usability, reliability and stability. The comparison was established by
using the (SAW) method, because this method is quite similar to Saber’s system [1].
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