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Abstract: In this paper, we build a model of energy-savings and emission-reductions with two delays.
In this model, it is assumed that the interaction between energy-savings and emission-reduction and
that between carbon emissions and economic growth are delayed. We examine the local stability
and the existence of a Hopf bifurcation at the equilibrium point of the system. By employing System
Complexity Theory, we also analyze the impact of delays and the feedback control on stability and
entropy of the system are analyzed from two aspects: single delay and double delays. In numerical
simulation section, we test the theoretical analysis by using means bifurcation diagram, the largest
Lyapunov exponent diagrams, attractor, time-domain plot, Poincare section plot, power spectrum,
entropy diagram, 3-D surface chart and 4-D graph, the simulation results demonstrating that the
inappropriate changes of delays and the feedback control will result in instability and fluctuation
of carbon emissions. Finally, the bifurcation control is achieved by using the method of variable
feedback control. Hence, we conclude that the greater the value of the control parameter, the better
the effect of the bifurcation control. The results will provide for the development of energy-saving
and emission-reduction policies.
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1. Introduction

Energy resources are the backbone of any national economy. Scholars worldwide have been
studying energy prices, the low-carbon economy and energy-savings and emission-reduction. Lv and
Zhou [1] studied the dynamic behavior of the energy price model with time delay. They explained the
reasons why the energy price model was developed and maintained periodically by the bifurcation
theory. Tian et al. [2] developed a nonlinear model for the development of oil, gas and other energy
resources against the backdrop of the energy structure in Jiangsu, China, one that predominantly
relies on the coal consumption, and evidenced empirically the feasibility of the corresponding
energy countermeasures.

Despite the fact that energy promotes economic development and improves people’s living
standards, excessive energy consumption undoubtedly damages the environment, so it is necessary to
adopt a low-carbon economy and reduce the possible environmental damage. In fact, the energy-saving
and emission-reduction system is a complex nonlinear system, which involves the interactions between
a variety of factors such as energy-saving and emission-reduction, carbon emissions, economic
growth, energy efficiency, carbon tax and energy intensity, and so forth [3-5]. In view of this,
a novel three-dimensional energy-saving and emission-reduction chaotic system is proposed [6].
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The system is established in accordance with the complicated relationship among energy-savings and
emission-reduction, carbon emissions and economic growth. This system displays a very complex
phenomenon by including a special chaotic attractor named the energy-saving and emission-reduction
attractor (the EE attractor for short), which is different from the previous chaotic attractor, such as
Lorenz attractor [7], Chen attractor [8], Lii attractor [9], Energy resource attractor [10-12] and so
on. Moreover, drawing up rational and effective policies and laws will ensure a better progress in
energy-saving and emission-reduction [13,14]. Wang and Xu [15] reported a new four-dimensional
energy-saving and emission-reduction chaotic system. The system is obtained in accordance with the
complicated relationship among energy-saving and emission-reduction, carbon emission, economic
growth and new energy development. The model is described as follows:

#(t) = arx(t) (4 — 1) — aay (1) + asz (),

7(8) = =byx(t) + bay (£) (1 — U2) + bz (1) (1 - %) — byu(t), O
2() = crx(t) (52 = 1) — cay(t) — eaz(t) + cau(t) (4 = 1),

i(t) = dyy(t) + doz(£) (3 — 1) — dsu(t),

where x(t) is the time-dependent variable of energy-saving and emission-reduction; y(t) the
time-dependent variable of carbon emissions; z(t) the time-dependent variable of economic growth
(GDP) and u(t) the time-dependent variable of new energy development. a;,d;, bj, Cj, (i =1,2,3
j = 1,2,3,4) are coefficients and M, N, L, K, C, E positive constants [15]. Model (1) stands for the
development and utilization of new energy sources. Therefore, the four-dimensional model of
energy-saving and emission-reduction is a step closer to the actual conditions.

In view of the current mode of economic development and technological conditions, economic
development will increase the consumption of coal and oil, and in turn this will cause an increase in
carbon emissions. However, there are many other approaches to promote economic growth, such as
those in the modern service sector that are low energy-consuming but high value-added, so economic
development may not immediately cause a substantial energy consumption load. In other words,
it might not lead to an obvious increase in carbon emissions in the short term. In this essay, we have
included the delay between economic development and the significant growth of carbon emission in
this kind of economic model.

Moreover, energy-savings and emission-reduction reduce carbon emissions by saving or reducing
energy consumption. However, due to the complexity of the economic system, the implementation
of energy-saving and emission-reduction measures normally will not lead to a significant reduction,
showing a certain lag. Meanwhile, energy-saving and emission-reduction will slow down the pace of
economic development. This will force enterprises to change their mode of economic development,
strengthen energy conservation and efficient use, and actively comply with a recycling economy
and low carbon economy, so energy-savings and emission-reduction will promote the sound and
fast development of economy, but it still demonstrates an obvious delay. Therefore, the impact of
energy-saving and emission-reduction on carbon emission and economic development is estimated as
delayed. On the basis of Model (1), we propose a two-delay model as follows:

x(t

(t)

y()
(£)
(

apx(t) (L — 1) — agy(t) + ax(t =)
—blx(t—'rz)+b2y(t)(1 )—i—bgz(t—'rl)(l 2n)y _ pyu(t),

< — ) (g2 1) —02]/( ) — c3z() + cqu(t) (48 — 1),

(1) + doz(8) (B — 1) — dau(t),

@)
t

t)

where 17 represents the delay time between economic development and carbon emission, and 1
represents the delay time among energy-saving and emission-reduction, economic development and
carbon emission.

The rest of this paper is organized as follows: in Section 2, we focus on the local stability and the
existence of Hopf bifurcation at the equilibrium point. In Section 3, we study the effects of delays and
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the feedback control on the stability of the system. In Section 4, the effective Hopf bifurcation control

of the system is examined. Finally, conclusions are drawn in Section 5.

2. Equilibrium Points and Local Stability

The calculation formulas of equilibrium points of Equation (2) are fairly complicated, so the
equilibrium points can be calculated directly by using specific parameters value in numerical
simulation section. We assume that Equation (2) has an equilibrium point, called hereafter by
E(x*,y*,z*,u*). It means that x(t), y(t), z(t) and u(t) can be in an equilibrium state through dynamic
game. In this paper, we focus on the influence of 7, 7> and the feedback control on the stability of

system (2) at the equilibrium point.

Next, Equation (2) is linearized at the equilibrium point E(x*,y*,z*,u*) by Jacobian matrix

as follows:

(1) = (g — a0)x(e) + (arfy — a2)y(t) + asz(t = ),

y(t) = —bix(t — 1) + (by — 220Ny (t) + (b3 — 2 )2(t — 1) — bau(t),
0)

(

= (3~ - c1)x(t = 1) —cay(t) — csz(t) + (4 — ca)u(h),
) = diy(t) + (- = d)z(t) — dsu(t),

The characteristic equation of Equation (3) is:

A—=Tn —J12 —Jize M~y
—Ine 2 A=y —Jpe M ]y _ 0
—Jme 2 —Jn  A—]s3 —J34
—Jn —Ja —Ja3 A~ Jaa
where:
]/* x*
Ju = (alﬁ —m), Ji2 = a5~ a2 Jiz=a3, J14 =0,
2byy* 2bsz*
Jo1 = —b1, Joo = by — 2y Jo3 = (b3 — =), Jog = —by,
C E
2cqx* 2cqu*
Ja1 = ( Il\] —c1), Jso=—¢2, Jaz3=—c3, Jsa = i —Cy,
2d,z*
Ju =0, Joo=di, Ji3= 12< —dy, Jayu = —d3.
We further get:
A A3A3 4+ AoA% + AjA + Ag + (BpA? 4+ BiA + Byle AT
(C2A? + C1A + Co)e 2 + (DA% + D1A + Dy)e HM1+m) =
where:

Az = —J11— ]2 — J33 — Ja4,
Az = JinJ2 + J11J33 + Ji1Jaa — J1aJa1 + J22J33 + J22Jaa — JoaJao + J33J4a — J34)a3,

A1 = —JuJnJ — Ji)22Jas + Jin)oaJar — Ji2J2a)a1 + J1aJ22]Ja1 — J11)33]44
+11J34]a3 + J1aJ33Ja1 — J22J33Jaa + J22J34J43 — JoaJ32)a3 + J24)33]a2

Ao = J11)22J33]as — 11)22J34)43 + Ti1)24)32)a3 — J11)2aS33 a2 + J12)24)33]41 — J1aJ22)33)41,
By = Jo3J32, B1 = J11)23J32 — J13J34Ja1 + J23)32 a4 — J23]34) 42,
By = —J11)23)32]aa + J11)23)34)a2 — 12)23)34Ja1 + J13)22J34]a1 — J13J24)32)41 + J1aJ23)32 a1,
Co = Iy, C1 = JiaJas + JioJas — Ji2JiaJaz — TuaJ1Jz,
Co = JiaJss]aa + JiaJsa)as — i2JialnaJas + Ji2J1aJ33)a2 — JizJoaltJas + J1aJoa)s1)as,

®)

4)
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Dy = J13J31, D1 = Ji2J13J32 — J12J23J31 + J13J22J31 + J13/31] a4,
Do = J12J13J32Jaa — J12J13J34Ja2 + J12J23)31 )44 — J13J22)31Jaa + J13)24)31Ja2 — J1a)23)31 )42
21.Caselty >0,1p=0

For 1 = 0, Equation (4) can be simplified as follows:
A%+ M3A3 + MoA? + MiA + My + (NoA? + NjA + Np)e @ =0, (5)

where:
Mz = A3, My = Ay + Gy, My = A1+ Cq, My = Ag + Co,
Ny = By + Dy, Ny = By + Dy, Ny = By + Dy,

Let A = iw; (w; > 0) be the root of Equation (5). Separating the real and imaginary parts,
we obtain the following:

Njwqicoswit) + (Nzw% — NQ)Sinw1T1 = Mgwi’ — Mjwy ©)
lelsinwl’rl — (Nzw% — No)coswl‘tl = Mzw% — w% - M()
From Equation (6), we can get:
Nzw? + (N1M3 — NoM, — Z\]o)(/fl1 + (N2M0 + NoM;p — NlMl)w% — NoM
coswiTy = . (7)

2
N?w? + (Nw? — Np)

Squaring both sides, adding both equations and regrouping by powers of w1, we obtain that w,
(w1 > 0) satisfies the following polynomial:

w§ + (M§ — 2Mp)w$ + (M3 — 2M1 M3 + 2My — NZ)wi 4+ (M? — 2MoM; — N + 2NoNp)w? + M3 — N§ = 0. (8)
Letr; = w%, Equation (8) transformed into:

4 3 2 —0 9

r a3y +q2ry +qir1 +q0 =0, 9)

where:
g3 = M§ —2My, g2 = M3 — 2M; M3 +2M, — N3,

g1 = M3 —2MoM;, — N? +2NgN,, go = M3 — N3.
In the following, we need to seek conditions under which Equation (9) has at least one positive

root. Denote:
h(r1) = r% + ‘137’? =+ qu% +q171 + qo-

Since rli_r)n@h(m) = oo, we conclude that if g9 < 0, then Equation (9) has at least one positive
1

root [16].
Suppose that Equation (9) has positive roots. Without loss of generality, we assume that it has four
positive roots, defined by rq1, 712, 713 and r14, respectively. Then Equation (8) has four positive roots:

W11 = /711, W12 = \/T12, W13 = /113, W14 = /714

For each fixed wy (k = 1,2,3,4), there exists a sequence {Tl(]];) k=1,2,3,4j=0,1,2,..} that
satisfies Equation (6). According to Equation (7), we can get:

T(j) _ LarccosNzwfk+(N1M37NZMZ7N0)w‘11k+(N2M0+N0M27N1M1)w%kagMg
1k — W1k

L 2in
NFwl+(Nawl —No)” ik (10)
k=1,2,34j=0123,..
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Let 7o = min{t [k =1,2,3,4;j = 0,1,2,..} = (in 4}{T1<,?)} = Tikys W10 = Wiky- S0 the Ty is:
S 1 ATccos NQC(J?O + (N1M3 — Ny My — No)w%o + (Na My + NoM, — NlMl)w%o — NoMp (1)
10 — 7
w10 N2w?) + (Naw3 — NO)2

Based on the above analysis, the main results are presented as below:

Lemma 1. If g9 < 0, Equation (5) has a pair of pure imaginary roots Liwio when 171 = T19. Next, take the
derivative with respect to Ty in Equation (5) and we can obtain:

dA]TN (4N £ 3MaA? + 2MpA + Mi)eM + 2N A+ N1 T
du] (N2A% + N1AZ + NoA) A

Re {d)t(flo)} -1 _ PP+ PPy
)\:iwlo

2 2
dTl Pl + P2
where:
2 3
P = —Njwiy, P, = Nowig — Nawyy,
P3 = 4w%osinw10T10 — 3M3W%OCOSCLJ10T10 - 2M2(,LJ10811’1(4]10T10 + M1COS(U10T10,
Py = —4(0:1”0COS(010T10 — 3M3w%osinw101'10 + 2MpwqgcoswigTig + MisinwigTig + 2Nowig + N,
dRe)L(Tlo) _ |:dA(T10)i| N . Ly
Lemma 2. Suppose that P1P; + P,Py # 0, then T iy Re T i # 0. So it satisfies

the transversality condition.

According to the Lemmas 1-2 and the Hopf bifurcation theorem in [17], we obtain the
following results:

Theorem 1: The equilibrium point E(x*,y*,z*, u*) of Equation (2) is asymptotically stable for 7y € [0, Typ)
and unstable for T > 1y10; Equation (2) undergoes a Hopf bifurcation when 1 = Typ.

22.Case211>0,15 >0

For 7y > 0,72 > 0, we consider the characteristic Equation (4) with 7; in its stable intervals
(the range of 7y when the stability of the system is not affected), that is to say, 1 € [0, 1y0) [18].
We study the influence of 7, on the stability of the system when 7 is fixed.

Proposition 1. Suppose that Ly < 0, then the characteristic Equation (4) has a pair of pure imaginary roots
Fiwyg for Ty = Tp0. where:

h6wgo + h5w§0 + h4w§0 + hgwgo + h2w§0 + hiwoo + hy
fawiy + frw3y + frwdy + frwa + fo

1
To) = ——arccos 12
0= (12)

Proof. Let A = iw; (wp > 0) be a root of Equation (4). Then we get:

(Cow3 — Co + Dyw3coswyT — Dywssinwsy — Dycoswaty )sinwn
+(Crwo + Dzwgsinwzrl + Dywocoswo Ty — Dosinw, Ty ) coswy o

= A3(U% — Ajwy — Bngsinwz'rl — Biwycoswyr 1 + Bysinw, 1,
—(Czw% — C() + Dzw%coswzﬁ - DleSil’lszl — DQCOS(Uz’Q)COS(Usz
+(Crwz + Daw3sinwy Ty + Dywrcosway — Dosinw, 1 )sinwa T

= Azw% — w‘z1 —Ag+ Bzw%coswzrl — Biwysinw, Ty — Bycoswy Ty

(13)
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From Equation (13), we can obtain:

h6wg + h5wg + h4w§‘ + hgwg + hzw% + hywy + ho

4 3 2 (14)
faws + faws + fows + frws + fo

COSWr Ty =

where:
he = Cp 4+ Dycoswr 1y,

h5 = DzA3Si1’1¢d2T1 — DlsiI‘IU.Jle
hy = C1A3 — DBy + D1 Aszcoswyrty — CoAy — CyBycoswrty — Cop — Dy Arcoswr Ty — Dgcoswy 1,
hg = CZB1sinw2T1 — Cl BzSil’lCUle — DzAlsinszl — DoAgsinszl + DlAzsinwz‘q,

hy = —C1A1 — C1Bicoswyt + DBy — D1 Aqjcoswyty — D1B1 + DBy 4+ C Ag
+CzB()COSCL72T1 + COA2 + C()BzCOSCUle + DzA()COS(UzT] + D()AzCOSCUle

hi1 = C1Bgsinwy 1y 4+ D1 Bgcoswy Tisinwy 1y + Dy A1sinw,
—C()Blsinwz‘[l — Dlesinszl — D1 Bosinw2T1C05w2T1

ho = —DgBy — CogAg — CyBycoswyr Ty — Dy Agcosws Ty,
fa = C3 4 D3 4 2D»Cocosws Ty,
f3 = —2D1Cysinwyty + 2C1 Dasinwy 1y,
f2 =2DyCycoswy g —2CoCop + D% — 2D¢Cycoswr Ty — 2DgDy + C% + 2D1Cycoswnr Ty,
f1 = 2D1Cosinwr Ty — 2D Cysinws 1y,
fo= C(Z) + D% + 2CyDgcoswr 1.
Similar to Case 1, from Equation (13), we have:
WS + Lyw) + Lew$ + Lsws + Lyw$ + Laws + Lyw? + Liwy + Lo =0 (15)
where
Ly =0,Lg = A% —2A) — 2Bycoswy Ty, Ly = 2By Azsinwy Ty — 2Bysinw, 1,
Ly = B3 —2A1 A3 — 2A3B1coswaty + A2 +2A¢ + 2A3Bacoswa Ty + 2Bycoswa Ty — C3 — DZ — 2D,Cocoswr T,
L3 = 2By A1sinwy Ty + 2By Aszsinwy Ty — 2B1 Apsinwy T + 2D1Cosinwy 1y — 2C1 Dasinw, 1,
Ly = A2 + B? + 2A1 Bycoswyty — 2BgBy — 2Ap Az — 2By Agcoswrty — 2By Axcoswaty
—2D;Cocoswrty 4 2CoCa + D? + 2Dy Cacoswyr Ty + 2DgDy — C3 — 2D Cicoswrty
L1 = —2ByA1sinwy Ty + 2B Agsinw, Ty — 2D Cosinwy 1y + 2DgCrsinwa 1y,
Ly = A(Z) + 2By Apcoswr T — C(Z) - Dé — 2Dy Cpcoswy T,

We turn Equation (15) into the following form:
flwz) = @ + Lyw] + Lew§ + Lsw; + Law3 + Law3 + Lyw3 + Liwz + Lo (16)

Since liLn f(wy) = oo, we conclude that if Ly < 0, then Equation (15) has at least one positive
wWp—00
root. Without loss of generality, we assume that Equation (15) has a finite number of positive roots
defined by {wy1, wa, ..., was }-
From Equation (14), we denote:

(]) _ 1 héwgk+h5w§k+h4wgk+h3wgk+hzw§k+h1w2k+h0

2jm .
Ty = gy Arccos + 2L k=1,2,.,5j=0,12,..

fawh 303+ rwgi + fiwntfo wor
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Then (Téli),ka) be a root of Equation (13). Therefore, when 7, = Tz(]];)

Equation (4) has a pair of pure imaginary roots %icw. Define:

, the characteristic
= mi Dk =1,2 ;7=0,1,2 = mi O =
T = min{ty |k =1,2,..5,j=0,1,2,..} = el in S}{Tzk } = Toky, w20 = wop,-

Let A(12) = a(12) + iw(T2) be the root of the characteristic Equation (4) near 7, = 72(1]3 satisfying:

o (TZ(]]C)) =0, w (Téﬁ) = Wop.
Then on the basis of above analysis, we can get the following conclusion:

h6wgo + h5w§0 + ]’l4w§0 + ]’lgwgo + ]’lzw%o + hiwyo + hy

4 3 2 (17)
fawyg + fawsy + fawsy + fiwzo + fo

Tp) = ——arccos
w0

The characteristic Equation (4) has a pair of pure imaginary roots +iwy when 7 = 1.

Proposition 2. Suppose that A # 0, then Re {M

() |
S } i # 0, Re [ } and A have the same

de A= inO
sign, where:

A=0Q103+Q2Q4

Proof. Substituting A(1,) (the root of the characteristic Equation (4), which is defined above) into
Equation (4) and taking the derivative with respect to 7,, we obtain:

[ dA Q10 + Q20 + Q30 + Quo _n (18)

-1
dTJ " e MTtw) (DyAZ + DA + Do) + Ae 2 (CoA2 + CIA + Co) A

Q10 = 473 +3A3A% + 2451 + A1, Qoo = (2BoA + By — 11 BoA? — 7y BiA — 1y By)e 1,
Q30 = (2CoA + C1)e ™2, Qqp = (2DaA + Dy — 7 DA2 — 1y DyA — 1y D )e M+ ™),

From Equation (18), we have:

Re [d)\(’fzo)} 01 QQ A
i , 2102 0202
© A=iwng Q1 + Qz Q] + Q2

where: , s
Q1 = —D1wjycos(T1 + Ta0) — Dawyysin(Ty + Tag) + Dowaosin(y + T2)
—Clw%OCOSCUZOTZO — CzwgosianoTzo + CowypsinwygTag

Q2 = —Drw3ycos(Ty + Tag) + Dowaocos(Ty + Tag) + Diw3ysin(ty + T20)
—Czwgocosw%l’zo ~+ Cowypcoswon T + ClwgosinanQTzO

Q3 = 73A3a)§0 + A1 + 2Bywypsinwyg T + B1coswyg Ty + T Bzw%OCOS(UzQTl — 71 Biwypsinwyp 1y
—T1 Bpcoswag Ty + 2CowagsinwagTag + C1coswagTag + 2Dawagsin( Ty + Tag)
+Dycos(T1 + Ta0) 4 T Daw3ycos(Ty + Tap) — 71 Diwsosin(ty + T20) — T Docos(T1 + o)

Q4 = —4(4}%0 + 2A26¢J20 + 2B2W20COSLLJZOT1 — Blsiano”ﬁ — T Bzw%osina)zo’ﬁ — T B1CLJ20COSCU20T1
411 Bpsinwyg 11 + 2CowogcoswogTrg — Cisinwyg g + 2D2w20COS(Tl + Tzo)
—Dlsin(Tl + TZQ) — TlDzw%OSiI‘l(Ij + Tzo) -7 D1(4J2()COS(T1 + T20) + T1D05i1’1(T1 + Tzo)

1
# 0. We conclude that Re [%:220)} and A have

/\:iWZO

Since Q% + Q% > 0, thus Re [%20)

the same sign. [

:| )\Zi(x]zg
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Thus, according to propositions 1 and 2 and the Hopf bifurcation theorem in [17], we have the
following theorem.

Theorem 2: For 1y € [0,Ty), Tio is defined by Equation (11). The equilibrium point E(x*,y*,z*,u*) of
Equation (2) is asymptotically stable for 7, € [0, Tag) and unstable when t, > Tpo. Equation (2) has a Hopf
bifurcation at T, = Tyg.

3. Numerical Simulation and Analysis

In this section, the numerical simulation is carried out in order to support the theoretical analysis.
Let x(0) = 0.3; y(0) = 0.5; z(0) = 0.7, u(0) = 0.9; a7 = 4.5; a = 1.3; a3 = 20; by = 0.25; b, = 0.85;
b3 =0.35; b4 =0.04;c1 =0.5;,¢p =03, c3 =0.2; ¢4 =0.1; dy = 0.01; d, = 0.02; d3 = 0.06; M = 10;
C=1,E=8 N =12;L = 2; K = 2. We consider the following system with given parameter values:

x(t) = 45x(8) (U8 — 1) — 1.3y () + 20z(t — 1),

£) = —0.25x(t — 1) + 0.85y () (1 — y(£)) +0.352(t — 1) (1 — Z50L) — 0.04u(t),
£) = 05x(t — 1) (U5 — 1) — 03y(t) — 0.22(¢) + 0.1u(#) (“L — 1),
£) = 0.01y(t) +0.02z(£) (2 — 1) — 0.06u(t),

y

(
(

. (19)
(

N

u
The following equilibrium points can be obtained by simple calculation:
Ey(0,0,0,0), E;(—0.6625,1.1410, —0.0578, 0.2100),

E>(—5.2219 + 54.1330i, —3.8795 4 0.7677i, —0.9477 + 17.0453i, —48.6048 + 10.9389i),
E3(13.3977 £ 0.7680i,0.4248 + 1.7180i,2.9437 + 0.24071,0.5241 4+ 0.1303i),
E4(—251.5640 + 371.2492i,14.7184 + 1.42021,15.8006 + 47.5443i, —337.9472 + 234.7986i),
E5(—48.6048 4 10.9389i, 6.9068 + 6.8940i, —28.3090 + 13.86941,112.0947 + 134.3508i),
Ee(131.6126 + 3.3325i,3.3618 + 6.30957,19.4028 + 18.7720i, —1.8941 + 114.1013i),

According to actual economic meaning, only E; is Nash Equilibrium point. So we examine the
system stability of the system at the equilibrium point E; (—0.6625, 1.1410, —0.0578,0.2100).

For Case 1, from Equations (8) and (11), we can obtain wiy = 4.5329, 19 = 0.4618,
so Equation (5) has a pair of pure imaginary roots £iwjp when 7 = 119 and » = 0. We also get
Py P; + PPy = 37.4226 # 0. By theorem 1, the equilibrium point E; of Equation (2) is asymptotically
stable when 7y € [0,0.4618) and unstable when 77 > 0.4618. It has a Hopf bifurcation at 7; = 0.4618.

For Case 2, Let 77 = 0.4 € [0, 1y9), from Equations (16) and (17), we can obtain wyy = 39.6736,
Ty = 0.0622, so Equation (4) has a pair of pure imaginary roots tiwyy when 71 = 0.4 and o = .
At this point, Q1Q3 + Q2Q4 = 23.8153 # 0. By theorem 2, the equilibrium point E; of Equation (2) is
asymptotically stable when 1, € [0,0.0622) for 7y = 0.4 and unstable when 1, > 0.0622 for 7; = 0.4.
Equation (2) undergoes a Hopf bifurcation when 7, = 0.0622 for 7y = 0.4.

3.1. The Influence of Ty on the Stability of Equation (19)

Equation (19) moves from stable to unstable with the increase in 73 and undergoes Hopf
bifurcation at 7 = 0.4618 when 7, = 0. Figure la shows the dynamic evolution process of
Equation (19). In this paper, we calculate the largest Lyapunov exponent (LLE) by the method
of Wolf reconstruction [19]. We judge whether the system is stable according to the exponent value.
If it is less than 0, the system is stable. If it is greater than 0, the system is unstable. If it is equal
to 0, the system appears bifurcation. In Figure 1b, we can know that the system has a bifurcation at
71 = 0.4618. This is consistent with the conclusion of theoretical analysis.
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Figure 1. The influence of 7 on the stability of Equation (19) when 1, = 0. (a) bifurcation diagram;
(b) the largest Lyapunov exponent plot.

According to Theorem 1, Equation (19) is stable when 77 = 04 < 799 = 0.4618 and ©» = 0.
In this case, x(t), y(t), z(t) and u(t) will converge to the equilibrium point E; through the game.
Figures 2 and 3 show the above properties.

Equation (19) is unstable when 71 = 0.5 > 179 = 0.4618 and 7, = 0 by Theorem 1. At this point,
the frequency spectrum plot is discrete, which means that the system has a periodic solution. The x(t),
y(t), z(t) and u(t) will lie on the basin of attraction [20] through the game. These analyses can be
illustrated by Figures 4 and 5.

We discover that economic growth (slowdown) will lead to an increase (reduction) in carbon
emissions when other parameters are fixed. The two variables share a consistent pattern, but with
a certain delay in time. Based on the above simulation, we find out that when the delay is greater
than the bifurcation value, the carbon emissions pattern will not be consistent with the economic
growth trend and volatility surfaces. Therefore, we should guarantee the timing of achieving the goal
of reducing emissions and make it less than the bifurcation value. Only in such a stable environment,
the implementation of energy-saving and emission-reduction policies will intend a favorable effect.

3

X
25 yit) H
Z
u

x(thyit)z(thu(t
e
o
e

0 20 40 60 80 100
t

Figure 2. Time-domain plot when 7y = 0.4 < 179 = 0.4618, T, = 0.
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z(t) 05 -2 xtt) 2(t) 0.5 oz

() (d)

Figure 3. The EE attractor when 71 = 0.4 < 179 = 0.4618, 7, = 0 and (x(0), ¥(0), z(0), u(0)) = (0.3, 0.5,
0.7,0.9). () x(t), y(t), z(t); (b) x(t), y(t),u(t); (c) x(t),z(t), u(t); (d) y(t), z(t), u(t).
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Figure 4. Equation (19) is unstable when 73 = 0.5 > 119 = 0.4618, 7, = 0. (a) time-domain plot;
(b) frequency spectrum plot.
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(©) (d)

Figure 5. The EE attractor when 79 = 0.5 > 119 = 0.4618, 7, = 0 and (x(0), ¥(0), z(0), u(0)) = (0.3, 0.5,
0.7, 0.9). (@) x(£), y(8), 2(1); (&) x(£),y(1), u(1); (©) (1), 2(8), u(t); (@) y(E), 2(8), u(t).

3.2. The Influence of Ty on the Entropy of Equation (19)

Kolmogorov entropy can be used to measure the degree of complexity of the system. Let k be the
value of Kolmogorov entropy. If the system is stable and in regular motion, then k = 0, otherwise k > 0.
The greater the value of k is, the more complex the system is. We have already found that Equation (19)
displays bifurcation at 7; = 0.4618, as is shown in Figure 1. Based on the above analysis, we can get
that if 77 < 0.4618, then k = 0, otherwise k > 0. The more complex the system is, the longer and the
more difficult it will be for the system to return to stability. The entropy properties are displayed in
Figure 6.

09
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07t

06

051

Entropic
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03
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T
1

Figure 6. The entropy plot respect to 71 when 7, = 0.
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3.3. The Influence of t1, bs, by on the Stability of Equation (19)

The influence of 7y and b3 on y is shown in Figure 7. The system shows a sign of instability
at 1 = 0.4618. However, b3 has no obvious impact on y when 7y < 0.55. With the increase of
b3, y becomes larger and then decreases when 71 > 0.55. The minimum value of y is —1.448 for
(11,b3) = (0.5,0.85) while the maximum value of y is 5.124 for (11, b3) = (0.6,0.55). The value of y is
—0.66 approximately when 73 < 0.4618. Thus, the impact of b3 on y can be ignored when 77 < 0.4618.

Figure 7. The influence of 7y and b3 on y when 7p = 0.

Figure 8 shows that by has a greater impact on y. With an increase in by, the system shifts from
unstable to stable. When by = 0.2, the system is beginning to become stable. The minimum value of y
is —1.838 for (11, b4) = (0.5,0.15) and the maximum value of y is 4.207 for (11, b4) = (0.6,0). The value
of y is stable at 2.889, but 17 has little effect on y. Therefore, we should consider the effect of by on the
stability of the system.

Figure 8. The influence of 7y and by on y when 7p = 0.

We focus on the influence of 19, b3 and by on y in Figure 9. The system is stable when 7y < 0.4618,
and unstable when 71 > 0.4618. The change in b3 and b4 leads only to a larger fluctuation but when
71 > 0.4618, the fluctuation trend is basically symmetrical. However, b3 and by have no effect on y
when 17 < 0.4618. We conclude that the stability of energy-saving and emission-reduction system can
be maintained, only controlling for the value of delay parameter 7.



Entropy 2016, 18, 371 13 of 20

Figure 9. The influence of 1y, b3 and by on y when 1, = 0.

3.4. The Influence of T, on the Stability of Equation (19)

In this part, we study the effect of 7, on the stability of the system when 7; is fixed.
With an increase in 7, Equation (19) will lose stability. Figure 10 displays that Equation (19) undergoes
bifurcation at 7, = 0.0622 for 7y = 0.4. This is consistent with the theoretical analysis.

5
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i3 3
S of :
g 2
=
]
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4
0 0.1 0.15 0.2
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Figure 10. The influence of T, on the stability of Equation (19) when 71 = 0. (a) bifurcation diagram;
(b) the largest Lyapunov exponent plot.

Equation (19) is stable when 71 = 0.4, 7, = 0.04 < 19 = 0.0622 by Theorem 2. x(t), y(t), z(t)
and u(t) will converge to the equilibrium point E; through the game. The properties are shown in
Figures 11 and 12.

x(t)
wit)

uc ||

=1 H

xiythatiul)
o
-=-§§;§_‘:

2|

Figure 11. Time-domain plot when 71 = 0.4, o = 0.04 < 19 = 0.0622.
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Figure 12. The EE attractor when 7y = 0.4, 7, = 0.04 < 1 = 0.0622 and (x(0), ¥(0), z(0), u(0)) = (0.3,
0.5,0.7,0.9). (a) x(t), y(t),z(t); (b) x(t),y(£), u(t); (¢) x(t),z(t), u(t); (d) y(¢), z(¢), u(t).

On the basis of theorem 2, Equation (19) is unstable when 71 = 0.4, 75 = 0.08 > 19 = 0.0622.
Meanwhile, the Poincare plot has five discrete points, which means that the system has a periodic
solution. x(t), y(t), z(t) and u(t) will lie on the basin of attraction through the game. Figures 13 and 14
show these characteristics.

Poincare

*(t)y(t).z(t)u(t)

07r

06}
-2t

05}

x

(a) (b)

Figure 13. Equation (19) is unstable when 71 = 0.4, 75 = 0.08 > 1 = 0.0622. (a) Time-domain plot;
(b) Poincare plot.
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(©) (d)

Figure 14. The EE attractor when 1 = 0.4, 7p = 0.08 > 159 = 0.0622 and (x(0), y(0), z(0), (0)) = (0.3,
0.5,0.7,09). () x(t), y(t), z(t); (b) x(t), y(t), u(t); (c) x(t),z(t),u(t); (d) y(t), z(t), u(t).

3.5. The Influence of T, on the Entropy of Equation (19)

From Figure 10, we know that Equation (19) has a bifurcation when 71 = 04,72 = 0.0622.
Equation (19) is unstable for 7, > 0.0622, then the entropy value is more than 0. As in Section 3.2,
the growth in the value of entropy shares the same pattern with that in 7,. The change of entropy is
shown in Figure 15. With the increase of entropy value, the system will be more unstable. In this case,
the implementation effect of energy-saving and emission-reduction is poorly maintained.

14

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

T2

Figure 15. The entropy plot respect to 7, when 17 = 0.4.
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3.6. The Influence of T, b3, by on the Stability of Equation (19)

Figure 16 shows that the influence of 7, on y is greater. With an increase in 1, the system moves
from stable to unstable. The system is becoming unstable at 7o = 0.06. The minimum value of y is
1.048 for (12, b3) = (0.1,0.1) and the maximum value of y is 1.212 for (13, b3) = (0.09,0.1). The value
of y is stable in the vicinity of 1.1. But b3 has little effect on y. Only when 1, > 0.06, the value of y
will turn from large to small with the increase of b3. Therefore, we have to make 17» < 0.06, so as to
guarantee the effective implementation of energy-savings and emission-reduction.

Figure 16. The influence of 1, and b3 on y when 73 = 0.4.

When 1, and b3 are larger and b, is smaller, the value of y is closer to 1. Otherwise, y approximates
—1. The change in the value of the parameters will cause the transformation of y between two states.
These properties are shown in Figure 17. Therefore, we have to ensure that 1, and b3 are as small as
possible, so as to reduce carbon emissions.

(b)

Figure 17. The influence of 1, b3 and by on y when 7; = 0.4. (a,b) shown from different angles.

3.7. The Influence of 11, T on the Stability of Equation (19)

It can be seen from Figure 18 that the system loses stability if 7; shows an increase. In that case,
x demonstrates a large range of ups and downs. On the other hand, 7, has no impact on x.
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Kl

Figure 18. The influence of 73 and 7, on x when 7y € [0.1,0.6], T» € [0.01,0.1].

3.8. The Influence of T1, T on the Entropy of Equation (19)

Figure 19 shows that the entropy becomes greater than 0 with an increase in 7. Meanwhile,
the system is unstable. According to Section 3.4, (13, T2) = (0.4,0.0622) is a bifurcation point, so we
can infer that the point (0.4,0.0622) is on the boundary of the entropy change. 1, still has no effect on
entropy. So keeping the other parameters constant, the system is stable when 71 < 0.4.

Entropic

Figure 19. The influence of 71 and 7, on entropy of Equation (19) when 7y € [0.1,0.6], 72 € [0.01,0.1].

4. Bifurcation Control

The fact that the system loses stability at the bifurcation will seriously impact the effectiveness of
the implementation of the policy. Thus we have to take measures to ensure the stability of the system.
The system can be controlled by some approaches, for example, modified straight-line stabilization
method [21], pole placement method [22], the OGY method (a control method of chaos proposed by
Ott, Grebogi and Yorke) [23], time-delayed feedback method [24], and so forth. Here, we adopt the
method of variable feedback control (see, e.g., [25], and references therein) to control for the Hopf
bifurcation. The controlled system is given as follows:

w() = ax () (U — 1) — ay(t) +asz(t — 1) — kx(1),

(1) = ~bux(t =) +bay()(1L— )+ bsa(t — 1) (1~ 258) —byu(t) ~ky(t),
2(t) = rx(t— o) (U2 — 1) — cay(t) — eaz(t) + cqu(t) (42 — 1),

i(t) = diy(t) + doz(t) (32 — 1) — dau(t),

where k is a feedback control parameter. The state of Equation (20) can be changed by adjusting the
value of k. If k is greater than the critical value, then Equation (20) returns to the stable state, otherwise
the system is still in an unstable state.
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4.1. Bifurcation Value of Equation (20) to k

In Case 1, we know that Equation (2) demonstrates the bifurcation when 71 = 0.4618, 7, = 0 and
it is unstable for 7y = 0.5, 7o = 0. It can be seen from Figures 4 and 5.

Figure 20 shows the dynamic evolution process of Equation (20) to k for (73, 7o) = (0.5,0). We find
out that Equation (20) undergoes bifurcation at k = 0.1689. In other words, Equation (20) is unstable
when k < 0.1689 and is stable when k > 0.1689.

1 x 10
5 3
2
m X:0.1689
3 4 )
£ Of === - - - Bm = -
X:0.1689 %
x 3
g
2
2
13
Z a3}
4l
St
-25 -
0 0.1 0.2 03 04 0.5 0 0.1 0.2 0.3 04 0.5
k k
(a) (b)

Figure 20. The influence of k on the stability of Equation (20) when (13, 7o) = (0.5,0). (a) bifurcation
diagram; (b) the largest Lyapunov exponent plot.
4.2. Equation (20) is Unstable When k < 0.1689

Keep the values of other parameters unchanged and let k = 0.05 < 0.1689, and the time-domain
plot and the EE attractor of Equation (20) are shown in Figure 21. We find out that the system (20) is
unstable and has a basin of attraction. It fails to achieve bifurcation control.

3

2 z(t)

§

2

x(t).y () z(t).u(f
o -

(a)

Figure 21. Equation (20) is unstable when k = 0.05 < 0.1689 for (71, 72) = (0.5,0). (a) time-domain
plot; (b) the EE attractor.

4.3. Equation (20) is Stable When k > 0.1689

When the other parameters are consistent with the original, let k = 0.2 > 0.1689 and the
time-domain plot and the EE attractor of Equation (20) are displayed in Figure 22. We can see that
Equation (20) maintains stable and x, y and z tend to equilibrium point. Therefore, bifurcation control
is successful as k > 0.1689. We can conclude that the control effect will be larger if the control parameter
k stands higher.
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Figure 22. Equation (20) is stable when k = 0.2 > 0.1689 for (71, 7») = (0.5,0). (a) time-domain plot;
(b) the EE attractor.

Based on the above analysis, we assume that the unstable system can return to stability if effective
control is exerted. This means that when problems arise from energy-saving and emission-reduction
policies and lead to market volatility, we can take control measures to ensure that the system returns to
a stable state.

5. Conclusions

In this paper, we examine the stability of a four dimensional energy-saving and emission-reduction
model with two delays. We focus on the impacts of delays and the feedback control on the stability of
the system. The system shifts from stable to unstable when the delays are larger than the bifurcation
values. In this case, a large fluctuation shows up in the system and affects the implementation of
energy-saving and emission reduction policies. However, we can control the bifurcation of the system
by adopting the variable feedback control approach and the system will return to a stable state when
the control parameters are set.

The results show that time delays play an important role in the stability of the system. Only when
the energy-savings and emission-reduction system is stable, can the purpose of reducing carbon
emissions be achieved. Therefore, we must ensure that the delay parameters are in a stable region and
then add other parameters to maintain a long-term stable system.

According to the above analysis, if we want to keep the energy-saving and emission-reduction
system running in a stable state, we can take the following strategies when other things are equal.
First, when 75 = 0, we must make sure that 77 < 0.4618 or by > 0.5. Second, when 73 = 0.4, we must
keep T, < 0.0622.
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