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Abstract: We consider the paradigmatic Brusselator model for the study of dissipative structures
in far from equilibrium systems. In two dimensions, we show the occurrence of a self-replication
phenomenon leading to the fragmentation of a single localized spot into four daughter spots. This
instability affects the new spots and leads to splitting behavior until the system reaches a hexagonal
stationary pattern. This phenomenon occurs in the absence of delay feedback. In addition, we
incorporate a time-delayed feedback loop in the Brusselator model. In one dimension, we show that
the delay feedback induces extreme events in a chemical reaction diffusion system. We characterize
their formation by computing the probability distribution of the pulse height. The long-tailed
statistical distribution, which is often considered as a signature of the presence of rogue waves,
appears for sufficiently strong feedback intensity. The generality of our analysis suggests that the
feedback-induced instability leading to the spontaneous formation of rogue waves in a controllable
way is a universal phenomenon.
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1. Introduction

In their seminal 1968 paper, Prigogine and Lefever derived a trimolecular model to describe
the formation of dissipative structures. These periodic structures appear spontaneously in dissipative
environments and are maintained thanks to a permanent exchange of matter and/or energy with their
surroundings [1,2]. A classical example of such localized structures was first predicted by Turing [3].
Contrary to the Rayleigh-Bénard instability in fluids, this instability is characterized by an intrinsic
wavelength, which depends only on the dynamical parameters of the considered system, such as
diffusion coefficients and/or the inverse characteristic time associated with chemical kinetics. The
theoretical support of the thermodynamics theory of systems far from equilibrium, developed by
Prigogine, made the work of Turing popular. For this reason, it is worth renaming such a bifurcation
a Turing-Prigogine instability. More than several decades later, de Kepper et al. [4] and Ouyang
and Swinney [5] demonstrated experimental evidence of two-dimensional dissipative structures in
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chlorite-iodide-malonic acid reactions. It is also worth mentioning an earlier experimental work by
Belousov, who was the first to observe the oscillatory behavior of chemical concentrations [6,7].

Dissipative structures are not necessarily periodic. They can be either isolated, randomly
distributed or self-organized in clusters [8-16]. This spatial confinement comes from the balance
between a positive feedback mechanism associated with the chemical reaction and a diffusion process.
In addition, dissipation plays a stabilizing role when the system operates far from equilibrium
(see recent overviews of this issue [17-20]). However, the circular shape of a single localized
structure may exhibit a deformation followed by a fragmentation into two or more spots. This
splitting process continues until the system reaches a hexagonal pattern. This phenomenon is
referred to as spot multiplication, or self-replication [21]. Soon after this theoretical prediction, the
spot replication phenomenon was experimentally observed in various experiments, such as the
ferrocyanide-iodate-sulfite reaction [22], the Belousov—Zhabotinsky reaction [23-26] and the chloride
dioxide-malonic acid reaction [27]. This phenomenon has been studied in different contexts of
nonlinear science, such as biology [28], material science [29,30] and nonlinear optics [31]. It has
been shown analytically that when the radius of the spot is small, the instability leads to a spot
deformation, which generates only two spots [26]. See also [32-34] for the approach based on the
interface motion.

In another line of research, the study of the formation of extreme events, such as rogue waves in
nonlinear systems, is motivated by the experimental evidence of this phenomenon in fiber optics [35].
Several important papers and reviews of this active field of research have been published in recent
years [36-54]. Rogue waves are rare events and giant pulses. Often, the long tail probability distribution
is the fundamental characteristic accounting for the generation of rogue waves. They correspond to
large intensity pulses in the spatial directions. Various mechanisms have been proven to be responsible
for the generation of rogue waves in one-dimensional spatially-extended systems. In this paper, we
propose a mechanism based on the delayed feedback control in reaction diffusion systems.

In this contribution, we show that in the absence of a delay feedback, the Brusselator model
admits stationary localized structures in a finite range of parameters. When increasing the parameter B,
localized structures become unstable with respect to curvature instability followed by an annulus
structure. With the temporal evolution, the ring structure becomes unstable, leading to the formation
of four spots. This process continues until the system reaches a hexagonal structure. When the
delayed feedback is taken into account, we show that extreme events, often called rogue waves, may
be generated in reaction-diffusion systems. The delayed feedback is found to induce a spontaneous
formation of rogue waves. In the absence of the delay feedback, spatial spots are stationary. The
rogue waves are excited and controlled by the delayed feedback. We characterize their formation by
computing the probability distribution of the spot height. Indeed, the long-tailed statistical distribution,
which is often considered as a signature of the presence of rogue waves, appears for sufficiently
strong feedback.

The paper is organized as follows: in Section 2, we introduce the classical Brusselator model,
and we show numerically the formation of localized structures, as well as the curvature instability
leading to splitting. In Section 3, we introduce a retroaction loop in the Brusselator model and perform
the linear stability analysis. We also analyze the formation of extreme events induced by the delayed
feedback. We conclude in Section 4.

2. Reaction-Diffusion Model and Spot Replication

We consider the Brusselator [55] model as a classical paradigm of the theory of dissipative
structures [1]. The evolution equations of the Brusselator model read:

dX
dt
dy
dt

= V2X+A—(B+1)X+ X%

= DV?Y 4 BX — X?Y. (1)
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Here, X and Y denote the concentrations of the interacting chemical species. A and B are
externally-controlled concentrations. The parameter D is the ratio between the diffusion coefficients
Dy and Dy of the X and Y concentrations, respectively. The homogeneous steady state (X5 = A,
Y; = B/ A) may become unstable with respect to a Turing—-Prigogine instability that leads to periodic
oscillations in the (x,y) plane. A necessary condition for the Turing—Prigogine instability to occur is
that the diffusion coefficient of the inhibitor X species should be larger than that of the activator Y.
The threshold and the critical wavenumber at the pattern forming instability are B, = (1 + dA)? and
ke = VdA, withd = V1/D = \/ Dy /Dy [1]. In two dimensions, a weakly-nonlinear analysis in the
vicinity of the threshold associated with a pattern forming instability shows that when increasing the
parameter B, the following sequence of patterns with different symmetry is generated: Hrr (honeycomb
lattice)-stripes-HO (triangular lattice) [56].

a) c)

d)

Figure 1. Examples of 2D stationary localized structures obtained from numerical simulations of
the model Equation 1. (a) and (c) correspond to a single spot in the spatial profile of the chemical
concentrations X and Y, respectively. (b) and (d) correspond to four spots in the spatial profile of the
chemical concentrations X and Y, respectively. Parameters are A = 0.6, B = 0.65, and D = 150. The
mesh integration is 256 x 256 points.

Localized structures do not emerge spontaneously from the homogeneous steady states. They are
generated with hard excitation (large amplitude initial perturbation) in the regime of coexistence
between the homogeneous steady states and a periodic pattern. In this regime, the Brusselator
model admits stationary localized structures. The initial condition solely determines the number and
spatial location of spots. To generate a single spot, a Gaussian initial condition is used. An example
of stationary localized spots with one and four peaks is shown in Figure 1. When increasing the
parameter B, circular localized structures exhibit a self-replication phenomenon in a wide range of
parameters. An example of this behavior is shown in Figure 2. During time evolution, a single localized
spot becomes unstable and leads to the formation of an annulus (see Figure 2b). The annulus becomes
unstable and breaks into four spots, as shown in Figure 2c. During time evolution, the four spots start
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to repel each other. The size of the new spots grows until it reaches a maximum size over which they
exhibit an elliptical deformation followed by splitting into two daughter spots. This secondary splitting
is shown in Figure 2e,f. Numerical simulations are obtained with periodic boundary conditions in
both spatial dimensions.

Figure 2. Self-replicating spots obtained from numerical simulations of the model Equation 1. (a)—(h): time
evolution of the chemical concentration X. (i)—(p): time evolution of the chemical concentration
Y. Parameters are A = 0.6, B = 0.75, and D = 150. The mesh integration is 256 x 256 points.

Note that the spots described by the variational Swift-Hohenberg equation can exhibit an elliptical
deformation, leading to a rod-shaped structure. As it elongates, this structure exhibits a transversal
instability that generates an invaginated labyrinth structure invading all of the space available [57].

3. Extreme Events Induced by Delayed Feedback

We incorporate in the Brusselator model Equation (1) a delay time effect, and we focus on a
one-dimensional system. Recently, time-delayed feedback control in reaction-diffusion systems has
attracted much interest [58-60]. The evolution equations of the Brusselator model with time-delayed
feedback read:

X X2
2
v _ Dal+BX—x2Y+17yY(t—r). ()

dr ox?
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The parameters (A, B and D) are defined in the previous section. The delayed feedback parameters
are the strength of the delay (77x,77y) and the delay time 7. The approximation we use to model the
delay is valid in the limit where the strength of the delay is small and the delay time is large. In this
limit, the feedback concentrations are small enough for their evolution to be described by a single
spatially-homogeneous delay term. In order to simplify the analysis, without loss of generality, we
consider that 77, = 7 and 77, = 0. In this limit, the homogeneous steady states of the Brusselator model

with delayed feedback read:
A B(1—17)
X = — Y = =
s= 12 1 ’ s A 3)
The linear stability analysis with respect to a finite wavelength perturbation of the form
exp(ik - r + At) shows that the eigenvalue A vanishes when:
A? A?
P+ -———=0. (4)

Dk*+|(1—-y—B)D+ ——
=15 (1—n)? 1—7

Hence, there exists a finite band of Fourier modes k with k2 < k? < k%2 , where kz,, . are solutions
of Equation (4). The threshold associated with the Turing-Prigogine instability, i.e., k_ = k., provides
the threshold and the critical wavenumber at the onset of the instability:

(1—n+dA)? , AV1—7y
B=~—*1""/ 2="VY"_14

(R B ©

withd =+/1/D = \/ D,/ Dy. The corresponding wavelength at the onset of the bifurcation point is:

1\ 1/4
AC:2n<d2AZ> . (6)

In the absence of the delayed feedback, i.e., # = 0, we recover the classical expressions for

the threshold and the critical wavenumber at the pattern forming instability B, = (1 + dA)? and
ke = VdA [1]. From the expressions of B and the wavelength A., we see that both the threshold and
the wavelength associated with the Turing-Prigogine instability are strongly affected by the delayed
feedback strength. Figure 3 shows the critical value B, against the strength of the delayed feedback.
For the fixed ratio between the diffusion coefficients, the threshold associated with pattern forming
instability decreases with the increase of # (excluding the region very close to # = 1). The critical
wavelength also decreases with respect to 7 (see Figure 4).

2 ™ ‘

1,5

0,5

Figure 3. The threshold associated with the pattern formation instability as a function of the strength
of the delayed feedback, with A = 0.6.
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Figure 4. The wavelength of the Turing-Prigogine instability as a function of the strength of the delayed
feedback, with A = 0.6.

We now consider the effect of a delayed feedback in the one-dimensional Brusselator model.
The delayed feedback allows for the motion of a stationary localized structure when the product of
the delay time and the strength of the delay reach the numerical value #7 = 1 [58-61]. The phase
of the delayed feedback may alter the threshold associated with the moving localized spots [62,63].
Delayed feedback could also induce the formation of localized chaos through the period doubling
mechanism [64].

In this section, we show a novel way to generate and to control extreme events in reaction-diffusion
systems by means of delayed feedback. Most of the papers published on rogue waves, either in the
ocean or in optics, describe them in the framework of the nonlinear Schroedinger equation. However,
we chose a system that cannot be described by the nonlinear Schroedinger equation and in which
dissipation plays an important role. Furthermore, because the nonlinear Schroedinger equation does
not admit localized two-dimensional solutions due to the collapse dynamics, most of the work has been
limited to the one-dimensional setting. We establish that, while in the absence of delayed feedback,
the spatial spots are stationary or exhibit a splitting and deformation, for sufficiently strong feedback,
the spontaneous formation of extreme events is observed. These rogue waves are clearly excited
and controlled by the feedback. We provide a statistical analysis showing a non-Gaussian profile of
the probability distribution with a long tail and pulse intensity height well beyond two-times the
significant wave height (SWH) defined as the average of one third of the highest amplitude pulses.

Numerical simulations with the periodic boundary condition of the Brusselator model with
delayed feedback control (Equation (2)) are performed. A space-time map showing the evolution of
X(x,t) in the Brusselator model is presented in Figure 5a, and a snapshot of the spatial distribution at
t = 78 capturing an extreme event is shown in Figure 5b. The Brusselator parameters are D, = 1,
D, = 150, A = 0.6, B = 0.75, and the feedback parameters are 7y = —#, = 2.5and T = 10. As is
evident from Figure 5a, pulses with intensity 5-10-times larger than that of the stationary localized
structures without delayed feedback appear (indicated by triangles). An extreme event with amplitude
X > 20 is shown with a red square in Figure 5a. The cross-section of the space-time map showing
the spatial profile of the rogue wave is shown in Figure 5b. In the absence of delayed feedback, the
localized structure is a stationary object, as shown by a red line in Figure 5b.
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Figure 5. (a) Space-time map showing the evolution of X(x, t) in the Brusselator reaction-diffusion
model. Triangles indicate pulses with an intensity 5-10-times larger than the stationary localized
structures without delayed feedback. The red square shows an extreme event with amplitude X > 20.
The Brusselator parameters are D = 150, A = 0.6, B = 0.75, and the feedback parameters are
ix = =1y = 25and T = 10. (b) A cross-section at t = 78 showing the spatial profile X(x) of the
rogue wave.

Statistical analysis of the pulse height distribution of spatio-temporal chaos in the Brusselator
model is presented in Figure 6. Here, SWH denotes the significant wave height defined as the average
of one third of the highest amplitude pulses. The long-tailed statistical distribution serves as a signature
of the presence of rogue waves: rogue waves with pulse heights more than twice the SWH appear in

the system.
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Figure 6. The number of events as a function of the amplitude of the pulses in the semi-logarithmic
scale. The parameters are the same as in Figure 5. The SWH denotes the significant wave height. The
dashed line indicates 2 x SWH.

4. Conclusions

In the first part of this paper, we have shown numerically that the Brusselator model admits
stationary localized spots. When the parameter B is increased, the localized spots exhibit a
self-replication phenomenon, leading to the formation of stationary hexagonal structures. In the
second part, we have incorporated a time-delayed feedback loop in the Brusselator model in one
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dimension. We have shown that the time-delayed feedback leads to the formation of extreme events.
This phenomenon occurs for large values of delayed feedback strength. We have characterized the
formation of extreme events by providing a statistical analysis showing a non-Gaussian profile of the
probability distribution with a long tail and spot intensity height well beyond two-times the significant
wave height (SWH) defined as the average of one third of the highest amplitude pulses. The generality
of our analysis suggests that the instability leading to the spontaneous formation of rogue waves in a
controllable way is a universal phenomenon. In future work, we plan to investigate the formation of
extreme events in a two-dimensional Brusselator model with delayed feedback.
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