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Abstract: Recently the logical entropy was suggested by D. Ellerman (2013) as a new information
measure. The present paper deals with studying logical entropy and logical mutual information
and their properties in a fuzzy probability space. In particular, chain rules for logical entropy and
for logical mutual information of fuzzy partitions are established. Using the concept of logical
entropy of fuzzy partition we define the logical entropy of fuzzy dynamical systems. Finally, it is
proved that the logical entropy of fuzzy dynamical systems is invariant under isomorphism of fuzzy
dynamical systems.
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1. Introduction

The classical approach in information theory [1] is based on Shannon’s entropy [2]. Using
Shannon entropy Kolmogorov and Sinai [3,4] defined the entropy /(T) of dynamical systems. Since the
entropy h(T) is invariant under isomorphism of dynamical systems, they received a tool for distinction
of non-isomorphic dynamical systems by means of which proved the existence of non-isomorphic
Bernoulli shifts. In the paper by Markechova [5] the Shannon entropy of fuzzy partitions has been
defined. This concept was exploited to define the Kolmogorov-Sinai entropy h,, of fuzzy dynamical
systems [6]. The obtained results generalize the corresponding results from the classical Kolmogorov
theory. In [7] it was shown that &, coincides on isomorphic fuzzy dynamical systems, hence h,, can
serve as a tool for distinction of non-isomorphic fuzzy dynamical systems.

Recently the logical entropy was suggested by Ellerman [8] as a new information measure. Let
P = (p1,...,pn) € R" be a probability distribution; the logical entropy of P is defined by Ellerman

n

as the number (P) = ) p;(1 — p;). Ellerman also defined a logical mutual information and logical
i=1

conditional entropy and discussed the relation of logical entropy to Shannon’s entropy. B. Tamir and
E. Cohen in [9] extended the definition of logical entropy to the theory of quantum states.

The aim of this paper is to study the logical entropy in fuzzy probability spaces and fuzzy
dynamical systems. The paper is organized as follows. In the next section, we give the basic definitions
and some known results used in the paper and we present relevant related works. In Section 3, the
logical entropy, conditional logical entropy, logical mutual information and logical conditional mutual
information of fuzzy partitions of a fuzzy probability space are defined. We state and prove some of the
basic properties of these measures; in particular, chain rules for logical entropy and for logical mutual
information of fuzzy partitions are established. In Section 4, the logical entropy /. of fuzzy dynamical
systems is defined and studied. It is proved that the logical entropy k. of fuzzy dynamical systems is
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invariant under isomorphism of fuzzy dynamical systems (Theorem 12). In this way, we obtained a
new tool for distinction of non-isomorphic fuzzy dynamical systems; this result is demonstrated by
Example 4. Our conclusions are given in Section 5.

2. Basic Definitions and Related Works

In this section, we recall some definitions and basic facts which will be used throughout this
paper and we mention some works connected with the subject of this paper, of course, with no claim
for completeness.

In the classical probability theory, an event is understood as an exactly defined phenomenon and
from the mathematical point of view it is a classical set. In practice, however, we often encounter
events that are described imprecisely, vaguely, so called fuzzy events. That is why various proposals
for a fuzzy generalization of the notions of classical probability theory have been created. The object of
our studies will be a fuzzy probability space (Q), M, 1) defined by Piasecki [10].

Definition 1. By a fuzzy probability space we mean a triplet (Q), M, i), where () is a non-empty
set, M is a fuzzy o-algebra of fuzzy subsets of (}, i.e., M < [0, 1]Q such that (i) 1o € M; (1/2) ¢ M;
(ii) if a € M, then at= lag—ae M; (iii) ifa, e M, n = 1,2,..., then uzo:lan € M, and the mapping
#:M — [0, o) satisfies the following conditions: (iv) u(a ua’) = 1 foralla e M; (v) if {ay},~; € M
such that a; < 11]-i (point wisely) whenever i # j, then p(U% 1a,) = 377 1 p(an).

The symbols u;l‘czlan = sup, 4, and m;‘ozlan = inf, a, denote the fuzzy union and the fuzzy
intersection of a sequence {an}ZO:l C M, respectively, in the sense of Zadeh [11]. Note that operations
with fuzzy sets can be introduced in various ways. A review can be found in [12] (see also [13]). Using
the complementation 1: a — a' for every fuzzy subset a € M, we see that the complementation
| satisfies two conditions: (i) (al)l = a for every a € M; (ii) if 2 < b, then bl < at. Therefore,
M is a distributive o— lattice with the complementation L for which the de Morgan laws hold:
(unoozlan)L = mleanJ- and (mnoozlan)L = u,;‘ozla# for any sequence {a,},.; = M. Fuzzy subsets a, b
of Q) such that a n b = O, are called separated fuzzy sets, fuzzy subsets a, b € M such that a < b
are called W-separated. Each fuzzy subset a € M such that a > a is called a W-universum, each
fuzzy subset a € M such that a < a' is called a W-empty set. A set from the fuzzy c-algebra M is a
fuzzy event; W-separated fuzzy events are interpreted as mutually exclusive events. A W-universum
is interpreted as a certain event and a W-empty set as an impossible event. It can be proved that a
fuzzy set a € M is a W-universum if and only if there exists a fuzzy set b € M such thata = b U b'.
The presented c-additive fuzzy measure p has all properties analogous to properties of a classical
probability measure. We recall some of them that are used in the following.

21) u(at) =1—pu(a) foreveryae M.

(2.2) pisanondecreasing function, i.e.,if a, b € M such thata < b, then p(a) < u(b).
(2.3) u(aub)=pu(a)+ub)—u(an b)foreverya, be M.

(24) Letbe M.Thenp(anb) = u(a) for alla € M if and only if u(b) = 1.

(2.5) Ifa, be M are W-separated, then u(a nb) = 0.

(2.6) Ifa, be Msuchthata <b,then u(b) = u(a) + u(at N b).

The proofs of these properties can be found in [10]. The monotonicity of fuzzy measure y implies
that this measure transforms M into the interval [0, 1].

The above described couple (Q), M) is called in the terminology of Rie¢an and Dvurecenskij an
F-quantum space, the fuzzy measure y is so-called F-state [14,15]. This structure has been suggested
(see [14]) as an alternative mathematical model of the quantum statistical theory for the case when
quantum mechanical events are described vaguely. The theory of F-quantum spaces was developed
in [16-19]. According to Tamir and Cohen [9], the logical entropy could be more intuitive and useful
than the Shannon entropy and also von Neumann entropy when analyzing specific quantum problems.
This fact inspired us to study of logical entropy of fuzzy partitions in a fuzzy probability space.
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By a fuzzy partition (of a space (2, M, 1)) we will understand a finite collection ¢ = {ay,...,ax}
of members of M such that y(uUi_;4;) = 1and a; < ajL whenever i # j.

We define in the set of all fuzzy partitions of a fuzzy probability space (2, M, u) the relation <
in the following way: Let §, 17 be two fuzzy partitions of a fuzzy probability space (2, M, u). Then
¢ < n iff for every b € 7 there exists a € { such that b < a. In this case, we shall say that the partition 5
is a refinement of the partition ¢.

Given two fuzzy partitions { = {a1,...,a,} and 7 = {by,..., by} of a fuzzy probability space
(Q), M, u), their join ¢ v 7 is defined as the system

Cvnz{aimb]-; CliE(‘f, bJEI’]}

Since¢ < v yandy < ¢ v 1, ¢ v 1 is so called common refinement of ¢ and 7.

Let { = {a1,...,as} and = {by,..., by} be two fuzzy partitions of a fuzzy probability
space (2, M, ). Then ¢ and 7 are called statistically independent, if p(a; N b;) = p(a;) - p(b;), for
i=1,2,...,nj=1,2,...,m

If &1, 8, ..., Cn are fuzzy partitions of a fuzzy probability space (Q), M, i), then we put

vieigi=Civiv...vin

Remark 1. A classical probability space (€}, S, P) can be regarded as a fuzzy probability space,
if we put M = {x4; A €S}, where x4 is the characteristic function of a set A € S, and define the
mapping p: M — [0, 1] by u(xa) = P(A). A usual measurable partition {Aj,..., A,} of a space
(Q), S, P) (i.e, any sequence {Ay, ..., Ay} < Ssuch that U | A; = Qand A; n A; =0 (i # j)) can be
regarded as a fuzzy partition of (), M, i), if we consider a; = x 4; instead of A;. Namely,

Aj; ﬂA] =0 (l 75]) impliesXAi < 1*)(14]' (l 75]'),

and
u(uisaxa,) = ulxor a,) = P(Ui14;) = P(Q) = 1.

Let us mention that a fuzzy partition can serve as a mathematical model of the random experiment
whose outcomes are vaguely defined events, i.e., the fuzzy events. The Shannon entropy of fuzzy
partitions of a fuzzy probability space (Q), M, i) has been defined and studied by Markechova in [5],
see also [20]. It is noted that some other conceptions of fuzzy partitions and their entropy were
introduced, for example in [21-26]. While our approach is based on Zadeh'’s connectives, in these
papers other fuzzy set operations were used.

In Section 4, we deal with fuzzy dynamical systems. The notion of fuzzy dynamical system
was introduced by Markechova in [6] as follows. By a fuzzy dynamical system (Definition 6) we
understand a system (Q), M, u, T), where (Q, M, u) is any fuzzy probability space and 7: M — M is
a p-preserving o-homomorphism. Fuzzy dynamical systems include the dynamical systems within
the meaning of the classical Kolmogorov theory (Remark 5) while allowing studying more general
situations, for example, Markov's operators. Recall that a classical dynamical system is a quadruple
(), S, P, T), where (Q, S, P) is a probability space and T : ) — Q) is a measure preserving map, i.e.,
T71(A) e Sand P(T7!(A)) = P(A), whenever A € S. The notion of Shannon’s entropy of fuzzy
partitions of a fuzzy probability space was exploited to define the Kolmogorov-Sinai entropy of fuzzy
dynamical systems [6,7]. Subsequently an ergodic theory for fuzzy dynamical systems was proposed
(see [27]).

Note that other approaches to a fuzzy generalization of the notion of Kolmogorov-Sinai entropy
of a dynamical system can be found in [28-34]. Let us mention that while the definition of fuzzy
dynamical system in this paper is based on Zadeh'’s connectives, in our recently published paper [28]
the Lukasiewicz connectives were used to define the fuzzy set operations.
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3. Logical Entropy and Logical Mutual Information of Fuzzy Partitions

Every fuzzy partition { = {a;,...,a,} of (O, M, ) represents within the meaning of the classical
probability theory a random experiment with a finite number of outcomes a;,i = 1, 2,...,n (which are
fuzzy events) with a probability distribution p; = p(a;),i=1,2,...,n,sincep; = Ofori=1,2,...,n

n
and > p; = Z (a;) = p(ui_,a;) = 1. For that reason, we define the logical entropy of ¢ = {ay, ..., an}

i=1 i=1
as the number

HL (&) = > fyplay) (1 — p(ay)). 6)

n
Since ) u(a;) =1, we can write
i=1

& =1->"", (ula)*. ¢)

Example1. Let QO =[0,1],4: Q> Q, a(w) =w,we Q, M = {a, at, avatl, anat, 0q, 1n}.
If we define the mapping 1 : M — [0, 1] by the equalities u(1q) = p(a uat) = 1, u(0q) = u(an
alt) = 0and p(a) = u(at) = 1/2, then the triplet (0, M, y) is a fuzzy probability space. The systems
& =1{a, at}, & ={avat}, & = {1n} are fuzzy partitions of (0, M, p) such that &3 < & < &1. By
simple calculation we get their logical entropy: Hy (&) = 1/2, Hr({2) = Hr(¢3) = 0. In accordance
with the natural requirement, each experiment whose outcome is a certain event has zero entropy.

Some basic properties of logical entropy of fuzzy partitions are presented in the
following theorems.

Theorem 1. The logical entropy H| has the following properties:

(i) H; () = 0for every fuzzy partition ¢ of a fuzzy probability space (3, M, u);
a

(ii) if ¢, i are two fuzzy partitions of a fuzzy probability space (2, M, ) such that ¢ < 7, then

(iii)  HL(G
Proof. The property (i) follows immediately from Equation (1).

(il) Let & = {a1,...,an}, 1 = {b1,...,bw}, ¢ < 5. Then for every b; € n there exists 4;, € ¢ such
that bj < a;,. Since ¢ is a system of pair wise W-separated fuzzy sets, for every i # i, it holds
bj =bjna; <aj < af-. Hence, by the property (2.5) of fuzzy measure y, we get

) N ]/l(b]), ifi = io,‘
wbjnai) = { 0,  ifi+ip.
Using this equality and the property (2.4) of fuzzy measure u we obtain

n n

u(b;) - ( i‘ua,mb p(a; b)) 2 (a; 0 bj) Z (a; N bj))
i=1

=u (Ul ( (a; 0 b)) ) — Z almb y((u?zlui)mbj) —Z (‘u(aimbj))z

_
I
—_

Therefore

= > u(by) - (1= p(b)) =D ub) — > > (ulain bj))2 =1— > (u(a; n b))

j=1 j=1 j=1i=1 j=1i=1
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Since
m m m
Z almb Z‘u(aimbj)z u(a;nbj) = (y(ai))z,izl, 2,...,1,
j=1 j=1 j=1
we obtain
n m n 2
>, (ulainby)” < Y (ular)
i=1j=1 i=1
This inequality implies

what means that
Hi(17) = HL(S)-
Since { < ¢ v 7, the inequality (iif) is a simple consequence of (ii). o

As a simple consequence of the previous theorem we obtain the following property of the logical
entropy of fuzzy partitions.

Corollary 1. For any fuzzy partitions ¢, # of a fuzzy probability space (), M, p), it holds

HL(G v 1) = max(HL(C); HL(17))-

Definition 2. If ¢, 1 are two fuzzy partitions of a fuzzy probability space (2, M, u), then the
conditional logical entropy of ¢ given 7 is defined by the formula

Hy(&/n) = HL(§ v i) — Hi (). ®)
Remark 2. Evidently H; ({/¢) = 0 and from Theorem 1 it follows Hy(¢/n7) = 0

Proposition 1. For every fuzzy partitions ¢ = {ay,...,a,}, 1 = {b1, ..., by} of a fuzzy probability
space (Q2, M, u), it holds

33 (ular ) @

j=1

Hy(&/n) Z

i

Proof. By Equations (2) and (3) we get

D=
.M§

H(¢/m) =Hr(§vn)—Hp(n) =1- '

- 2,00

(n(a; N b)) —1+Z

Il
—_
~
Il
—_

(y(al- N b]))z o

M:
NgE

Il
-
-

Il
-

Theorem 2. Let §, # be two fuzzy partitions of a fuzzy probability space (0, M, u). Then

(i) Hp(¢/n) < HL(Z);
(i) Hy(&vn) <Hi(E) +Hi(n).

Proof. Let{ = {ay,...,ap} and y = {by, ..., by}. Since foreacha; € {,i =1, 2,...,n, we have

Z}ilﬂ(aimbj) (u(bj) — u(a; N b)) Z] 1H(a; 0 b)) Z] . u(a; 0 b))
i) '(ZHV ) = 2 fhamainby) ) = p(ai) -(1—y(ai)),
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it holds

n m

Hi(&/n) = D) > wlai nby) - (u(bj) — uai 0 b)) < D 1qpulai) (1 p(a;)) = Hi(G).

i=1j=1

This along with Equation (3) implies

Hp (¢ vn) =Hy(n)+HL(G/n) < Hp(n) + HL(S).

The proof is complete. o

Theorem 3. Let §, 7, ¢ be fuzzy partitions of a fuzzy probability space (), M, u). Then

Hp (¢ vn/c) = Hp(¢/c) + Hi(n/g v §).

Proof. Let ¢ = {ay,...,an}, 1 = {b1,...,bu}, ¢ = {c1,...,¢p}. Then by Equation (4) we get
Hy(¢/¢) + HL(n/g v §)

14 P n m P n
M i n )+ 3 D (ulee na) = 03D (b A e 1))
k=1 k=1i=1

4
k=

1

1 j=1k=1i=1

(p(er))* =
1

14 n m P
M ) =SSN (uai 0 by ey))® = Ho(@ v fg). o
k=1 i=1j=1k=1

Theorem 4. (Chain rules for logical entropy). Let {1, 2, . . ., C» and 7 be fuzzy partitions of a fuzzy
probability space (QQ, M, u). If we put &y = {1}, then, forn =1,2,..., the following equalities hold:

(i) HL(G v GV ooV En) = X HL(Gi/ visoGe);
(i) Hp(vIL&i/n) = iy Ho(Gi/ (Vicode) v ).

Proof. Evidently, for any fuzzy partition ¢, we have o v ¢ = ¢, and H1.(¢/¢o) = HL(C).
(1) By Equation (3) we have
Hp(81 v ¢2) = HiL(81) + HL(82/81)-

For n = 3, using the previous equality and Theorem 3, we get

Hi (81 v ¢2 v ¢s) = Hi(G1) + Hi(82 v $3/81)
= HL(G1) + HL(G2/¢1) + Hi(83/2 v §1).
Now let us suppose that the result is true for a given n € N. Then

Hp(G1v&v...vinv&urt)
=Hp(S1véav...vEn) +HL(Gnp1/S1vGav ... v En)

_ Z?:lHL(Ci/ V;{;% Ck) + HL(CVH—l/é(l \% 62 V...V Cn)
= DI HL(E viZh 8-

(i) For n = 2, using Theorem 3, we obtain

Hi (&1 v &/n) = Hi(&1/n) + Hy(Z2/E1 v i) =Y. 2 H(&/(ViZh@o) v ).
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Suppose that the result is true for a given n € N. Then

HL(‘:l v 62 V...V gn \4 gn-i—l/ﬂ) = HL(V?:léi/ﬁ) + HL(c_an/Cl V...V ‘:n Vi 17)
= S HL GV v ) + Hu G /(VIEE) v )
= N H @/ (Vi) v ). e

Definition 3. If ¢, 1 are two fuzzy partitions of a fuzzy probability space (2, M, u), then the
logical mutual information of ¢ and # is defined by the formula

IL(Z,m) = HL(&) — HL(&/n). ©)

Remark 3. As a simple consequence of Equation (3) we have:

I.(¢,m) = HL(G) + Hp (1) — HL(G v 17), (6)

and subsequently we see that

IL(&, 1) = IL(n,¢) and I1.(§, &) = HL(E)

Corollary 2. For fuzzy partitions ¢, # of a fuzzy probability space (0, M, u), it holds

0 < IL(¢,1) < min(HL(E); HL(77)).

Proof. The result follows immediately from Equation (6) and the property (iii) of Theorem 1. o

Definition 4. Let §, 7, ¢ be fuzzy partitions of a fuzzy probability space (2, M, u). Then the
logical conditional mutual information of ¢ and # given ¢ is defined by the formula

IL.(¢,n/g) = HL(G/¢) — HL(S/n v 6)- 7)

Theorem 5 (Chain rules for logical mutual information). Let {1, C», . . ., ¢, and 77 be fuzzy partitions
of a fuzzy probability space (2, M, u).If we put §o = {1}, then, forn =1,2,..., it holds

IL(vieiGim) = Z?:lh(?i/ 1/ ViZt &)-

Proof. By Equation (5), Theorem 4, and Equation (7), we obtain

I (Vi Gim) = HL(vie &) — Hi(vieiGi/n)
= ML HL(E/ VT &) — Y HL @/ (vViZhE) v )
= >y (Ho (& Vizy &) — HL(&i/ (Vish&e) v 77))
DG/ viZp ) o

Theorem 6. If fuzzy partitions ¢, # of a fuzzy probability space (), M, ) are statistically
independent, then

I.(¢,m) = HL(S) - Hp(n)-
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Proof. Let § = {ay,...,an}, y = {b1,..., by} be statistically independent fuzzy partitions of a
fuzzy probability space (Q), M, p). Then p(a; N b]-) = u(a;) 'y(bj), fori=1,2,...,n,j=1,2,...,m By
simple calculation we obtain:

I.(¢&n) = HL(8) + He(y) — HL(E v 1)

= 1= () + 1= (u( —1+ZZ (a; 0 b}))

i=1j=1

=12 (@) = 2 (u(b)® + Y (@) Y (u(by)?
j=1

i=1
=<1_Zz p (p( ) ( =D (u(vp) )=HL(§)'HL(’7)~ o

Corollary 3. If fuzzy partitions ¢, # of a fuzzy probability space (), M, u) are statistically
independent, then

1—Hp(§vn)=(1-H(G))  (1—HL(n)).
Proof. Calculate:
(1-HL(G))- 1 —Hr(n)) =1—H(¢) — HL(n) + HL() - HL(n)
=1-H.(¢) — H(n) + I.(S,m)
= 1—HL(€\/11). o

Definition 5. Let ¢, 7, ¢ be fuzzy partitions of a fuzzy probability space (0, M, ). We say that ¢
is conditionally independent to ¢ given # (and write ¢ — n — ¢)if I (C,¢/n) =

Theorem 7. For fuzzy partitions ¢, 1, ¢ of a fuzzy probability space (Q), M, u), it holds
¢— n— gifandonlyif ¢ - 7 — ¢.

Proof. Let { — 17 — ¢. Then 0 = I1.(¢, /) = HL(¢/n)— HL(C/y v ¢). Therefore by Equation (3)
we get:

HL(S/n) = HL(&/1 v ¢) = HL(G v i v ¢) = HL(7 v ¢).
Calculate:
IL(g, &/n) = He(¢/n) — HL(¢/G v 1) = He(g v i) = He(y) = HL(& vy v ¢) + HL(G v 1)
= Hp(&vn)—Hi(n) = HL(G/n) = 0. o

Remark 4. According to Theorem 7, we may say that ¢ and ¢ are conditionally independent given
n and write ¢ < 1 < ¢ insteadof { — # — ¢.

Theorem 8. For fuzzy partitions ¢, 1, ¢ of a fuzzy probability space (Q, M, u), it holds

I.(&mve)=1u(&n) +1(G ¢/n) = IL(E ¢) + I.(S, n/c).
Proof. Calculate:

IL(S,m) +IL(G,¢/n) = HL(&) — HL(S/n) + HL(&/1) — HL(G/1 v ©)
= Hy(¢) = HL(&/n v ¢) = IL(E, 11 v ©).
The second equality is obtained in the same way. ©

Theorem 9. For fuzzy partitions ¢, #, ¢ of a fuzzy probability space (2, M, u) such that
¢ — 1 — ¢, wehave

(i) IL(G v ,6) =1I(n,¢);
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(i) I(n,¢) =1L(S,¢)+ IL(g, n/¢);
(i) I.(&n/c) < IL(E 1)

Proof. (i) Since by the assumption I;(¢,¢/n7) = 0, using the chain rule for logical mutual
information, we obtain

IL(&vn,c)=I(nvEe) =Iu(n,c) + I ¢/n) = IL(n,c).

(ii) By Theorem 8, we have I; (§ v 17,6) = I1.(g, &)+ Ir(g, 17/¢). Hence using (i), we can write

IL(n,6) = IL(G v i,6) = I(g, &) + I(g, 1/E)-

(iif) From (ii) it follows the inequality I1.(g,%/¢) < I.(g,17). By Theorem 7 we can interchange ¢ and ¢.
Doing so we obtain I1.(¢,1/¢) < I1(E, 7). o

4. Logical Entropy of Fuzzy Dynamical Systems

In this section, we extend the definition of logical entropy of fuzzy partitions to fuzzy
dynamical systems.

Definition 6 [6]. By a fuzzy dynamical system we mean a quadruple (2, M, u, T), where
(Q, M, ) is a fuzzy probability space and 7: M — M is a y— preserving c— homomorphism, i.e.,
T(al) = (T(a))i, (Ui an) = Uy T(ay) and p(t(a)) = u(a), for every a € M and any sequence
{an}y 1 = M.

Let any fuzzy dynamical system (Q), M, y, T) be given. Denote 7> = ToTand put t" = To "1,
n =1,2,..., where 1° is an identical mapping on M. Define "¢ = { t"(a); a € &} for every fuzzy

partition ¢ of (O3, M, u). Evidently "¢ is a fuzzy partition of (), M, u).

Remark 5. A classical dynamical system (€3, S, P, T) can be regarded as a fuzzy dynamical system
(Q, M, u, 1), if we consider a fuzzy probability space (), M, j) from Remark 1 and define the mapping
T: M— Mbyt(xa) =xaoT = xr-1(a), Xa€ M.

Example 2. Let any fuzzy probability space (), M, j) be given. Let T : QO — Q) be a measure
i preserving transformation, i.e, a € M impliesaoT € M and u(aoT) = p(a). Define the
mapping 7: M — M by the formula t(a) = ao T for all a € M. Then it is easy to verify that T is a
o— homomorphism. Moreover, u(t(a)) = p(aoT) = u(a) for all 2 € M. Hence 7 is a y— preserving
map and the system (), M, u, T)is a fuzzy dynamical system.

Theorem 10. Let &, 1 be fuzzy partitions of a fuzzy probability space (2, M, u). Then, for
n=1,2,..., the following equalities hold:

(i) Hy(7"¢) = HL(¢);
(i) H ("¢ /") = HL(E/1); |
(iii)  Hi(viZ)©'¢) = HL(§)+ 35 Hi(g/ Vi, T'0).

Proof. Since the mapping 7: M — M is yu— invariant, for every a € M, we have u(t"(a)) = u(a).
This fact immediately implies the equalities (i) and (i7).

We prove the assertion (iii) by mathematical induction. The statement is true for n = 2 according
to Equation (3). Assume that the assertion holds for a given n € N. Since by the part (i) of this theorem
we have

Hy (v TE) = Hy(t(vIZ)T'E)) = H (VIS T'0),
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by means of Equation (3) and the induction assumption we obtain

Hi(viLoT'e) = Hi((vi- 1TiC) v = Hy(VI,T'&) + HL(&/ v, 7€)
= Hy (Vg t'®) + Hp(&/ vy 7€) = Hi(8) + Z}:llHL(C/ V{":l TE) + H (&) v, T'E)
= Hi () + 27:1HL(§/ vi_ 7).
The proof is finished. o

In the following we define the logical entropy of fuzzy dynamical systems. The possibility of this
definition is based on Proposition 2. To its proof we need the assertion of the following lemma.

Lemma 1 ([35], Theorem 4.9). Let {a,,} ;- ; be a subadditive sequence of nonnegative real numbers,
ie,a, > 0and a4y < a, +ay, for every n,m € N. Then lim %an exists.

Proposition 2. For any fuzzy partition ¢ of (2, M, u), hm 1H L(viZ, 11’ ¢) exists.

Proof. Put
an *HL( n— 1T1(:)

By the property (i) of Theorem 1, a,, > 0 for every n € N. According to subadditivity of logical
entropy (the property (ii) of Theorem 2) and the property (iii) from the previous theorem, for any
n,m € N, we obtain

aner*HL( n+m 1 16) (VH 1Tl€)+H( :’l+nm 1 16)
= ay + Hy (7" (V]! 7'g))
=a,+ H(v ml’@’)—a,ﬁ—am

This means that {a,},., is a subadditive sequence of nonnegative real numbers, and therefore by
Lemma 1, lim la, exists. o
n—oo

Definition 7. Let (), M, u, T) be a fuzzy dynamical system, ¢ be a fuzzy partition of (0, M, u).
Then we define

h(t,€) = lim SH(vil0ig).

n—oon

The logical entropy of a fuzzy dynamical system (0, M, yu, 7) is defined by the formula

hi(t) = sup {hi.(7, &)},

where the supremum is taken over all fuzzy partitions ¢ of (), M, u).

Remark 6. The trivial case of a fuzzy dynamical system is a quadruple (3, M, u, I), where
(Q), M, p) is any fuzzy probability space and [ : M — M is an identity mapping. Since the operation
v is idempotent, for every fuzzy partition ¢ of (Q), M, p) it holds

1 1
hi(L,§) = lim ~Hy(viZ3I') = lim —H(g) = 0.
The logical entropy of the fuzzy dynamical system (), M, p, I)is hy(I) = sup{ h (I, {); Cisa

fuzzy partition of (), M, u)} =

Example 3. Consider the fuzzy probability space (Q M, u) from Example 1. If we define a
mapping 7: M — M by the equalities T(a U al) = a uat, T(1q) = 1g, T(0q) = 0q, T(a nat)
anat, t(a) = at, T(at) = a, then (O, M, u, 1) is a fuzzy dynamical system. The systems
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& = {aat}, & = {avat}, & = {lg} are fuzzy partitions of (Q, M, u) with H (&) = 1/2,
H; (&) = Hp(&3) = 0. Calculate:

1 1
hi(t,61) = lim —Hi(viZ, oTe) = lim S HL(G1) =
Since hy (7,¢2) = hp(T,¢3) = 0, the logical entropy of (Q), M, u, T) is the number
hi(t) = sup{hi(7,&;); i=1,2,3} = 0.
Theorem 11. For every fuzzy partition ¢ of a fuzzy probability space (2, M, u) it holds
h(T,8) = hi(T, vieoT'E).
Proof. Let { be any fuzzy partition of a fuzzy probability space (2, M, u). We get
1
hi(t, V =0T ‘) = hm HL( oT]( =0T ‘)
T k+n 1 k+n 1.s
= A, n k+nHL( w6

= Jim o H (V100 = (r,0)

The notion of isomorphism of fuzzy dynamical systems was defined in [7] as follows:

Definition 8. We say that two fuzzy dynamical systems (), My, p1,71), (2, My, 2, 72) are
isomorphic if there exists a bijective mapping f : M; — M satisfying the following conditions:

(i) f preserves the operations, i.e., f(U; 1a,) = U, f(an), flat) = 1q, — f(a), for any sequence

{an};_q = M and for every a € M;.
T

M - M
(ii) The diagram f | | f iscommutative, ie., f(11(a)) = T(f(a)), for every a € Mj.
M, — M,

©

(ii))  p1(a) = pa(f(a)) for every a € Mj.

Remark 7. It is easy to see that, for every by, by € My, f~1(by nba) = f~1(b1) » f~1(b2). Namely,
because f is bijective, for every by, by € My, there exist aj, a; € M such that f_l(bl) =ay, f~ L(by) = ay,
and we have

b b)) = fTH(f (@) A flaz) = fH(flar naz)) = a1 nap = f7H(Br) 0 f7H(B2).

In an analogous way, we get that for every by, by € My, f~1(by U by) = f~1(by) U f~1(b) and for
every b e Mp

(FLB) = F (%) and wa(b) = pa (FL(D)).

In the following theorem we prove that the logical entropy of fuzzy dynamical systems is invariant
under isomorphism.

Theorem 12. If fuzzy dynamical systems (01, M1, p1, 71), (2, M, pa, T2) are isomorphic, then

hip(t) = he ().

Proof. Let a mapping f: M; — M, represents an isomorphism of systems (0, My, p1, 1),
(Mo, My, yp, ). Let & = {ay,...,a,} be a fuzzy partition of a fuzzy probability space
(Ql, Ml/ yl).Put

(&) ={f(@m), flaz), ..., flan)}.
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Since
ua(Uisaf(a7) = pa(f(Uilqa) = pa(viqai) =1
and

f(@) A (F@))* = fla) o f(ab) = f(ai nab) = f(@), wheneveri # j,
the system f (&) is a fuzzy partition of a fuzzy probability space (), M, p2). Moreover,

Hi(f (@) =1- 31 (ma(f@a))? = 1= D1 (m(@)* = He(§)

and 1
e, £ (@) = Jim -+ Hy (VI f(©))
o1 _ ; .1 1
= lim —Hy(viZg f(70)) = lim —Hy.(f(viZy 1)
.1 1
= nlgrgo;HL(V?:oleé‘) = hr(7, §).
Therefore

{hp(7,¢); ¢ 1is afuzzy partition of (), M1, p1)} < {hp (w2, 7); 7 is a fuzzy partition of (O, My, p2)}
and consequently

hi(t1) = sup {hp(71,8)} < sup {hr(w, 1)} = hi(T2),

where the supremum on the left side of the inequality is taken over all fuzzy partitions ¢ of ()1, M1, y1)
and the supremum on the right side of the inequality is taken over all fuzzy partitions # of (Qp, My, u2).

Let us prove the opposite inequality. Let 7 = {by, ..., by, } be a fuzzy partition of a fuzzy probability
space (), My, y2). Then the system f~1(7) = {f1(b1),..., f1(bm)} is a fuzzy partition of a fuzzy
probability space (01, M, p1). Indeed, according to the previous remark we have

(VL fTHB) = pn(F (O B0) = pa(Vilyb) = 1

and
FA) A ) = £ B0 o ) = £ b b = £ (b), whenever i # .
Calculate:
HL () = 1= D0 (i 0)” = 1= 20 (ea(b))? = Hu)
and
e £~ ) = Jim HL (VA )))
= lim ~Hy (v 7 () = lim = HL(f 7 (Vi mm)
~ lim HL(V ) = o)
Hence

{hr(t2,1); yis afuzzy partition of ((p, My, uz)} < {hr(71,¢); ¢ is a fuzzy partition of (()q, My, p1)}
and consequently

hi (1) = sup {hp(12, 1)} < sup {hL(71, )} = he(m),

where the supremum on the left side of the inequality is taken over all fuzzy partitions 77 of (), My, uz)
and the supremum on the right side of the inequality is taken over all fuzzy partitions ¢ of (1, M1, yq).
Because hy(11) < hp () and hp (1) < hp (1), the proof is complete. o
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Remark 8. From Theorem 12 it follows that if ki (71) # hp(12), then the corresponding fuzzy
dynamical systems (Qq, M1, u1, ©), (2, Ma, yz, T) are non-isomorphic. Thus, the logical
entropy distinguishes non-isomorphic fuzzy dynamical systems. We illustrate this result by the
following example.

Example 4. Consider the probability space (€}, S, P), where () is the unit interval [0, 1], S is the o—
algebra of all Borel subsets of [0, 1],and P : S — [0, 1] is the Lebesgue measure, i.e., P ([x,y]) =y — x
for any x,y € [0, 1], x < y. Now we can construct a fuzzy probability space (), M, u), where
M = {xa; A€ S}, and the mapping y : M — [0, 1] is defined by u(x4) = P(A). Letc e (0, 1), and
Tc : [0, 1] — [0, 1]is defined by the formula T¢(x) = x + ¢ (mod 1). Let us consider the fuzzy dynamical
system (Q}, M, u, 1), where the mapping 7. : M — M is defined by 7.(xa) = x40 Tc = X7=1(4) for
any x4 € M. The logical entropy distinguishes non-isomorphic fuzzy dynamical systems (2, M, u, 7)
for different c. Namely, hy (t;) = 0, if c = 1/2, but hy (1) > 0 forc = 1 —~/2.

5. Conclusions

In this paper, we introduced the notion of logical entropy of fuzzy partition of a given fuzzy
probability space. The proposed measure can be used (in addition to the Shannon entropy of fuzzy
partition) as a measure of information of experiment whose outcomes are fuzzy events. We also defined
the notions of logical conditional entropy, logical mutual information and logical conditional mutual
information of fuzzy partitions. We proved basic properties of the suggested measures. Subsequently
the concept of logical entropy of fuzzy partitions was exploited to define the logical entropy of fuzzy
dynamical systems. Finally, it was shown that isomorphic fuzzy dynamical systems have the same
logical entropy. In this way, we obtained a new tool for distinction of non-isomorphic fuzzy dynamical
systems. This result is demonstrated in Example 4.
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