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Abstract: Many statistical models over a discrete sample space often face the computational
difficulty of the normalization constant. Because of that, the maximum likelihood estimator
does not work. In order to circumvent the computation difficulty, alternative estimators such as
pseudo-likelihood and composite likelihood that require only a local computation over the sample
space have been proposed. In this paper, we present a theoretical analysis of such localized estimators.
The asymptotic variance of localized estimators depends on the neighborhood system on the
sample space. We investigate the relation between the neighborhood system and estimation accuracy
of localized estimators. Moreover, we derive the efficiency bound. The theoretical results are applied
to investigate the statistical properties of existing estimators and some extended ones.
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1. Introduction

For many statistical models on a discrete sample space, the computation of the normalization
constant is often intractable. Because of that, the maximum likelihood estimator (MLE) is not of
practical use to estimate probability distributions, although the MLE has some nice theoretical
properties such as the statistical consistency and efficiency under some regularity conditions [1].

In order to circumvent the computation of the normalization constant, alternative estimators that
require only a local computation over the sample space have been proposed. In this paper, estimators on
the basis of such a concept are called localized estimators. Examples of localized estimators include
pseudo-likelihood [2], composite likelihood [3,4], ratio matching [5,6], proper local scoring rules [7,8],
and many others. These estimators are used for discrete statistical models such as conditional random
fields [9], Boltzmann machines [10], restricted Boltzmann machines [11], discrete exponential family
harmoniums [12], and Ising models [13].

In this paper, we present a theoretical analysis of localized estimators. We use the standard
tools in the statistical asymptotic theory. In our analysis, a class of localized estimators including
pseudo-likelihood and composite likelihood is treated as M-estimator or Z-estimator which is an
extension of the MLE [1]. The localized estimators require local computation around a neighborhood
of observed points. Hence, the asymptotic variance of the localized estimator depends on the
size of the neighborhood. We investigate the relation between the estimation accuracy and the
neighborhood system. A similar result is given by [14], in which asymptotic variances between
specific composite likelihoods are compared. In our approach, we consider a stochastic variant of
localized estimators, and derive a general result that the larger neighborhood leads to more efficient
estimator under a simple condition. The pseudo-likelihood and composite likelihood are obtained
as the expectation of a stochastic localized estimator. We derive the exact efficiency bound for the
expected localized estimator. As far as we know, the derivation of the efficiency bound is a new result
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for a class of localized estimators, though upper and lower bounds have been proposed [14] for some
localized estimators.

The rest of the paper is organized as follows. In Section 2, we introduce basic concepts such as
pseudo-likelihood, composite likelihood, and Z-estimators. Section 3 is devoted to define stochastic
local Z-estimator associated with a neighborhood system over the discrete sample space. In Section 4,
we study the relation between the neighborhood system and asymptotic efficiency of the stochastic
local Z-estimator. In Section 5, we define local Z-estimator as the expectation of the stochastic
local Z-estimator, and present its efficiency bound. The theoretical results are applied to study
asymptotic properties of existing estimators and some extended ones. Finally, Section 6 concludes the
paper with discussions.

2. Preliminaries

M-estimators and Z-estimators were proposed as an extension of the MLE. In practice,
M-estimators and Z-estimators are often computationally demanding due to the normalization constant
in statistical models. To circumvent computational difficulty, localized estimators have been proposed.
We introduce some existing localized estimators especially on discrete sample spaces. In later sections,
we consider statistical properties of a localized variant of Z-estimators.

Let us summarize the notations to be used throughout the paper. Let R be the set of all
real numbers. The discrete sample space is denoted as X'. The statistical model py(x) for x € X
with the parameter §# € ® C R? is also expressed as p(x;8). The vector a usually denotes the
column vector, and -7 denotes the transposition of vector or matrix. For a linear space T and an
integer d, (T)? denotes the d-fold product space of T, and the element ¢ € (T)? is expressed as
¢ = (c1,...,¢4). The product space of two subspaces T; and T, that are orthogonal to each other is
denoted as T; @ T». For the function f(8) of the parameter 8 € R, V f denotes the gradient vector

(%, cee, %)T. The indicator function is denoted as 1[A] that takes 1 if A is true and 0 otherwise.

2.1. M- and Z-Estimators

Suppose that samples x1, . .., x;, are i.i.d. distributed from the probability p(x) over the discrete
sample space X'. A statistical model pg(x) = p(x;6) with the parameter § € ® C R? is assumed to
estimate p(x). In this paper, our concern is the statistical efficiency of estimators. Hence, we suppose
that the statistical model includes p(x).

The MLE is commonly used to estimate p(x). It uses the negative log-likelihood of the model,
—log pp(x), as the loss function and the estimator is given by the minimum solution of its
empirical mean, —L Y7 | log py(x;).

Generally, the estimator obtained by the minimum solution of a loss function is referred to as
the M-estimator. The MLE is an example of M-estimators. When the loss function is differentiable,
the gradient of the loss function vanishes at the estimated parameter. Instead of minimizing
loss function, a solution of the system of equations also provides an estimator of the parameter.
Such an estimator is called the Z-estimator [1]. In the MLE, the system of equations is given as

1 m
p” l; Vlog pg(x;) =0,

where 0 € R? is the null-vector. The gradient V log pg(x) is known as the score function of the
model py(x). In this paper, the score function is denoted as

s(x) = V log po(x).
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In general, the Z-estimator is defined as the solution of the system of equations

m

Y fo(xi) =0,

i=1

where the R¥-valued function fy(x) = f(x;6) is referred to as the identification function [15,16].
In the M-estimator, the identification function is given as the gradient of the loss function. In general,
however, the identification function itself is not necessarily expressed as the gradient of a loss function,
if it is not integrable. The identification function fy(x) is also called Z-estimator with some abuse
of terminology.

2.2. Localized Estimators

Below, let us introduce some localized estimators. The statistical model defined on the discrete set
& is denoted by

i) = P2 )

for x € X, where Zj is the normalization constant at the parameter 0, i.e.,

Zg =Y po(x)

xeX

Throughout the paper, we assume pg(x) > 0 forall x € X and all § € © C R,

Example 1 (Pseudo-likelihood). Suppose that & is expressed as the product space X = &} x - - - x &y,
where Xj,..., &, are finite sets such as {0,1}. For x = (xq,...,x,) € X, let x_; be the
n — 1 dimensional vector defined by dropping the k-th element of x. The loss function of the
pseudo-likelihood, Sps, is defined as the negative log-likelihood of the conditional probability
po(xx|x_x) defined from py(x), i.e.,

Sps(x, pe) Zlogpe Xk |x k) 2 {log po(x) —log ( ) Po(x))}. 2

k=1 X EXy

The pseudo-likelihood does not require the normalization constant, and it satisfies the statistical
consistency of the parameter estimation [2,17]. The identification function of the corresponding
Z-estimator is obtained by the gradient vector of the loss Function (2).

Example 2 (Composite likelihood). The composite likelihood was proposed as an extension of the
pseudo-likelihood [3]. Suppose that X is expressed as the product space as in Example 1. For the index
subset A C {1,...,n},letxs = (x;)jca be the subvector of x € X'. Foreach ¢ =1,..., M, Suppose that
Ay and By are a pair of disjoint subsets in {1, ..., n}, and let C; be the complement of the union A, U By,
ie, C; = (AyUBy)*. Given positive constants 71, . .., 7, the loss function of the composite likelihood,
Scr, is defined as

Sci(x, pe) Z Yelog pe(xa,|xB,) = Z Yilog { Y po(x) — ) po(x)}.

(=1 XC[ .X'Bc

The composite likelihood using the subsets A, = {{}, B, = Aj and positive constant v, = 1 for
¢ =1,...,nyields the pseudo-likelihood. As well as the pseudo-likelihood, the composite likelihood
has the statistical consistency under some regularity condition [4].
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Originally, the pseudo and composite likelihoods were proposed to deal with spatial data [2,3].
As a generalization of these estimators, a localized variant of scoring rules works efficiently to the
statistical analysis of discrete spatial data [18].

3. A Stochastic Variant of Z-Estimators

In this section, we define a stochastic variant of Z-estimators. For the discrete sample space X,
suppose that the neighborhood system N is defined as a subset of the power set 2%, i.e., N is a family of
subsets in X'. Let us define the neighborhood system at x € X by N, = {e € N|x € e}. We assume that
N is not empty for any x. In some class of localized estimators, the neighborhood system is expressed
using an undirected graph on X" [7]. In our setup, the neighborhood system is not necessarily expressed
by an undirected graph, and we allow the neighborhood system to possess multiple neighbors at each
point x.

Let us define the stochastic Z-estimator. A conditional probability of the sete € N given x € X
is denoted as g(e|x). We assume that g(e|x) = 0if e ¢ N, throughout the paper. Given a sample x,
we randomly generate a neighborhood e from the conditional probability g(e|x). Using i.i.d. copies
of (x,e), we estimate p(x). Here, the statistical model py(x) of the form (1) is used. We use the
Z-estimator fy(x,e) = f(x,e;0) € RY to estimate the parameter § € @ C R?. The element of fy(x,e) is
denoted as fy x(x,e) or fi(x,e;0) fork =1,...,d. The expectation under the probability pg(x)q(e|x) is
written as g ;[-]. Suppose that the equality

]Ee,q [f@] =0 (3)

holds for all 6 € ®. In addition, we assume that the vectors Eglq[v foxl, k = 1,...,d are linearly
independent, meaning that fy depends substantially on the parameter 0 [19]. The solution of the
system of equations

m

% Y fo(xie;) =0 4)

i=1

produces a statistically consistent estimator under some regularity condition [1]. In the parameter
estimation of the model py(x), the stochastic Z-estimator is defined as the solution of (4) using the
identification function satisfying (3). As shown in Section 5, stochastic Z-estimators are useful
to investigate statistical properties of the standard pseudo-likelihood and composite likelihood in
Examples 1 and 2.

The computational tractability of the stochastic Z-estimator is not necessarily guaranteed.
The MLE using the score function fy(x,e) = ug(x) is regarded as a stochastic Z-estimator for any
g(e|x) and it may not be computationally tractable because of the normalizing constant. As a class
of computationally efficient estimators, let us define the stochastic local Z-estimator as the stochastic
Z-estimator using fy(x, e) satisfying

Egqlfole] =0 ®)

for any neighborhood e € N, where Eg ,[-|e] is the conditional expectation given e. The conditional
probability p(x|e) of pg(x)g(e|x) can take a positive value only when x € e. Hence, fy(x,e) depends
only on the neighborhood of x and its computation will be tractable.

Example 3 (Stochastic pseudo-likelihood). Let us define the stochastic variant of the pseudo-likelihood
estimator. On the sample space X = & X - - - x &, the neighborhood system Ny atx = (x1,...,x,) € X
is defined as Ny = {eyx |k =1,...,n}, wheree, ; C X is given as

exk = {(xl,...,xk,l,zk,xkﬂ,...,xn) ‘Zk € Xk}-
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In order to estimate the parameters in complex models such as conditional random fields and
Boltzmann machines, the union, U.cn, ¢, is often used as the neighborhood at x [2,9,17]. Let the
conditional probability g(e|x) on Ny as g(exi|x) = qx, k = 1,...,n, where q4,...,q, are positive
numbers satisfying Y} ; g = 1. The identification function of the stochastic pseudo-likelihood is
defined by

faltre) = Vlog - (pxe)(z>

for e € Ny. Then, fy(x,eyx) is equal to V log pg(xk|x_x). The conditional probability p(x|e) derived
from py(x)q(e|x) is given as
po(x)qexely) —  po(x)qx

xl|e = = = Xelx_x),
P( | x,k) Zzeex,k pG(Z)Q(ex,k Z) Zzeex,k Pe(z)‘h PG( k| k)

.....

When g; depends on x, p(x|ey ) is different from pg(xy|x_i) in general.

Example 4 (Stochastic variant of composite likelihood). Let us introduce a stochastic variant of
composite likelihood on the sample space X = A} x - -- x X},. Below, notations in Example 2 are used.
Let us define ¢, , £ =1,..., M by the subset ¢/ , = {y € X' |yp, = x5, }, and the neighborhood system
Ny by N; = {e,,[£=1,...,M}. We assume that the map from ¢ to By is one to one. In other words,
the disjoint subsets A, By, C; can be specified from the neighborhood ¢’ ,. Suppose that the conditional
probability 4'(¢’|x) on Ny is defined as q'(e} /[x) = g for £ =1,... , M, where qy, -, q) are positive
numbers satisfying Y, g/ = 1. As well as Example 3, we see that the conditional probability g’ (xle ;)
defined from pg(x)q’(¢’|x) is given as pg(x4,, xc,|xp,). Let us consider the identification function,

ZXCZ p9 (x)

TICK ©

fo(x,€,.,) = Vlog

which is nothing but V log pg(x4,|xp,). Then, (5) holds under the joint probability pg(x)q’(¢’|x). Indeed,
we have

Eoqlfolerod = Y, po(xa, xc,|xp,)Vlogpg(xa,lxp,) =0

XA[,XC[

.....

likelihood (reduced-SCL). The stochastic composite likelihood proposed in [20] is a randomized
extension of the above fy(x,¢'). Let z = (z1,...,z)) be a binary random vector taking an element
of {0, 1}M, and ..., ap be positive constants. The SCL is defined as the Z-estimator obtained by

M
f(x,z0) = Z apzgVlog p(xa,|xp,;0).
(=1
The statistical consistency and the normality of the SCL is shown in [20].

4. Neighborhood Systems and Asymptotic Variances

We consider the relation between neighborhood systems and statistical properties of stochastic
local Z-estimators.
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4.1. Tangent Spaces of Statistical Models

At the beginning, let us introduce some geometric concepts to investigate statistical properties
of localized estimators. These concepts are borrowed from information geometry [21]. For the
neighborhood system N with the conditional probability g(e|x), let us define the linear space Ty, as

Tpq={a: X x N = R|Eg,[a] =0, a(x,e) =0 if q(e|x) = 0}.

The inner product for aj,a, € Ty, is defined as Eg4[a1a2]. A geometric meaning of Ty, is
the tangent space of the statistical model {pg(x)g(e|x)|6 € ®}. For any a € Ty, and sufficiently
small ¢ > 0, the perturbation of py(x)q(e|x) to the direction a(x, ) leads to the probability function
pe(x)q(e|x)(1 + ea(x,e)). Each element of the score function ug ;(x),j = 1,...,d is a member of Ty ; by

regarding as ugj(x) - 1[q(e|x) # 0].

Let us consider the stochastic Z-estimator derived from fy = (fo1, ..., fox) satisfying fp € (Tp4)"
for any 0. It leads to a Fisher consistent estimator. Stochastic local Z-estimators use an identification
function in the linear subspace

Tyy = {f € Toy | Boylfle] =0, Ve € N}. @)
The orthogonal complement of TGL, g in Ty, is denoted as TQE, g which is given as
Té:jq ={f € Ty | f(x,e) does not depend on x}.
Indeed, the orthogonality of TBL, g and Tg g is confirmed by
Egqla(x, e)b(e)] = Egq[b(e)Ela(x, e)le]] = 0
foranya € T& g and any be T(g:: ;- Inaddition, any f € T4 can be decomposed into

f=(f—Egqlfle]) + E[f]e]

such that f — Eg4[fle] € Ty, and Eq[fle] € Ty .
The efficient score ué = (ué Jk=1,..4 is defined as the projection of each element of the score u
onto TGLq, ie.,

uj(x,e) = ug(x) — Eg4[ugle] = Vlog p(x;0) — Eg [V log p(x; 0)|e].

The efficient score is computationally tractable when the size of the neighborhood e is not
exponential order but linear or low-degree polynomial order of n, where 7 is the dimension of x.
The trade-off between the computational and statistical efficiency is presented in Theorems 1 and 2
in Section 4.2.

Another expression of the efficient score is

ul(x,e) = Vlogp(xle;0,9), (8)
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where the conditional probability p(x|e;0,q) is defined from py(x)g(e|x). The above equality is
obtained by

wh(x,0) = Viog po(x) — 1 P AE T og po(x)

= Vioglpola(e) — U
_ po(x)qlelx) .
— Vi, ;e(x’)q o)~ V1o p(xleo,q).

We define Té/ 5 as the subspace of TGL’ ; Spanned by {ué/k |k=1,...,d},and Té‘,‘q be the orthogonal
complement of T} g in TF g As a result, we obtain

_ 7L E L _ 7l A
Tgrq — Te,q @ ngq’ Terq — Te,q @ TG,q'
We describe statistical properties of stochastic local Z-estimators using the above tangent spaces.

4.2. Asymptotic Variance of Stochastic Local Z-Estimators

Under a fixed conditional probability g(e|x), we derive the asymptotically efficient stochastic
local Z-estimator in the same way to semi-parametric estimation [19,22]. In addition, we consider
the monotonicity of the efficiency w.r.t. the size of the neighborhood. Given ii.d. samples (x;, ¢;),
i=1,...,m, generated from p(x)g(e|x), the estimator § of the parameter in the model (1) is obtained by
solving the system of Equation (4), where fj € (Tg,q)d for any 6 € ©. Suppose that the true probability
function p(x) is realized by py(x) of the model (1). As shown in [1], the standard asymptotic theory
yields that the asymptotic variance of the above Z-estimator is given as

Jim 2 - V(0] = Eoqlfous) "Eoqlfofs Eoqluafa] . ©)

The derivation of the asymptotic variance is presented in Appendix for completeness of
the presentation.

We consider the asymptotic variance of the stochastic local Z-estimators. A simple expression
of the asymptotic variance is obtained using the efficient score ul. Without loss of generality,
the identification function of the stochastic local Z-estimator, fj € (TGL’ q)d, is expressed as
falx,e) = ub(x,e) + ag(x,e),

where ag € (T(j}q)d. The reason is briefly shown below. Suppose that fy(x,e) is decomposed

into fp(x,e) = Boul(x,e) + ag(x,e), where By is a d by d matrix that does not depend on x and e.
The condition that the matrix Eg ,[V fy] is invertible assures that By is invertible, since

) 9Bg xj I J 0
Eo,q [agife,k} :; 20, Eeo,q [“9,]'] +;B9,kj]E9,q [agiue,j} + o, {wiﬂe,}}

I I 1
= — ZBG,kjEﬁ',l] [ug,iuerj] - Eg,q [Mgriaglj] = — ZBo,kjEB,q {ugfiue,]}
i i

holds. In the above equalities, we use the formula

]
Egq [aeife} = —Eg [ug,i fo]
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for fy € Ty, that is obtained by differentiating the identity Eq ,;[fg] = 0. Clearly, fy(x, e) provides the
same estimator as B, Lfa(x,e). See [19] for details of the standard form of Z-estimators.

Theorem 1. Let us define the d by d matrix G} by
G = Elug(up)"].

Then, for a fixed conditional probability q(e|x), the asymptotic variance of any stochastic local Z-estimator 6
satisfies the inequality
lim m - V[6] = (G})~!

m—r00

in the sense of the non-negative definiteness. The equality is attained by the Z-estimator using uj.

Proof. Let us compute each matrix in (9). According to the above argument, without loss of generality,
we assume f = u}) + ag for ag € (Té“q)d . The matrix Eg ,[ug f1] is then expressed as

Eoqluofi ] = Eoql(ug+ Eqqluele]) (uy + ag)"] = Egqlug(uy)'] = Gj

due to u} € (Té,q)d, Elugle] € (T}

e,q)d and ag € (Té‘q)d. Let us define A = E[agpa}]. Then, we have

Eoqlfofg] = Go + A.

As a result, we obtain

o~

Jim m - V(0] = (Gg) ™1 (G + A)(Gy) ™! = (Gg) ! +(Gg) TTA(Gy) ! = (GR)
When f = u), the matrix A becomes the null matrix and the minimum asymptotic variance
is attained. [J

The minimum variance of stochastic local Z-estimators is attained by the efficient score.
This conclusion agrees to the result of the asymptotically efficient estimator in semi-parametric models
including nuisance parameters [19,22].

Remark 1. Let us consider the relation between the stochastic pseudo-likelihood V log pg(xx|x_x) and
efficient score ué(x, ex k). Suppose that the neighborhood system N, and the conditional distribution
q(e|x) on Ny are defined as shown in Example 3. Then, we have u}(x,e,x) = Vlogpg(xi|x_).
Likewise, we find that the reduced-SCL, V log pg(xa,|x3, ), is equivalent with the efficient score under
the setup in Example 4 when the index subset A is defined as Bj.

4.3. Monotonicity of Asymptotic Efficiency

As described in [23], for the composite likelihood estimator with the index pairs (Ay, By),
¢=1,...,M,itis widely believed that by increasing the size of A, (and correspondingly decreasing the
size of By = Aj), one can capture more dependency relations in the model and increase the accuracy.
For the stochastic local Z-estimators, we can obtain the exact relation between the neighborhood
system and asymptotic efficiency.

Let us consider two stochastic local Z-estimators; one is defined by g(e|x) on the neighborhood
system e € Ny and the other is given by ¢’(¢’|x) on the neighborhood system ¢’ € NJ. The efficient
score are respectively written as u} (x, e) for g(e|x) and u}) (x,¢’) for g’ (e|x). In addition, let us define
Gh = B q[ug(up)’] and Gif = Eg o [y (u)T].
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Theorem 2. Let p(x,ee') be the joint probability of (x,e,e’) € X x N x N’ and suppose that
probability functions, q(e|x),q' (¢'|x) and pg(x), are obtained from p(x,e,e’). We assume that

E[E[ug|e]|e'] = E[uge'] (10)
holds under the probability distribution p(x,e,e’). Then, we have
(Go) ™" = (Gg) (11)
i.e., the efficiency bound of N and q'(x|e) is smaller than or equal to that of Ny and g(x|e).
Proof. We use the basic formula of the conditional variance
VIX] = VIE[X|Z]] + E[V[X|Z]] = VIE[X|Z]] (12)

for random variables X and Z. The above formula is applied to the score uy(x) and the efficient
score u}(x, e). Note that E[V[ug|e]] = E[u}(u})"] = G} holds. Then, we have

Viug] = VIE[uglel] -+ E[V[ugle]] = V[Eluole]] + Efu)(u})]
= V[Elugle]] + G} = V[E[ugle]] + Gy

The last equality comes from the fact that the score uy(x) is common in both setups. Since the
equality (10) holds, again the Formula (12) with X = E[uy|e] and Z = ¢’ yields

V[E[ugle] = V[E[ugle']] + E[V[E[ug|e]|e'] = V[E[ugle']].
Thus, we obtain
Gp = V{ug] — V[E[ugle]) < V[ug] — V[E[ugle']] = Gf.
As a result, we have (11). [

A similar inequality is derived in [24] for the mutual Fisher information. The mutual
Fisher information is rather similar to V[E[ugle]] than G). Theorem 13 of [24] corresponds to the
one-dimensional version of the inequality V[E[ug|e]] = V[E[ugle’]].

Let us show an example that agrees to (10). We define two neighborhood systems N = {Ny|x € X'}
and N’ = {N/|x € X} such that, for any ¢ € Ny, there exists ¢ € N satisfying ¢ C ¢'. For the
joint probability p(x,e,¢'), suppose that x and ¢’ are conditionally independent given e and that
the conditional probability 7’ (¢|e) derived from p(x,e,¢’) is equal to zero unless e C ¢’. Under these
conditions, 4’ (¢’|x) derived from p(x,e,e’) takes 0if ¢/ ¢ NZ. The conditional independence assures that
p(x,e¢') is expressed as p(x,e,e') = po(x)q(e|x)r’(¢'|le) = p(x|e)r(e|e’)q(e’). Hence, the conditional
probability p(x|e’) is expressed as Y .cn p(x|e)r(ele’). Thus, we obtain

E[E[ugle]le’] = ) ) up(x)p(xle)r(ele’) = ) up(x) }_ p(xle)r(ele’) =} up(x)p(xle).

eeN xeX xeX eeN xeX

As a result, the better efficiency bound is obtained by the larger neighborhood. A similar result is
presented in [25] for the composite likelihood estimators. The relation of the result in [25] and ours is
explained in Section 5.3 of this paper.

Example 5. Let N, be a neighborhood system at x endowed with the conditional distribution g(e|x).
Another neighborhood system is defined as N, = {X'} for all x, and 4'(¢|x) = 1 fore¢’ = X. Let us
define p(x,e,¢') = pg(x)q(e|x) for ¢’ = X and otherwise p(x,¢,¢') = 0. Since ¢’ always takes X, x and ¢/
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are conditionally independent given e. Thus, we have Gé = G(’f . Indeed, Gél is the Fisher information
matrix of the model py(x).

We compare the stochastic pseudo-likelihood and reduced-SCL. Let Ny = {e,x |k = 1,...,n}
be the neighborhood system defined in Example 3, and N be U,y Nx. The conditional distribution
on N, is given by g(eyx|x) = qx, k = 1,...,n. As shown in Remark 1, the corresponding efficient
score is nothing but the stochastic pseudo-likelihood, i.e., u}(x, e, k) = V log pa(xi|x_¢). Let us define
another neighborhood system N, in the same way as Example 4. For the subsets By C X’ and A, = B,
t=1,...,M,wedefinee, ,as {y € X' |yp, = xp,} and Ny = {¢} ,[£ =1,...,M}. Let N’ be UycxN;.
The conditional distribution on Ny is given as ¢'(¢/, ,|x) = q; for £ =1,..., M. Then, the efficient score
associated with N’ and ¢’ is equal to the reduced-SCL, i.e., uy (x,¢, ) = V1og pg(xa,|xp,). As the direct
conclusion of Theorem 2 and the above argument about the property of the conditional independence
between x and ¢/ € N’ given e € N, we obtain the following corollary.

Corollary 1. We define N, fore € N by N, = {¢’ € N'|e C ¢'}. Let ' (¢’|e) be a conditional probability on
N, given e € N, where v'(¢'|e) = 0 is assumed for ¢’ ¢ N,. If the equality q, = Yi_, qir’ (€}, ,|exx) holds,
the reduced-SCL with N’ and g’ is more efficient than stochastic pseudo-likelihood with N and g.

Example 6. Suppose that the size of N, is the same for all ¢ € N and that the size of the set
{e € N|x € e C €'} is the same for any x € X and ¢’ € N’ such that x € ¢’. Let g(e|x) (resp. 4'(¢’|x)) be
the uniform distribution on Ny (resp. N;). Then, the reduced-SCL is more efficient than stochastic
pseudo-likelihood. Indeed, the assumption ensures that the sum Y, 5y g(e|x)7’ (¢/|e) does not depend on
x and ¢’. Thus, the uniform distribution 4’ (¢’|x) meets the condition of the above corollary. For example,
let By, ..., By be all subsets of size n —2in {1,...,n}. Then, we have M = n(n — 1) /2. The size of N}
isn — 1, and the size of {¢ € N|x € e C ¢’} is equal to 2.

5. Local Z-Estimators and Efficiency Bounds

In this section, we define the local Z-estimator as the expectation of a stochastic local Z-estimator,
and derive its efficiency bound.

5.1. Local Z-Estimators

Computationally tractable estimators such as pseudo-likelihood and composite likelihood are
obtained by the expectation of an identification function in T} ;- Letus define the local Z-estimator as
the Z-estimator using

fo(x) =Eqgg[folx],

where fy € (T q)d. The conditional expectation given x is regarded as the projection onto the subspace
Tg(q which is defined as

Tgfq = {f € Ty | f(x,e) does not depend on e}.

Let ITx be the projection operator onto Tg(q and IT5 be the one onto the orthogonal complement

of Tg,(q. Then, one can prove I1x[f] = E[f|x] and I1x[f] = f — E[f|x] for f € Tp,4- When the number
of elements in the neighborhood Ny is reasonable, the computation of the local Z-estimator is tractable.
Below, we show that some estimators are expressed as the local Z-estimator.

Example 7 (Pseudo-likelihood and composite likelihood). In the setup of Example 3, the conditional
expectation of the efficient score, Eg , [u}|x], yields the pseudo-likelihood when g(e|x) is the uniform
distribution on Ny. In the setup of Example 4, let us assume Ay = Bf and ¢'(¢/ ,|x) = q}. Then,

the conditional expectation of the efficient score u}(x, ¢’ ,) = Vlog pp(x4 ,|xB,) yields
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M
Eo g [uglx] = Y qiV1og po(xa,|xs,),
(=1
which is the general form of the composite likelihood in Example 2 with v, = ).

5.2. Efficiency Bounds

We derive the efficiency bound of the local Z-estimator. Without loss of generality, the local
Z-estimator fy(x) € (Tgfq)d is represented as

fo(x) =Elfolx], fo=uj+ag € (Tf,)", ap € (Tf,)".

Under the model py(x), we calculate the asymptotic variance (9) of the local Z-estimator 0
using fy(x). The matrix Eq 4[ug fy | in (9) is given as

Eg 4 [ugfl] = Eg 4 [ug(ul + ag)T] = E[ul(u})T] = GJ.

Hence, we have

lim m - V[0] = (G§) "Eq,[fofd 1(Gh) .

m—o0

Here, the expectation Eg,[fofy ] can be written as the expectation under py(x), i.e., Eo[fofy ],
since ug and fp depend only on x. The orthogonal decomposition fs = fy + I1x[f5] leads to

(Go) " Baqlfofd)(Go) ™ = (Go) oy [fof§1(Gh) " + (G) ' Ea Mx (A [FZNGH ™ g5
= (G By [fof11(GH Y,

meaning that the asymptotic variance of the stochastic local Z-estimator using fy(x, e) is larger then or
equal to that of the local Z-estimator using fy(x).

We consider the optimal choice of ag € (Té‘}q)d in fo(x) = Egq[u}+ ag|x]. Let us define the
subspace Tg,(qA as HXTéL}q = {IIx[a] |a € Té‘}q}, and ITx,4 be the projection operator onto Tgfq’q. Then,
we define vy i(x) € Tg/(q as the projection of ué,].(x, e)eT, ; onto the orthogonal complement of Tgf;‘
in Ty, ie.

Uel),j = (ITx —IIxa) [”é,j]
forj=1,...,d. In this paper, we call vé = (vé 1reves vé d)T the local efficient score.

Theorem 3. Let us define d by d matrix H} as Eg 4 [0} (v})T]. Then, the efficiency bound of the local Z-estimator
0 is given as

lim m-V[6] = (G))~TH}(GH) .

m—o0

The equality is attained by the local Z-estimator using the local efficient score vé = (IIx —IIxa) [ué].

Proof. fy(x) = Eq, [u} + ag|x] has the orthogonal decomposition v} + by, where by € (Tgff)d . Hence,
we obtain Eg o [fofd ] = Eo[v}(vf)T] = H} and
(Go) "Eaqlfof1(Gy) " = (G Hy(Gy) .

The left-hand side of the above inequality is the asymptotic variance of the local Z-estimator.
The equality is attained by the local Z-estimator using v}. O
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We consider the relation between the local efficient score vé (x) and the score uy(x). We define
Té\ff as the subspace spanned by the score ug,]-(x), j=1,...,d. Foranya € Té?q, we have

Eg/q[ugrngrq [a|x]] = Egrq [Izlg’]'ll] = 0, ] = 1, e ,d,
meaning that T%L and TQXqA are orthogonal to each other. Hence, Texq is decomposed into

X _ TXA qp TML 4 TXC
Telq - 9,@ @ Te,q 69 Terq 7
where TquC is the orthogonal complement of Tg(qA @ T%L in Texq. Eventually, subspaces in Ty ; satisfy
the following relations,
Ty

E 1 A X A ML XC
q = Te,q @ T9,q @ TG,q/ TG,q = (HXTG,q) @ T9,q @ TG,q :

Let us define Tg.’(ql as the subspace spanned by the local efficient score vél j (x),j=1,...,d. Undera

mild assumption, TQXqI and TGN{;L has the same dimension. Since v}(x) is orthogonal to ITx Té“q, TQXqI is
included in T%L @ TQXqC_ Hence, TGXqC is interpreted as the subspace expressing the information loss

caused by the localization of the score uy.

5.3. Relation to Existing Works

5.3.1. Comparison of Local Z-Estimators

We compare the asymptotic variances of two local Z-estimators that are connected to
composite likelihoods.

One estimator is defined from the neighborhood system N which consists of the singleton
N, = {ex}, x € X. Here, we assume that e = e, holds for ' € ey and Uycyey = X. Such a
neighborhood system N is called the equivalence class [25]. An equivalence class corresponds to a
partition of the sample space. The conditional probability g(e|x) takes 1 for e = e, and 0 otherwise.
Let u}(x,e) be the efficient score defined from N and g(e|x), and #}(x) be the local Z-estimator
ity (x) = Eglup|x].

Another localized estimator is defined from the neighborhood system N’ which consists of
N, x € X, where N is not necessarily a singleton. Suppose that e, C ¢ holds for any ¢/ € Ni.
The conditional probability g’ (¢’|x) is defined as ¢'(¢’|x) = '(¢’|ex), where 7/ (¢|ex) is a conditional
probability of ¢/ € N} given ey. The corresponding efficient score is denoted as u} (x,¢) and let us
define 71 (x) = Eg o [y |x] as the local Z-estimator associated with N and 4(¢/[ x).

From the definition, the joint probability py(x)g(e|x)r’ (¢'|e) agrees to q(e|x) an ¢’ (¢’|x). Hence we
see that x and ¢’ are conditionally independent given e. Hence, Theorem 2 guarantees the inequality
(G~ = (G

The efficient score u)(x, ¢) can take a non-zero value only when e = ex. Hence, u(x, ¢) is regarded
as the function of x, i.e, u}(x,¢) € (Te}/(q)d, and the asymptotic variance of the local Z-estimator obtained

by i} (x) = u}(x,ey) is (G}) ™. On the other hand, the asymptotic variance of the local Z-estimator
derived from i (x) is less than or equal to (G| ) ™! due to (13). Therefore, it;) with N’ and 4’ provides
more efficient estimators than #}, with N and 4.

Liang and Jordan presented a similar result in [25]. In their setup, the larger neighborhood N7 is a
singleton {e}.} and the smaller one, Ny, can have multiple neighborhoods at each x. In such a case,
the similar relation holds, i.e., the estimator with N’ is more efficient. However, their approach is
different from ours. In [25], the randomness is introduced over the patterns of the partition of X.
Moreover, their identification function corresponding to our i) (x) is decomposed into two terms;
one is the term conditioned on the partition and the other is its orthogonal complement. On the
other hand, our approach uses the decomposition of ué (x,e) into 17y! (x) and its orthogonal complement.
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In their analysis, the simplified expression of the asymptotic variance shown in (9) and the
standard expression of the identification function, f(x,e) = u}(x,e) + a(x,¢), are not used. Hence,
the evaluation of the asymptotic variance yields rather a complex dependency on the estimator.
As a result, their approach does not show the efficiency bound, though the asymptotic variance of the
composite likelihood for exponential families is presented under the misspecified setup.

5.3.2. Closed Exponential Families

The so-called closed exponential family has an interesting property from the viewpoint of localized
estimators, as presented in [26]. Let pg(x) = exp{67t(x) — c(#)} be the exponential family defined
for x = (xq,...,x;) € X = X x --- x X, with the parameter § € ® C R?. The function t(x) € R?
is referred to as the sufficient statistic. Given disjoint index subsets A, B C {1,...,n}, let tg(x) be all
elements of ¢(x) that depend just on xp, and t4 p(x) be the other elements. Hence, t5(x) is expressed
as tg(xg). The parameter 6 is correspondingly decomposed into 6 = (64 5,6p). Thus, we have
0Tt(x) = GE,Bt Ap(x) + 0Ltg(xg). The exponential family pg(x) is called the closed exponential
family, when the marginal distribution of xp is expressed as the exponential family with the sufficient
statistic tg(xp).

We consider the composite likelihood of the closed exponential family. For the pairs of two disjoint
index subsets, { A, B;}, £ = 1,..., M, suppose that any element of ¢(x) is included in t 4, g, (x) at least
one /. Then, the local Z-estimator using the composite likelihood Zé\i 1log pe(xa,|xp,) is identical to
the MLE [26]. Hence, the composite likelihood of the closed exponential family attains the efficiency
bound of the MLE.

For the general statistical model py(x), let us restate the above result in terms of the tangent spaces
in Ty 4. Let us decompose py(x) into

po(x) = p(xalxp;0)p(xp;0).

We assume that for any index subset B, all elements of V log p(xp; ) are included in T(%L that
is spanned by the elements of uy(x) = V log pg(x). Then, V log p(x4|xp;6) also lies in (T%L)d. Thus,
Vlog p(xa,|xp,;0) is expressed as Cngog pe(x) using a d by d matrix Cy. If Y, C, is invertible,
the local Z-estimator obtained by Z/ 1 Vlogpg(xa,|xp,) is identical to the MLE. In this case,
ITx TI = TML ie, TXI TNI;L holds. Therefore, there is no information loss caused by the localization.
The matrlx C ¢ for the Closed exponential family is given as the projection matrix onto the subspace
spanned by t4, ,(x) — Eg[ta, p,|xp] that is included in TAE’L. The above result implies that the
tangent space Tgfc expressing the information loss will be related to the score of the marginal
distribution, V log pg(xp).

6. Conclusions

In this paper, some statistical properties of stochastic local Z-estimators and local Z-estimators
are investigated. The class of local Z-estimators includes pseudo-likelihood and composite likelihood.
For stochastic local Z-estimators, we established the exact relation between neighborhood systems and
the efficiency bound under a simple and general condition. In addition, the efficiency bound of the
local Z-estimators was presented.

Future works include the study of more general class of localized estimators. Indeed,
local Z-estimators do not include the class of proper local scoring rules [7]. It is worthwhile to
derive the efficiency bound for more general localized estimators. Exploring nice applications of the
efficiency bound will be another interesting direction of our study. In our setup, the local efficient
score expressed by the projection of the score attains the efficiency bound among local Z-estimators.
An important problem is to develop a computationally tractable method to obtain the projection onto
tangent subspaces.
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Appendix. Asymptotic Variance of Stochastic Local Z-Estimators

Given i.i.d. samples (x;,¢;),i =1,...,m from pg(x)g(e|x), we estimate the parameter 6 using the
stochastic local Z-estimator obtained by

m
-~

=Y fled) =o,

i=1

where the identification function satisfies fy € ( Tgrq)d for any # € @ C R?. The Taylor expansion
around the true parameter 6 yields

m

1 1 & . .
=Y flxie0)+— Y. Vf(xie;0)(0—0)+0(]0—0]*) =0,
mi=3 mi=

where the element (Vf);; is given as g—g"_. As m tends to infinity, the asymptotic distribution of 0 is
j

given as the multivariate normal distribution,

Eo,q[V folV/m(8 — 0) ~ Ny (0,Eq 4[fofs])-

Since Eg 4[fs] = 0 holds for any 6, the derivative VEg 4| fy] is the null matrix. This fact yields

Eoq[V fol = —Egq[foV log(peq)"] = —Eoqlfoug -

Hence, the asymptotic distribution of v/m (§ — 0) is the d-dimensional normal distribution with
mean 0 and variance Eq [fgug} _1E9,q [fgfg]Eg,q [ungT] -1,
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