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Abstract: In this paper, a duopoly game model with double delays in hydropower market is
established, and the research focus on the influence of time delay parameter on the complexity
of the system. Firstly, we established a game model for the enterprises considering both the current
and the historical output when making decisions. Secondly, the existence and stability of Hopf
bifurcation are analyzed, and the conditions and main conclusions of Hopf bifurcation are given.
Thirdly, numerical simulation and analysis are carried out to verify the conclusions of the theoretical
analysis. The effect of delay parameter on the stability of the system is simulated by a bifurcation
diagram, the Lyapunov exponent, and an entropic diagram; in addition, the stability region of the
system is given by a 2D parameter bifurcation diagram and a 3D parameter bifurcation diagram.
Finally, the method of delayed feedback control is used to control the chaotic system. The research
results can provide a guideline for enterprise decision-making.
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1. Introduction

As the demand for power increases, the supply is proportionately increased. However, the cost
of thermal power, which is generated by non-renewable resources, is extremely high. Therefore, the
development of hydroelectric power is a more sensible choice. In this paper, the game process of
power output of two hydropower enterprises is considered. In practice, there is an obvious relationship
between the amount of electricity generated and the amount of water reserves. As a result, the water
reserves, the current output, and the output of the time delay are mainly considered to make an
electricity output plan. Therefore, it is very meaningful to study the game competition of the electricity
output of the two-oligopoly enterprises.

Electricity is an energy source of great significance, related to country development and societal
stability, so has always been the focus of research. As for studies on energy in relation to economic
strategies and the environment, Weidou [1] analyzed China’s energy policies and provided reasonable
suggestions for the supply and consumption of China’s energy, which would ensure the sustainable
development of China’s social energy economy. Nwaobi [2] proposed an economic model based on
the emission reduction policy, and gave an empirical analysis of Nigeria as an example. Vera et al. [3]
are in the process of analyzing the problem of 3E. They established a national energy index system
to develop the energy policy and realize the sustainable development of society, the economy, the
environment, and energy. Omri [4] analyzed the relationship between economic growth and a group
of parameters: energy consumption, electricity consumption, nuclear consumption, and renewable
energy consumption.
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In recent years, the oligopoly game has always been the frontier research area of renewable energy,
especially the nonlinear dynamic model, which is closely related to real life. Using the entropy theory
and chaos theory to establish an oligopolistic competition game model, establishing a measuring
method for uncertainty, and eliminating uncertainty all have broad applicability.

Dajka et al. [5] considered a two-player quantum game in the presence of a thermal decoherence
modeled in terms of a rigorous Davies approach. This shows how the energy dissipation and pure
decoherence affect the payoffs of the players of the game. Harré et al. [6] considered the issue about
how changes in the underlying incentives can move us from an optimal economy to a sub-optimal
economy, meanwhile making it impossible to collectively navigate our way to a better strategy without
forcing us to pass through a socially undesirable “tipping point”.

The power market of the three-oligopoly game was analyzed by Ma [7], where the complex
dynamic characteristics of the system are studied, and the dynamic behavior of the game is given,
providing an excellent practical guideline that is of great significance. Batabyal [8] took the international
trade of renewable resources as the background, did corresponding analysis using the Stackelberg
differential model, and pointed out that the policy tool has an important role in promoting energy
conservation. This study has important implications for the conservation of renewable energy.
As for the Bertrand model, Sun et al. [9] proposed a three-oligopoly game model, which is based
on the cold rolling market of China and studied the complex dynamic characteristics of the game
process. Basing on the Markov information structure, Halkos et al. [10] put forward a renewable
energy and non-renewable energy Nash game, and carried out the analysis of its strategy by using the
utility function, which is of great significance in practice. Liao [11] analyzed the role of developing
hydro-energy, wind energy, nuclear power, and so forth. Yoon and Ratti [12] examined the effect of
energy price uncertainty on firm-level investment with data on U.S. manufacturing firms.

Chaos analysis and applications in dynamical systems are observed in many practical applications
in engineering, biology, and economics [13-15]. Sun and Tian established an energy resource
demand-supply system based on the background of the real energy resources demand and supply in
the East and the West of China [16], and have obtained a series of findings [17,18].

In this paper, we study the problem of the oligopoly game in the market of hydroelectric power
using nonlinear theory and complex dynamics theory. We analyze the complex dynamic characteristics
of the system and study the influence of the time delay and weight on the system. Moreover, an
effective method for controlling a chaotic system is carried out.

This paper is organized as follows. In Section 2, a continuous differential duopoly game mode
with two delays is established. In Section 3, we focus on analyzing the existence and stability of Hopf
bifurcation. In Section 4, we carry out numerical simulation and analysis by using the methods of the
attractor, bifurcation diagram, Lyapunov exponent, entropic, etc. to study the influence of delay and
weight on the stability of the system. In Section 5, we elaborate on delayed feedback control, which is
an effective control method of chaos. Finally, the conclusions of this paper are given in Section 6.

2. The Model

In the market of hydroelectric power, we want to find the total economic variables: electrovalence,
market demand, and water reserves. The conditions need to be met when the market reaches
equilibrium. So, in this paper, we focus on the influence of the time delay parameter on the dynamic
characteristics of the system.

Assumptions are listed as follows:

1.  The electricity market is composed of two hydropower enterprises.

2. The output of electricity quantity is only related to the amount of water reserves and electrovalence.

3. Electricity price is determined by the output of electricity quantity of two enterprises and
social demand.
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4. In order to generate electricity and ensure water storage safety, the minimum water reserve
is Xmin the maximum water reserve is Xmax. Therefore, the water reserves X must satisfy
X e (Xmin/ Xmax)-

The inverse demand function for the electricity market is p(q) = 7 — g, where p is electrovalence,

N
g = Y. g is the demand of electrical energy, and p is the highest price of the electrical energy [9].
i=1
In the electricity market, the cost function C(X) is related to its own water reserves X [10,11].

Xmin is the water reserve when C(Xpin) = p. Obviously, x = X — X, is the effective water reserve.
When X < Xpin, hydro power stations will suspend power generation. The unit cost of water reserves
is ¢(x) = p — cx. If water is renewable, and the growth rate of the water reserve is k, then x = kx. So,
the water reserves should meet x = kx — g.

In the process of the market game, every player in the game has to achieve its own
profit maximization:

7= [p(q) —c(x;)] q;: = (cxi — q) q;-

So, the problem of the game strategy for each oligopoly can be expressed as the
optimization problem:

H}ﬁX/Ooo e % (cx; — q)qidt 1

s.tx; =kx; — q;, (2)

where 6 is discount factor, 8 > 0,9, > 0,x; > 0andi =1,2.
Solving the optimization problem (1) with its Hamiltonian function:

H = (cx; — qz)qi + Aj(kx; — q5), 3)

where A; is a co-state variable. Solving:

oH' - oH'
; =0, A =— o, + 0A;.
Simultaneously we can obtain:
q;i+q=0—k)G+q) +c(2k—0)x;, i =12 e)

N N
The sum of the two parts of Equation (4) is obtained, and, usingg = ) g;and x = }_ x; (N =2),
i=1 i=1
we can derive: (2% 6)
. c(2k —
=(0—k —x.
g=(0-kq+ g7« ®)

With Equations (4) and (5), we can calculate the game strategy for each oligopoly as:

q; = (0 —k)gi +c(2k — 0)x; — Mx. (6)

In the actual operation of the electricity market, in order to ensure the sustainable development

of electric energy, as well as the stability of the electrovalence, the electricity supply of the market

should be fixed in a certain period of time, to ensure that the supply of electricity is not too large or too

small, which leads to fluctuations in market price. Suppose that in a certain period of time, the largest

electricity supply is a, so g; positive correlation with v;(a — q), v; is the change rate of electricity supply.

Therefore, integrating Equations (5) and (6) and v;(a — q), we can obtain a double oligopoly game
model for the hydroelectric power market:
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Xl = kX1 — 41

5C2 = ka —q2 (7)
g1 =v1(a—q2—q1) [(0 —k)g1 — c(2k — 0)x2 + %c(2k — 0)x1]

g, =v2(a—q1—q2) [(0 —k)g2 — c(2k — 0)x1 + %c(2k — 0)x7]

In the actual operation process of the electric power enterprise, it is not only necessary to consider
the current market demand; we also need to consider the market demand of 7 time early, which makes
the final decision results closer to the actual situation. In this paper, we assume that the duopoly
considers time delay. The delay parameters are 77 and 1, respectively. That is:

qi(t) = piqi(t) + (1 — pi)qi(t — ), ®)

and 0 < y; < 1,i = 1,2 is the weight of the current period price.

We know that the time delay does not affect the system’s solution. Therefore, the equilibrium point
E.(0,0,0,0) of Equation (7) is also the equilibrium point with a time delay system. So, in this paper,
we analyze the delay decision with the equilibrium point of E.(0,0,0,0). Then, from Equations (7)
and (8), the linear system with time delay is:

5C1 = kxl — qlr
xp = kxo —qo,
gy (t) = avy [(0 — k) (aqa (t) + (1 — 1) qa(t — 1)) — c(2k — 0)xa(t) + 5¢(2k — )x1 (1)), (9)
4o (t) = va(a — g (t) = (1= p)qa(t — 1) — paga(t) — (1 — p2)q2(t — 2))
[(6 = k) (maga(t) + (1 = p2)ga(t — 2)) — c(2k — 0)x1(t) + 5¢(2k — 0)x2(t)] -

3. Stability and Existence of Hopf Bifurcation

Equation (9) is linearized at the equilibrium point E.(0,0,0,0) by using s Jacobian matrix.
So Equation (9) can be converted to:

x1 = kx1 —q1,
xp = kxp — g2,
‘71 A1q1(t) + B1(1 — p1)q1(t — @) + Crxq (t) + D1xa(t),
4y = p2g2(t) + Az(1 — Vz) 2(t — 2) — (avaM + M)xy (t) + avaNxo(t)
— Bopaq1(t)q2(t) — Ba(1 — p2)q1(t)q2(t — ©2) + vaprq1(t) — vap1q1 (t) Naa(t) (10)
— Coptaqr (t — 1) q2(t) — Co(1 — p2)q1 (t — 71)g2(t — ©2) + D2Mqy (t — 71)x1 (1)
— DoNgy (t — 11)x2(t) — Eaga(t)* — Ea(1 — p2)q2(t)g2(t — T2) + vapa Maa (t)x1 (t)
— 1eNR()x2(t) — B ()q2(t — T2) — Fa(1 — p2)q2(t — 1)
+ GaMqa(t — 12)x1(t) — GaNga(t — ) x2(t),

where )
A= avipn (6 — k), Br = avi (6 — k), C1 = Zacvi(2k —90),
Dy = —avie(2k — 8), M = c(2k— ), N = %c(Zk —9), Ay = ava(6— k),
Bz = 1/2]/!1(9 — k), C2 = 1/2(1 — }11)(9 — k), D2 = 1/2(1 — “l/ll),
Ez = Uz"l/lz(e — k), Fz = 1/2(1 — ‘1/12)(9 — k), Gz = Uz(l — }lz)

The characteristic equation of Equation (10) is

A+ f13A% + f12A% + fi1d + fio + (f3A% + f2A? + f1A +f20) —A

) 1
+(f33A% + faaA? + fiA + fao)e M2 + (fioA? + fuA + fyo)e MTtm) =0 ()
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where
fiz = =2k —pp — Ay,

fi2 = C1 +k* + 2A1k + Aypp + 2kpp + Navy,
fir = Dipyvz — A1k®* — KPpp — Crk — Crpip — 2A1kpy — NaAyvy — Nakoy,
f10 = Cikypy — MDq + Alkzyz — Cikpuyvo — MaDqvy + NaCyovp + NaAikvy,
f23 = Bipi1 — By,
f22 = 2B1k — 2Bikpy + Bipia — Bipapa,
fo1 = Bik*uy — B1k* — NaByvy — 2Bikpup + NaBypiva + 2Bikps pha,
foo = Blkzyz — Blkzylyz + NaBikvy — NaB1kpiv,,
faz = Az — Ay,
fao = A1 Ay — 2A0kpy + 2A2k — A1 Az,
fo1 = —Aok® + Aok iy — ArCy — 2A1 Agk + 2A1 Agkpia + ArCapi,
fa0 = A1 A2k 4+ AyCrk — AxCiku2 — Ay Axk*u2,
fao = AgB1 + ApBipiapia — ApBipy — AaxBijia,
fu1 = 2A;Bikpuy — 2A3B1k + 2A;Bikpy — 2A2Brkpapa,
fao = AgBik? — ApBykPpy — AyBikP iy + Ay Bik* iz
31.Caselty =0, >0

For 71 = 0, Equation (11) reduces to:
A% 4+ A3A3 4 B3AZ + C3A + D3 + (E3A® + BA% + GsA + Hz)e 2 =0 (12)

with
Az = fis+ fo3, B3 = fi2 + fo2, C3 = f11 + fo1, D3 = fio + fao,
E3 = f33, F3 = fao + fao, G3 = fa1 + fa1, Hz = f30 + fao-

Let A = iwy, (wy > 0) be the root of Equation (12). Then, we can get:

(FBw? — Ha)sinw 1 + (Gswy — E3w?)cosw1p = Azws — Cawy (13)
(Gswr — E3wi’)sinw11'2 — (Fg,w% — Hj)coswi Ty = —w‘l1 — D3
From Equation (13), we can obtain:
F3 — A3E3)w® + (AsGs — Hz + C3E3)wi + (D3F3 — C3G3)w? — D3 H,
Coswm:(s 3E3)w$ + (A3Gs — H3 + C3E3)wf + (D3F3 — C3G3)wy — D3 3 (14)

2 2
(Gswq — E3w?)” + (F3w? — Hj)

Squaring both sides, adding both equations, and regrouping by powers of w;, we can get:
W§ + (A2 — E3)w$ + (2D3 — 2A3C3 4 2G3E3 — F2)wi + (C3 — G2 + 2H3F3)w? + D3 — H3 = 0. (15)
Letr = w%, then Equation (15) becomes:

1+ (A3 — E3)r3 + (2D3 — 2A3C3 4+ 2G3E3 — F3)1% + (C3 — G5 + 2H3F3)r; + D3 — H3 = 0. (16)
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If the values of the coefficient are given, it is easy to get the root of Equation (16). In order to give
the main results in this paper, we make the following assumption: (H;) Equation (16) has at least one
positive root.

If condition (H7) holds, we know that Equation (15) has at least one positive root w1y, such that
Equation (12) has a pair of purely imaginary roots fiwjg. The corresponding critical value of the
delay is

F3 — AsE3)w§, + (A3Gs — H3 + C3E3)wiy + (D3F3 — C3G3) w3y — D3H.
Tzo:iarccos(3 3E3)wyy + (AsGs 3+3 323)w10+( LR 3)wip — DsHs 17)
@10 (G3w10 - E3w10) =+ (F3w%0 - H3)
Next, take the derivative with respect to 7, in Equation (12), we can obtain:
AT (4A% +3A3A% 4 2B3A + G3)eM 2 + (BEsA2 +2BA 4+ Gs)
ko) N )\(E3)\3 + FA2 + G3A + Hs) A
Thus )
dA -
Re { (Tzo)] _ Q1Q2 + Q§Q4, (18)
dT2 /\:iwm Ql + Q2
where

_ 4 2 _ 3
Q1 = E3wijy — Gzwyy, Q2 = Hawyg — Fwy,
Q3 = 4w‘i’osinw10720 — 3A3w%0cosw101'20 — 2B3w1psinwy g — 3E3w%0 + G3 + CzcoswigTo,

Q4 = 233(4}10(305(4)101’20 — 3A3a)%osina)10’r20 — 46()%0COSCU10T20 + 2F3(,d10 + C3Sil‘1a)10T20.

If condition (Hy): Q103 + Q2Q4 # 0, then Re [d)‘(%) # 0. According to the Hopf

dTZ :| )\:iwlo
bifurcation theorem in [19], we obtain the following results.

Theorem 1. If the conditions (Hy)—-(Hj) hold, the equilibrium point E, of Equation (9) is asymptotically stable
for 7 € [0, 7o) and unstable for T > Too; Equation (9) undergoes a Hopf bifurcation when T, = Ty.

32.Case211 >0,15>0

We consider 7y as a parameter, and 1, in its stability region 7, € [0, Typ). At this point, the
characteristic equation is Equation (11).
Let A = iw,, (wy > 0) is the root of Equation (11). Then, we can get:

AgcoswyTy + Bysinwyrt = Cy (19)
Aysinwyty — Bycoswrty = Dy
where
3 2. .
Ay = friwa — fazws + fapwisinws Ty + fajwocoswr T — fapsinwr
2 2 .
B4 = fzz(dz — fZO + f42a)2cosw272 — f41(.szll‘1a)2T2 — f40COS(,U2T2
3 3 2. .
Cs = f13w; — fr1ws + fa3wic0swrTy — frwssinws T — f31wWrC0swWr Ty + f3psinw, T
_ 2 4 3 3 .
D4 = flzwz — Wy — f10 + f33w2SIDLU2T2 + f32w2COSL(J2T2 — f31w251nw2T2 — f30COS(L72T2.
From Equation (19), we can obtain:
A4Cyq — B4D
coswyTy = ——2 AR (20)

2 2
A4+B4
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Similar to Section 3.1, we can get:
8 7 6 5 4 3 2 _
wj + Aswj + Bsw; + Csw; + Dswy + Esw; + Fsw; + Gswa + Hs = 0, (21)
where
A5 = *2f33Si1‘1(U2T2 — 2f32C05a)2T2,
Bs = fi3 +2f33f13c0swaty — 212 + f33 — f33

C5 = —2f32wail’1¢d2T2 — f32f33511’12(d2T2 + 2f33flzsinw2”f2
-+ 2f32f12COSCL72T2 -+ 2f31 sinwy, T + 2f42f2351ﬂ(d21’2

Ds = —2f13f11 — 2f33 1108w T2 — 231 f13c08Wr T2 — 2f31 f33€08°wWaTr + f3,
+2f10 + f2, — 2fs1sinwaTy — fa1f328in2w0 T + 2f30c08wr T2 + 221 f23
+ 2f41f23COSLL)2T2 — f222 — f422 — 2f42f22COSCL)2T2

Es = —f31f3zsin2w21'2 + 2f32f11sinw21'2 + ngoflgsianTZ — 2f33f1()sianT2
— 235 f10€08wr Ty — 2 f31 fi2sinwa Ty + 2f30 f32 — 2 fan fr18inwr T — 2 fag frzsinwo T

Fs = f34 + 2f31f11c05w2Ta — 2f10f12 + fo1 — 2f30f12€08waT2 — 3 + 2f20f22
+ 2f40 fr0C0SWr T — ffl + 241 foosinwr Ty + 2 f40 f20c08wrTs + 2fgn fao

G5 = f30f31sin2w2T2 — 2f30fnsina)2”f2 + 2f31f105il‘16¢]2T2 + f30f31511‘12602’[2
— 2f41f21COS(U2T2 + 2f40f21sinw2’r2 — 2f41f205inw21'2

Hs = f120 + fgo +2f30 fi0coswr T2 — f220 — ffo — 2f10f20C08Wr Ty.

We assume that (H3): Equation (21) has k positive roots, they are wy;,i = 1,2,..,k. The
corresponding delay parameter values are:

7

T = Karccosi + == (i=1,2,..,kj=0,12,..,). (22)
We let
Ti0 = min {rl,-U) i=1,2,..kj=0, 1} . (23)

When 71 = 119, Equation (11) has a pair of purely imaginary roots £icws.
Next, taking the derivatives for 7 in Equation (11), we can get:

|:d/\ ] -1 o A6e/\(Tl+T2) + B6e)‘TZ + CéeArl + Dg T

dn E¢eM + Fq A
where
Ag = 4A% +3f13A% + 2f12A + fi1, Be = 32302 + 2fn) + fo1,
Co = —Taf3sA’ + (3f33 — Tafs2)A* + (2f32 — Tof31)A + f31 — Tafa0,
Do = —TofpA* — fu — Tofso + 2fan + far,
Eg = faaA* + oA’ + fiA? + faod, Fs = fioA® + funA> + faol.
Thus

dA(Tlo)] T Q5Q7 + QeQs
Re { dn jciw, — Q+0Q2 @)

4 3 . 2 - 2
Qs = f23w50CO8W20 T2 + f2owW5SiNW0 Ty — f21W5)COSW T2 — foowa0SinwrnTr — fa1wy,

4. 3 2 3
Qs = f23wy0sinwagTy — f2ow5yCOSWr Ty — f21W3SINW Ty + f20W20CO8W0 T2 — farwsg + faowoo,



Entropy 2016, 18, 317 8of 17

Qy = 4wgosinw20(rlo +1) — 3f13w§0coswzo(r1o + ) — 2f1pwypsinwag (Ti9 + )
+ f11COSC¢J20(T10 + Tz) — 3f23w§0cosw2072 — 2f22w205inw20T2 + f21C05w20T2
T f33W30SinwaoTio — (3f33 — T2 f32) whycoswanTio — (2f32 — T2 f31)waosinwao Tig
+ (f31 — Taf30)coswr0Ti0 + T faow3y — Tafao + 2fa2 + fu1

Qg = —4wgocosw20(’tlo +1) — 3f13w%05inw20(1'10 + ) + 2f1owagcoswrp(T10 + )
+ fllsinwzo(”(lo +1) — 3f23w§05inw20’r2 + 2 fr0wrcoswan T2 + fr15inwog
+ T fa3w3ycoswanTio — (3f33 — Tafaz) wiysinwaoTio + (2f32 — T f31)W20c08W Tig
+ (f31 — T2 f30)sinwaoT1o — T2 far w20

If condition (Hy): Qs5Q7 + QsQs # 0, then Re [M # 0. According to the Hopf

dTl :| )L=iCU20
bifurcation theorem in [19], we have the following results.

Theorem 2. For 7, € [0, Ty), if the conditions (H3)—(Hy) hold, then the equilibrium E, of Equation (9) is
asymptotically stable for Ty € [0, Tyg) and unstable when T > T19. Equation (9) has a Hopf bifurcation at
71 = T10.

4. Numerical Simulation and Analysis

In order to examine the correctness of the theoretical analysis, the numerical simulation and
analysis are carried out in this part. Weseta = 2,0 = 0.036, c = 0.1, v; = 25, v, = 1.3, y; = 04,
2 = 0.6, k = 0.05.The initial values of x1,x2,41,42 are 0.1, 0.2, 0.3, and 0.4, respectively. Then
Equation (9) becomes:

J.C1 = 0.05.')(1 —q1,
5(2 = 0.05x2 — 42,
ql = (—0.2841 — 0.42g4 (t—1) —0.32x + 0.21xy, . (25)
172 = (2.6 —0.52q1 — 0.78g4 (i’ — T1) —0.78q2 — 0.52(]2(t — Tz))
(—0.00844, — 0.0056q2(t — Tp) — 0.0064x7 + 0.00427x5);

4.1. The Influence of T, on the Stability of Equation (25)

For 71 = 0, from Equations (15)-(18) we can get w9 = 21.462, 10 = 2.829, Q103 + Q2Q4 =
132.746 # 0, so (H1)—(H) hold. By Theorem 1 we can know that when 7, € [0, T29), Equation (25)
is asymptotically local stable; when 7, > 19, Equation (25) is unstable. Figures 1-3 show the
above properties.

Figure 1a is a bifurcation diagram about 1, of Equation (25). It can be seen that as 1, increases,
the system undergoes bifurcation at 7o = 2.829. That is to say, the system will lose its steady state,
even descending into chaos. Figure 1b represents the largest Lyapunov exponent with respect to 1.
A Lyapunov index value less than 0 indicates that the system is stable; a value greater than 0 indicates
that the system is instable, even chaotic; when the value equals 0, the system undergoes bifurcation.
From Figure 1b we can see that the system has bifurcation at 7, = 2.829. This is consistent with the
conclusions of the theoretical analysis.

Figures 2 and 3 further show the influence of 7> on the stability of the system. When 7, is on
both sides of the value of Ty, the stability of the system changes significantly. Figure 2 is stable for
Ty = 2 < Ty = 2.829; Figure 3 is unstable as 7 = 3.5 > 19 = 2.829.
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Figure 1. The influence of 7, on the stability of Equation (25) when 7, = 0. (a) Bifurcation diagram; (b)
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Figure 2. Equation (25) is stable when 7p = 2 < Tp¢ = 2.829 for 71 = 0. (a) Time series plot; (b) attractor.
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Figure 3. Equation (25) is instable when 7, = 3.5 > 10 = 2.829 for 7y = 0. (a) Time series plot;

(b) attractor.

Entropy is a tool to measures the degree of chaos in a system. Greater entropy means that the
system is more chaotic, while smaller entropy means the system is more stable. It can be seen from
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Figure 4 that entropy is stable when 1, < 2.829. The starting point of the rapid increase of entropy is
at o = 2.829. As 1 increases, the entropy increases gradually. This shows that with a greater 1, the
system is more chaotic and it will take longer for it to return to stability.

16
15 A‘A‘
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L
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it i L o =, |
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Figure 4. Entropy diagram with an increase of 1, for 1y = 0.

4.2. The Influence of Ty on the Stability of Equation (25)

When we let 1, = 1.5 € [0, Ty, from Equations (21)-(24) we can obtain wyg = 18.492, 119 = 2.648,
Q1Q3 + Q2Q4 = 81.735 # 0, so that (H3)—(H4) hold. Using Theorem 2 we find that when 7y € [0, 7g),
Equation (25) is asymptotically local and stable; as 71 > 179, Equation (25) is unstable. Figures 5-7
show the above properties.

The analysis process is similar to case 1. Figure 5 shows the evolution of the system in detail with
the increase of 71. When 11 = 2.648, the system undergoes bifurcation. The bigger 7 is, the more
chaotic the system becomes. Therefore, the enterprise must take reasonable time delay parameters to
ensure the system is in a stable state.

Figures 6 and 7 show that the system has a bifurcation when 7y = 2.648. It is also the demarcation
point between the stable and unstable conditions of the system.

150 - ‘ 0.04
0.03
100
0.02
50 w
5 oo
=
=}
P g
A ]
£
T -0.01
-50 =
-0.02
=100+
-0.03
_150 . . . .
1 15 2 25 3 35 4 45 5 004, 1.5 2 25 3 35 4 45 5
% T,
(a) (b)

Figure 5. The influence of 77 on the stability of Equation (25) when 1, = 1.5. (a) Bifurcation diagram;
(b) the Largest Lyapunov exponent.
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Figure 6. Equation (25) is stable when 1y = 2 < 119 = 2.648 for 7, = 1.5. (a) Time series plot;
(b) attractor.
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Figure 7. Equation (25) is instable when 71 = 3 > 779 = 2.648 for » = 1.5. (a) Time series plot;
(b) attractor.

Basin of attraction is an effective tool to measure the stability of the system. When the basin area
is larger, the system is more stable. From Figure 8, it is known that with an increase of T, the area of
the basin decreases gradually, which means the stable elements in the system are reduced and the
unstable factors are increased.

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
9,

@)

Figure 8. Cont.
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Figure 8. The change of basin of attraction with an increase of 7j for 7, = 1.5. (a) 71 = 2.3; (b) 7y = 2.5;
(o) =27.

4.3. The Influence of T and T, on the Stability of Equation (25)

In this part, we study the effects of 77 and 7, on the stability of the system. Let 1y € [1,3] and
Ty € [1,3]. This ensures that a combination of 77 and 7, appears bifurcation in the region of [1, 3] x [1,3]
plane. From Figure 9 we see that with an increase of 77 and 1, the system gradually loses its stability
and enters a chaotic state. When the system is in a state of chaos (the blue region in Figure 10), the
maximum value of g1 is 82.15 for 1 = 3, 7p = 3; the minimum value of q; is —34.93 for ; = 2.75, 7, = 3.
When the system is in a stable state (the green region in Figure 10), the value of 4; is basically stable at
1.284. Therefore, in order to maintain the stability of the system, it is necessary to keep 71 and 1 in the
green region of Figure 10.

From Section 4.2, we know that when 77 = 2.648 and 7, = 1.5, the system undergoes bifurcation.
It can be seen from Figure 10 that the point (2.648, 1.5) is on the boundary between stability and
instability. This is consistent with the theoretical analysis in Section 4.2.

The analysis is similar to Figure 4. When 7; and 1, are in the green region of Figure 10, the entropy
is essentially the same, and the system is in a stable state. As 77 and 1, are in the blue region of
Figure 10, the entropy increases sharply, which means that the system is instable and the degree of
chaos is increasing. The above properties are shown in Figure 11.
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Figure 10. 2D parameter bifurcation in the (71, 72) plane, where different colors represent different
price regions: stability region (green) and chaotic region (blue). For interpretation of the references to
color in this figure, the reader is referred to the web version of this article.
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Figure 11. Entropy diagram with increase of 7; and 1.
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4.4. The Influence of 11, T and yy on the Stability of Equation (25)

This part focuses on the influence of 73, T and y; on the stability of g;. It can be seen from
Figure 12 that the changes in 7 and y; have a greater impact on the stability of 41, while 1, has little
effect on q;. With the increase of 7, the system becomes unstable, and the system will be changed
from an instable state to a stable state with the increase of y1. That is, when (17, T2, #1) is in the green
region of Figure 13, the system is stable; when (71, T, #1) is in the blue region of Figure 13, the system
is not stable, and even in a state of chaos. Therefore, when the hydropower enterprises are making
power output decisions, they must ensure the combination of parameter values is in the green area in
Figure 13.

Figure 12. The influence of 7;, T, and y; on g;.

Figure 13. 3D parameter bifurcation in the (77, T2, j1) plane, where different colors represent different
regions of g;: stability region (green) and chaotic region (blue). For interpretation of the references to
color in this figure, the reader is referred to the web version of this article.

5. Chaos Control

Through the previous analysis, we know that if the parameter values are not reasonable, the
system will be instable, even chaotic. A system in a state of chaos will lead to market fluctuations.
Therefore, some measures must be taken to maintain the stability of the system. The instable system
can be controlled to restore it to a stable state.
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From the analysis in Section 4.2, we know that when 171 = 3, 7» = 1.5, the system is chaotic; the
effect is shown in Figure 7. From Figure 10 of Section 4.3, 7y = 3, 7» = 1.5 is in the blue region; it can
be clearly seen that the system is chaotic. We consider the following control system using the delayed
feedback control method:

5C1 — 0.05)61 —q1,
5(2 = 0.05X2 —q2,
g, = (—0.28q7 — 04241 (t — 17) — 0.32x5 4 0.21xy, . (26)
g, = (2.6 — 0.52q; — 0.7841(t — 71) — 0.7842 — 0.5245 (¢ — T2))
(—0.00842 — 0.00564; (f — T2) — 0.0064x7 4 0.00427x7) — (g2 — g2 (t — 2)).

Only adjusting the control parameter y while the other parameters are kept constant to realize the
control of chaos. Similar to the derivation process in Section 3, the system can obtain bifurcation point
i = 0.07909 for 1y = 3, » = 1.5. From Figure 14, we can see that Equation (26) changes from a chaotic
state to a steady state as i increases. When u = 0.07909, the system undergoes bifurcation. That is to
say, when u € (0,0.07909), the system is chaotic; when y € (0.07909, 0.2], the system is stable.

7 — 0.03

0.02f

0.01F

Of = === e - - mm e e e e e e — -

X: 007909

¥: 1308 -0.01F

Lyapunov exponent

q1
/7 -0.021
Ay
-0.03|

0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 02 025 0.3 0.35 0.4

(a) (b)

Figure 14. The influence of y on the stability of Equation (26). (a) Bifurcation diagram; (b) the Largest
Lyapunov exponent.

In order to verify the correctness of the above analysis, set 4 = 0.03 < 0.07909; according to the
analysis, the system should be chaotic at this time. Figure 15 proves the correctness of the conclusion.
When we let y = 0.15 > 0.07909, it can be seen that the system is stable at this time in Figure 16; that is,
the chaotic system has been effectively controlled.

3

251

2l

o 15f

051

0 05 1 15 2 25 3
t q,

(a) (b)

Figure 15. Equation (26) is instable when p = 0.03 < 0.07909 for 7y = 3, 7, = 1.5. (a) Time series plot;
(b) attractor.
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Figure 16. Equation (26) is stable when y = 0.15 > 0.07909 for 71 = 3, » = 1.5. (a) Time series plot;
(b) attractor.

6. Conclusions

A game model of the duopoly with two delays in the hydropower market is established.
The influence of time delay parameters on the stability of the game model is studied. Firstly, the
existence and stability of Hopf bifurcation are studied, and the conditions of bifurcation are given.
The analysis is carried out in two aspects: 71 = 0, 7o > 0 and 7y > 0, 7» > 0. Secondly, the numerical
simulation and analysis are carried out on the theoretical derivation. The specific analysis is developed
from four aspects: the influence of 1, on the stability of the system for 7y = 0 simulated by using time
series, attractor, bifurcation diagram, Lyapunov exponent, and entropic; 1, fixed, the influence of 7y on
the stability of the system discussed by using time series and basin of attraction; the influence of 7y
and T on the stability of the system displayed by 3D surface chart, 2D parameter bifurcation diagram,
and 3D entropic diagram; the influence of 7y, 72, and y; on the stability of the system simulated
through a 4D cubic chart and 3D parameter bifurcation diagram. The stability regions of the system
are given for each aspect of the specific analysis. The conclusions of the above analysis can provide
decision-making guidelines for enterprises to maintain market stability. Finally, the chaotic system is
controlled effectively by the method of delayed feedback control, which can efficiently return a chaotic
system to a stable state. For future study, we can consider the influence of more factors on the stability
of the system, so that it is closer to reality.
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