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Abstract: Optimal experimental design (OED) is of great significance in efficient Bayesian inversion.
A popular choice of OED methods is based on maximizing the expected information gain (EIG),
where expensive likelihood functions are typically involved. To reduce the computational cost,
in this work, a novel double-loop Bayesian Monte Carlo (DLBMC) method is developed to efficiently
compute the EIG, and a Bayesian optimization (BO) strategy is proposed to obtain its maximizer
only using a small number of samples. For Bayesian Monte Carlo posed on uniform and normal
distributions, our analysis provides explicit expressions for the mean estimates and the bounds of
their variances. The accuracy and the efficiency of our DLBMC and BO based optimal design are
validated and demonstrated with numerical experiments.

Keywords: Bayesian Monte Carlo; Bayesian optimal experimental design; Bayesian optimization

1. Introduction

As acquiring data in experiments is generally computationally demanding and time-consuming,
maximizing the informativeness of experimental data is of crucial importance. For example, in the area
of climate science, a complex system with various stochastic inputs is integrated to represent the
real climate situation. Usually, the locations and the time of putting sensors to collect climate
observations are optional. With limited resources, careful selections of sensor placements are required
(see Reference [1] for a detailed discussion). Many works focus on finding experimental data carrying
more information, and this topic is usually referred to as optimal experimental design (OED) [2].
In this paper, we consider the OED problem in the context of the Bayesian inverse problem.
Given a forward problem, the inverse problem is to infer parameters inherent of the forward model
through a set of design points and the corresponding responses. In the Bayesian setting, the parameters
of interest are viewed as random variables, and hence the posterior distribution of the parameters can
be obtained via the Bayes’ rules [3-6]. In linear cases, the OED problem includes various criteria such
as the D-optimal design criterion and the A-optimal design criterion. The D-optimal design criterion
seeks to maximize the determinant of the information matrix of the design, whereas the A-optimal
design criterion considers minimizing the trace of the inverse of the information matrix which results
in minimizing the average variance [7-9].

We focus on the decision theoretic approach that considers maximizing the expectation of
Kullback-Leibler (KL) divergence from the posterior distribution to the prior distribution [10].
This decision theoretic approach is a nonlinear generalization of the Bayesian D-optimal criterion [11].
The objective function we want to maximize, the expectation of KL divergence, is also referred to
as the expected information gain (EIG) over parameters. Computing EIG is usually a challenging
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problem, since it does not have an analytical form for nonlinear problems in general. In the literature,
the following attempts have been made for this problem. Efficient surrogates for the forward models
are introduced to make the problem tractable [1,12-15]. Recently, as the rise of novel computational
methods, new approaches are actively developed to evaluate the EIG, including the quasi-Monte Carlo
method [16] and the layered importance sampling [17] in the context of the focused optimal design.
As the goal of this kind of optimal design is to find the maximizer of EIG, it is crucial to apply efficient
optimization strategies. In Reference [12], a curve fitting surrogate of Monte Carlo experiments is
proposed to result in an efficient optimization scheme. For the Bayesian optimal design problem
focusing on the risk from an optimal terminal decision, the Bayesian optimization (BO) approach is
proposed to find the minimizer of the risk [9]. We note that, while BO is proposed for the Bayesian
optimal design problem for minimizing the risk in Reference [9], BO is considered for maximizing the
EIG in this work. In addition, efficient approximate coordinate exchange strategies are proposed for
Bayesian design in Reference [18]. For intractable likelihood models, Gaussian process (GP) models are
built to emulate the likelihood function in Reference [19]. Gradient-based optimization methods are
proposed to compute the maximizer of EIG in References [13,14]. Review of modern computational
methods for decision theoretic optimal experimental design is provided in Reference [20].

The main purpose of this work is to propose an efficient Gaussian process (GP) based Bayesian
optimal design strategy, where Bayesian Monte Carlo (BMC) and Bayesian optimization (BO) which
are both based on GP are used [21-23]. As the Monte Carlo simulation for EIG involves an inner layer
simulation and an outer layer simulation (see Reference [14]), we develop a novel efficient double-loop
Bayesian Monte Carlo (DLBMC) method, which employs BMC [24-26] for both layers. However,
the EIG is generally computationally expensive and its gradient information is typically not given
explicitly. We propose a BO method [27-29] to compute the maximizer of EIG, where the gradient
information of EIG is not required. To summarize, the contributions of this work are three-fold: first
we develop a novel DLBMC to efficiently compute EIG; second we analyze the BMC for the normal
and the uniform distributions; third we propose BO to obtain the maximizer of EIG.

This paper is organized as follows. In Section 2, we review the Bayesian optimal experimental
design problem and formulate the expected information gain (EIG) criterion. In Section 3, we derive
a double-loop Bayesian Monte Carlo estimator for the EIG and propose a Bayesian optimization
approach to obtain the maximizer of the approximated EIG. Detailed analysis of BMC for the normal
and the uniform distributions are conducted in this section. In Section 4, we demonstrate the efficiency
of our GP based Bayesian optimal design with three test problems. Section 5 concludes the paper and
provides discussions of the advantages and disadvantages of our algorithm.

2. Formulation of Experimental Design

In this section, we review the setting of the Bayesian optimal design problem following the
presentation in [14]. In the Bayesian setting, the unknown parameters are viewed as random variables.
Let (Q), F, P) be a probability space, where () is a sample space, F is a 0-field, and P is the probability
measure on (), F). Let 8 : Q — R denote the parameters of interest, where g is the dimension
of the unknown parameters. Assume that 0 is associated with a prior measure y on R" satisfying
#(A) = P(071(A)) for A € R"™. Throughout this paper, we assume that all the random variables
have densities with respect to the Lebesgue measure. Let d € D C R"™ denotes the design variable,
where 1, is the number of design variables and D denotes the design space. Let y € R" denote the
response associated with d where 7, is the dimension of response. The inference of 8 can be obtained
based on the prior distribution and observations via Bayes’ rule,
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The likelihood function is often determined by a deterministic forward model and a statistical
model for measurement of model noises. Here we model the relation of the design variable and the
observation by a deterministic model G(6, d) and additive Gaussian noises €,

y=G(0,d) +e, e~N(0,0°I), 2)

where G is the forward model. In many practical problems, the forward model is computationally
expensive, and its explicit form is not given. So we can just view it as a black box whose internal
structure is unknown, whereas we can generate noisy responses given fixed design variables
and parameters.

Following the decision theoretic approach [10], we set the utility function as the KL divergence
from the posterior distribution to the prior distribution,

u(d,y,0) = DxL(p(6]d, y||p(6))) = u(d,y). ®)

This term is actually independent of 8. Noting that u(d, y) is a function of both d and y, therefore we
further take expectation of u over y to define the expected information gain (EIG):

u(@) = [ udypoldyay= [ [ plold,y)tog [”“’( ') )] a0p(y|d) dy

Then the optimal experimental design is to find a design point which maximizes the expected utility,
that is,

d = d 4
argr'?ee%ll( ). 4)

A double-loop Monte Carlo (DLMC) estimator of EIG is proposed in [30]. Rewrite U(d) as

// (6ld,y log[ p(6 |( ’)y)l dép(y|d) dy
= [, L toglp(yle, d)] ~loglp(y )]}y, 6la) dody,

and note that p(0|d) = p(0), since the specification of d does not provide further information about
inference of 0. Then, the DLMC method approximates U(d) as

1 Nout

) ~ o=, [log(p(y16%), d)) — log(p(y"|d))] , 5)

Nout i=

where () are drawn from the prior p(6), and y*) are drawn from the conditional distribution
p(y|® = 081, d) (ie., the likelihood), and hence p(y(!|d) can be estimated via the importance
sampling technlque,

1 in . .
— Y py"16", d). (6)
=1

py1d) = [ p(yje,d)p(e)do ~

© Tin
Combining (6) and (5) yields a biased estimator U(d) of U(d). However, if we sample {6("/) }]”gl for
every y(i) (i=1,...,1out), the complexity of this method is O(nouthin ). To reduce the computational
cost, a sample reuse technique is employed in [14]. That is, for every d, we drawn a fresh batch
from the prior {6 }eett and use this set for both the outer Monte Carlo and the inner Monte Carlo
(i.e., 801) = 9K)). Consequently, the complexity is reduced to O (1out).
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3. GP Based Framework for Bayesian Optimal Design

Our main framework for Bayesian optimal design is based on two powerful tools according to
Gaussian processes: the Bayesian Monte Carlo (BMC) method and the Bayesian optimization (BO)
method. In this section, we first review BMC and conduct the analysis of BMC for the normal and the
uniform distributions, and then present our novel double loop Bayesian Monte Carlo (DLBMC) for
EIG. After that, we propose BO to find the maximizer of the approximated EIG. Finally, we review the
classical Markov chain Monte Carlo (MCMC) method for Bayesian parameter inference.

3.1. Bayesian Monte Carlo

Consider the integral problem I := [, f(x)p(x) dx, where p(x) is the density of x, f(x) : R" — R
is the integrand, and X is the support of x, that is, the integration domain. The idea of BMC is to
formulate an integral problem into a Bayesian inference problem by placing a prior over the integrand
f and to obtain the posterior distribution of f conditioning on the data collected. A natural way
of putting a prior over function is through a Gaussian process, which is completely characterized
by its mean function u(x) and kernel function k(x, x), that is, f ~ GP(u(-),k(-,-)). A commonly
used choice for the kernel function is the Gaussian kernel (or known as squared exponential kernel),
k(x,x") = UJ% exp(—|lx — x||3/(21%)), where both ¢ and [ are hyperparameters of the kernel function.
The choice of hyperparameters affects the result to a large extent. Therefore the hyperparameters
need to be determined carefully. Having collected noisy observations D = {x®, £ N, where f ) =
£(x) + () with Gaussian noises () ~ A/(0,0?) , a Gaussian process provides a posterior distribution
for an arbitrary new point x*, f(x*)|D, x* ~ N (un(x*),on(x*)), with mean function yy(x*) and
variance function oy (x*) given by

= kn(x*) (Kn +021) " fv,
UN(X*) = k(x*,x*) — kn(x*) T (Ky + 0?1 " kn (x7),
where ky (x*) = [k(x*, )] nx1, Ky = [k(xD, x0)]nwn, and fy = [f]nx1 - In some special cases

(For example, when x is distributed with Gaussian and the kernel is a Gaussian kernel [25]), GP allows
us to estimate the integration in a closed form, of which the posterior mean is given by,

Boll] = [ F()p() dup(FID) df = /Uf f|D>df] p(x) dx
= [ Epp(Ppdr = [ an(pe)dr= [ k() (Ky+02D) 7 fup(x) dx

- /XkN<x) p(x)dx(Ky + 02y = 2" (Ky + *1) 7' fy, )

where z := [, kn(x)Tp(x) dx, and the posterior variance is given by

Vol =Egp{ll = Egp(D) /[/ fpdx = [ pn(x } p(fID)df
= [ [ = mnGOPp(ID) dfp(x)p() dx i’ = //MWf(x))p(x)p(x')dxdx’
= //XXX x, X )p(x)p(x') dredx’ — 2T (K + 21) "1z, (8)

Note that in the above analytical expression of posterior mean and variance, when the hyperparameters
and the kernel function are given, z and K are determined by {x(?) }N | and they are independent of the
observations { f(!) }N . Therefore, the computation procedure for the posterior mean and variance of
the BMC estimator proceeds the following two steps: first, an input sample set {x( }N 1 is generated,
and z and K are computed; second, the corresponding observation set { f }f\i 1 is collected, and the
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posterior mean and variance are computed through (7) and (8) respectively. Next, when x is an uniform
or Gaussian random vector, we provide detailed derivations for the posterior mean and variance of
BMC estimators.

Theorem 1 (Bayesian Monte Carlo for the standard Gaussian distribution). Consider the integral
I = [, f(x)p(x)dx, where x is the standard Gaussian random variable vector in X = R". The prior
mean function is assumed to be a zero function, and the kernel is assumed to be the Gaussian kernel
k(x,x") = O'J% exp(—|lx — x'||3/(21%)) with predetermined hyperparameters o¢ and 1. Having collected
noisy observations D = {x(i),f(i)}f‘il where f) = f(x0) + e and e) ~ N(0,02), the posterior mean
and variance of BMC are given by

Efpll] = z" (K +0%1) " fn,

12 n/2
Vipll] = ‘7]% <12—|—2> — 2 (Ky+0°1) 7'z,

where Ky = [k(xD, x| non, fv = D, ..., fN)] N1, and the components of z are

/2 .
2\ B
2 _
4=y (12+1> exP( 2(2+1) )7 ©)

fori=1,...,N.

Proof. The components of z can be computed analytically, fori =1,...,N,

_ 2 [|x — x(i)H% 1 xTx
zi = /Xaf exp < TE Tk exp | — - dx

o2 2 T..(i) (i) (12
= f /Xexp [—;xT(l +1)1x+x o 1 ]dx

v (2m)n 12 12 22
1/2 . .
Y L R O PTG B
fE+1 PImor T apzy

2 )
Y O G LT
AV P\ T2y )
Moreover, the variance of BMC is

Vipll] = //XXXk(x, )p(x) dxp(x) dx’ — 27K z

2 172 12 "2
X X
| e <_| 13, %3 )M drx— 2Tk

(%

_ f n/2

— 2 -

/x TR e 22 T 2R(2 1)

n/2 1 lz+2
1112 Tr—1
e Gy <_z<12+1>”x ”2) dx - 2Kz

(
/2 n/2
2 o\" 1 2+1
_ 2 n/2 _ Trp—1
=0} <12+1> (27‘()"/2(27[) <12+2> z Ky'z




Entropy 2020, 22, 258 6 of 24

O

We note that Theorem 1 is presented in References [22,25], but we give the above detailed proof
for completeness.

Theorem 2 (Bayesian Monte Carlo for the uniform distribution). Consider the integral 1 =
v f x)dx, where x is a random vector uniformly distributed in the hypercube X = [I1,r1] X -+ X [ln, n].
The przor mean function is assumed to be a zero function, and the kernel is assumed to be the Gaussian kernel
k(x,x") = (TJ% exp(—||x — x'||3/(212)) with predetermined hyperparameters o and I. Having collected noisy

observations D = {x\, f}N  where f) = f(x()) + e and () ~ N'(0,0?), the posterior mean of BMC
and the upper bound of variance of BMC are given by

Ele[I] = ZT(KN + O'ZI)f,
(2712)n
Vf‘D[I] < T — ZT(KN + U'ZI)Z,
where Ky = [k(xD, x| nwn, fiv = [FWY, ..., fN)] N1, and the components of z are given by

n

1l

\SN

z = (@(x 2, 1,17) = (a1 1), (10)

fori = 1,...,N, with ®(x;u,0,t) being the cumulative distribution function (CDF) of the Gaussian
distribution N'(p, 0?).

Proof. The components of z can be computed analytically, fori =1,...,N,

_ I — 2D
_/ %, xD)p(x) dx = |X|/ exp( TP dx

where ®(x; p,0,t) = f oto o3 OXP ( (x— ) > dx is the CDF of the Gaussian distribution N (u, " 0?) and

v; denotes the j-th component of the vector v. However, since the double integral of the Gaussian
density function has no analytical form, the variance of the estimator cannot be obtained, and we give
an upper bound of the variance,

Vol // x,x')p(x) dxp(x') dx’ — 27Ky, z<// (x,x")p(x) dxp(x') dx’ — 27Ky z

f‘/ (2712)n f‘/ (2712)n o

_ _ Tr=
= 7 /Xp( Xy dy —2TK! K3 z Ky'z.
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3.2. Estimating the Expected Information Gain Using Double-Loop BMC

In general, the value of the EIG has no closed form and has to be approximated via numerical
methods. Based on the idea of BMC for efficiently evaluating integrals, we develop a double-loop
BMC (DLBMC) scheme to approximate the EIG.

Letting e(y,d) = p(yl|d), g(d,y,0) = {In[p(y|6,d)] — In[p(y|d)|}p(y[6,d) = {In[p(y|6,d)] —
Infe(y,d)]}p(y|6,d), and h(d,y) = [o &(d,y,0)p(0) d6, it is known that U(d) can be rewritten as

u(d) = [ [ {inlp(yl6, )]~ Infe(y, )]} p(yl6, d)p(6) dody

—// (d,y,0)p(8) d dy = / (d,y)dy.

First, we consider the straightforward detailed calculation of U(d) for any fixed d. To compute

uid) = fyh(d,y) dy, we need samples {y®,n() = n(d, y“)}”"“t where y) ~ U(Y)
fori = 1,...,n0u, Mout denotes the sample size of the outer layer. To compute @ =
Jo&(dy (),0)p(6) d6, samples {01, gl) = g(d yli), ("'f))};.“:“1 are needed, where ny, denotes
the sample size of the inner layer. Agam g = {In[p(y D6\, d)] — In[p(y®|d)]} p(yD |01, d)
also 1nvolves another integration p(y' \d) f®p )|d,0)p(8)d6, and therefore samples

{601, p(yD|d, () )}"‘“ are needed and 6("/) are generated from the prior. We propose using

the BMC method to evaluate integrals {e(?) }iow, {h® }iewt, and U. So far, there are two problems.
First, the computation complexity for the forward model is O(#nin1out), which grows fast with the
increase of the problem dimension. Second, since we usually have no prior knowledge of the support
Y of y, we can not uniformly sample {y(?)}/ou.

To overcome these obstacles, we employ the sample reuse technique [14] that sets 8(/) =
01), and the computational complexity is reduced to O(ny,). Besides, it allows us to generate
samples {0 } n in advance, and we can use the corresponding forward model outputs to estimate
Y—suppose the correspondmg forward model values are given by {G!) = G(d, 8U ))}nl“ , and then
Y can be approximated by ) := [min(G) — o, max(G) + ¢] where G = [G(), ..., G”m]T. In this way,
we can sample {y()}!"" ~ 1/(Y). Intuitively speaking, the approximated ) is slightly smaller than
the actual field )V, and consequently, bias is induced in the estimator. With increased sample size 1y,
jiv can be captured more accurately and the bias can be reduced.

In the process of estimating U, we propose using the BMC method to compute ¢, 1 and U.
Since two layers of integration are involved, let the hyperparameters of BMC for the inner layer
and the outer layer be {lin, (¢f)in} and {lout, (¢f)out } respectively. In our previous discussion about
BMC in (7)—(8), z and K can be computed, once the input sample set {x() }N is given. Therefore,
for computational simplicity, after {6(/) ) u and {y( }”"“t are generated, we can compute {ziy, Kin }
and {zout, Kout } ahead. Taking the prior bemg the standard normal distribution for example, zj, and
Ki, are given by,

/2 ;
2o\ 1602
_ 2 2 P
(zin)j = (0f)in (lfnli 1) exp <_2(lfn ) forj=1,..., %,

Kin = [(U'f)iexp(fue(i) - 9(j>||%/(21i211))]nin><71m'

Details of our DLBMC method for estimating U are summarized in Algorithm 1. Note that we only use
the mean estimates of the DLBMC estimator in the following. The variance of DLBMC is potentially
useful, but as discussed in Section 3.1, the variance of BMC typically does not have a closed form,
and we are not able to derive a closed form for the variance of DLBMC in this work. We will consider
the variance of DLBMC in our future work. It is also possible to consider other numerical integration
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methods to compute EIG, for example, the sparse grid quadrature rules [31,32] and their combination
with physical model reduction techniques [33], but they are out of the scope of this paper.

Algorithm 1 Double-Loop Bayesian Monte Carlo (DLBMC) for estimating EIG

1: Input: Design points d, prior p(8), standard deviation of noise ¢, hyperparameters {lin, (0 )in }
and {loutr (O'f)out}'
Nin

Data preparation: Sample {8(/) }j:1 ~ p(8) and compute GU) = G(d,00)) for j =1,...,ny,.

Sample {y()}/% ~ U (min(G) — o, max(G) + 0).
Compute {zin, Kin } and {zout, Kout }-
fori=1,...,1nou do
forj=1,...,ny do
Compute the likelihood f(i'j) = p(y(i) 10U, d).
end for
Let f(l) = [f(i,l), .. ’f(ir”in)]T.
Compute the evidence e(?) = ZiﬂK];l £,
forj=1,...,npdo
g(ifj) = [log(f(lf])) — log(e(l))]f(lf]) .
end for
Let g(l) — [g(irl), . ,g(i/nin)]T‘
Compute h) = zI K¢
: end for
: Leth = [h(,. .., h(row)]T,
. Compute U(d) =z K 1h.

. Output: the estimated EIG U(d).

e e el e e T = T
O P® N DT Ry 2

3.3. Bayesian Optimization

The ultimate goal of the optimal experimental design problem is to find the optimizer d* in (4).
In this problem, since the computing of the function value U(d) and the gradient VU is prohibitively
expensive, it is challenging to apply function-value-based or gradient-based optimization methods.
As the Bayesian optimization (BO) method [27,28,34,35] typically only requires a low objective function
evaluation budget [36] and does not require any gradient information, it can be suitable for this problem.
In this section, we give a brief review of BO and apply it to obtain the maximizer of EIG (4).

To compute the maximizer of EIG U : R™ — R (see (4)), for a given maximum number of
iterations tmax, that is, the evaluation budget, Bayesian optimization begins with putting a GP prior on
U~ GP(puo(d), k(d,d")), and then randomly chooses an initial point d; and collects the corresponding
response U; = U(dq). Next, the posterior mean function y4(d) and variance o1 (d) are updated
via collected data set S; = {dj,U;}. Usually d; alone is inadequate to find the maximum and
therefore we need a strategy to choose the next design point. Typically, the next point is determined
through maximizing an acquisition function A, that is, at t-th iteration, d;1 = argmax; A(d|S1.).
After the next point d; is obtained, we sample the objective function Uj. The collected data set is
then augmented as S1p = Sy U {dy, Up} = {d;, U; }i—1 2, and the posterior mean function y,(d) and
the variance function o¢(d) are also updated. The above procedure repeats until the given maximum
budget tmax is reached.

In the case that D is infinite, the process of finding the next design point d; ; =
arg maxgep A(d|Sy1.) is demanding. However, performing global search over the discretized space
is usually effective [27,37], since we assume that evaluating U is more costly than computing the
GP surrogate. Therefore, the design space D is discretized over equidistant grids and we denote the
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discretized design space as D. Supposing we have collected data set Sy, the posterior of U is a GP
distribution with mean y;(d), kernel k(d, d’) and variance o7 (d),

pe(d) = k()" (K; + 0*1) " Uy, (11)
or(d) = k(d,d) — Ke(d)T (K¢ + 1) ke (d), (12)

where k(d) = [k(d, d;)]ix1, Ke = [k(d;, d;)]ext and Uy = [Uj]i<1. Wenote the design space considered
in this paper is assumed to be bounded, such that it can be directly discretized. For unbounded design
spaces, an unbounded Bayesian optimization approach is developed through gradually extending
regions with regularization in [38].

Choosing a proper acquisition function is crucial for the Bayesian optimization algorithm since it
guides the search for the optimum. Popular choices of acquisition function include maximizing the
probability of improvement (PI) [39,40], and maximizing the expected improvement (EI) in the efficient
global optimization (EGO) algorithm [41,42]. A review for the selection of acquisition functions is
in [27]. Suggested by [37], we apply the GP-UCB algorithm to choose the next point—the acquisition
function is set to a linear combination of the posterior mean function and the posterior variance
function,

dy = arg max i1 (d) +v/Bi-101-1(d),

where p;_1(d) + \/Bt—10¢—1(d) can be considered as the upper confidence bound of the current
Gaussian process. It is clear that maximizing the acquisition function p;_1(d) + /Bt—10¢—1(d) shows
a trade-off between exploring the point with potential high function value and exploiting the point
with high uncertainty. Here, 8;_; is the parameter balancing exploring and exploiting. Details of our
BO strategy for optimal design are shown in Algorithm 2.

We set the prior mean function to g (d) = 0, and set the kernel to be the Gaussian kernel given
by k(d,d’) = (7} exp(—|ld — d'||>/(21%)) . The design space D is discretized over equidistant grids and
we denote the discretized design space as D . In the step of maximizing the acquisition function,
d; is located through a grid search over D.

A natural measure in performance of the Bayesian optimization method is defined through
average cumulative regret. Supposing the maximum U(d*) is known, the instantaneous regret for
iteration ¢ is defined as ry = U(d*) — U(d;) and the cumulative regret Rt after T iterations is defined
as the sum of the instantaneous regrets Rt = Y./_; r;. Then the average cumulative regret Ry /T is
defined as Ry/T = Zthl r¢/T. It should be noted that neither 7 nor Rt can be obtained directly
from the Algorithm 2. In [37], it is proven that, for finite design space D, setting § € (0,1) and
Bt = 2log(|D|t?1? /65), the Bayesian optimization method is no-regret with high probability, that is,
limT_wo RT/T =0.

Algorithm 2 Bayesian optimization (BO) for optimal design

1: Input: Design space D and its discretized design space D, prior jio(d) = 0, hyperparameters
1, of of the Gaussian kernel, hyperparameter ¢, and maximum number of iterations fmax.
2: fort =1,...,tmax do

3: Find the maximizer of the acquisition function: d; = arg maxgep ps—1(d) + \/Br—10t—1(d).
4: Sample the objective function U; = U(d;) using Algorithm 1.

5. Augment the data set Sy = {d;, U;}!_;.

6: Perform Bayesian update to obtain y; and ¢y over D using (11) and (12) respectively.

7: Update ;.

8: end for

9: Output: Optimal design: d* = arg max;—1 U

-rtmax
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3.4. Bayesian Parameter Inference

After the optimal design points are selected and the corresponding noisy observations
D = {d¥, y(i)}fi ; are collected, we can conduct Bayesian inference for the system parameters,
that is, to assess the posterior distribution p(0|D). The posterior p(68|D) can be calculated via Bayes’
rule (1). However, as there is no closed-form for the evidence in (1) in many practical problems,
the Markov chain Monte Carlo (MCMC) method is often used to generate samples of the posterior
distribution. Next, we give a brief review of the MCMC algorithm.

The basic idea of MCMC is to construct a Markov chain over the state space until the chain
has reached a stationary distribution, which is assumed to be a target distribution. Here our target
distribution is set to be the posterior distribution p(6|D). Although there are many variants of
MCMC, we focus on the Metropolis-Hastings MCMC (MH-MCMC) method [43-45]. The basic
idea of constructing the Markov chain in MH-MCMUC algorithm is that at each step, given current

84 is proposed with probability q(8°"4|9), where q(-|-) is referred to as

state 0, a candidate state
the proposal distribution. Note that proposal distribution can be arbitrary. A commonly used proposal
is the symmetric Gaussian distribution, that is, §(6°4|8) = A/ (8, AT), where A denotes the stepsize.
Whether to accept the candidate state is determined by the acceptance probability «, given by the

following formula,

p(6|D)/q(6lo=d) —  p(6]D)
Note that the equation holds only when the proposal distribution is symmetric.
If p(6°4|D) /p(8|D) > 1, it means that <" is more possible than the current state 8, we accept the

proposal with probability & = 1. Otherwise, we accept the proposal with probability «. The detailed
MH-MCMC algorithm is summarized in Appendix B.

cand cand cand
“:mm{LPw D)/q(6="|6) _ p(8 |D>}

4. Numerical Experiments

In this section, we consider three numerical examples: a standard linear Gaussian model,
a nonlinear simple model, and a partial differential equation (PDE) model. Since the first problem has
analytical expressions, we examine the performance of our method by comparing the numerical result
with the exact solution. The second problem is a commonly-used test problem, and we demonstrate
the efficiency of our method through it. In the third test problem, a physical system governed by the
diffusion equation is considered, in which a contaminant source inversion problem is studied.

4.1. Test Problem 1: Linear Gaussian Problem

We consider the standard linear Gaussian problem in the following form,
GO,d)=0"d, y=G(8,d) +e€,

where the noise and the prior are assumed to be Gaussian, € ~ A (0,¢%), 8 ~ N(0, Ligxny) and
ng = ng. The posterior distribution is a multivariate Gaussian distribution

0|d,y ~N(6,%),

where the mean and the covariance are
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The expected information gain (EIG) for 0 can then be given in a closed form. (The detailed deduction
is shown in Appendix A.),

u(d) = —% log [det (2)} : (13)

Note that maximizing EIG is equivalent to minimizing the determinant of the posterior covariance
matrix [11] (the Bayesian D-optimal design).

We consider the one-dimensional case where ny = 1, d € [0, 1], and set the standard deviation
of the noise to o = 0.1. The hyperparameters of DLBMC are set to l;, = 0.5, ((Tf)in =1, and lput =
0.2, (O'f)out = 1. Figure 1 shows the exact EIG, the estimated EIG using DLMC with 300 samples,
and the estimated EIG using DLBMC with 300 samples. It can be seen that the estimated EIG of
DLBMC is more accurate and more stable than that of DLMC. Besides, for d = 0.3, the relationship
between the sample size and the bias of the DLMC and DLBMC estimators is studied. As the sample
size increases, we compute the bias of the DLBMC estimator and the DLMC estimator averaging
20 trails respectively. Figure 2(Left) shows the results of the bias, where it can be seen that the DLBMC
estimator converges to the true value faster than the DLMC estimator, and DLBMC is more accurate
than DLMC.

As discussed in Section 3.2, the variance of the BMC estimator for the uniform distribution is
not explicitly given. We use the sample variance as an alternative to compare the discrepancy of the
DLMC estimator and the DLBMC estimator. Fixing the design point d = 0.5, for different sample
sizes of DLMC and DLBMC, we repeatedly compute the estimator U(d) # times, and denote them by
{at }_,. Let U(d) denote the mean estimator, U(d) := 1 Y1, U (d), and then the sample variance
estimator is defined as

2. T (9@ - U)
n—1
As the number of repeat times 1 increases, we compare the sample variance of two estimators with
different sample sizes for DLMC and DLBMC in Figure 2(Right). It is clear that the DLBMC estimator
outperforms the DLMC estimator.

; — ; .
o|/——DLBMC Pt 5| DLBMC e a
——DLMC e ~ DLMC e
E E A
15 xact 15 xact /ﬂ/
= = N
o A , 1.6 <7 (SO I
/ 15 ~ //,
/ 1.4 /
0 y4 04 045 05 02 ‘
0 0.5 1 0 0.5 1
d d
(@) Estimated EIG U(d) with 300 samples (b) Estimated EIG U(d) with 300 samples (one
realization)

Figure 1. Estimated expected information gain (EIG) profile over the design space for test problem 1.
(a) Pink and gray shaded areas represent the interval containing 80% of 20 independent estimates of
two estimators at each d respectively. Blue line and red line indicates the means of estimates. (b) One
set of realizations of the two estimators.
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Figure 2. (Left) Error averaging over n = 20 trails versus the sample size of DLMC and DLBMC.
(Right) Sample variance versus the repeat times for different sample sizes of double-loop Monte Carlo
(DLMC) and double-loop Bayesian Monte Carlo (DLBMC) (numbers in the parenthesis indicate the
sample sizes).

4.2. Test Problem 2: Nonlinear Simple Problem

In this section, a simple nonlinear model is tested, which is also studied in [14]. This model is
written as

G(6,d) = 63d> + 0exp(—[0.2 — d|),

the prior is set to 6 ~ ¢/(0,1), and the standard deviation of the observation noise is set to o = 0.01.
The hyperparameters of DLBMC are set to [;, = 0.01, (U'f)in = 0.2, and loyt = 0.05, (O'f)out =0.2.

Figure 3a,b show the estimated EIG using DLMC and DLBMC with 300 and 500 samples
respectively. A reference solution using DLMC with 10° samples is also compared in Figure 3a,b.
Here, 20 trails of the DLMC estimator and the DLBMC estimator are generated, and Figure 3 shows
the mean estimates and the intervals containing 80% of the trails. It is clear that, compared to DLMC,
our DLBMC estimator has smaller variances. Compared to the reference solution, DLBMC gives biased
estimation. With the increasing sample size, the extent of bias is reduced as we expect.

3.4 T 3.4 T
—DLBMC —DLBMC
—DLMC /~ —DLMC
3.3 | Reference M 3.3 Reference
[
3.2 /\;
§ /' ) \,Y ——=
s /]
3.1 /]
Y/
3 / 3 ¥
29 . . . . 29 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
d d

(a) Estimated EIG U(d) with 300 samples (b) Estimated EIG U (d) with 500 samples

Figure 3. Estimated EIG profile over the design space for test problem 2. Pink and gray shaded areas
represent the interval containing 80% of 20 independent estimates of EIG at each d for DLBMC and
DLMC respectively. Blue line and red line denotes the means of these estimators. Green line denotes
the reference solution given by DLMC with 10° samples.

To illustrate the effect of optimal design, we compare the posterior distribution given by three
design points. Let design A =1 be the optimal design point, let design B = 0.2 be the local maximizer
of the EIG, and let design C = 0 which has the least information since it has the least EIG value.
The MH-MCMC algorithm (Algorithm A1) with Nj,; = 1000 and 7y = 0.2 is used to generate samples
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of the posterior distribution, and kernel density estimation is used to obtain the posterior density
functions from these samples. For this test problem, the ground-truth is set to 0.75. From Figure 4,
it can be seen that the posterior distribution obtained through design A is the most accurate, and it has
the smallest variance.

100 —Design A
—Design B
80 | Design C
|1l |=—-True Value
60
40 ‘
20
0 N\ ]
0.7 0.8

Figure 4. Posterior density functions given by different designs.
4.3. Test Problem 3: Source Inversion for the Diffusion Problem

Letting D C R? be a bounded and connected domain with a polygonal boundary 9D,
the governing equation of the diffusion problem studied in this test problem is: find a random
function u(x, w) € D x Q — R, such that P-a.e. in ),

—VZu(x,w) = f(x,w), inD, (14)
u(x,w) =0, ondD, (15)

where (Q), F, P) is a probability space. We consider a square physical domain D = [-1,1] x [-1,1] C
R?, and u(x,w) in (14)—(15) denotes the concentration of a contaminant at the point x € D.
Let f(x,w) denote the field of contaminant source. As f is usually strictly positive following the
setting in [13,46-48], we set the prior distribution of f(x,w) to a log-normal random field, that is,
f(x,w) = exp(a(x,w)) where a(x,w) is a normal random field. In this study, the experimental goal
is to infer the underlying contaminant field f given several observations {x;,y;}X |, where design
variable x; denotes i-th sensor placement, the response is the corresponding numerical PDE solution
u(x;) with additional noise, that is, y; = u(x;) +€;, ¢ ~ N(0,0%), and K is the number of
sensors. In this test problem, the hyperparameters of DLBMC are set to i, = 0.02, (¢f)in = 0.01,
and oyt = 0.005, (0f)out = 0.005.

We parameterize the permeability field log[f(x,w)] by a truncated Karhunen-Loéve (KL)
expansion. Consider the random field a(x, w) = log[f(x, w)] with mean function ay(x), standard
deviation ¢ and covariance function C(x,y),

Clx,y) = cexp <_|x1 :y1| _ |x2;y2]> ) (16)

where c is the correlation length. Then the truncated KL expansion of f is expressed as

M
f(x,w) ~ exp (ao(x) + ZO \/Egnan (x)> ’ (17)

where a,(x) and A, are the eigenfunctions and eigenvalues of (16) and {&,} ; are uncorrelated

random variables. The prior of {¢,}M , are set to be independent standard normal distributions,
& ~N(0,1)forn=1,..., M.
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In the numerical experiment, we set ap(x) = 1, c = 2 and ¢ = 1. Fixing the hyperparameters in

the truncated KL expansion, the response depends on the random variables {¢;},. Therefore we
define the parameter of interest as 6 := [y, ..., {u|, and rewrite the governing diffusion equation as,
~V?u(x,0) = f(x,0), inDxT, (18)

u(x,0) =0, ondD xT. (19)

We use the bilinear finite element method (FEM) to discretize the diffusion equation overa 17 x 17
square grid and let the standard deviation of noise be 1% of the mean observed value. Supposing K
sensors are placed over the design space, generally, we can perform a batch design, and write the
following altered forward model

A G(dl, 9) €1
yi| = G(dl‘, 9) + €| = g(dl:K/ 6) te,
YK G(dK, 6) €K

where the subscript i denotes the i-th design variable for i = 1,.. ., K. Directly maximing over the EIG
with altered forward model can give optimal design in the context of batch design.

Let fium denote the underlying true permeability field. Suppose we have collected data on K
sensors, and then we perform MCMC to get samples {6() }ZN:“fr of the posterior distribution using
Algorithm Al. In this test problem, we set Njir = 4000. Two useful statistics can be obtained from the
samples—the maximum a posterior (MAP) estimate Oyjap and the mean estimate Oypan. Let fpmap
and fyean be the source fields generated by Oyap and Oyvpan respectively. To test the accuracy of the
inversion, we introduce the following relative errors

_ ”fMAP _ftruthHZ

Emapr =
HftruthHZ ’
EvEAn = | AMEAN — ferutn ||2
Il ferutn |2

where fium, fmap and fuean are discretized over the FEM grids for computational simplicity and
|| - ||l2 denotes the I? vector norm.

Noting that performing grid search over (17 x 17)K grid is computationally expensive, we utilize
Bayesian optimization method to efficiently find the optimal designs within a few iterations.
Three cases of K are considered in the following, which are K = 1,2, 3.

First, for K = 1, we first perform Bayesian optimization over a 17 x 17 grid. The performance of
Bayesian optimization is shown in Figure 5. In Figure 5(Left), we can see that, Bayesian optimization
can find the maximum of the EIG within a few iterations. The optimal design found by Bayesian
optimization is [0, 0], which is expected due to the symmetry of the forward model. In this case, as the
number of gird points (289 points) is not too large, we can verify that the optimal design is [0, 0]
through grid search. Figure 5(Right) shows that the average cumulative regret is convergent to zero.
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Figure 5. (Left) Maximum EIG value at iteration ¢ of Bayesian optimization. (Right) Average
cumulative regret at iteration ¢ of Bayesian optimization. K = 1, test problem 3.

For comparison, we randomly generate 20 different design points and use the MH-MCMC
algorithm to generate 4000 samples of the posterior distribution. Figure 6 shows the locations of the
optimal design and the 20 random designs. Figure 7a,b show the relative errors of MAP and mean
estimates of the source field (averaged over 20 trails) versus the values of EIG, where it is clear that
as the value of EIG becomes larger, the errors of both MAP and mean estimates reduce. In addition,
the optimal design point gives large EIG values and relatively small errors. Although the errors
associated with the optimal design point are typically smaller than the errors associated with the
random design points. They are still large, and the estimated source fields are not accurate enough.
Therefore, we next consider more design points.

.05} * Optdesign
© Random design

1 ‘ ° . ‘ ‘
-1 -0.5 0 0.5 1
x

Figure 6. Sensor locations for K = 1, test problem 3.
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Figure 7. Value of EIG versus the relative errors averaged over 20 trails, K = 1, test problem 3.
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For the multiple design cases (K = 2,3), given the fact that the computational cost of batch design
increases exponentially as K increases, we perform Bayesian optimization over a uniform 9 x 9 coarse
grid. For K > 2, it can be seen that the optimal solution is not unique due to the symmetry of the
forward model, for example, [x1;x;] and [—x7; —x;] share the same EIG value. After performing
Bayesian optimization several times with BO budget tmax = 100, the sets of optimal designs for K = 2
case are shown in Figure 8, where each line connecting blue circle and red circle represents a pair of
optimal design. The numerical result shows that, compared with a pair of two design points that are
symmetric with respect to [0; 0], a pair of slightly skewed design points can provide more information.

1 -

057

057

x1

Figure 8. Optimal design (each line connecting blue circle and red circle represents a pair of optimal

design points), K = 2, test problem 3.

Again, we randomly generate 20 sets of design points, and compare them with the optimal design
(we choose [0.5,0.5; —0.5, —0.25]). Figure 9 shows the errors of MAP and mean estimates (averaged
over 20 trails) of the source field versus the values of EIG, where it is clear that the optimal design
leads to the largest EIG value and the smallest error. Besides, the comparison of true source field and
the fields generated by MAP and mean estimates are presented in Figure 10. It can be seen that the
estimated source field associated with the optimal design matches the true source field well.

3 - 3
= = Opt design = - Opt design .
.g - Random design| o 8_ 4 | © Random design
a 2| — Z27  G—
< o < o
= o = o
— ° o o N E o © o °
8 17 °5 o R § 1 %o © -
g A: ) P e ; i o O
i . 5 ° .

0 0

0 2 4 6 0 2 4 6
EIG EIG
(a) EIG versus MAP error Eyjap (b) EIG versus mean error Epfean

Figure 9. Value of EIG versus the relative errors averaged over 20 trails, K = 2, test problem 3.

For K = 3, let the BO budget tmax = 100, the set of optimal design that found by Algorithm 2
is [0.75, 0.25;0.5, —0.25; —0.75, —0.25]. Figure 11 shows the values of EIG and the relative errors in
MAP and mean estimates (averaged over 20 trails) for the optimal design and twenty random designs,
where it can be seen that the optimal design has the largest EIG value and the smallest errors which
are consistent with the results for K = 1, 2. Figure 12 shows that the estimated source fields generated
by the MAP and the mean estimates match the true source field well.
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Figure 10. Comparison of the true source field and estimated source fields by MAP and mean estimates
for K = 2, test problem 3.

To further quantify the performance of optimal designs, we compute the ratio of Eypjap of random

designs and Epjap of optimal designs (denoted as EI(\ZTI? °m) and EI(\K? respectively) for K = 1,2, 3 cases.
Figure 13 presents the histograms of ratio of relative errors (i.e., El(vr[a;g om) / El(v([)gg), where the green
lines are the corresponding kernel smoothing function estimates. We can see that, in all three cases,
with high probability, the optimal design can give better posterior performance than the random
designs. Especially, from Figure 13c, the error of random designs can be ten times greater than that of

the optimal design.
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Figure 11. Value of EIG versus the relative errors averaged over 20 trails, K = 3, test problem 3.
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5. Conclusions and Discussion

Efficiently using a small number of samples to reduce the cost of computing the expected
information gain (EIG) is a fundamental concept to solve the challenging Bayesian optimal
experimental design problem. Based on the Bayesian Monte Carlo (BMC) method, a novel double-loop
Bayesian Monte Carlo (DLBMC) estimator is proposed for evaluating the EIG in this work. To result in
an efficient overall optimization procedure to find the maximizer of the EIG, a Bayesian optimization
(BO) procedure for EIG is developed. In addition, our analysis gives explicit expressions of the
mean estimate of the BMC estimator and the bounds of its variance for the uniform and the normal
distributions. Detailed numerical studies show that our DLBMC method can provide accurate mean
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estimates with small variances, and the overall BO procedure leads to optimal designs which give
efficient Bayesian inference results.

As our novel DLBMC estimator for EIG is based on Gaussian process, it is currently limited to
low-dimensional problems where the number of design variables is not large. In this work, the classical
BO and MCMC approaches are used, and it is not straight forward to apply them for high-dimensional
problems. For high-dimensional Bayesian optimal design problems with a large number of design
variables, a possible solution is to conduct a sequential design procedure, and apply DLBMC at each
step in the sequential procedure. Conducting a systematic DLBMC based on the sequential design will
be the focus of our future work.
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Appendix A. Deduction of Linear Gaussian Model

We consider the standard linear Gaussian model,
G(6,d)=0"d, y=G(0,d) +e,
where the noise and prior are assumed to be Gaussian, € ~ N (0,02), and 6 ~ N(0, Iyxy ).

p(0) = Q;Wexp (—;9%) .

then the likelihood is given by

_ 1 (v — G(d,0))*
p(yld,0) = meXp (%r%)

I S B il
- 20, P 202 '

The posterior is given by

p(0ly,d) = PYLDPO) 16 a)p06)

p(yld)
(y—0Td)2 676
*exp l_mg_z
_ 17 (dd" Yo, Y
= exp 29 ((7,% +I>9+07219 d+20_%
1 —
o exp 2(99)T<02 +1> 0—0)|,
n

where



Entropy 2020, 22, 258 21 of 24

By the definition of expected information gain,

o) = [ s | P00

Supposing 0|y, d ~ N'(6,%), then we have

] p(0ly,d)dody.

p@ly,d) 1 6—-0)=1(6—8) 076
p(6)  (dermyiz OP > )
Thus,
ply,d) _ 1 = (0-0)x16—-0) 676

Below, we show that

_ayy-1(p_
[, OO o) aoptyla) ay

0To
:/},/@TP(Q‘yrd)df)P(wd)dy

Letz =% 1/ 29, which can be viewed as a linear transformation of a random vector. We have that
z = ¥71/29, and the covariance of z is

V(z) =E[(z-2)(z—2)"]
=2 2E[(6-0)(0-0)" = * = 1. (A1)

Taking (A1) at hand, the following equation can be obtained

_ —1(p_ z—2)(z-2
/(9(9 9)22 (0 9>p(6|y,d)d9:/Z%P(Zmd)dz

n

2 1/2=n/2.

=1

Then we also have

_oy-l(p_7
/y/ca . 9)22 e 9)?’(9|yfd)dep(yld)dy:n/z.

Next, we consider the integration f f® 2 p(0ly,d)dép(y|d)dy. Since p(8ly,d)p(yld) =
p(@)p(yl6,d),

——p(0ly,d) dop(y|d) dy = ——p(0)dop(y|6,d) dy
(L5 (L5
—/ Al / 416, d)dde—/@GZGp( )do = n/2.

Therefore we have the analytical form of EIG,

U(d) = —% log [det (2)} . (A2)
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Appendix B. Metropolis-Hastings MCMC Algorithm

Algorithm A1 The Metropolis-Hastings Markov chain Monte Carlo (MH-MCMC) algorithm

1: Input: Prior p(0), stepsize v, maximum number of iterations Njger.
2: Initialize: 8(°) ~ p(0).
3: fori=1,2,..., Nijter do

4: Propose: 8" = 9(i=1) 1 4 A/(0,1).
5:  Acceptance Probability:
6: oc(ﬂca“d|6(i_1)) = min {1, %{gﬁ?ﬂ”g; } .
Draw u ~ U(0,1).
if u < a then
: Accept the proposal: 8(7) < geand,
10: else
11: Reject the proposoal: 8() « (=1,
12: end if
13: end for
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