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Abstract: Man-made communications signals are typically modelled as continuous-time (CT)
wide-sense cyclostationary (WSCS) processes. As modern processing is digital, it is applied to
discrete-time (DT) processes obtained by sampling the CT processes. When sampling is applied to a
CT WSCS process, the statistics of the resulting DT process depends on the relationship between the
sampling interval and the period of the statistics of the CT process: When these two parameters have
a common integer factor, then the DT process is WSCS. This situation is referred to as synchronous
sampling. When this is not the case, which is referred to as asynchronous sampling, the resulting DT
process is wide-sense almost cyclostationary (WSACS). The sampled CT processes are commonly
encoded using a source code to facilitate storage or transmission over wireless networks, e.g., using
compress-and-forward relaying. In this work, we study the fundamental tradeoff between rate
and distortion for source codes applied to sampled CT WSCS processes, characterized via the
rate-distortion function (RDF). We note that while RDF characterization for the case of synchronous
sampling directly follows from classic information-theoretic tools utilizing ergodicity and the law
of large numbers, when sampling is asynchronous, the resulting process is not information stable.
In such cases, the commonly used information-theoretic tools are inapplicable to RDF analysis,
which poses a major challenge. Using the information-spectrum framework, we show that the RDF
for asynchronous sampling in the low distortion regime can be expressed as the limit superior of
a sequence of RDFs in which each element corresponds to the RDF of a synchronously sampled
WSCS process (yet their limit is not guaranteed to exist). The resulting characterization allows us
to introduce novel insights on the relationship between sampling synchronization and the RDF. For
example, we demonstrate that, differently from stationary processes, small differences in the sampling
rate and the sampling time offset can notably affect the RDF of sampled CT WSCS processes.

Keywords: wide-sense cyclostationary; wide-sense almost cyclostationary; rate-distortion function;
information spectrum

1. Introduction

Man-made signals are typically generated using a repetitive procedure, which takes place at fixed
intervals. The resulting signals are thus commonly modeled as continuous-time (CT) random processes
exhibiting periodic statistical properties [1-3], which are referred to as wide-sense cyclostationary
(WSCS) processes. In digital communications, where the transmitted waveforms commonly obey
the WSCS model [3], the received CT signal is first sampled to obtain a discrete-time (DT) received
signal. In the event that the sampling interval is commensurate with the period of the statistics of
the CT WSCS signal, cyclostationarity is preserved in DT ([3] Section 3.9). In this work, we refer to
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this situation as synchronous sampling. However, it is practically common to encounter scenarios
in which the sampling rate at the receiver and the symbol rate of the received CT WSCS process are
incommensurate, which is referred to as asynchronous sampling. The resulting sampled process in
such cases is a DT wide-sense almost cyclostationary (WSACS) stochastic process ([3] Section 3.9).

This research aims at investigating lossy source coding for asynchronously sampled CT WSCS
processes. In the source coding problem, every sequence of information symbols from the source is
mapped into a sequence of code symbols, referred to as codewords, taken from a predefined codebook.
In lossy source coding, the source sequence is recovered up to a predefined distortion constraint, within
an arbitrary small tolerance of error. The figure-of-merit for lossy source coding is the rate-distortion
function (RDF) which characterizes the minimum number of bits per source symbol required to
compress the source sequence such that it can be reconstructed at the decoder within the specified
maximal distortion [4]. For an independent and identically distributed (IID) random source process,
the RDF can be expressed as the minimum mutual information between the source variable and the
reconstruction variable, such that with the corresponding conditional distribution of the reconstruction
symbol given the source symbol, the distortion constraint is satisfied ([5] Chapter 10). The source
coding problem has been further studied in multiple different scenarios, including the reconstruction
of a single source at multiple destinations [6] and the reconstruction of multiple correlated stationary
Gaussian sources at a single destination [7-9].

For sampled stationary source processes, ergodicity theory and the asymptotic equipartition
property (AEP) ([5] Chapter 3) were utilized for characterizing the RDF in different scenarios ([10]
Chapter 9), ([4] Section I), [11]. However, as in a broad range of applications, including digital
communications networks, the CT signals are WSCS processes, the sampling operation results in DT
source signals whose statistics depends on the relationship between the sampling rate and the period
of the statistics of the source signal. When sampling is synchronous, the resulting DT source signal is
WSCS ([3] Section 3.9). The RDF for lossy compression of DT WSCS Gaussian sources with memory
was studied in [12]. The work [12] used the fact that any WSCS signal can be transformed into a
set of stationary subprocess [2]; thereby facilitating the application of information-theoretic results
obtained for multivariate stationary sources to the derivation of the RDF; Nonetheless, in many digital
communications scenarios, the sampling rate and the symbol rate of the CT WSCS process are not
related in any way, and are possibly incommensurate, resulting in a sampled process which is a DT
WSACS stochastic process. Such situations can occur as a result of the a-priori determined values of
the sampling interval and the symbol duration of the WSCS source signal, as well as due to sampling
clock jitters resulting from hardware impairments. A comprehensive review of trends and applications
for almost cyclostationary signals can be found in [13]. Despite of their apparent frequent occurrences,
the RDF for lossy compression of WSACS sources has not been characterized, which is the motivation
for the current research. A major challenge associated with characterizing fundamental limits for
asynchronously sampled WSCS processes stems from the fact that the resulting processes are not
information stable, in the sense that their conditional distributions are not ergodic ([14] Page X), [15,16].
As a result, the standard information-theoretic tools cannot be employed, making the characterization
of the RDF a very challenging problem.

Our recent study in [17] on channel coding reveals that for the case of additive CT WSCS Gaussian
noise, capacity varies significantly with sampling rates, whether the Nyquist criterion is satisfied or
not. In particular, it was observed that the capacity can change dramatically with minor variations in
the sampling rate, causing it to switch from synchronous sampling to asynchronous sampling. This
is in direct contrast to the results obtained for wide-sense stationary noise for which the capacity
remains unchanged for any sampling rate above the Nyquist rate [18]. A natural fundamental question
that arises from this result is how the RDF of a sampled Gaussian source process varies with the
sampling rate. As a motivating example, one may consider compress-and-forward (CF) relaying, in
which the relay samples at a rate which can be incommensurate with the symbol rate of the incoming
communications signal.
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In this work, we employ the information-spectrum framework [14] for characterizing the RDF
of asynchronously sampled memoryless Gaussian WSCS processes, as this framework is applicable
to the information-theoretic analysis of non information-stable processes ([14] Page VII). We further
note that while rate characterizations obtained using information spectrum tools and its associated
quantities may be difficult to evaluate ([14] Remark 1.7.3), here we obtain a numerically computable
characterization of the RDF. In particular, we focus on the mean squared error (MSE) distortion
measure in the low distortion regime, namely, source codes for which the average square of the
difference between the source and the reproduction process is not larger than the minimal source
variance. The results of this research lead to accurate modelling of signal compression in current
and future digital communications systems. The derived RDF, which characterizes the fundamental
performance limits in encoding sampled CT WSCS Gaussian processes into a digital representation,
allows to evaluate source coding schemes associated with different levels of complexity in terms of
their gap from optimality, when applied to this important class of signals.

Furthermore, we utilize our characterization of the RDF to examine how the RDF for a sampled CT
WSCS Gaussian source varies with different sampling rates and sampling time offsets. We demonstrate
that, differently from stationary sources, when applying a lossy source code to a sampled WSCS
process, the achievable rate-distortion tradeoff can be significantly affected by minor variations in the
sampling time offset and the sampling rate. Our results thus allow identifying the sampling rate and
sampling time offsets which minimize the RDF in systems involving sampled WSCS processes.

The rest of this work is organised as follows: Section 2 provides a scientific background on
cyclostationary processes and on rate-distortion analysis of DT WSCS Gaussian sources. Section 3
presents the problem formulation and auxiliary results, and Section 4 details the main result of RDF
characterization for sampled WSCS Gaussian process. Numerical examples and discussions are
provided in Section 5, and Section 6 concludes the paper.

2. Preliminaries and Background

In the following we review the main tools and framework used in this work: In Section 2.1 we
detail the notations, and in Section 2.2 we review the basics of cyclostationary processes and the
statistical properties of a DT process resulting from sampling a CT WSCS process. In Section 2.3 we
recall some preliminaries of rate-distortion theory as well as the RDF for DT WSCS Gaussian source
processes. This background creates a premise for the statement of the main result provided in Section 4
of this paper.

2.1. Notations

In this paper, random vectors are denoted by boldface uppercase letters, e.g., X; boldface lowercase
letters denote deterministic column vectors, e.g., x. Scalar RVs and deterministic values are denoted
via standard uppercase and lowercase fonts respectively, e.g., X and x. Scalar random processes are
denoted with X(t),t € R for CT and with X[n],n € Z for DT. Uppercase Sans-Serif fonts represent
matrices, e.g., A, and the element at the i" row and the I'" column of A is denoted with (A)i,l. We use
| - | to denote the absolute value, |d],d € R, to denote the floor function and d*,d € R, to denote
the max{0,d}. §[-] denotes the Kronecker delta function: §[n] = 1 for n = 0 and §[n] = 0 otherwise,
and E{-} denotes the stochastic expectation. The sets of positive integers, integers, rational numbers,
real numbers, positive numbers, and complex numbers are denoted by NV, Z, Q, R, R**, and C,
respectively. The cumulative distribution function (CDF) is denoted by Fx(x) £ Pr (X < x) and the
probability density function (PDF) of a CT random variable (RV) is denoted by px(x). We represent a
real Gaussian distribution with mean p and variance ¢ by the notation A (y, 0?). All logarithms are
taken to base-2, and j = v/—1. Lastly, for any sequence y[i], i € N, and positive integer k € N, y¥)
denotes the column vector (y([1],...,y[k]) T
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2.2. Wide-Sense Cyclostationary Random Processes

Here, we review some preliminaries from the theory of cyclostationarity. We begin by recalling
the definition of wide-sense cyclostationary processes for CT and for DT:

Definition 1 (CT wide-sense cyclostationary processes ([3] Section 3.2.1)). A scalar stochastic process
{S(t) }ter is called WSCS if both its first-order and its second-order moments are periodic with respect tot € R
with some period Ty, € R.

Definition 2 (DT wide-sense cyclostationary processes ([2] Section 17.2)). A scalar stochastic process
{S[n] }nez is called WSCS if both its first-order and its second-order moments are periodic with respect to
n € Z with some period Ny € Z.

WSCS signal are thus random processes whose first and second-order moments are periodic
functions with the same period. To define WSACS signals, we first recall the definition of
almost-periodic functions:

Definition 3 (Almost-periodic functions ([19] Definition 2.1)). A DT function x[n|, n € Z, is called an
almost-periodic function if for every € > 0 there exists a number 1(€) € N with the property that foranyn € Z
and any « € Z,3A € |a,a +1(€)], such that

‘x[A} —x[n]‘ <e.

Definition 4 (DT wide-sense almost-cyclostationary processes ([2] Section 17.2)). A scalar stochastic
process {S[n])},c z is called WSACS if its first and its second order moments are almost-periodic functions
with respect ton € Z.

Remark 1. Note that when the mean and the autocorrelation function are each periodic with periods which
are incommensurate, the resulting processes is WSACS. We note that in many practical cases the mean is zero,
see e.g., ([2] Section 17.2), hence the classification of the process will be determined by the periodicity of the
autocorrelation function.

The DT WSCS model is commonly used in the communications literature, as it facilitates the
the analysis of many problems of interest, such as fundamental rate limits analysis [20-22], channel
identification [23], synchronization [24], and noise mitigation [25]. However, in many scenarios, the
considered signals are WSACS rather than WSCS. To see how the WSACS model is obtained in
the context of sampled signals, we briefly recall the discussion in [17] on sampled WSCS processes
(please refer to ([17] Section II.B) for more details): Consider a CT WSCS random process S(t), which
is sampled uniformly with a sampling interval of Ts and sampling time offset ¢, resulting in a DT
random process S[i] = S(i- Ts + ¢). It is well known that contrary to stationary processes, which
have a time-invariant statistical characteristics, the values of Ts and ¢ have a significant effect on
the statistics of sampled WSCS processes ([17] Section I1.B). To demonstrate this point, consider a CT

WSCS process with variance Usz(t) = % - sin (27Tt / TSym) + 2 for some Tsym > 0. The sampled process

for ¢ = 0 (no sampling time offset) and T; = ngm has a variance function whose period is N, = 3:
asz(iTS) ={2,2.433,1.567,2,2.433,1.567,.. .}, fori = 0,1,2,3,4,5, ... .; while the DT process obtained
with the same sampling interval and with a sampling time offset of ¢ = 2T—7ST has a periodic variance with
N, = 3 with values 02 (iTs + ¢) = {2.155,2.335,1.510,2.155,2.335,1.510, ...}, fori = 0,1,2,3,4,5, ..,
which are different from the values of the DT variance for ¢ = 0. It follows that both variances are
periodic in discrete-time with the same period N, = 3, although with different values within the
period, which is a result of the sampling time offset, yet, both DT processes correspond to two instances
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of synchronous sampling. Lastly, consider the sampled variance obtained by sampling without a time

offset (i.e., ¢ = 0) at a sampling interval of Ty = (1 + %) ngm. For this case, T is not an integer divisor

of Tsym or of any of its integer multiples (i.e., TSTySm =2+ %gﬁ =2+¢;wheree ¢ Qande € [0,1))
resulting in the variance values 02 (iTs) = {2,2.335,1.5027,2.405,1.896,1.75, ...}, fori = 0,1,2,3,4,5... ..
For this scenario, the DT variance is not periodic but is almost-periodic, corresponding to asynchronous
sampling and the resulting DT process is not WSCS but WSACS ([3] Section 3.2). The example above
demonstrates that the statistical properties of sampled WSCS processes depend on the sampling rate
and the sampling time offset, implying that the RDF of such processes should also depend on these

quantities, as we demonstrate in the sequel.

2.3. The Rate-Distortion Function for DT WSCS Processes

In this subsection we review the source coding problem and the existing results on the RDF of
WSCS processes. We begin by recalling the definition of a source coding scheme, see, e.g., ([26] Chapter
30), ([5] Chapter 10):

Definition 5 (Source coding scheme). A source coding scheme with blocklength I consists of (see Figure 1):

1. An encoder fs which maps a block of | source samples {S[i]}'_, into an index from a set of M = 2'R
indexes, fs : {S[i|}}_; — {1,2,..., M}.

2. Adecoder gs which maps the received index into a reconstructed sequence of length 1, {S[i] }521, gs:
ara!
{1,2,.... M} = {S[i]},_,

The encoder-decoder pair is referred to as an (R, 1) source code, where R is the rate of the code in bits per
source symbol, defined as:
1

R:l

log, M 1)

The RDF characterizes the minimal average number of bits per source symbol, denoted R(D), that
can be used to encode a source process such that it can be reconstructed from its encoded representation
with a recovery distortion not larger than D > 0 ([5] Section 10.2). In the current work, we use the
MSE distortion measure, which measures the distortion due to decoding a source symbol S into S via

d(s,s) = (S— g)z. The distortion for a sequence of source samples S() decoded into a reproduction

A A ! A
sequence $() is given by d (S(l), S(l)) =1 ¥ (Sl - S[i})2 and the average distortion in decoding a
i=1

random source sequence S" into a random reproduction sequence 5! is defined as:

7(s0,80) 2 5{a (s0,50)} = 1 o {51 - s11)*}, ®
i=1

where the expectation in Equation (2) is taken with respect to the joint probability distributions
on the source S[i] and its reproduction $[i]. Using Definition 5 we can now define the achievable
rate-distortion pair for a source S|i], as stated in the following definition ([10] Pg. 471):

S[il}i- 1,2,...,21% S}
L» Encoder fs { J Decoder gs L»

Figure 1. Source coding block diagram.

Definition 6 (Achievable rate-distortion pair). A rate-distortion pair (R, D) is achievable for a process
{S[i]) }ienr if for any y > 0 and for all sufficiently large 1 it is possible to construct an (Rs,1) source code
such that

Rs <R+1. 3)
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and
d (S(Z),S(l)) <D+ @)

Definition 7. The rate-distortion function R(D) is defined as the infimum of all achievable rates R for a given
maximum allowed distortion D.

Definition 6 defines a rate-distortion pair to be achievable if the rate and the distortion constraints
are satisfied using source codes with any sufficiently large blocklength. In the following lemma, which
will be used to characterize the RDF of DT WSCS signals, we state that it is sufficient to consider only
source codes whose blocklength is an integer multiple of some fixed positive integer:

Lemma 1. Consider the process {S[i] }ic s with a finite and bounded variance. For a given maximum allowed
distortion D, the optimal reproduction process {S[i] }icn: is also the optimal reproduction process when restricted
to using source codes whose blocklengths are integer multiples of some fixed positive integer r.

Proof. The proof of the lemma is detailed in Appendix A. O

This lemma facilitates switching between multivariate and scalar representations of the source
and the reproduction processes.

The RDF obviously depends on the distribution of the source {S[i]};cp. Thus, statistically
different sources have different RDFs. However, when a source is scaled by some positive constant,
the RDF of the scaled process with the MSE distortion can be inferred from that of the original source
process, as stated in the following theorem:

Theorem 1. Let {S[i]}icar be a source process for which the rate-distortion pair (R, D) is achievable under the
MSE distortion. Then, for every & € R, it holds that the rate-distortion pair (R, a? - D) is achievable for the
scaled source {a - S[i]}icnr-

Proof. The proof of the theorem is detailed in Appendix B. [

Lastly, in the proof of our main result, we make use of the RDF for DT WSCS sources derived
in ([12] Theorem 1), repeated below for ease of reference. Prior to the statement of the theorem, we
recall that for blocklenghts which are integer multiples of Ny, a WSCS process S[i] with period N, > 0
can be represented as an equivalent Ny-dimensional process S(Np)[i] via the decimated component
decomposition (DCD) ([2] Section 17.2). The power spectral density (PSD) of the process S (Np) is
defined as ([12] Section II):

(ps (efznf)) = (RS[A}) o2 _%gfg%, woe{l,2..N} (5

u,v AeZ

where Rg[A] £ E {S(Nﬂ) [i] - SNP)[i + A}} ([2] Section 17.2). We now proceed to the statement of ([12]
Theorem 1):

Theorem 2. ([12] Theorem 1) Consider a zero-mean real DT WSCS Gaussian source S[i],i € N with memory,
and let N, € N denote the period of its statistics. The RDF is expressed as:

+

N 05 A (ej27'cf)
1 P m
R(D) = 2N, mX::l [z_os log — df, (6a)
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where Ay, (ejZ”f) ,m=1,2,..., N, denote the eigenvalues of the PSD matrix of the process S(Ny) [i], which is
obtained from S|i] by applying the N,-dimensional DCD, and 6 is selected such that

b= I\llp ;1%1 /J;(i50.5 min {Am (ej27rf) ! 9} df. (6b)

We note that S(N») [i] corresponds to a vector of stationary processes whose elements are not
identically distributed; hence the variance function is different for each scalar stationary process.
Using ([12] Theorem 1), we can directly obtain the RDF for the special case of a DT memoryless WSCS
Gaussian process. This is stated in the following corollary:

Corollary 1. Let {S[i]}icpr be a zero-mean DT memoryless real WSCS Gaussian source with period N, € N,
and set 02, = B{S?*[m]} form = 1,2,..., Np. The RDF for compression of S[i] is expressed as:

Np > Np
N, r 108(1%) DSNLP Y o
R(D) — m=1 mszl (7a)
0 D> ¥ o2,
e
where D, = min {02,0}, and 6 is defined such that
1 &
D= N Y Du. (7b)
P m=1

Proof. Applying Equations (6a) and (6b) to our specific case of a memoryless WSCS source, we
obtain Equations (7a) and (7b) as follows: First, note that the corresponding DCD components for a
zero-mean memoryless WSCS process are also zero-mean and memoryless; hence the PSD matrix for
the multivariate process SNp)i]is a diagonal matrix, whose eigenvalues are the constant diagonal

elements such that the mth diagonal element is equal to the variance c%: Ay, (efzﬂf ) = 02. Now,
writing Equation (6a) for this case we obtain:

o +
ot 17 (e (25
Ny +
= 2]1\71, P (log (?)) . (8)

+
Since <log (%’%’>) = max {O, log (‘%2”) } log ( ) it follows that (8) coincides with (7a). Next,
expressing Equation (6b) for the memoryless source process, we obtain:

Np

D=gp 3 [ min{an (e77) 0} af = - z min {7, 0} ©)

proving Equation (7b). [

Now, from Lemma 1, we conclude that the RDF for compression of source sequences whose
blocklength is an integer multiple of N, is the same as the RDF for compressing source sequences
whose blocklength is arbitrary. We recall that from ([5] Chapter 10.3.3) it follows that for the
zero-mean memoryless Gaussian DCD vector source process S (Np) [i] the optimal reproduction process
which achieves the RDF is an N, x 1 memoryless process whose covariance matrix is diagonal with
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non-identically distributed elements. From [2], we can apply the inverse DCD to obtain a WSCS
process. Hence, from Lemma 1 we can conclude that the optimal reproduction process for the DT
WSCS Gaussian source is a DT WSCS Gaussian process.

3. Problem Formulation and Auxiliary Results

Our objective is to characterize the RDF for compression of asynchronously sampled CT WSCS
Gaussian sources when the sampling interval is larger than the memory of the source. In particular, we
focus on the minimal rate required to achieve a high fidelity reproduction, representing the RDF curve
for distortion values not larger than the variance of the source. Such characterization of the RDF for
asynchronous sampling is essential for comprehending the relationship between the minimal required
number of bits and the sampling rate at a given distortion. Our analysis constitutes an important step
towards constructing joint source-channel coding schemes for scenarios in which the symbol rate of
the transmitter is not necessarily synchronized with the sampling rate of the source to be transmitted.
Such scenarios arise, for example, when recording a communications signal for storage or processing,
or in compress-and-forward relaying (([26] Chapter 16.7), [27]) in which the relay compresses the
sampled received signal, which is then forwarded to the assisted receiver. As the relay operates with
its own sampling clock, which need not necessarily be synchronized with the symbol rate of the
assisted transmitter, sampling at the relay may result in a DT WSACS source signal. In the following
we first characterize the sampled source model in Section 3.1. Then, as a preliminary step towards
our characterization the RDF for asynchronously sampled CT WSCS Gaussian processes stated in
Section 4, we recall in Section 3.2 the definitions of some information-spectrum quantities used in this
study. Finally, in Section 3.3, we recall an auxiliary result relating the information-spectrum quantities
of a collection of sequences of RVs to the information-spectrum quantities of its limit sequence of RVs.
This result will be applied in the derivation of the RDF with asynchronous sampling.

3.1. Source Model

Consider a real CT, zero-mean WSCS Gaussian random process S (t) with period Tps. Let the
variance function of S.(t) be defined as Ugc (t) £ E{S%(t)}, and assume it is both upper bounded and
lower bounded away from zero, and that it is continuous in t € R. Let 7, > 0 denote the maximal
correlation length of Sc(t), i.e., rs (,7) £ E{Sc(t)Sc(t — T)} = 0,V|t| > Ty. By the cyclostationarity
of S5.(t), we have that (Tgc (t) = ofc (t+ Tps), Vt € R. Let Sc(t) be sampled uniformly with the sampling
interval Ts > 0 such that Tps = (p+€) - Ts for p € N and € € [0,1) yielding Sc[i] = Sc(i - Ts), where
i € Z. The variance of Sli] is given by 03 [i] £ rs_[i,0] = 03 (;Z}’;)

In this work, as in [17], we assume that the duration of temporal correlation of the CT signal is
shorter than the sampling interval Ts, namely, 7, < Ts. Consequently, the DT Gaussian process Se|i] is
a memoryless zero-mean Gaussian process and its autocorrelation function is given by:

ro.[i,A] = E{Se[i]se[i—i—A]}

—E {sc <’pf’€s) - S <(i+pA+)'€Tl“> } =02 <’pf’€s) [A] =2 [i]-6[A].  (10)

While we do not explicitly account for sampling time offsets in our definition of the sampled
process Seli], it can be incorporated by replacing Uéc (t) with a time-shifted version, i.e., Ugc (t—¢), see
also ([17] Section II.C).

It can be noted from (10) that if € is a rational number, i.e., Ju,v € N, u and v are relatively
prime, such that € = %, then {S¢[i]},. z is a DT memoryless WSCS process with the period p,,, =
p-v+u € N ([17] Section I1.C). For this class of processes, the RDF can be obtained from ([12] Theorem
1) as stated in Corollary 1. On the other hand, if € is an irrational number, then sampling becomes
asynchronous and leads to a WSACS process whose RDF has not been characterized to date.
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3.2. Definitions of Relevant Information-Spectrum Quantities

Conventional information theoretic tools for characterizing RDFs are based on an underlying
ergodicity of the source. Consequently, these techniques cannot be applied to characterize the RDF of
asynchronously sampled WSCS processes. To tackle this challenge, we use the information-spectrum
framework, as this framework [14] can be utilized to obtain general formulas for rate limits for any
arbitrary class of processes. The resulting expressions are not restricted to specific statistical models of
the considered processes, and in particular, do not require information stability or stationarity. In the
following, we recall the definitions of several information-spectrum quantities used in this study, see
also ([14] Definitions 1.3.1 and 1.3.2):

Definition 8. The limit-inferior in probability of a sequence of real RV's {Zy }xe s is defined as
p— liminf Z; £ sup {IX € R| lim Pr (Z < a) :0} £ ap. (11)
k—o0 k—o0

Hence,  is the largest real number satisfying that V& < ap and Vu > 0 there exists ko(p, &) € N
such that Pr(Zy < &) < u, Vk > ko(u, &).

Definition 9. The limit-superior in probability of a sequence of real RVs {Zy } e v is defined as

p—limsup Z; £ inf {/3 €R| lim Pr (Zy > B) = o} £ Bo. (12)
—00

k—o0

Hence, fy is the smallest real number satisfying that V3 > Bo and Vu > 0, there exists ko(y, B) €
N, such that Pr(Z; > B) < u, Vk > ko(u, B).

The notion of uniform integrability of a sequence of RVs is a basic property in probability ([28]
Chapter 12), which is not directly related to information spectrum methods. However, since it plays an
important role in the information spectrum characterization of RDFs, we include its statement in the
following definition:

Definition 10 (Uniform integrability ([28] Definition 12.1), ([14] Equation (5.3.2))). The sequence of
real-valued random variables {Z; } 32, is said to satisfy uniform integrability if

e | e o

z:|z|>u

The aforementioned quantities facilitate characterizing the RDF of arbitrary sources. Consider
a general source process {S[i]}?°, (stationary or non-stationary) taking values from the source
alphabet S[i] € S and a reproduction process {S[i]}%°, with values from the reproduction alphabet
S[i] € S. Tt follows from ([14] Section 5.5) that for a distortion measure which satisfies the uniform
integrability criterion, i.e., that there exists a deterministic sequence {r[i] }$*; such that the sequence
of RVs {d(S(k),r(k))},‘f’zl satisfies Definition 10 ([14] Page 336), then the RDF is expressed as ([14]
Equation (5.4.2)):

R(D) = inf 71(s®.50)) 14
(D) Fslgzd_s(;(%,g(w)gD ( ) (14
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where ds (%), 5%)) = limsup E {d (S(k), S(k)) }, F ¢ denotes the joint CDF of {S[i]}{*; and {81},

k—o00
and I (S(k) : S(k)) represents the limit superior in probability of the mutual information rate of sk

and S(k), given by:

In order to use the RDF characterization in (14), the distortion measure must satisfy the uniform
integrability criterion. For the considered class of sources detailed in Section 3.1, the MSE distortion
satisfies this criterion, as stated in the following lemma:

(15)

Lemma 2. For any real memoryless zero-mean Gaussian source {S[i]}° | with bounded variance, i.e., 302, <
oo such that B{S?[i]} < 02, foralli € N, the MSE distortion satisfies the uniform integrability criterion.

Proof. Set the deterministic sequence {r[]}‘” 1 to be the all-zero sequence. Under this setting and
the MSE distortion, it holds that d(S k), ¢ ) = Z __, S?[i]. To prove the lemma, we show that the
sequence of RVs {d (S(k), r(k)) }Zo:l has a bounded Ez norm, which implies that it is uniformly integrable
by ([28] Corollary 12.8). The ¢, norm of d(S(k), r(k)) satisfies

» 1 k k
B{d(s®,r9)} = 5B {2 Sl Yy 52[;']}
i=1 j=1

1kk

5 a) 1 k k .
= LY B {0} € LYY a0k, = 3k (16)

i=1j=1 i=1j=1

where (a) follows since E{S?[i]S?[j]} = E{S?[i]}IE{S?[j]} = op. fori # j while E{S*[i]} = 30y
([29] Chapter 5.4). Equation (16) proves that d(S (k), plk )) is £r-bounded by 30, < oo forallk € N,
which in turn implies that the MSE distortion is uniformly integrable for the source {S[i]}*,. [

Since, as detailed in Section 3.1, we focus in the following on memoryless zero-mean Gaussian
sources, Lemma 2 implies that the RDF of the source can be characterized using (14). However, (14) is
in general difficult to evaluate, and thus does not lead to a meaningful understanding of how the RDF
of sampled WSCS sources behaves, motivating our analysis in Section 4.

3.3. Information Spectrum Limits

The following theorem originally stated in ([17] Theorem 1) presents a fundamental result which
is directly useful for the derivation of the RDF:

Theorem 3. ([17] Theorem 1) Let {Zkﬂ}nke - be a set of sequences of real scalar RVs satisfying
two assumptions:

AS1  For every fixed n € N, every convergent subsequence of {Z, }, o converges in distribution, as
k — oo, to a finite deterministic scalar. Each subsequence may converge to a different scalar.

AS2  For every fixed k € N, the sequence { Z. , }n - converges uniformly in distribution, as n — oo, toa
scalar real-valued RV Zy. Specifically, letting Fy ,(«) and Fi(«), « € R, denote the CDFs of Zy ,, and
of Zy, respectively, then by AS2 it follows that ¥y > 0, there exists ny(n) such that for every n > no(1)

| Fion(a) — Fe(@) | <77,

foreacha € R, k € N.
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Then, for {Ziu} , e it holds that

pP— lllgg}f Zy = nh_r)r;o (p— h;r_l)g)lf Zk,,,>, (17a)
pP— 111;1_)501:}) Zy= nl% (p— hrkn_>s°1:p Zk,n>~ (17b)

Proof. In Appendix C we explicitly prove Equation (17b). This complements the proof in ([17]
Appendix A) which explicitly considers only (17a). O

4. Rate-Distortion Characterization for Sampled CT WSCS Gaussian Sources

4.1. Main Result

Using the information-spectrum based characterization of the RDF (14) combined with the
characterization of the limit of a sequence of information spectrum quantities in Theorem 3, we now
analyze the RDF of asynchronously sampled WSCS processes. Our analysis is based on constructing
a sequence of synchronously sampled WSCS processes, whose RDF is given in Corollary 1. Then,
we show that the RDF of the asynchronously sampled process can be obtained as the limit superior
of the computable RDFs of the sequence of synchronously sampled processes. We begin by letting
I % for n € N and defining a Gaussian source process Sy [i] = Sc ( ;I}z
in Section 3.1 (see also ([17] Section I1.C)), it follows that since €, is rational, S,[i] is a WSCS process
and its period is given by p, = p - n + |n - €|. Accordingly, the periodic correlation function of S, [i]
can be obtained similarly to (10) as:

) . From the discussion

i Tps
rs,[i, A] = B4 Sp[i]Suli + A :#( p)JA. 18
o8] = B{siisi+a | =t (L) ol as)
Due to cyclostationarity of S,[i], we have that rg [i,A] = rg, [i + ps, A, Vi,A € Z, and we let
Ugn [i] £ rs,[i,0] denote its periodic variance.
We next restate Corollary 1 in terms of €, as follows:

Proposition 1. Consider a DT, memoryless, zero-mean, WSCS Gaussian random process Sy [i] with a variance
Ugn [i], obtained from S.(t) by sampling with a sampling interval of Ts(n) = pi%' Let S,(f”) [i] denote the
memoryless stationary multivariate random process obtained by applying the DCD to S,[i] and let (75” [m],

m =1,2,...,py, denote the variance of the m'" component of S,(f n) [i]. The rate-distortion function is given by:

Pn 2 Pn
o &, (s (7)) D 2 et
n m:1 n n m:l 1 , (19a)

0 D> - ¥ 0§ [m]

Rn(D) =

Pn
where for D < plT, 21 0§ [m] we let Dy[m] = min {03 [m],6,}, and 0, is selected such that
m=

D=1 Y Dyful. (19b)
Pn =1

We recall that the RDF of S, [i] is characterized in Proposition 1 via the RDF of the multivariate

stationary process S,(f ) [i] obtained via a p,-dimensional DCD applied to S,[i]. Next, we recall that

the relationship between the source process s,(f’") [i] and the optimal reconstruction process, denoted
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by Q,(f n) [i], is characterized in ([5] Chapter 10.3.3) via a linear, multivariate, time-invariant backward

channel with a p,, x 1 additive vector noise process W,(f] n) [i], and is given by:

S,(f”)[i] _ gglpn)[i] + W,(f")[i], ieN. (20)

It also follows from ([5] Section 10.3.3) that for the IID Gaussian multivariate process whose
entries are independent and distributed via (s,(f’ ) [i]),, ~ N(0, (Tén [m]),m e {1,2,...,pn}, the optimal

reconstruction vector process §£lp n) [i] and the corresponding noise vector process Wﬁlp n) [i] each follow

a multivariate Gaussian distribution:

1]+ 0 Du[l] -+ 0
S~ o and W~ N0 ]

0 '“(ngn[p”] 0 - Dulpal

where Dy, [m] £ min {(Tgn [m], 0 } ; B, denotes the reverse waterfilling threshold defined in Prop. 1 for

(pn) [1]

Pn N
the index 7, and is selected such that D = pi Y. Dy[m]. The optimal reconstruction process, Sy
" m=1

and the noise process W,(f n) [i] are mutually independent, and for each m € {1,2,..., p,} it holds that
. 2

E { (S,(f n) [i] — S,(lp”) [1]) } = Dy[m], see ([5] Chapters 10.3.2 and 10.3.3). The multivariate relationship
m

between stationary processes in (20) can be transformed into an equivalent linear relationship between
cyclostationary Gaussian memoryless processes via the inverse DCD transformation ([2] Sec 17.2)
applied to each of the processes, resulting in:

Suli] = Suli] + Wali], i€ N. (21)

We are now ready to state our main result, which is the RDF of asynchronously sampled DT
sources S¢li], € ¢ Q, in the low MSE regime, i.e., when the distortion D is not larger than the source
variance. The RDF is stated in the following theorem, which applies to both synchronous sampling as
well as to asynchronous sampling:

Theorem 4. Consider a DT source {S¢[i]}$° obtained by sampling a CT WSCS source, whose period of

statistics is Tys, at intervals Ts. Then, for any distortion constraint D such that D < min ¢2 (t) and any
P 0<t<Tps ¢
€ € [0,1), the RDF R¢(D) for compressing {Seli] }32, can be obtained as the limit:
Re(D) = limsup R, (D), (22)

n—oo

where Ry, (D) is defined Prop. 1.

Proof. The detailed proof is provided in Appendix D. Here, we give a brief outline: The derivation
of the RDF with asynchronous sampling follows three steps: First, we note that sampling at a rate

of Ts(n) = pﬁ’; results in a sequence of DT WSCS sources {S,[i] }ic o7 nenr whose sampling interval
Tos

Ts(n) asymptotically approaches, as n — oo, the sampling interval for irrational € given by Ts = e
We define a sequence of rational numbers €, s.t. €, — € as n — oo; Building upon this insight, we
prove that the RDF with T can be stated as a double limit where the outer limit is with respect to the
blocklength and the inner limit is with respect to €;,. Lastly, we use Theorem 3 to show that the order
of the limits can be exchanged, obtaining a limit of expressions which are computable. [
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Remark 2. Theorem 4 focuses on the low distortion regime, defined as the values of D satisfying D <

. 2 . . . . 2 .
min 0% (t). This implies that 6, has to be smaller than min o¢% (t); hence, from Prop. 1 it follows
OStSITps sc( ) P n Ogt%Tps sc( ) f P f

that for the corresponding stationary noise vector WEIP”) [i] in (20), Dy[m] = min {(Tgn [m], 9n} = 0, and
Pn
D= pi Y. Dy[m] = 6, = Dy[m]. We note that since every element of the vector (ngp n) [z}) has the same
" m=1 m

variance Dy[m] = D foralln € N and m = 1,2,..., p, then by applying the inverse DCD to wip [i], the
resulting scalar DT process Wy, [i] is wide sense stationary; and in fact IID with E { (W [z])Z} =D.

4.2. Discussion and Relationship with Capacity Derivation in Reference 17

Theorem 4 provides a meaningful and computable characterization for the RDF of sampled WSCS
signals. We note that the proof of the main theorem uses some of the steps used in our recent study
on the capacity of memoryless channels with sampled CT WSCS Gaussian noise [17]. It should be
emphasized, however, that there are several fundamental differences between the two studies, which
require the introduction of new treatments and derivations original to the current work. First, it is
important to note that in the study on capacity, a physical channel model exists, and therefore the
conditional PDF of the output signal given the input signal can be characterized explicitly for both
synchronous sampling and asynchronous sampling for every input distribution. For the current study
of the RDF we note that the relationship (21), commonly referred to as the backward channel [30], ([5]
Chapter 10.3.2), characterizes the relationship between the source process and the optimal reproduction
process, and hence is valid only for synchronous sampling and for the optimal reproduction process.
Consequently, in the RDF analysis the limiting relationship (21) as n — oo is not even known to
exist and, in fact, we can show it exists under a rather strict condition on the distortion (namely, the
condition D < o <rrt1<ir%pS Ugc (t) stated in Theorem 4). In particular, to prove the statement in Theorem 4,

we had to show that from the backward channel (21), we can define an asymptotic relationship, as
n — oo, which corresponds to the asynchronously sampled source process, denoted by S¢|i], and
relates S.[i] with its optimal reconstruction process S¢[i]. This is done by showing that the PDFs for
the reproduction process 5, [i] and noise process W,,[i] from (21), each converge uniformly as n — co
to a respective limiting PDF, which has to be defined as well. This enabled us to relate the RDFs for
the synchronous sampling and for the asynchronous sampling cases using Theorem 3, eventually
leading to (22). Accordingly, in our detailed proof of Theorem 4 given in Appendix D, Lemmas A6
and A8 as well as a significant part of Lemma A4 are largely new, addressing the special aspects of
the proof arising from the fundamental differences between current setup and the setup in [17], while
the derivations of Lemmas A3 and A7 follow similarly to ([17] Lemma B.1) and ([17] Lemma B.5),
respectively, and parts of Lemma A4 coincide with ([17] Lemma B.2).

5. Numerical Examples

In this section we demonstrate the insights arising from our RDF characterization via numerical
examples. Recalling that Theorem 4 states the RDF for asynchronously sampled CT WSCS Gaussian
process, R¢(D), as the limit supremum of a sequence of RDFs corresponding to DT memoryless
WSCS Gaussian source processes {R; (D)}, .y, we first consider the convergence of {R(D)},cn in
Section 5.1. Next, in Section 5.2 we study the variation of the RDF of the sampled CT process due to
changes in the sampling rate and in the sampling time offset.
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Similarly to ([17] Section IV), define a periodic continuous pulse function, denoted by IT;,_¢ (1),
with equal rise/fall time t,; = 0.01, duty cycle t4. € [0,0.98], and period of 1, i.e., IT;, ¢ (t+1) =
I, +(f) forall t € R. Specifically, for t € [0,1) the function I, _;(t) is given by

|~

te [0/ trf]
te (trfr tdc + trf)

— e b€ [tae + e Fac + 2 )
t e (tdc +2- trf,].).

~
.1
=N

thcrtrf (t) = (23)

o = =

In the following, we model the time varying variance of the WSCS source UZC (t) to be a linear
periodic function of IT;, ,(t). To that aim, we define a time offset between the first sample and
the rise start time of the periodic continuous pulse function; we denote the time offset by ¢ € [0,1).
This corresponds to the sampling time offset normalized to the period Tps. The variance of S¢(t) is a
periodic function with period Tps which is defined as

t
o3 (1) =02+48 Ty s, (Tps - <p) , e 0,Tps), (24)

with a period of Tps = 5 psecs.

5.1. Convergence of R, (D) in n
From Theorem 4 it follows that if the distortion satisfies D < . <rrt1ér% Ugc(t), the RDF of the
SIS lps

asynchronously sampled CT WSCS Gaussian process is given by the limit superior of the sequence
{Ry(D)}en; where R, (D) is defined in Proposition 1. In this subsection, we study the sequence
of RDFs {R; (D)} e as n increases. For this evaluation setup, we fixed the distortion constraint at
D = 0.18 and set € = 7 and p = 2. Let the variance of the CT WSCS Gaussian source process (Téc (1)
be modelled by Equation (24) for two sampling time offsets ¢ = {0, %6} For each offset ¢, four duty
cycle values were considered: t4. = [20,45,75,98]%. For each n we obtain the synchronous sampling

mismatch €, £ L";J , which approaches € as n — oo, where n € N. Since ¢, is a rational number,
corresponding to a sampling period of Ts(n) = pﬁ’; , then for each 1, the resulting DT process is WSCS

with the period p, = p-n+ |n- €| and its RDF follows from Proposition 1.

Figures 2 and 3 depict R, (D) for n € [1,500] with the specified duty cycles and sampling time
offsets, where in Figure 2 there is no sampling time offset, i.e., ¢ = 0, and in Figure 3 the sampling time
offset is set to ¢ = 11—6. We observe that in both figures the RDF values are higher for higher t4.. This
can be explained by noting that for higher ¢4, values, the resulting time-averaged variance of the DT
source process increases, hence, a higher number of bits per source sample is required to encode the
source process maintaining the same distortion value. Moreover, in all configurations, R, (D) varies
significantly for smaller values of n. Comparing Figures 2 and 3, we see that the pattern of these
variations depends on the sampling time offset ¢. For example, when t4. = 45% at n € [4,15], then for
¢ = 0 the RDF varies in the range [1.032, 1.143] bits per source sample, while for ¢ = 11—6 the RDF varies
in the range [1.071, 1.237] bits per source sample. However, as n increases above 230, the variations in
R, (D) become smaller and are less dependent on the sampling time offset, and the resulting values
of R, (D) are approximately in the same range for each t4. in both Figures 2 and 3 for n > 230. This
behaviour can be explained by noting that as n varies, the period p;, also varies and hence the statistics
of the DT variance differs over its respective period. This consequently affects the resulting RDF
(especially for small periods). As n increases €, approaches the asynchronous sampling mismatch e
and the period p, takes a sufficiently large value such that the samples of the DT variance over the
period are identically distributed irrespective of the value of ¢; leading to a negligible variation in the
RDF as seen in the above figures.
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Figure 2. R, (D) versus n; offset ¢ = 0.
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Figure 3. R, (D) versus n; offset ¢ = 1.

5.2. The Variation of the RDF with the Sampling Rate

Next, we observe the dependence of the RDF for the sampled memoryless WSCS Gaussian process
on the value of the sampling interval Ts. For this setup, we fix the distortion constraint to D = 0.18
and set the duty cycle in the source process (24) to ty4. = [45,75]%. Figures 4 and 5 demonstrate the
numerically evaluated values for R, (D) at sampling intervals in the range 2 < TTL: < 4 with the
sampling time offsets ¢ = 0 and ¢ = %, respectively. We note that while the discussion which follows
focuses on this range, as it corresponds to relatively low sampling rates—which are typically preferable
in practice, the statements and observations regarding the relationship between the denominator of

% and the value of R,(D), and regarding the continuity the RDF in the parameter TTP:, are directly

applicable to any range of values of TTL:, e.g., when higher sampling rates are preferable. A very
important insight which arises from the figures is that the sequence of RDFs R, (D) is not convergent;

hence, for example, one cannot approach the RDF for % = 2.5 by simply taking rational values of
TT}’: which approach 2.5. This verifies that the RDF for asynchronous sampling cannot be obtained

by straightforward application of previous results, and indeed, the entire analysis carried out in the
manuscript is necessary for the desired characterization.
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We observe in Figures 4 and 5 that when TTPSS has a fractional part with a relatively small integer
denominator, the variations in the RDF are significant and depend on the sampling time offset. These
variations can either degrade the ability to accurately represent the source, which are the observed
peaks in Figures 4 and 5, or alternatively, allow to encode the signal to within the same distortion with
smaller code rates, corresponding to the deeps in these figures. However, when TTP: approaches an
irrational number, the period of the sampled variance function becomes very long, and consequently,
the RDF is approximately constant and independent of the sampling time offset. As an example,
consider TTP: = 2.5and t4. = 75%: For sampling time offset ¢ = 0 the RDF takes a value of 1.469 bits
per source sample, as shown in Figure 4 while for the offset of ¢ = 11—6 the RDF peaks to 1.934 bits
per source sample as can be seen in Figure 5. On the other hand, when approaching asynchronous
sampling, the RDF takes a nearly constant value of 1.85 bits per source sample for all the considered
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Tps . .. . . . .
values of - and this value is invariant to the offset ¢. This follows since when the denominator of

the fractional part of TTP: increases, then the DT period of the resulting sampled variance, p;, increases
and practically captures the entire set of values of the CT variance regardless of the sampling time
offset. In a similar manner as with the study on capacity in [17], we conjecture that since asynchronous
sampling captures the entire set of values of the CT variance, the respective RDF represents the RDF
of the analog source, which does not depend on the specific sampling rate and offset. Figures 4
and 5 demonstrate how slight variations in the sampling rate can result in significant changes in
the RDF. For instance, at ¢ = 0 we observe in Figure 4 that when the sampling rate switches from
Ts = 2.25- Tps to Ts = 2.26 - Tps, i.e., the sampling rate switches from being synchronous to being
nearly asynchronous, then the RDF changes from 1.624 bits per source sample to 1.859 bits per source
sample for t4. = 75%; also, we observe in Figure 5 for 4. = 45%, that when the sampling rate switches
from Ty = 2.5 Tps to Ts = 2.51 - Tps, i.e., the sampling rate also switches from being synchronous to
being nearly asynchronous, then the RDF changes from 1.005 bits per source sample to 1.154 bits per
source sample.

Lastly, Figures 6 and 7 numerically evaluate the RDF versus the distortion constraint D €
[0.05,0.19] for sampling time offsets of 0 and 11—6 respectively. At each ¢, the result is evaluated at
three different values of synchronization mismatch €. For this setup, we fix t4. = 75%, p = 2 and
e € {05, 53—721, 0.6}. The only mismatch value that refers to the asynchronous sampling case is € = 2—727
and its corresponding sampling interval is approximately 2.007 usecs, which is a negligible variation
from the sampling intervals corresponding to € € {0.5,0.6}, which are 2.000 usecs and 1.923 usecs,
respectively. Observing both figures, we see that the RDF may vary significantly for very slight
variation in the sampling rate. For instance, as shown in Figure 6 for ¢ = 0, at D = 0.18, a slight change
in the synchronization mismatch from € = g—g (i.e., Ts =~ 2.007usecs) to € = 0.5 (i.e., T = 2.000 psecs)
results to approximately 20% decrease in the RDF. For ¢ = % the same change in the sampling
synchronization mismatch at D = 0.18 results in an increase in the RDF by roughly 4%. These results
demonstrate the unique and counter-intuitive characteristics of the RDF of sampled WSCS signals
which arise from our derivation. It is also interesting to examine how the RDF varies with the
sampling time offset ¢. To that aim we plot in Figure 8 the RDF vs. ¢ for the three sampling rates
used in Figures 6 and 7 at D = 0.18. The points marked on the plot correspond to ¢ = 0 and ¢ = %
considered in Figures 6 and 7, respectively. We observe that the RDF is indeed periodic with ¢. These
variations in the RDF occur as by changing ¢ the number of high variance samples within a period
of the variance of the DT process changes due to the duty cycle of the CT variance. Then, at ¢ =0
the periodic variance of the DT process corresponding to T; = 2.000usecs has the smallest number
of high variance values within a period, and when ¢ = 11—6 the periodic variance of the DT process
corresponding to asynchronous sampling has the smallest number of high variance values within a
period. For the asynchronous sampling rate the sampling time offset does not matter as in any case
(nearly) all values of the CT variance are reflected in the variance of the DT process.
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6. Conclusions

In this work the RDF of a sampled CT WSCS Gaussian source process was characterized for
scenarios in which the resulting DT process is memoryless and the distortion is relatively small. This
characterization shows the relationship between the sampling rate and the minimal number of bits per
source sample required for compression at a given distortion. For cases in which the sampling rate is
synchronized with the period of the statistics of the source process, the resulting DT process is WSCS
and standard information theoretic framework can be used for deriving its RDF. For asynchronous
sampling, information stability does not hold, and hence we resort to the information spectrum
framework to obtain a characterization. To that aim we derived a relationship between some relevant
information spectrum quantities for uniformly convergent sequences of RVs. This relationship was
further applied to characterize the RDF of an asynchronously sampled CT WSCS Gaussian source
process as the limit superior of a sequence of RDFs, each corresponding to the synchronous sampling
of the CT WSCS Gaussian process. The results were derived in the low distortion regime, i.e., under
the condition that the distortion constraint D is less than the minimum variance of the source, and
for sampling intervals which are larger than the correlation length of the CT process. Our numerical
examples give rise to non-intuitive insights which follow from the derivations. In particular, the
numerical evaluation demonstrates that the RDF for a sampled CT WSCS Gaussian source can change
dramatically with minor variations in the sampling rate and the sampling time offset. In particular,
when the sampling rate switches from being synchronous to being asynchronous and vice versa, the
RDF may change considerably as the statistical model of the source switches between WSCS and
WSACS. The resulting analysis enables determining the sampling system parameters in order to
facilitate accurate and efficient source coding of acquired CT signals.
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Appendix A. Proof of Lemma 1

Proof. To prove that the minimum achievable rate at a given maximum distortion for a code with
arbitrary blocklength can be achieved by considering only codes whose blocklength is an integer
multiple of , we apply the following approach: We first show that every rate-distortion pair achievable
when restricted to using source codes whose blocklength is an integer multiple of r is also achievable
when using arbitrary blocklenghts; We then prove that every achievable rate-distortion pair is also
achievable when restricted to using codes whose blocklength is an integer multiple of r. Combining
these two assertions proves that the rate-distortion function of the source {S[i] };c - can be obtained
when restricting the blocklengths to be an integer multiple of . Consequently, a reproduction signal
{S[i]}iepr which achieves the minimal rate for a given D under the restriction to use only blocklengths
which are an integer multiple of r is also the reproduction signal achieving the minimal rate without
this restriction, and vice versa, thus proving the lemma.

To prove the first assertion, consider a rate-distortion pair (R, D) which is achievable when using
codes whose blocklength is an integer multiple of r. It thus follows directly from Definition 6 that

for every 7 > 0, 3by € N such that for all b > by there exists a a source code (R(b~r)/ b- r) with rate
R(p.r) < R+ 1 satisfying d_(S(b'r), g(h")) <D+ % We now show that we can construct a code with an
arbitrary blocklength [ = b - r 4+ j where 0 < j < r (i.e., the blocklength [ is not an integer multiple of
r) satisfying Definition 6 forall j € {1,...,r — 1} as follows: Apply the code (R(b‘,), b- r) to the first

b - r samples of S[i] and then concatenate each codeword by j zeros to obtain a source code having
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codewords of length b - r + j. The average distortion (i.e., see (2)) of the resulting (R(b‘, 4y b+ ]>
code is given by:

b-r b-r+j
- (b+) /\(b+) _ 1 . _ AT« 2 . 2
d (stre), §lr)) — bt (i_l]E{(S[z] 81i]) }—i—i_;HE{(S[z]) })
1 _ .
_ (br) &) 2
=T < r d(S ,S )4-1;(75[1])
b-r . . 1 ]
_ . (b-r) &(br) 27
= d@ )8 )+b¢+jgygm (A1)

gd@wiﬁwﬁ+g<p+n (A2)

The rate Ry, j) satisfies:

1 b-r b-r

Riprij) = bt -logy M = Rp.p) - bt S (R+1)-

b-r—i—jSR—'—”' (A3)

Consequently, any rate-distortion pair achievable with codes whose blocklength is an integer
multiple of r can be achieved by codes with arbitrary blocklengths.

Next, we prove that any achievable rate-distortion pair (R, D) can be achieved by codes whose
blocklength is an integer multiple of r. To that aim, we fix # > 0. By Definition 6, it holds that there
exists a code of blocklength [ satisfying (3) and (4). To show that (R, D) is achievable using codes
whose blocklength is an integer multiple of r, we assume here that [ is not an integer multiple of 7,
hence, there exist some positive integers b and j such that j < rand | = b - r 4 j. We denote this code by
(R(’MH)' b-r+ j). It follows from Definition 6 that R, ;) < R+ and d (S(b'rﬂ), S(b"ﬂ')) <D+

Next, we construct a code (R(b+1)-w (b+1)- r) with codewords whose length is (b+ 1) - 7, i.e., an

integer multiple of r, by adding r — j zeros at the end of each codeword of the code (R(b_, 4y ber+ ])
The average distortion can now be computed as follows:

J(S((b-i-l)"),g((b‘*‘l)")) _ <hfj1E{(5[i] -~ §[i])2} + (HZW E {(S[i]>2}>

o+1)-r\ H i=br+j+1

1 B o ) (b+1)-r
- - ((b-r—i—j) d (s(b'rﬂ),s(b'rﬂ)) + Z gg[i]>

(b+1)-r i=br+j+1
(b+1)-r )
b-r+j j szr‘ﬂaé[l]
-7 A (sr+i) g+ L =0T
R G R e (Ad)
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(b1+1)-r ]
i=by r+j+1 sl
Thus, since the variance is finite and bounded, 3b; > b; such that % < % forall b > bq.

Hence, for all b > by

IN

J(S((b+1)»r)/§((b+1)-r> b-r+j _J(S(b~r+]‘) g(b-rJrj)) +g

(b+1)-r ’
<d (s, 80 4 g <D+ (A5)

The rate R(;1)., can be expressed as follows:

b-r+j

b-r+j
NN

ogy M= Roprj) - o3y 7 S

1
R(b+1).r = W < R+77 (A6)
It follows that R(; 1)., < R+ 77 for any arbitrary # by selecting a sufficiently large b. This proves
that every rate-distortion pair achievable with arbitrary blocklengths (e.g., I = b -7 +j,j < r)is also
achievable when considering source codes whose blocklength is an integer multiple of r (i.e., [ = b - 7).
This concludes the proof. [

Appendix B. Proof of Theorem 1

Recall thata € Rt+. To prove the theorem, we fix a rate-distortion pair (R, D) that is achievable
for the source {S[i]};cpr. By Definition 6 this implies that for all # > 0 there exists ly(57) € N
such that for all I > I(1) there exists a source code C; with rate R(;) < R + 7 and MSE distortion

Dy = E{ % HS(Z) — 80 Hz} < D + 1, where H . H denotes the norm of a vector. Next, we use the code
(w)

C; to define the source code C, *), which operates in the following manner: The encoder first scales its
input block by 1/«. Then, the block is encoded using the source code C;. Finally, the selected codeword
(@)

is scaled by «. Since the C;"’ has the same number of codewords and the same blocklength as C;, it

follows that its rate, denote RE;X)), satisfied REIIX)) = R(l) < R + 7. Furthermore, by the construction of

Cl(“), it holds that its reproduction vector when applied to « - sWis equal to the output of C; applied to
S scaled by a, i.e., a - (). Consequently, the MSE of Cl(“) when applied to the source {a - S[i] }icn,

denoted DE;X)), satisfies DE;‘)) =B{}|a 8" —a.50 ||2} =a?- Dy < a®-D+a?y.

It thus follows that for all 7 > 0 there exists Iy (77) = lo(min(7, %)) such that for all I > Io(77)

there exists a code Cl(a) with rate RE;‘)) < R + 7j which achieves an MSE distortion of Dg;x)) <a?-D+if
when applied to the compression of {« - S[i]};c - Hence, (R,a? - D) is achievable for compression of

{a - S[i] };enr by Definition 6, proving the theorem.

Appendix C. Proof of Theorem 3

In this appendix, we prove (17b) by applying a similar approach as used for proving (17a) in ([17]
Appendix A). We first note that Definition 9 can also be written as follows:

p—limsuka(a:)inf{,B & R|limsup Pr (7, > ) = o} @inf{ﬁ € R lim inf Fi() = 1} . (A7)
— 00

k—o0 k—oo

For the equality (2), we note that the set of probabilities {Pr (Z; > B) }xen is non-negative
and bounded in [0,1]; hence, for any B € R for which limsupPr(Z; > ) = 0, it also holds

k—o0

from ([31] Theorem 3.17) that the limit of any subsequence of {Pr(Z; > )}, is also 0, since
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non-negativity of the probability implies lilgn infPr (Z; > B) > 0. Then, combined with the relationship
—00
li}gn infPr (Zx > B) < limsupPr(Z; > B), we conclude:
— 00

k—00

0< hmmfPr(Zk > B) <limsupPr(Z; > ) =0

k—o0

= hmlanr (Zy > B) = limsup Pr (Z; > ﬁ) = hm Pr(Zy > B) =0,

k—o0

where (a) follows from ([31] Example 3.18(c)). This implies klim Pr (Z; > B) exists and is equal to 0.
—» 00

In the opposite direction, if klim Pr(Zy > B) = O then it follows from ([31] Example
— 00
3.18(c)) that limsupPr(Z; > B) = 0. Next, we note that since F(p) is bounded in [0,1] then
k—oc0

lilgn inf F(B) is finite VB € R, even if klim F(B) does not exist. Equality (b) follows since
— 00 — 00
limsupPr(Z; > B) = limsup (1 —Pr(Z; < B)) which according to ([32] Theorem 7.3.7) is equal

k—ro0 k—co
to 1+ limsup (—Pr(Z; < B)). By ([33] Chapter 1, page 29), this quantity is also equal to 1 —

k—o0

liminf (Pr (Z; < B)) =1 — liminf F,(B).
k—o0 k—oc0

Next, we state the following lemma:
Lemma A1. Given assumption AS2, for all B € R it holds that

li;n inf F(B) = lim liminf Fy ,(B). (A8)
—00

n—00  fk—o0

Proof. To prove the lemma we first show that h}fn inf F(B) < nlgn lilgn inf £ ,,(B), and then we show
—00 00 k—s00
li;n inf F(B) > lgn li;n inf [ ,,(B). Recall that by AS2, forall B € R and k € N, F; ,(B) converges as
—»00 n—o k—oo

n — oo to F(B), uniformly over k and B, i.e., for all 7 > 0 there exists ny(7) € N, ko(no( ) 1) €N

such that for every n > ng(n), p € R and k > ko(no(1),7), it holds that |F,(8) — F(B)| < 7.

Consequently, for every subsequence 0 < k < ky < ... such that llim Fy,n(B) exists for any n > no(1),
—» 00

it follows from ([31] Theorem 7.11) that, as the convergence over k is uniform, the limits over n and [
are interchangeable:
lim lim f ,(B) = lim lim Fy ,(B) = lim Fy,(B). (A9)

n—00 |00 ]—s00 N—+00 l—c0

The existence of such a convergent subsequence is guaranteed by the Bolzano-Weierstrass
theorem ([31] Theorem 2.42) as Fy ,(B) € [0,1].

From the properties of the limit inferior ([31] Theorem 3.17) it follows that there
exists a subsequence of {Fi(B)},.,, denoted {F (B)},c\, such that Jlim F, (B) =

lilgn inf Fi(B). Consequently,
—00

liminfF(B) = lim F (8) 2 lim lim B ,(B)
k—o0 m—00

Nn—00 M—00
Q)
> lim liminf Fy ,(B), (A10)

n—00 k—oo

where (a) follows from (A9), and (b) follows from the definition of the limit inferior ([31]
Definition 3.16). Similarly, by ([31] Theorem 3.17), for any n € N there exists a subsequence of
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{Fin(B) tkear which we denote by {Fy ,(B) },. where {k;}ien satisfy 0 < ky < k2 < ..., such that
llim B n(B) = li]£n inf £ ,,(B). Therefore,
—00 —00

lim liminfFy ,(B) = lim lim Fkl,n (B)

n—00  k—yoo n— | —00
@ QN
= lim F, (B) > liminf F(B), (A11)
|—o00 k—o0

where (a) follows from (A9), and (b) follows from the definition of the limit inferior ([31] Definition
3.16). Therefore, lilzn inf F(B) < 1131 li{n inf £ ,,(B). Combining (A10) and (A11) proves (A8) in the
—voo n—00 fk—so0

statement of the lemma. O

Lemma A2. Given assumptions AS1-AS2, the sequence of RVs {Zy , }, . _ .- satisfies

lim liminf Fy ,(B) = 1} . (A12)

n—o0 koo n—00 k—soo

lim (p—limsup Zk,n> = inf{ﬁ ER

Proof. Since by assumption AS1, for every n € N, every convergent subsequence of {Z; , } ke
converges in distribution as k — oo to a deterministic scalar, it follows that every convergent
subsequence of £} ,(B) converges as k — oo to a step function, which is the CDF of the corresponding
sublimit of Z; ,. In particular, the limit lig glf B, (B) is a step function representing the CDF of the

deterministic scalar (j,, i.e.,

0 B<in
1 B>0n

Since, by Lemma A1, AS2 implies that the limit lgr1 li;n inf Fy ,,(B) exists (convergence to a
n—o0  fk—oco

lilgn inf i ,(B) = { (A13)

discontinuous function is in the sense of ([31] Ex. 7.3)), then liﬁm {n exists. Hence, we obtain that
n—oo

. 0 B< lim ¢y
lim liminf F ,(B) = oo (A14)
N0 k—oo 1 B> lim {y,
n—oo
and from the right-hand side of (A12) we have that
inf{ﬁ c R‘ lim liminf ., (B) = 1} = lim . (A15)

Next, from (A7) and (A13) we note that
p—limsup Z; , = inf {[3 € R‘ liminf F ,(B) = 1} ={n
k—o0 ’ k—o0 ’

Consequently, the left-hand side of (A12) is equal to nl1_r>ro10 {n. Combining with (A15) we arrive at
the equality (A12) in the statement of the lemma. O

Substituting (A8) into (A7) results in

p—limsup Z; = inf{,B € R‘ lim li,?’linfﬁk,n(ﬁ) = 1} @ lim <p— lim sup Zk,n) , (Al6)
0 k—oo

n—oo
k—oo k—o0

where (a) follows from (A12). Equation (A16) concludes the proof for (17b).



Entropy 2020, 22, 345 24 of 34

Appendix D. Proof of Theorem 4

In this appendix we detail the proof of Theorem 4. The outline of the proof is given as follows:

e We first show in Appendix D.1 that for any k € N/, the PDF of the random vector S( ) , representing
the first k samples of the CT WSCS source S (t) sampled at time instants Ts(n) =

pz <, converges
in the limit as n — oo and for any k € N to the PDF of Sék), which represents the first k samples
of the CT WSCS source S.(t), sampled at time instants Ts =

g +>. We prove that this convergence

is uniform in k € A and in the realization vector s) € R¥. This is stated in Lemma A3.

* Next, in Appendix D.2 we apply Theorem 3 to relate the mutual information density rates for

(k) (k)

the random source vector S;;’ and its reproduction S,
sﬁk) and its reproduction Sé"). To that aim, let the functions Fg ¢ and Fg_s_ denote the joint
distributions of an arbitrary dimensional source and reproductior,l vectors cc;rresponding to the
synchronously sampled and to the asynchronously sampled source process respectively. We

define the following mutual information density rates:

k), ak
psi,k)\sﬁ’” (5;(4 )|5£1 ))

with that of the random source vector

Ziy (an’gn) = %log » (sfj‘)) , (A17a)
" 1. Patos® (Sék)|9§k))
Zie (Fs 5,) 2 log = Zk> e (A17b)

k,n € N. The RVs Zl/c,n (an,én) and Z,’(’6 (FSS,S}) in (A17) denote the mutual information
density rates ([14] Definition 3.2.1) between the DT source process and the corresponding
reproduction process for the case of synchronous sampling and for the case of asynchronous
sampling, respectively.

We then show that if the pairs of source process and optimal reproduction process
{Suli], Sulil},c\ and {Sclil, Selil},. s satisfy that Py (é(k)) =2, Ptk ( (k)) uniformly with

n—o0

respect to 3) € R¥ and k € AV, and that P50 (s(k) (k)) o Pstoa ( (k) |§(k)) uniformly

T ~ d
in ((ﬁ(k))T, (s(k))T> € R* and k € N, then Z, ( S, Sn) ist) Zke ( 508 ) uniformly ink € N.
In addition, Lemma A5 proves that every subsequence of { n (FS é ) }k N w.r.t. k, indexed as
7 n,“n S
k; converges in distribution, in the limit I — oo to a deterministic scalar.
e Lastly, in Appendix D.3 we combine the above results to show in Lemmas A7 and A8 that R¢(D) <
limsup R, (D) and R¢(D) > limsup R, (D) respectively; implying that R¢(D) = limsup R, (D),

n—o0 n—o0 n—o0
which proves the theorem.

To facilitate our proof we will need uniform convergence in k € N, of Pk (s(k)), P (é(k))

and Pt gt (s |5k ) to Py (s(k)), Py (3( )> and Pt 50 (s |5k ), respectively. To that aim,

we will make the following scaling assumption w.l.o.g.:

Assumption A1. The variance of the source and the allowed distortion are scaled by some factor a® such that

1
a2 - min {D, ( min o2 (t) — D) } > —. (A18)
0<t<Tps ¢ 27
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Note that this assumption has no effect on the generality of the RDF for multivariate stationary
processes detailed in ([5] Section 10.3.3), ([34] Section IV). Moreover, by Theorem 1, for every a > 0 it
holds that when any rate R achievable when compressing the original source S.(t) with distortion not
larger that D is achievable when compressing the scaled source « - S¢(t) with distortion not larger than

a2 - D. Note that if for the source S¢(t) the distortion satisfies D < rrtur% US (t), then for the scaled
ps

source and distortion we have #> - D < min «?- 03 (1)
0<t<Tps

Appendix D.1. Convergence in Distribution of s,(j‘) to sé") Uniformly with Respect to k € N

dist.
In order to prove the uniform convergence in distribution, S,(lk) (;—SQ s£k>, uniformly with respect
n—oo

to k € N, we first prove, in Lemma A3, that as n — oo the sequence of PDFs of s,(j”, Ps® (s(k)),
converges to the PDF of s, Py (s(k)), uniformly in sX) € R¥ and in k € N. Next, we show in

Corollary Al that Sy, (k) ( ) —7 Se ®) uniformly ink € V.

To that aim, let us defme the set K £ {1,2,...,k} and consider the k- dimensional zero-mean,
memoryless random vectors S,(qk) and Sgk) with their respective diagonal correlation matrices
expressed below:

R é]E{(SSZk))( ) } = diag(dZ [1],...,03 [K]), (A19a)
RY 2 B{(s¥) (s¥)) = diag (o2 [1],..., 02 [K]). (A19b)

Since €, £ L <] it holds that re— l<e, < € therefore
nlgr.}o € = €. (A20)

Now we note that since agc (t) is uniformly continuous, then by the definition of a uniformly
continuous function, for each i € N, the limit in (A20) implies that

T, T,
lim 02 [i] = lim o3 (i- ps ) =032 (i- i ) = o2 [i]. (A21)
n—oo N n—oo ¢ P+€n c p_|_€ €

From Assumption Al, it follows that Ugn [i] satisfies O’En [i] > »-; Hence, we can state the
following lemma:

Lemma A3. The PDF of s,(j‘), P (s(k)>, converges as n — oo to the PDF of 55"), Ps® (s(k)>, uniformly
ins®) € Rkandink € N:

lim Pg (s(k)) = Pgto (s(k)) , Vs e RF vk e V.

n—oo

Proof. The proof of the lemma directly follows from the steps in the proof of ([17] Lemma B.1), which
was applied to random Gaussian processes with independent entries and variance larger than % O

Lemma A3 gives rise to the following corollary:

Corollary Al. Forany k € N it holds that SEI ) (dl—StQ Sé ), and convergence is uniform over k.

Proof. The corollary holds due to ([35] Theorem 1): Since p S (s(k)> converges to p ) (s(k)) then
(k) (dist.) S(

Sh — ek) . In addition, since the convergence of the PDFs is uniform in k € N/, the convergence of
n—oo

the CDFs is also uniformink € N'. O
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Appendix D.2. Showing that Zk " (FOPt ) and Zk . ( ) Satisfy the Conditions of Theorem 3

Let F Sp ¢ denote the joint distribution for the source process and the corresponding optimal
nson

Opt (dist.) .
nzsn n—oo SG'SE’

then Zk,n (ngtg ) and Zk’e (FSE,S}) satisfy AS1-AS2. In particular, Lemma A4 proves that

reproduction process satisfying the distortion constraint D. We next prove that for F

~ dist.
Zi (F;)f;n) ijoj Z (FSe,§s) uniformly in k € N for the optimal zero-mean Gaussian reproduction

vectors with independent entries. Lemma A5 proves that for any fixed 1, Z| (FOPt

5 ) converges in
Snzsn

distribution to a deterministic scalar as k — co.

Lemma A4. Let {Q,(qk) Fnen and {w,(]‘) Ynen be two sets of mutually independent sequences of k x 1 zero-mean
Gaussian random vectors related via the backward channel (20), each having independent entries and let PDFs

Ps (é(k)) and Py ® (w(k)), respectively, denote their PDFs. Consider two other zero-mean Gaussian
random vectors Sé") and ng) each having independent entries with the PDFs 0 (é(k)) and Py ® (w(k)),
respectively, such that nh_r)r;o 0 (§(k)> = Pgt (é(k)) uniformly in %) € R and uniformly with respect to
ke N,and lim P t® (w(k)> =Py (w(k)) uniformly in w®) € R¥ and uniformly with respect tok € N

Then, the RVs an (F;)St ) and Z,’(’e (F 5.4 ) defined via (A17) satisfy an ( ;),},Dtsn) Eldjij Zke (FS€,§6>

uniformly over k € N.

Proof. To begin the proof, for (s(k), §(k)) € R?%, define

. (k)| (k) R (k)| 5(k)
e

€

Now, we recall the backward channel relationship (20):
i) =8 + wil, (A23)

where §£,k) and W,(qk) are mutually independent zero-mean, Gaussian random vectors with independent
entries, corresponding to the optimal compression process and its respective distortion. From this
relationship we obtain

Psiosit (s1) “ Poiwifs (s91s%)

b
= Py (9 =30}, (A24)

where (a) follows since s =8% 1 W see (A23), and (b) follows since W and 80 are mutually
independent. The joint PDF of S(k) and Sslk) can be expressed via the conditional PDF as:

s (89) g (V160 g (49 (49-59) g (6.

where (a) follows from (A24). Since S,({‘) and W,(1k) are Gaussian and mutually independent and
since the product of two multivariate Gaussian PDFs is also a multivariate Gaussian PDF ([36]

Section 3), it follows from (A25) that s,ﬁk) and S,(]‘) are jointly Gaussian. Following the mutual
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independence of ngk) and 3,(1]{), the right hand side (RHS) of (A25) is also equivalent to the

T /. gnT17T
joint PDF of {(W,@) , (s,ﬁ")) ] denoted by Py 50 (s(k) — §(k),§(k)>. Now, from (A24), the
assumption nlgr.}o P ® (w(k)> = Py (w(k)) implies that a limit exists for the conditional PDF
ps(k)‘ggc) (s(k) \ (K, this we denote by P50 (s(k) | §(k>>. Combining this with the assumption

lim 0 (é(k)) = Pa® (é(k)>, we have that,

n—oo

= py g0 (s9,39), (A26)

where (a) follows from (A24), and (b) follows since the limit for each sequence in the product exists

T ™ T
([31] Theorem 3.3); Convergence is uniform in (é(k)) , (s(k)> € R* and k € N, as each

sequence converges uniformly in k € A ([31] Page 165). Observe that the joint PDF for the zero-mean
(k)

Gaussian random vectors [Sn , S,(qk)} is given by the general expression:
~ -1 T T . (or) — T 7T
P g (s,80) = (Det(2nC ) ) “exp <_§ [(§<k>) (s9) }(c,ﬁz’ﬁ) 1[(g<k>> (s9) } ) (A27)

N AT 7T
where C,(fk) denotes the joint covariance matrix of [(s,(f‘)) , (s,(j‘)) } . From (A27) we note that

Pt g (s(k>, §(k)> is a continuous mapping of ¢ with respect to the index 1, see ([17] Lemma B.1).

A

Hence the convergence in (A26) of Ps® 5 (s(k), s(k)) as n — oo directly implies the convergence

of C£,2k) as n — oo to a limit which we denote by (”:22"). It therefore follows that the limit function
P atb (s(k), §(k)> corresponds to the PDF of a Gaussian vector with the covariance matrix ¢,

The joint PDF for the zero-mean Gaussian random vectors [W,(f(), S,(qk)} can be obtained using

their mutual independence as:
o (S<k> _ g(k),g(k))

P 4
exp <_% [(s(k)_g(k)>T, <§(k)>T} (21(1210)4 {(s(k)_g(k))T/ <§(k))T:| T) ,

_ (Det (2n21(12k>)> (A28)

(ST

T /. anT]T
where Zg,Zk) denotes the joint covariance matrix of {(WW) , (Sslk)) ] . Since the vectors WElk) and

§£,k) are zero-mean, mutually independent and, by the relationship (20), each vector has independent



Entropy 2020, 22, 345 28 of 34

(2k)

entries, it follows that X, is a diagonal matrix with each diagonal element taking the value of the
corresponding temporal variance at the respective indexi € {1,2,...,k}. i.e.,

Zr(lzk)AE{<< )( k)) <( )T’(S’gk))T)}
= diag(E{(Wal1])*} E{(Wal2)*}, .., E{(Walk)*}, 0% [1],03 [2].... 03 [K]).  (A29)

The convergence of Py 50 (s(k) — sk 5k )) from (A26), implies a convergence of the diagonal
elements in (A29) as n — oo. Hence Zfl k)
which we denote by Z£2k)

mutually independent and each vector has independent entries ini € [1,2,...,k].
Relationship (A26) implies that the joint limit distribution satisfies p ) o) (s(k),é(k)) =

converges as 1 — oo to a diagonal joint covariance matrix

. This further implies that the limiting vectors ng) and §((;k) are zero-mean,

Pa® (é(k)) Py® (s(k) — §(k)>. Consequently, we can define an asymptotic backward channel that
satisfies (A26) via the expression:
s = 801 + wlpi. (A30)

Next, by convergence of the joint PDF P (s(k) —é(k)) " Pem) (é(k)) uniformly in
T ™ T
k € N and in ((s(k)) ,<§(k)> > e R*, it follows from ([35] Theorem 1) that

{(SSP)T, (Wslk))T}T (@Q [(SE"))T, (ng))T} ’ and the convergence is uniform in k € N and in

n—o0

T ™ T
((s(k)) , (é(k)) ) € R?. Then, by the continuous mapping theorem (CMT) ([37] Theorem 7.7), we

[(S}(lk))T, (gnk))T}T: [(gi(ik)_i_wglk))T, (gglk))T}T(ﬂ) [(S( )+W(k)) (ggk))T}T: [(Sgk))T/ (ggk))T}T

n—oo

Now, using the extended CMT ([37] Theorem 7.24), we will show that
A dist.
fkn( n 1551)) (i))

n—00

Lemma B.2). Then, since Zl’(,n (ngtg ) = 11og frn (S 2 S( )> and Z;, ( S 4 ) = %logfk,e (sé"),ﬁé")),

. d
we conclude that Z; (F;)p ts ) : lSt)Z’ (Fse,s})r where it also follows from the proof of
([17] Lemma B.2) that the convergence is uniform in k € N. Specifically, to prove that

fin (S,(qk), Q,ﬁ")) idijsig fre (Sék), §£k>), we will show that the following two properties hold:

fre (sé"), Sﬁ")) for each k € NV, following the same approach as in the proof of ([17]

©\T (g0
P1  The distribution of [(Se ) ,(Se ) ] is separable (as defined in ([37] Pg. 101)).

T T

P2  For any convergent sequence ( € R* such that lijn (s,(qk),ﬁflk)) =
n—oo

(sg ),32")) then hm fkn (sn , 85 )) fre (se ,§£k)).

. T
To prove property P1, we show that U®) 2 [(sﬁf‘))T, (sé"))T} (here we misuse the dimension
notation as UK) denotes a 2k-dimensional vector) is separable ([37] Pg. 101), i.e., we show that Vi > 0,
there exists § > 0 such that Pr (|| u®|? > ﬁ) < 7. To that aim, recall first that by Markov’s inequality

(129] Pg. 114), it follows that Pr (|| U® [|2 > p) < 1E{Hu<k>

2
’ } For the asynchronously sampled

source process, we note that O'S [i] £ {(Se[ i]) } [0, max o2 (t)]. By the independence of w

0<t<Tys ¢
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and 8%, and by the fact that their mean is zero, we have, from (A30) that E { (Seli])? } = { (Seli]) 2} +

E{(Weli])*} < Jmax og (1) Hence It { (Sc[i])” }<Ogg>T< 02, (1), and E { (Weli]) }<Oglg>T<p o2 (b).

0<t<

2
This further implies that]E{HU(k)H } {H S(k S(k H } <2-k- max (752; (t) ; therefore

for each g > %E {HU(") Hz} we have that Pr <HU (k) H > ﬁ) < 1, and thus U®) is separable.

By the assumption in this lemma it follows that V > 0 there exists ny(7) > 0 such that for
all n > ng(n) we have that Vaw®) ¢ R, |pw(k> (w(k)> — Py® (w(k)) | < 1, for all sufficiently large

T ™ T
k € N. Consequently, for all ((s(k)) , (é(k)) ) € R?*, n > ng(y7) and a sufficiently large k € N, it
follows from (A24) that

s (150) g g (89 | [ (59 59) g (5050 <0ty

Following the continuity of Psib) stk (s(k) |§(k)) and of p S(k)( N, fin (s ( )) is also continuous
. (0 sy _ (k) g0k - (k) o0
([31] Theorem 4.9); hence, when Jlim (sn',8y)) = (s%),50), then nh_r};tofk,n (sn , 8y )

fre < )) This satisfies condition P2 for the extended CMT; Therefore, by the extended CMT, we

(k)

dist. A ~
have that f; , ( , s,ﬁk)) 51;—52 fre (sé"), Sgk)). Since the RVs Zl’m (FOptA ) and Z,’(, . (Fs€,§€>' defined in

Sn/Sn

(A17), are also continuous mappings of f , (Sflk), S (k)) and of fy . (sé"), SE’”) , respectively, it follows
t (dlst )

from the CMT ([37] Theorem 7.7) that Z; , (FeP ) =37 (F 5. )

n Sn n—oo

d
Finally, to prove that the convergence Z; (FOptA ) ( ) Zk . (F ) is uniform in k € N, we

Sn/sn n—o0
note that as §£,k) and §£k) have independent entries, and the backward channels (21) and (A30) are
memoryless. Hence, it follows from the proof of ([17] Lemma B.2), that the characteristic function of

theRVk-Z] (F;pté ) which is denoted by ;5 (@) 2 E {ej wk-Zy } converges to the characteristic

function of k - Z; (Fs€,5}>' denoted by @ 7, (), uniformly over k € N. Thus, for all sufficiently
small 7 > 0, 3kg € N, ng(n7,ko) € N such that Vn > ny(y,kg), and Vk > ko

@z, (@) = Pz (W) <1, VYo €R. (A32)

Hence, following Lévy’s convergence theorem ([38] Theorem 18.1) we conclude that k -

Zl/m (F opt ) (dist) — k- Zk . (F ) and that this convergence is uniform for sufficiently large k. Finally,

Sn,Sn/) n—oo
since the CDFs of k- Z; , (F;)ptSA ) and k- Z; (FSE §e> obtained at « € R are equivalent to the
CDFs of Z,’(n (ngtSA ) and Z; (Fse §6) obtained at ; € R respectively, we can conclude that
~ t O\ (dist.) ) .
Zp (Fgfsn> — Z (PSESE)’ uniformly ink e N. [

The following convergence lemma A5 corresponds to ([17] Lemma B.3),

Lemma A5. Let n € N be given. Every subsequence of {lec " (ngts )}k V indexed by k;, converges in
4 non €

distribution, in the limit as | — oo, to a finite deterministic scalar.

Proof. Recall that the RVs Z,’< " (ngg ) represent the mutual information density rate between k
ns2on

samples of the source process S, [i] and the corresponding samples of its reproduction process Salil,

where these processes are jointly distributed via the Gaussian distribution measure F, opt s . Further,
n
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recall that the relationship between the source signal and the reproduction process which achieves the
RDF can be described via the backward channel in (21) for a Gaussian source. The channel (21) is a
memoryless additive WSCS Gaussian noise channel with period py,, thus, by [21], it can be equivalently
represented as a p, x 1 multivariate memoryless additive stationary Gaussian noise channel, which
is an information stable channel ([39] Section 1.5). For such channels in which the source and its
reproduction obey the RDF-achieving joint distribution F sp .
converges as k increases, almost surely, to the finite and deterministic mutual information rate ([14]
Theorem 5.9.1). Since almost sure convergence implies convergence in distribution ([37] Lemma 7.21),

this proves the lemma. [

the mutual information density rate

Appendix D.3. Showing that R¢(D) = limsup R, (D)

n—oo

This section completes the proof to Theorem 4. We note from (14) that the RDF for the source
process Sy |i] (for fixed length coding and MSE distortion measure) is given by:

R, (D) = inf {p lim sup Z; , (ngtsJ } , (A33)

Fs, 505 (Fs,,5, ) <D k—ro0
where dg (Pgn s ) = limsup %]E{HSS() — 5 ||2}
o k—co0
We now state the following lemma characterizing the asymptotic statistics of the optimal

(k)

reconstruction S,
relationship (21):

process and the respective noise process W,gk) used in the backward channel

Lemma A6. Consider the RDF-achieving distribution with distortion D for compression of a vector Gaussian
(k)

source process Sy’ characterized by the backward channel (21). Then, there exists a subsequence in the index
n € N denoted ny < ny < ..., such that for the RDF- achieving distribution, the sequences of reproduction

vectors {S,(j;)} 1en and backward channel noise vectors {W } leN” satisfy that hm Peo (A( )) = pyp ( (k)>

ny

uniformly in 8%) € R¥ and uniformly with respect to k € N, as well as lhm P ( ) (w(k))
—00

uniformly in w®) € RK and uniformly with respect to k € N, where Psw (8 ( ) and P ( ) are
Gaussian PDFs. ’

Proof. Recall from the analysis of the RDF for WSCS processes that for each n € N, the marginal

distributions of the RDF-achieving reproduction process 5, [i] and the backward channel noise W,,[i] is

. . . . & 12
Gaussian, memoryless, zero-mean, and with variances US% [i(| £ E { (Suli]) } and
n

E { (Wi, [i])2} = o2 [i] - o2 [i], (A34)

respectively. Consequently, the sequences of reproduction vectors {gﬁlk) }nen and backward channel

noise vectors {W(k }nen are zero-mean Gaussian with independent entries for each k € N. Since
O'S [i] < max O'S (t), then, from (A34), it follows that O'A [i] is also bounded in the interval [0, ,max 0'5 ()]
te

for all n € N. Therefore, by Bolzano-Weierstrass theorem ([31] Theorem 2.42), o2 o [i] has a convergent
subsequence, and we let 11y < np < ... denote the indexes of this convergent subsequence and let

the limit of the subsequence be denoted by (TA [ j]. From the CMT, as applied in the proof of ([17]

Lemma B.1), the convergence 02

& H e 0% [i] for each i € N implies that the subsequence of PDFs

Pal s ( (k)) corresponding to the memoryless Gaussian random vectors {S }le A converges as | — oo

to a Gaussian PDF which we denote by P (é(k)), and the convergence of P (é(k)) is uniform in
€ m
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s for any fixed k € . By Remark 2, it holds that W,,[i] is a memoryless stationary process with
variance E {( Wy [i]) } = D and by Equation (A34), Ugn [i] = O'S [i] — D. Hence by Assumption Al and
by the proof of ([17] Lemma B.1), it follows that for a fixed 7 > 0 and ko € N, 3ng (1, ko) such that for
all n > no(n, ko) s (s¥) — Pyt (3®)| < 7 for every

5 € RK. Since (17, ko) does not depend on k (only on the fixed ko), this implies that the convergence
is uniform with respect to k € V.
The fact that W,,[i] is a zero-mean stationary Gaussian process with variance D for each n € N,

implies that the sequence of PDFs Py (w(k)) converges as 1 — oo to a Gaussian PDF which
we denote by p, (w(k)> hence its subsequence with indices n; < 1, < ... also converges to
Pk ( (k )> Since D > 5~ by Assumption Al combined with the proof of ([17] Lemma B.1) it follows

that this convergence is uniform in w*) and in k € A to Pw® (w( )).

Following the proof of Corollary Al, it holds that the subsequences of the memoryless
Gaussian random vectors {S,(”)} and {W,(“)} converge in distribution as I — oo to a Gaussian
distribution, and the convergence is uniform in k € N for any fixed k € N. Hence, as shown in

N T (di N T
Lemma A4 the joint distribution [( (k)) (S,(j;)) T} (:ljsig {(Sék) ) T (S((;k) ) T} , and the limit distribution

is jointly Gaussian. [

Lemma A7. The RDF of {S¢li]} satisfies Re(D) < limsup R, (D), and the rate lim sup Ry, (D) is achievable
n—o0 n—o0
for the source {Se[i]} with distortion D when the reproduction process which obeys a Gaussian distribution.

Proof. According to Lemma A6, we note that the sequence of joint distributions {F }ne A has a
convergent subsequence, i.e., there exists a set of indexes n; < ny < ... such that the sequence of
distributions with independent entries {F oPt }en converges in the 11m1t I — oo to a joint Gaussian

distribution Fge, 3 and the convergence is 111n1form in k € N. Hence, this satisfies the condition of
(dzst )

l—o0
)} 1en converges in distribution to a finite deterministic

Lemma A4; This implies that Z,’(,nl (FOptA )

s & Z; (P’ ) uniformly in k € N. Moreover, by
n’r Yll

opt
F Sy Suy
scalar as k — co. Therefore, by Theorem 3 it holds that

Lemma A5 every subsequence of {Zl/c,nl (

. opt 1 / /
lll)r?o (p lim sup an <F5"w§"z)> =p—limsup Z; . (FSE,S)

k—o0 k—o0

> inf {p lim sup Z . (FSS,S;E)} — Re(D). (A35)

k—o0

From (14) we have that R, (D) = p— lim sup Zk " (FOPt ) then from (A35), it follows that

k—o0 Sn5

(@)
Re¢(D) < lim Ry, (D) < limsup R, (D), (A36)

[—e0 n—co
where (a) follows since, by ([31] Definition 3.16), the limit of every subsequence is not greater than the
limit superior. Noting that Fé ¢ is Gaussian by Lemma A6 concludes the proof. [

Lemma A8. The RDF of {S[i]} satisfies Re(D) > limsup R, (D).

n—o00
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Proof. To prove this lemma, we first show that for a joint distribution Fg_ g which achieves a
rate-distortion pair (Re, D) it holds that Re > E{Z;_ e(F’ )} Recall that (Re, D) is an achievable
rate-distortion pair for the source {S¢[i]}, namely, there exists a sequence of codes {C;} whose
rate-distortion approach (R, D) when applied to {S¢[i]}, This implies that for any # > 0 there
exists lo(17) such that VI > Ip(17) it holds that C; has a code rate R; = 1 log, M; satisfying R; < Re +7
by (3). Recalling Definition 5, the source code maps sé’) into a discrete index J; € {1,2,..., M;}, which

is in turn mapped into Sé’), ie., 52’) — ] Sé’) form a Markov chain. Since J; is a discrete random
variable taking values in {1,2,..., M;}, it holds that

log, M; > H(]))

> 1(sY; 81, (A37)

where (a) follows since I(Sgl); Ji1) =H(J;) —H(Ji| sé”) which is not larger than H(J;) as J; takes discrete
values; while (b) follows from the data processing inequality ([5] Chapter 2.8). Now, (A37) implies
that for each I > Iy(17), the reproduction obtained using the code C; satisfies 11 (Sg) ; 321)) < llogM; <
R¢ + 1. Since for every arbitrarily small # — 0, this inequality holds for all I > Iy(7), i.e., for all
sufficiently large /, it follows that R¢ > lim sup %I (SQ) ; SS)). Hence, replacing the blocklength symbol

k—o0

from [ to k, as %I(Sgk), Sék)) = E{lec,e(F; s ) }([5] Equation (2.3)), we conclude that

Re(D) > limsup E{Z; .(F; ¢ )} (A38)

k—o0

Next, we consider lim sup ]E{Zkl e( )} Let Zk’ . (F’ ) be a subsequence of E {Zke(Fs 2 )}
k—o0 SesSe €

with the indexes k1 < kp < ... such that its limit equals the limit superior. i.e., llim E {Z;{l . ( Fé e ) } =
— 0 €/9€

limsup E {Zk . (F ! ) } Since by Lemma A4, the sequence of non-negative RVs {Zkl,n (F opt ) }nE/\/

k—o0 Sn/Sn

convergences in distribution to Z,’cl (F’ - ) as n — oo uniformly in k € N, it follows from ([40]

Theorem 3.5) that E {Zl/cl,e (F’ )} = lim E {Zk Y (FOptA )} Moreover, we define a family of

Se, Se n—o0 Sn:Sn
distributions F (D) such that 7 (D) = {Fg ¢ : D (FS,5A> < D}. Consequently, Equation (A38) can now
be written as:

Re(D) > limsupE{Z; . (F, ¢ )} = lim lim B{Z; , (PP )}

k—s00 |—00 N—00
(@) ;. . oy opt
= lim hmE{Z (F A)}
n—o0 | 300 ki n Sn,Sn

® Jim sup 11m I {Zkl n <F;)r}t)t5n> }

n—o0

> limsup lim  inf )E {Zl/q,n (Fsrg) }

n—soo 1—00 Fg s€F(D

© 1, (gt gk
= 112njotjp lll)r?op SleI}Tf(D) 3 I (S ; Sh ) , (A39)

. ~ dist. . . .
where (a) follows since the convergence Z,’Cl . (F;)p tg ) (j)) Zl’q (Fé s) is uniform with respect
4 ns,2n n (o) 4 €7

to k;, thus the limits are interchangeable ([31] Theorem 7.11); (b) follows since the limit of the

subsequence I {ZI/Q " (F;)ptg ) } exists in the index 1, and is therefore equivalent to the limit superior,
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lim sup I {leq,n (F oPt ) } ([31] Page 57); and (c) holds since mutual information is the expected value

n—oo Snrsn

of the mutual information density rate ([5] Equation (2.30)). Finally, we recall that in the proof of
Lemma Ab it was established that the backward channel for the RDF at the distortion constraint D,
defined in (21), is information stable, hence for such backward channels, we have from ([41] Theorem
1) that the minimum rate is defined as R,(D) = lim  inf %I (Sﬁk); SS,")) and the limit exists;

k—o0 FS,§€]:(D)
Hence, lim  inf %I (ﬁgk) ; S&P) = lim inf kll (S(k’) ; SEJ‘Z)) in the index k. Substituting this
k—eo Fg s F(D) I—o0 Fg g€ F(D) ™
into Equation (A39) yields the result:
Re(D) > limsup Ry, (D). (A40)
n—oo

This proves the lemma. [

Combining the Lemmas A7 and A8 proves that R¢(D) = lim sup R, (D) and the rate is achievable
n—oo
with Gaussian inputs, completing the proof of the theorem.
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