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Abstract: This work is an extension of our earlier article, where a well-known integral representation
of the logarithmic function was explored and was accompanied with demonstrations of its usefulness
in obtaining compact, easily-calculable, exact formulas for quantities that involve expectations
of the logarithm of a positive random variable. Here, in the same spirit, we derive an exact
integral representation (in one or two dimensions) of the moment of a nonnegative random variable,
or the sum of such independent random variables, where the moment order is a general positive
non-integer real (also known as fractional moments). The proposed formula is applied to a variety of
examples with an information-theoretic motivation, and it is shown how it facilitates their numerical
evaluations. In particular, when applied to the calculation of a moment of the sum of a large number, 1,
of nonnegative random variables, it is clear that integration over one or two dimensions, as suggested
by our proposed integral representation, is significantly easier than the alternative of integrating over
n dimensions, as needed in the direct calculation of the desired moment.

Keywords: integral representation; logarithmic expectation; moment-generating function; fractional
moments; Rényi entropy; jamming; estimation errors; multivariate Cauchy distributions; guessing

1. Introduction

In mathematical analyses associated with many problems in information theory and related fields,
one is often faced with the need to compute expectations of logarithmic functions of composite random
variables (see, e.g., [1-8]), or moments of such random variables, whose order may be a general positive
real, not even necessarily an integer (see, e.g., [9-22]).

In the case of the logarithmic function, the common practice is either to resort to approximate
evaluations, provided by upper and lower bounds on the desired expression (for example, by using
Jensen’s inequality) or to approximate the calculations by using the Taylor series expansion of the
function In x. More recently, it has become popular to use the replica trick (see, e.g., Chapter 8 in [23]),
which is a non-rigorous, but useful technique, borrowed from statistical physics.

In our earlier work [6], we demonstrated how the following well-known integral representation
of the logarithmic function,

o du
1 _ —u __ ,—uUx 1
nx /0 (e e ") X >0, (1)

can be useful in a variety of application areas in the field of information theory, including both source
and channel coding, as well as other aspects of this field. To calculate the expectation, E{In X},
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where X is a positive random variable, the idea is simply to invoke the integral representation (1) and
to commute the expectation and integration operators, i.e.,

E{lnX}:/Ooo (e*”—E{e*“X}) %, 2

thereby replacing the calculation of E{In X} by the calculation of the moment-generating function
(MGF), Mx(u) := E{e"X} for all u < 0, which is often much easier to express in closed form.
Moreover, in frequently encountered situations where X is given by the sum of # independently
identically distributed (i.i.d.) random variables, the MGF of X is given by the n'" power of the MGF of
a single random variable in the sum that forms X. This reduces the dimension of the integration from
n (in the original expression) to a single dimension of the integration over u. Interestingly, this integral
representation has also been used in the statistical physics literature (see, e.g., [23] (p. 140) [24,25]),
but not as much as the replica trick.

In this paper, we proceed in the same spirit as in [6], and we extend the scope to propose an integral
representation of a general moment of a nonnegative random variable, X, namely the expectation,
E{X?} for a given real p > 0. Obviously, when p is an integer, this moment is simply given by the pth
order derivative of the MGF of X, calculated at the origin, as is very well known. However, the integral
representation we propose, in this work, applies to any non-integer, positive p, and here too, it replaces
the direct calculation of E{ X} by integration of an expression that involves the MGF of X. We refer to
this representation as an extension of (2), as the latter can be obtained as a special case of the formula
for E{X"}, by invoking one of the equivalent identities

E{ln X} = lim w, E{In X} = lim M ©)
p—0 P p—0 P
While the proposed integral representation of E{X*} can be readily obtained from [26] (p. 363,
Identity (3.434.1)) in the range p € (0,1), the nontrivial extension we propose for a non-integer
and real p > 1 is new to the best of our knowledge.

Fractional moments have been considered in the mathematical literature (see, e.g., [27-30]).
A relationship between fractional and integer-order moments was considered in [27] by expressing
a fractional moment as an infinite series, which depends on all the positive integer-order moments,
followed by an algorithm for numerical calculations of fractional moments.

As in [6], the proposed integral representation is applied to a variety of examples with an
information-theoretic motivation, and it is shown how it facilitates the numerical evaluations.
In particular, similar to the case of the logarithmic function, when applied to the calculation of a
moment of the sum of a large number, #, of nonnegative random variables, it is clear that integration
over one or two dimensions, as suggested by our proposed integral representation, is significantly
easier than the alternative of integrating over n dimensions, as needed in the direct calculation of the
desired moment. Furthermore, single- or double-dimensional integrals can be instantly and accurately
calculated using built-in numerical integration procedures.

Fractional moments have been considered in the mathematical literature (see, e.g., [27-30]).
A relationship between fractional and integer-order moments was considered in [27] by expressing
a fractional moment as an infinite series that depends on all the positive integer-order moments,
which was followed by an algorithm for numerical calculations of fractional moments.

The outline of the remainder part of this paper is as follows. In Section 2, we provide the
mathematical background associated with the integral representation in general. In Section 3,
we demonstrate this integral representation in applications, including: moments of guesswork,
moments of estimation errors, differential Rényi entropies of generalized multivariate Cauchy
distributions, and mutual information calculations of a certain model of a jammed channel. Each one
of these examples occupies one subsection of Section 3. The integral representations in this paper
are not limited to the examples in Section 3, and such representations can be proven useful in other
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information-theoretic problems (see, e.g., [6] and the references therein for the integral representation
of the logarithmic expectation and some of its information-theoretic applications).

2. Statistical Moments of Arbitrary Positive Orders

It is well known that integer-order moments of a random variable X are calculable from its MGF
Mx(u) :=E{e"*}, ueR, )

by using its derivatives, calculated at u = 0, i.e.,
E{x*} = M¥(0), peN. )

Quite often, however, there is a theoretical and practical interest to calculate fractional moments of
nonnegative random variables. We next obtain a closed-form integral expression of the p™" moment of
a nonnegative random variable X, as a functional of its MGEF, for any positive real p. Before we proceed,
it should be noted that for p € (0,1), such an expression is available in handbooks of standard tables
of integrals, for example in [26] (p. 363, Identity (3.434.1)). The first innovation here, however, is in
a nontrivial extension of this formula for all p > 0 as an expression that involves a one-dimensional
integral. It should be noted that although the definition of a fractional moment of a random variable
(RV) is also given by a one-dimensional integral (or a sum, depending on whether the RV is discrete or
continuous), the utility of our formula is, e.g., in expressing the p™ moment of a sum of nonnegative
and independent random variables as a one-dimensional integral, instead of an n-dimensional integral,
which is obtained by the direct definition. This new formula serves as the basic building block in all of

our information-theoretic applications throughout this paper.
We first define the Beta and Gamma functions (see, e.g., Section 8.3 in [26] and Chapter 5 in [31]):

1

B(u,v) := A t”fl(l — t)U*1 dt, u,v>0, 6)

T'(u) ::/ tle=tdt, u >0, (7)
0
where these functions are related by the equality

_T(w)I'(v)
B(u,v) = W, u,v > 0. (8)

Theorem 1. Let X be a nonnegative random variable, and let p > 0 be a non-integer real. Then,

1 lo) ay

1+p = B({+1Lp+1-0)

psin(mp)T(p) = 1 (E[(-Va 3 _,
+ /0 (Jg{.]uf}e —MX(—u)>du, )

7T uP+1

E{Xf} =

where, forall j € {0,1,...,},

aj=E{(X-1)} (10)

1 i (-1~ M (0)
1A B+, j—+1)

(11)

Proof. See Appendix A. [
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Remark 1. The proof of (9) in Appendix A does not apply to p € N (see (A7) and (A8) etc., where the
denominators vanish for p € N). In the latter case, by referring to the second term on the right-hand side of (9),
we get sin(7tp) = 0, and also, the integral diverges (specifically, for p € N, the integrand scales like % for u that
is sufficiently close to zero), yielding an expression of the type 0 - co. However, taking a limit in (9) where we let
o tend to an integer and applying L'Hopital’s rule can reproduce the well-known result in (5).

Corollary 1. Foranyp € (0,1),

E{XP}:HF(l’iP)/O ¢ uH’;( ") qu. (12)

Proof. Equation (12) is due to Theorem 1 and by using (A20) and (A22) (see Appendix A), and «p := 1,
which give

7T

1 ) . 1 F(p+2)
1+p B(l,p+1) 1+pT(p+1)
=1 (14)

O
Remark 2. Corollary 1 also follows from [26] (p. 363, Identity (3.434.1)) (see Section 4 in [6]).

Corollary 2. [6] Let X be a positive random variable. Then,

® el Mx(—u)

. du. (15)

E{lnX} = /

0

A proof of (15) was presented in Section 2 in [6], based on the integral representation of the

logarithmic function in (1), and by interchanging the integration and the expectation (due to Fubini’s
theorem). It can be alternatively proven by using Corollary 1, the identity

|
Inx = lim
=0 p

x>0, (16)

and swapping the order of the expectation and limit by the dominated convergence theorem.

Identity (15) has many useful information-theoretic applications in its own right, as demonstrated
in [6], and here, we add even some more. The current work is an extension and further development
of [6], whose main theme is exploiting Theorem 1 and studying its information-theoretic applications,
as well as some more applications of the logarithmic expectation.

3. Applications

In this section, we exemplify the usefulness of the integral representation of the p" moment in
Theorem 1 and the logarithmic expectation in several problem areas in information theory and statistics.
These include analyses of randomized guessing, estimation errors, Rényi entropy of n-dimensional
generalized Cauchy distributions, and finally, calculations of the mutual information for channels with
a certain jammer model. To demonstrate the direct computability of the relevant quantities, we also
present graphs of their numerical calculations.
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3.1. Moments of Guesswork

Consider the problem of guessing the realization of a random variable, which takes on values in a
finite alphabet, using a sequence of yes/no questions of the form “Is X = x1?”, “Is X = x?”, etc., until a
positive response is provided by a party that observes the actual realization of X. Given a distribution
of X, a commonly used performance metric for this problem is the expected number of guesses or,
more generally, the o™ moment of the number of guesses until X is guessed successfully. When it
comes to guessing random vectors, say, of length n, minimizing the moments of the number of guesses
by different (deterministic or randomized) guessing strategies has several applications and motivations
in information theory, such as sequential decoding, guessing passwords, etc., and it is also strongly
related to lossless source coding (see, e.g., [9-13,19-22,32-34]). In this vector case, the moments of the
number of guesses behave as exponential functions of the vector dimension, 7, at least asymptotically,
as n grows without bound. For random vectors with i.i.d. components, the best achievable asymptotic
exponent of the p* guessing moment is expressed in [9] by using the Rényi entropy of X of order
p = ﬁ Arikan assumed in [9] that the distribution of X is known and analyzed the optimal
deterministic guessing strategy, which orders the guesses according to nonincreasing probabilities.
Refinements of the exponential bounds in [9] with tight upper and lower bounds on the guessing
moments for optimal deterministic guessing were recently derived in [19]. In the sequel, we refer
to randomized guessing strategies, rather than deterministic strategies, and we aim to derive exact,
calculable expressions for their associated guessing moments (as is later explained in this subsection).

Let the random variable X take on values in a finite alphabet A'. Consider a random guessing
strategy where the guesser sequentially submits a sequence of independently drawn random guesses
according to a certain probability distribution, P(-), defined on X. Randomized guessing strategies
have the advantage that they can be used by multiple asynchronous agents, which submit their guesses
concurrently (see [33,34]).

In this subsection, we consider the setting of randomized guessing and obtain an exact
representation of the guessing moment in the form of a one-dimensional integral. Let x € & be any
realization of X, and let the guessing distribution, P, be given. The random number, G, of independent
guesses until success has the geometric distribution

k-1

Pr{G=klx} = [1-P(x)]" P(x), keN, (17)
and so, the corresponding MGF is equal to
Mg (ulx) = Y e Pr{G = k|x}
k=1
_ O L (18)
e — (1—P(x)) 1—P(x)

In view of (9)—(11) and (18), for x € X and non-integer p > 0,

le]
1 Z ny (19)
1+p ZB(l+1,p+1-10)

psin(mp)T(p) (> 1 [(E((-Dea 3 _, Bx)
+ p- /O RS (lz(;){ i ]u]}e _eu(115(x))>du’

E{GPlx} =
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withap :=1,and forallj € N
—E{(G-1)|X =)
- ;; 1) (1 - P(x)) " P(x)

= P(x)Li_;(1 - P(x)). (20)

In (20), Li_;(-) is a polylogarithm (see, e.g., Section 25.12 in [31]), which is given by

Lizj(x) = (x %)j 1 - x’

with ( ) denoting differentiation with respect to x and multiplication of the derivative by x,

vjeNu{o}, (21)

repeatedly j times. In particular, we have

x x(1+x)
i T

Lip(x) = ——, Li(x) =

- (22)

and so on. The function Li_;(x) is a built-in function in the MATLAB and Mathematica software,
which is expressed as polylog(—j, x). By Corollary 1, if p € (0,1), then (19) is simplified to
e U — 67211

p (o)
I'(1-p) /0 uP*1[(1— 13(x))71 —e ]

E{GF|x} =1+ du. (23)

Let P denote the distribution of X. Averaging over X to get the unconditional p" moment using (23),
one obtains for all p € (0,1),

B 0 S P(x)(1 ﬁ(x))
E{GP}*l—'—r(l—p)/o N 2 +1—2(1 P(x))

where (24) is obtained by using the substitution z := e™". A suitable expression of such an integral is
similarly obtained, for all p > 0, by averaging (19) over X. In comparison, a direct calculation of the
o™ moment gives

dz, (24)

E{G"} = Y P(x)E{G’|x} = i Yo k(1- P(x))" P(x) P(x). (25)

xeX k=1xeXx

The double sum in (25) involves a numerical computation of an infinite series, where the number
of terms required to obtain a good approximation increases with p and needs to be determined.
The right-hand side of (24), on the other hand, involves integration over [0, 1]. For every practical
purpose, however, definite integrals in one or two dimensions can be calculated instantly using built-in
numerical integration procedures in MATLAB, Maple, Mathematica, or any other mathematical
software tools, and the computational complexity of the integral in (24) is not affected by p.
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As a complement to (19) (which applies to a non-integral and positive p), we obtain that the pth
moment of the number of randomized guesses, with p € N, is equal to

E{GP|x} = f (’;) E{(G—1)'|x}

j=0

=1+D(x) i{(’)) Lij(l—ﬁ(x))}, (26)

where (26) follows from (20) and since ay = 1. By averaging over X,

E{G’} =1+ {p(x)ﬁ(x) i{ <‘]’) Lij(1- ﬁ(x))}}. (27)

xecX j=1

To conclude, (19) and its simplification in (23) for p € (0,1) give calculable one-dimensional
integral expressions for the o guessing moment with any p > 0. This refers to a randomized guessing
strategy whose practical advantages were further explained in [33,34]. This avoids the need for
numerical calculations of infinite sums. A further simplification for p € N is provided in (26) and (27),
expressed in closed form as a function of polylogarithms.

3.2. Moments of Estimation Errors

Let Xj,..., X, be iid. random variables with an unknown expectation 6 to be estimated,
and consider the simple estimator,

. 1M

For given p > 0, we next derive an easily-calculable expression of the p' moment of the
estimation error.
Let Dy, := (6, — 9)2 and p’ := §. By Theorem 1, if p > 0 is a non-integral multiple of two, then

E{|6, -6’} = E{D}} (29)
2 ugj ay
240 2 B(l+1,p/2+1-10)

B(
p . TN PN [ 1 B =1 N,
+ oy sm(7) F(E) ./0 OEES ]E) { i u }e — Mp, (—u) | du, (30)

where
MDn(_u) = E{exp(_u(é\” - 9)2) }' Vu =0, (31)
ap :=1,and for all j € N (see (11))

1 4 (=i My (0)

aj:j+1E)B(€+1,j—£+1)'

(32)
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By Corollary 1 and (29), if in particular p € (0,2), then the right-hand side of (30) is simplified to

E{|8, — 0]’} =1 L/ ~(430) [o= — Mp, (—u)] du, 33
(B} =1 s s [T e s,

and, forallk € N,
E{[8, — 01*} = M{})(0). (34)

In view of (29)—(34), obtaining a closed-form expression for the p" moment of the estimation error,
for an arbitrary p > 0, hinges on the calculation of the right side of (31) for all u > 0. To this end,
we invoke the identity

e—uz _ e jwz— w?/ (4u) dw, Vu>0zeR, (35)

zm

which is the MGF of a zero-mean Gaussian random variable with variance 2 . Together with (31),
it gives (see Appendix B.1)

—]w9 WY\ _w?/(4u)
Mp, (—u 2\/ﬁ (n)e dw, Yu>0, (36)

where X is a generic random variable with the same distribution as X; for all i.
The combination of (30)~(34) enables calculating exactly the p' moment E{|6, — 6|°}, for any
given p > 0, in terms of a two-dimensional integral. Combining (33) and (36) yields, for all p € (0,2),

E{[0 —9|p}
_ p/2+l) 1wl _ 1 n (@Y —jwb—w?/ (4u)
14 =P / / [3e zmch(n)e |dwdu,  @7)

where we have used the identity [*_ 1e~ I dw = 1 in the derivation of the first term of the integral
on the right-hand side of (37).
As an example, consider the case where {X;}” , are ii.d. Bernoulli random variables with

P{X; =1} =0, P{X;=0}=1-9 (38)
where the characteristic function is given by
¢x(u) =E{"*} =1+0("-1), ueR. (39)

Thanks to the availability of the exact expression, we can next compare the exact o™ moment of the
estimation error |0, — 6|, with the following closed-form upper bound (see Appendix B.2) and thereby
assess its tightness:

E{|8, 6|’} < K(p,8) - n 2, (40)

which holds foralln € N, p > 0, and 6 € [0, 1], with
2
K(p,0) :==p r(g) (20 (1—6))"">. (41)

Figures 1 and 2 display plots of E ’5,1 — 6| as a function of § and 1, in comparison to the upper
bound (40). The difference in the plot of Figure 1 is significant except for the boundaries of the interval
[O, 1], where both the exact value and the bound vanish. Figure 2 indicates that the exact value of
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E |9An — 0|, for large n, scales like 1/1; this is reflected by the apparent parallelism of the curves in both
graphs and by the upper bound (40).

To conclude, this subsection provides an exact, double-integral expression for the o' moment
of the estimation error of the expectation of # i.i.d. random variables. In other words, the dimension
of the integral does not increase with 7, and it is a calculable expression. We further compare our
expression with an upper bound that stems from concentration inequalities. Although the scaling of
the bound as a polynomial of # is correct, the difference between the exact expression and the bound is
significant (see Figures 1 and 2).

10t

B -,
8 .,
.......

E |6, — 0|

Exact

.............. Upper bound

0 01 02 03 04 05 06 07 08 09 1
0

Figure 1. E ‘5,1 - 9} (see (37) and (39)) versus its upper bound in (40) as functions of 6 € [0,1] with

n = 1000.
10t
Exact
nd ~
~ ~
~
N ~
S o = = -Upper bound
~ ~ o
1027 N |
~
~
~
s ~
53 Ss.
‘: R ~
(T ~
—_ e ~ -
= SO
~..
103F el
. .
10 102 10° 10*

n

Figure 2. ]E’é\n — 9| (see (37) and (39)) versus its upper bound in (40) as functions of n with 6 = %.

3.3. Rényi Entropy of Extended Multivariate Cauchy Distributions

Generalized Cauchy distributions, their mathematical properties, and applications are of interest
(see, e.g., [6,35-37]). The Shannon differential entropy of a family of generalized Cauchy distributions
was derived in Proposition 1 in [36], and also, a lower bound on the differential entropy of a family
of extended multivariate Cauchy distributions (cf. Equation (42) in [37]) was derived in Theorem 6
in [37]. Furthermore, an exact single-letter expression for the differential entropy of the different family
of extended multivariate Cauchy distributions was recently derived in Section 3.1 in [6]. Motivated by
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these studies, as well as the various information-theoretic applications of Rényi information measures,
we apply Theorem 1 to obtain the Rényi (differential) entropy of an arbitrary positive order « for the
extended multivariate Cauchy distributions in Section 3.1 in [6]. As we shall see in this subsection,
the integral representation for the Rényi entropy of the latter family of extended multivariate Cauchy
distributions is two-dimensional, irrespective of the dimension 7 of the random vector.

Let X" = (Xy,..., X») be a random vector whose probability density function is of the form

Cfl n __ n
i +Z?:18(xi)]q’ = (x1,...,xy) €ER", (42)

f(") =

for a certain function g: R — [0, 00) and a positive constant g such that

1 .
/R” [+ X7 8(xi)]] <o (43)

We refer to this kind of density (see also Section 3.1 in [6]) as a generalized multivariate Cauchy density
because the multivariate Cauchy density function is the special case pertaining to the choices g(x) = x?
and g = 1(n + 1). The differential Shannon entropy of the generalized multivariate Cauchy density
was derived in Section 3.1 in [6] using the integral representation of the logarithm (1), where it was
presented as a two-dimensional integral.

We next extend the analysis of [6] to differential Rényi entropies of an arbitrary positive order «
(recall that the differential Rényi entropy is specialized to the differential Shannon entropy ata = 1[38]).
We show that, for the generalized multivariate Cauchy density, the differential Rényi entropy can be

presented as a two-dimensional integral, rather than an n-dimensional integral. Defining
(e}
Z(t) = / e dy, t>0, (44)

we get from (42) (see Section 3.1 in [6]) that

Cp= — I'(q) . (45)
/ t1-le=tZ" (+) dt
0
For g(x) = |x|?, with a fixed 8 > 0, (44) implies that
2T(1/6)
Z(t) = oA (46)

In particular, for § = 2 and g = %(n + 1), we get the multivariate Cauchy density from (42). In this
case, it follows from (46) that Z(t) = \/? for t > 0, and from (45)

ey o
For w € (0,1) U (1, 00), the (differential) Rényi entropy of order « is given by
1
ny ._ o n n
ho (X") := T log R"f (x™)dx
_ ! log E[f*1(X™)]. (48)

1—«a
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Using the Laplace transform relation,

1 1 (o)
- q—1 ,—st
9= T /0 t1=le=stdt, Vg >0, Re(s) >0, (49)

we obtain that, for « > 1 (see Appendix C),

log T (q(a — 1))
—tn Y A A
he (X" log/ Z"(t)dt + P logT'(q)
i1 —(t+u) 7n
g/ / (t+u)dudt. (50)

If « € (0,1), we distinguish between the following two cases:

(@) Iftle—%forsomeme {1,...,9 — 1}, then

h“(Xn) _ o lOgCn . logr(lﬂ + : i - log<i{<_1>mf /O°° tqfleftq)gl[)(t) dt}), (51)

1—uw 11—« =0
with
gult) = 2"(t), Vt>0. (52)

(b)  Otherwise (ie. if p := (1 — ) ¢ N), then

ny _ : Be(n) p sin(7rp) T'(p)
ha(X") = —log G + log<1+p2B£+1 pr1-0) " 7r

o o Jﬁ ‘ A —tom
LE () Levrveas)a). o

where g :=1,and forallj € N,

i _1)i—¢ ¢
Filn) = rc(:;) ;0{ B(€+(1,1j)]—£+1) Z{(l)é_k(@/() A ( )df}} (54)

k=0

The proof of the integral expressions of the Rényi entropy of order & € (0,1), as given in (50)—(54),
is provided in Appendix C.

Once again, the advantage of these expressions, which do not seem to be very simple (at least on
the face of it), is that they only involve one- or two-dimensional integrals, rather than an expression of
an n-dimensional integral (as it could have been in the case of an n-dimensional density).

3.4. Mutual Information Calculations for Communication Channels with Jamming

Consider a channel that is fed by an input vector X" = (X3, ..., X,) € A" and generates an output
vector Y" = (Y1,...,Yy) € V", where X and ) are either finite, countably infinite, or continuous
alphabets, and X" and )" are their n'h" order Cartesian powers. Let the conditional probability
distribution of the channel be given by

pynjxn (Y |x") = % Z{qux(yjlxj) ryx(yilxi)}, (55)

i—1 \j#i
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where ry|x(:|-) and gy x(+|-) are given conditional probability distributions of Y given X, x" =
(x1,...,xp) € X" and y" = (y1,...,yn) € Y". This channel model refers to a discrete memoryless
channel (DMC), which is nominally given by

n
Gynpxen (V" 12") = T Tavix (Wil %), (56)
i=1

where one of the transmitted symbols is jammed at a uniformly distributed random time, i,
and the transition distribution of the jammed symbol is given by ry|x(v;|x;) instead of gy |x (yi|x;)-
The restriction to a single jammed symbol is made merely for the sake of simplicity, but it can easily
be extended.

We wish to evaluate how the jamming affects the mutual information I(X"; Y"). Clearly, when one
talks about jamming, the mutual information is decreased, but this is not part of the mathematical
model, where the relation between r and g has not been specified. Let the input distribution be given
by the product form

pxn(x") = HPX(xi)r x"e X (57)

The mutual information (in nats) is given by
I(Xn}Yn) = h(Y") — h(Y"|X") (58)
= Ly pxnyn (x",y") Inpyn|xn (y" ") dx" dy” — /yH pyr(y") Inpyn(y")dy™.  (59)

For the simplicity of notation, we henceforth omit the domains of integration whenever they are clear
from the context. We have,

/ pxnyn (X", y") Inpynxn (y" ") dx" dy”

Pyn ”(y |x) n n no.n n| N n n
_/pxnyn X",y ( Yr|X . )dx dy -l—/Pxn,yn(x ") Ingynxn (y" ") dx" dy”. (60)
qy"\xn(y |x)

By using the logarithmic expectation in (15) and the following equality (see (55) and (56)):

pynxn (V" |X") 1 & rypx (vilxi)

_1 ) 61
Tr e 1) 1 A Gy (i) D

we obtain (see Appendix D.1)

/pxnw ") (pYnIXn(]/ |x" )) dxndyn:/;} [e—u_fn—l<z)g(z)}du, 62)

Gyn|xn (y"[x™) u n

where, for u > 0,

)= [ px)axtvi) e (- EE) gy, )
= [ px) rstolo) exp (=20 (64
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Moreover, owing to the product form of g, it is shown in Appendix D.2 that

[ xon (8, y") gy (4 5") dx” dy”
= [ px(x) ryix(ylx) Ingyx (1) dxdy + (n = 1) [ px(x) ayx(vlx) Ingyjx(vlx) dedy.  (65)

Combining (60), (62), and (65), we express h(Y"|X") as a double integral over X x ), independently
of n (rather than an integration over X" x J"):

h(Y"|X") = /Ooo% [fnfl(%> g<%) _e*”} du — /pX(x) TY\X(]/|x) lnqy‘x(y|x) dxdy

— (n=1) [ px(x) ayx(v1%) Inqyx(y]x) dxdy. (66)

We next calculate the differential channel output entropy, h(Y"), induced by pyn xn(-|).
From Appendix D.3,

S = TToly) - Ly ©W) 67
Py (y) EU(%) ni:Zl U(yi), ( )
where, forally € ),
o(y) 1= [ ayx(vlx) px(x) d (68)
w(y) = [ ryx(ylx) px(x) dx. (69)

By (1), the following identity holds for every positive random variable Z (see Appendix D.3):

=1
u

E{ZInZ)} :/O [My(0) e — My (—u)] du (70)

where Mz (u) := E{e"?}. By setting Z := 1 Y/ ZZ((“,/’)) where {V;}” , areii.d. random variables with

the density function v, some algebraic manipulations give (see Appendix D.3)

h(Y™) = /000 %[ n—1 (%) s(%) — e*”} du — /w(y) Ino(y)dy — (n—1) /v(y) Inov(y)dy, (71)

where
s(u) := /w(y) exp(—u:()y})/)) dy, u>0, (72)
t(u) :== /v(y) exp(—uvu();)y)) dy, u>0. (73)

Combining (58), (66), and (71), we obtain the mutual information for the channel with jamming,
which is given by

B = [l () o () () e
+ [ px(x) ryix(v1) Ingy x(ylx) dedy — [w(y) Ino(y) dy

= 1) [ P aypelal) Iy lx) drdy ot motidy]. o
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We next exemplify our results in the case where g is a binary symmetric channel (BSC) with
crossover probability J € (0, 3) and p is a BSC with a larger crossover probability, € € (6, 3]. We assume
that the input bits are i.i.d. and equiprobable. The specialization of our analysis to this setup is
provided in Appendix D.4, showing that the mutual information of the channel px» y», fed by the
binary symmetric source, is given by

L(X"Y") = nin2 — d(e||5) — Hy(e) — (n — 1)Hy(9) (75)

where Hy: [0,1] — [0,In2] is the binary entropy function
Hp(x) :== —xIn(x) — (1 —x)In(1—x), x€][0,1], (76)

with the convention that 0In0 = 0, and

d(e)]o) = e 1n(§> +(1-¢) ln<i :;) (5,€) € [0,1)2 (77)

denotes the binary relative entropy. By the data processing inequality, the mutual information in (75)
is smaller than that of the BSC with crossover probability ¢:

L(X";Y") = n(In2 — Hyp(5)). (78)

Figure 3 refers to the case where § = 1072 and n = 128. Here, I,(X"; Y") = 87.71 nats, and I,(X"; Y")
is decreased by 2.88 nats due to the jammer (see Figure 3).

3
25F
w
©
£
2|
D
>_
e
X 15f
=%
o
>
< 1r
X
_D’
05F
0 ‘ ‘
107 102 101 0.5

Figure 3. The degradation in mutual information for n = 128. The jammer-free channel 4 is a binary
symmetric channel (BSC) with crossover probability 6 = 1073, and r is a BSC with crossover probability
¢ € (6,1]. The input bits are i.i.d. and equiprobable. The degradation in I(X"; Y") (nats) is displayed
as a function of &.

Figure 4 refers to the case where § = 1073 and ¢ = % (referring to complete jamming of a single
symbol, which is chosen uniformly at random), and it shows the difference in the mutual information
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I(X";Y"™), as a function of the length 1, between the jamming-free BSC with crossover probability &
and the channel with jamming.

To conclude, this subsection studies the change in the mutual information I(X";Y") due to
jamming, relative to the mutual information associated with the nominal channel without jamming.
Due to the integral representations provided in our analysis, the calculation of the mutual information
finally depends on one-dimensional integrals, as opposed to the original n-dimensional integrals,
pertaining to the expressions that define the associated differential entropies.

3

2.8f

2.6f

[nats]

2.41

2.2p

LXhY ™

p

2t

1.8¢

1.67

XY™ -

1.4r

1.2r

1 | | | | | |
0 20 40 60 80 100 120
n

Figure 4. The degradation in mutual information as a function of n. The jammer-free channel gy is
a BSC with crossover probability § = 1073, and ry|x for the jammed symbol is a BSC with crossover
probability ¢ = 1. The input bits are i.i.d. and equiprobable.
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Appendix A. Proof of Theorem 1

Let p > 0 be a non-integer real, and define the function F,: (0,0) — R as follows:

00 o) ¢ (_1yi o
Fo(u) == ./0 % (e_”“ - Z{ ( .1)] (u— 1)]u1} e‘“) du, u>0, (A1)

j=0 J!

with the convention that 0° := lim+ x* = 1. By the Taylor series expansion of e #* as a function of u
x—0

around y = 1, we find that for small positive u, the integrand of (A1) scales as 1~ #)) with p — |p| €
(0,1). Furthermore, for large u, the same integrand scales as u~(P*1)e~min{# 1}t This guarantees the
convergence of the integral, and so, F,(-) is well defined and finite in the interval (0, c0).

From (A1), F,(1) = 0 (for 4 = 1, the integrand of (A1) is identically zero on (0, c)). Differentiation
¢ times with respect to y1, under the integration sign with £ € {0,..., |p|}, gives according to Leibniz
integral rule

oo ol ¢ (_1)i o
B (n) = /0 up1+1 [(—1)5“86”” - 2{(5 —lz?;! N _1)]%]}6“] e "
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which 1mp11es that
p ( ) 4 VA L J . ( )

We next calculate F,Ek) () fork := |p] +1and p > 0. By invoking the Leibniz integral rule,

k © 1 ak —uu &l (_1)j i —u
F;g)(ll)Z/O upﬂayk{eﬂ _2{ 7 .(‘u—l)]u/}e du

j=0
_ o0 (_u)kefyu q
_/0 Pt u

= (—1)"/ uk=p=temru gy
0

_ (-1)"/000(5)](7’771(%*1 dt

= (=1)fur* F}zk —p)- (A4)

Hence, from (A3) and (A4),
E(1)=...=F¥a)=o, (A5)
BV () = (~1)" ¥ T(k—p),  k:=lp]+1, p>0. (A6)

By integrating both sides of (A6) with respect to y, successively k times, the equalities in (A5) imply that

RN k-1 ,
Ry = SO N o) -1, k= Lol 41, >0, (A7)
e~ =0

with some suitable constants {¢;(p) }1:01 . Since F,(1) = 0 (see (A5)), (A7) implies that

)k _
co(P):( 1,:1 Lk-p) (A8)

I[T(o—1)

i=0

and since (by assumption) p is a non-integer, the denominator on the right-hand side of (A8) is nonzero.

Moreover, since Féz) (1) =0forall £ € {1,...k — 1} (see (A5)), differentiation of both sides of (A7) ¢
times at yu = 1 yields

(¥ T(k—p) T1 (0 i)

co(p) = — i=0 o 0=1,... k-1 (A9)
H.H()@_i)
1=

Substituting (A8) and (A9) into (A7) gives

_1)k _ k—1 (-1
Fp(l/‘)_(kl)lr(kp)[Vp—l—z{én(p—')(y—l)z}], > 0. (A10)
IT(p—1) ==

i=0
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Combining (A1) with (A10) and rearranging the terms, we obtain

k—1 1 /-1 ‘ ‘
V”=1+Z{€, [Te—1) (u—1) }
(=1 © =0
k—1

(_1)k_1 [1(p—1i) o] .
i=0 o 1 (=1)/ N
T Tk /ouPH <,§{ jt @“1)’”]}6 —“‘)du- (A1)

Setting 1 := X > 0 and taking expectations of both sides of (A11) imply, by swapping the order of
integration and expectation (which is validated due to Fubini’s theorem), that the following equality
holds (see (4) and (10)):

k-1 1 =1
E{XP}:1+Z{£' [Te—19) ag}
4 T i=0
k-1

(-1 (o i) ol i
i=0 S| (e Y _,
* T'(k—p) /0 P+l (Jg{ i u’}e —Mx(—u)> du. (A12)

We next rewrite and simplify both terms in the right side of (A12) as follows:

k(g 1 = 1 Tlp+1)
1+,521{5!11:£(P_1)M}1+521{r(5+1) r(p—f“)'w} o
- 1 k=l 1 I'(p+2)
=1t g;{r(ul) F(p—€+1)'w} .
- 1 k=1 o
=i gzle(erLP—“l) o
1 k-1 o
= 14p g:OB(£+1’p_£+1), (Al6)
and
k—1
(=D I (o —1) _ (CD)FIT(e+ 1) (A17)
T(k—p) T(k—p)T(o—k+1)
- sin(7t(k — p))
= (DT e+ 1) ——— (A1)
_ psin(mp) I(p). (A19)

7T

Equations (A13), (A14), (A17), and (A19) are based on the recursion (see, e.g., [26] (Identity (8.331)))
I(x+1) =xT(x), x>0, (A20)

(A15) relies on the relation between the Beta and Gamma functions in (6); (A16) is based on the
following equality (see (6), (A20), and recall that I'(1) = 1):
Ir(MHT(p+1) 1

B(Lp+1) = Tp+2)  —pi1 (A21)
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and finally, (A19) holds by using the identity (see, e.g., [26] (page 905, Identity (8.334)))

I'(x)T(1-x) = Vx e (0,1), (A22)

sin(7tx)’

with x := k—p = |p]+1—p € (0,1) (since, by assumption, p is a non-integer). Combining
(A12)—~(A19) gives (9) (recall that oy := 1, and k — 1 := [p] holds by (A6)).
We finally prove (11). By (10), forall j € N,

B{(X — 1)/}
-Eev(p)e

L —nri+1) MY (o)
N g T({+1)T(G—£+1)

&j

o~

1 & (—1tri+2) MP(0)

Tl A T DI+
j )] l M( )(0)
]+1§ BU+1,j—f(+1) (A23)
Appendix B. Complementary Details of the Analysis in Section 3.2
Appendix B.1. Proof of Equation (36)
Forallu >0,
Mp, (—u) :E{exp(—u(gn —6)2>} (A24)
_ jw(0,—6) 7w2/(4u) A2
{ zm / e dw} (A25)
_ —jwd jwby 2/ (4u) A2
2\/ﬁ i e {e/n} e dw (A26)
1 © jw &
_ —jwo / (4u)
NG e ]E{exp( l; ) } dw (A27)
—]wG W\ —w?/(4u) d A28
2\/7'[1/! ( n ) ¢ “ (A28)

where (A24) is (31); (A25) relies on (35); (A26) holds by interchanging expectation and integration (due
to Fubini’s theorem); (A27) is due to (28), and (A28) holds by the assumption that Xj, ..., X, are i.i.d.

Appendix B.2. Derivation of the Upper Bound in (40)
Forallp > 0,

E{[8, —0°} = / (16, —6]° > ) dt

P(|6, — 0] > &) per~lde

\\

P(|6, — 6] > ¢) pef " de. (A29)
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We next use the Chernoff bound for upper bounding ]P’(|§n — 0| > ¢) foralle >0,

P, —0>¢) = (f >n£>

i=1

oo sfens )
=i {e T}
121 {e (Qe (1-6) +(1—9)659)n}

(f){efnse%rzHg(s } (A30)

\\/.’3

with 6 € [0,1], and
Hy(s) := 1n(9 10 1 (1-9) e*s9), s> 0. (A31)

We now use an upper bound on Hy(s) for every s > 0. By Theorem 3.2 and Lemma 3.3 in [39] (see also
Lemma 2.4.6 in [40]), we have

Hy(s) < C(6) s> (A32)
with
0, if =0,
1-26
_)———, ifoe(0}),
C(6) := 41n<%) 2 (A33)

10(1—-0), ifoe[i1].
Combining (A30) and (A32) yields

0 _ —nes+nC(0)s
]P)(Gn 0 Z 8) gg{ nes—+n s }

~exp (_ 4(’;?%) . (A34)

Similarly, it is easy to show that the same Chernoff bound applies also to P(@n -0 < —e),
which overall gives

2
P(|0, — 0] > ) §2exp<—42?9)). (A35)
Inequality (A35) is a refined version of Hoeffding’s inequality (see Section 2.4.4 in [40]), which is
derived for the Bernoulli distribution (see (A30)) and by invoking the Chernoff bound; moreover, (A35)
coincides with Hoeffding’s inequality in the special case § = 3 (which, from (A33), yields C(6) = %).
In view of the fact that (A35) forms a specialization of Theorem 2.4.7 in [40], it follows that the
Bernoulli case is the worst one (in the sense of leading to the looser upper bound) among all probability
distributions whose support is the interval [0, 1] and whose expected value is 6 € [0,1]. However,
in the Bernoulli case, a simple symmetry argument applies for improving the bound (A35) as follows.



Entropy 2020, 22, 707 20 of 29

Since {X;} are i.i.d., Bernoulli with mean 6, then obviously, {1 — X;} are Bernoulli, i.i.d. with mean
1 — 0 and (from (28))

0,(1—X1,...,1—X,) =1—0,(X1,...,Xp), (A36)

which implies that the error estimation is identical in both cases. Hence, P(‘@n — 9’ > 8) is symmetric
around 6 = % It can be verified that

min{C(0), C(1-0)} =16(1-0), Voe[01], (A37)

which follows from (A33) and since C(8) > C(1—6) forall 6 € (0, 3) (see Figure 2.1 in [40]). In view
of (A37) and the above symmetry consideration, the upper bound in (A35) is improved for values of
0 € (0,}), which therefore gives

R 2
P(|6, — 0] > ¢) §2exp<—29(q€_9)>, Vo e[0,1], e > 0. (A38)

From (28), the probability in (A38) vanishes if § = 0 or § = 1. Consequently, for p > 0,

E{[6:— 6]} = [ P(j8,—6] > c)per T de (A39)
0
o0 1/182
< ) e
_/0 2exp( 29(1_9))pe de (A40)
—p (2001 - 9))"/2/ W/ dyy 2 (Ad1)
0
= pf( ) (26(1-0))"* 70/ (AL2)
K(p,0)-n~*"2, (A43)
where (A39)-(A43) hold, respectively, due to (A29), (A38), the substitution u := m, (7), and (41).
Appendix C. Complementary Details of the Analysis in Section 3.3
We start by proving (50). In view of (48), for a € (0,1) U (1, 00),
he(X") = —— log E[f*!(X")], (A44)
where X" := (Xy,...,Xy). Fora > 1, we get
n q(1—a)
E[f*1(x")] = c&! ]E{ {1 + Zg(Xi)} } (A45)
i=1

:C;’;_l Rnf(x”),M/g°° pa(a=1)-1 exp{_<1+12g(xi)>t}dt (A46)
exp< tZg )

Crx*l )
_ n (a—1)— 1,
o= " i
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where (A45) holds due to (42); (A46) follows from (49), and (A47) holds by swapping the order of
integrations, which is validated by Fubini’s theorem. Furthermore, from (42) and (49),

C
fx") = -
(14 oisx)’
= e e (cu g Jan v e (A48)

and it follows from (A48) and by swapping the order of integrations (due to Fubini’s theorem),

E eXP("fi_ig(Xi)) = F((j;) /Ooo ui—le—v /ﬂ%n exp(—(t +u) Zég(xi))dx" du
= F(EZ) /000 uqle”{ﬁ/_i exp(—(t+u)g(x;)) dxl}du
_ F((j;) /0"" " (/‘: exp(—(t+u) g(x)) dx)n du
= I’(EZ) /0 ~ wi=le "7 (t + u) du, (A49)

where (A49) holds by the definition of Z(-) in (44). Finally, combining (45), (A44), (A47), and (A49)
gives (50).

The proof of (51)-(54) is a straightforward calculation, which follows by combining (A44), (A45),
(A49) and Theorem 1 (we replace {a;} in Theorem 1 with {8;(n)} in order not to confuse the order a
of the Rényi entropy of X").
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Appendix D. Calculations of the n-Dimensional Integrals in Section 3.4

Appendix D.1. Proof of Equations (62)—-(64)

nixn (Y x™
/pxn,yn(x”,y”) ln(ple(m) dx" dy"

Gyn|xn (y"]x")
SR O ) B
- /000114 [ /"’X" v (x"y )exp( - g%) dx" dy"] du (A50)
-4 [ -/ Z{ngyx (vil%) px(x) - ryx<y,|xz>px<xz>}
-exp<—Zi;i'li ' 3) dx” dy] (A51)
:/ H / Z{]I;Il%x (yjlx) px (x)) eXP( Z:;X(;tz )

><

)
(yjlxj)

Py x (ilxi) px (xi) ex p( - ;;Xgllig) } dx” dy”] du  (A52)
)
)

il 1 u Ty
- [ nlﬁ{};l/ oty pxe) exp( = PO

n qy|x ]/]|x]
u r (]/z|x
[t et yenp (< P Y vy an as)

el 1 u Tyix(v]%) "
_/O u|ﬁ _n2{</qY|X .1/|x)pX( )ep( nqyx(ylx)>dxdy>
(

- rstol) e enp (- D) dxdyH au (s
=1 u ryx(ylx) "
:/0 ” [ (/tmx ylx) px(x )eXp( . q?i(y)) dxdy)
[ ryl) pxx >exp< . Z;g'@) d dy] du (A55)

_/ () 8 (5] dn (A56)

where f(-) and g(-) are defined in (63) and (64), respectively. Consequently, f(0) = g(0) = 1,
and 0 < f(u),g(u) <1forallu > 0.
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Appendix D.2. Proof of Equation (65)

[ o (64" In gy (v |") di” dy”

n
:/pxnryn(xn,y Z nqy|x y]|x] ) dx" dy” (A57)
n 1 n
= /pr(xe - Z{qux yelxe) vy x (vilx:) } Y Ingyx (y;lx)) dx" dy” (A58)
=1 i=1 (04
1 n n
= /HPX xy) " Y. Z{HQYX(WW) Ty x (il xi) lan|X(]/j|x]')} dx" dy" (A59)
i=1j=1 \{#i

/ HPX x¢) (ZZ/nHQYX (Welxe) - ryx (vilxi) Ingy x(y;lx;) dy” )dxn' (A60)

i=1j=1 i

We next calculate the inner integral on the right-hand side of (A60). Fori = j,
/n H%\x(yzlxz) “ry)x (il xi) Ingy x (vj|x;) dy
—g/ Ty x (Yelxe) dy; - / ryix (vilxi) Inqy x (yilxi) dy;
i
= /yry|x(]/|x1') Ingy x (y[x:) dy, (A61)
else, if i # j,

/ ) H’JY\X(WIW) -y x (Wilxi) Ingy x (yjlx;) dy

/IMX (yelxe) dy, - /lmx (yjlx;) Ingyx (y;lx;) dy; - /VY\X(]/i|xi)dyi
fé{u}

= [, avix(lx)) Ingyix(ylx) dy. (A62)
Hence, from (A60)-(A62),
/ pxnyn (X, y™) In gyn|xn (y" ") dx" dy”

1 n
= / J [ px(x) (Z/ ryix (lxi) Ingy x (ylx:) dy+22/ qy|x (v]x}) lnqyx(ylx;)dy>
=1

i=1j#i

| —

= {E{LI/ px(xids [ (i) lnmwxi)px(xi)dxfdy}

+i » {H/ px(x¢) dxg - / ey px(x;) ayx (ylx;) 1anX(y|xj)dxde/H
1j#i

i= t#j
= % {2 /X ryix (1) Ingyx (y]x) px (x) dx dy + EZ/ x (%) 4yx (¥1%) In gy x (y]%) dxdy}
i=1" i=1j#i
= /Xxy px (x) ryx (y|x) Ingy x (y[x) dxdy+(n—1)/XXypx(X) Jy|x (y|x) Ingy|x (y|x) dx dy. (A63)
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Appendix D.3. Proof of Equations (67)—(73)

n

pro(y") = [ pyojxo ("[5") pron(x7) dlx
= % i{l;[/wx(yﬂxj) px(xj) dx; - /Vyx(yi|xi)Px(xi)dxi}
j#i

— 2ot vt |

= [Toty) -~y 2 yyre yn, (A64)

where v(-) and w(-) are probability densities on ), as defined in (68) and (69), respectively.
This proves (67).

We next prove (70), which is used to calculate the entropy of Y” with the density py«(-) in (A64).
In view of the integral representation of the logarithmic function in (1) and by interchanging the order
of the integrations (due to Fubini’s theorem), we get that for a positive random variable Z

E{ZInZ) = /Ooo%-]E{Z(e*“ — )V du

_ /oo E{Z}e " —E{Ze "*} du

u

_ / Mz(0 M'( ) qu, (A65)

which proves (70). Finally, we prove (71). In view of (A64),

e T [ (e ],
=TT 5 X5 [1 (,_1 W)“ (n,_zlvwz))]dy
— [TTo . Ly 2w ¥y, af Ly @@\ | g,
—— [Tl £ 50 | Enotw (3 £ 00)

—_ - v 1 L w(yi) nv(]/]) "

- /g—l_ll (}/2) n;]; U(yl) dy

- [Tty 13w .1n<}1 3 “’W) " (466

i=1 i—1 o(y;)

A calculation of the first integral on the right-hand side of (A66) gives

e e —iiz/% R

nzl]l i=1j=1

I\
—_

Z/Hv ye) - w(y;) Ino(y;) dy”. (A67)

=17 L#i

3\»—\
M:

Il
—_

i
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For i = j, the inner integral on the right-hand side of (A67) satisfies
/Hv ye) - w(yi) Ino(y;) dy" = H/ v(ye) dy, - / w(y;) mo(y;) dy;
CF#i i
- / ) Ino(y) dy, (A68)

and fori # j,
/]_[v ye) - w(y;) Ino(y;) dy" = H/ (ye) dyy - /w(yi)dyi-/v(yj) Ino(y;) dy;
0#i Ui
—/ ) Ino(y) dy. (A69)

Therefore, combining (A67)—(A69) gives
i 1 " "
[TTot- 323 080 0yt = faty) mot)ay-+ (n-1) fo0) mot . a0
iz 1j=1

Finally, we calculate the second integral on the right-hand side of (A66). Let y, be the probability
density function defined as

n

w(y") = [oly), y" eI, (A71)
j=1
and let
_ 1w
7= ” 1221 (V) (A72)

where {V;}; areii.d. }-valued random variables with a probability density function v. Then, in view
of (70), the second integral on the right-hand side of (A66) satisfies

[T 1200 (500 52102
= i= !

1 U(}/,) i1
—/oo Mz (0)e™™ MZ( “) du. (A73)
The MGF of Z is equal to
B L u & w(r)
Mz(w = [ TTotr) exp <n§ = ) dr
T ‘ ww(r) 4,
— E/yv(rl) exp(n o(r) ) dr;
e
=K(3), (78
where
K(u) := /yv(y) exp(uvu();?) dy, VueR, (A75)
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and consequently, (A75) yields
/ n—1 /
M0 =K K ()

([fomoo(t) o) frmon(t)an oo

and
M, (0) = 1. (A77)

Therefore, combining (A73)-(A77) gives the following single-letter expression for the second
multi-dimensional integral on the right-hand side of (A66):

[Tt 5G5St Yoy [ e (B o

where the functions s(-) and #(-) are defined in (72) and (73), respectively. Combining (A66), (A70),
and (A78) gives (71).

Appendix D.4. Specialization to a BSC with Jamming
In the BSC example considered, we have X = ) = {0,1}, and

ryix(lx) =el{x #y} + (1 —¢) H{x =y}, (A79)
ayx(ylx) =6 H{x Ay} + (1-9) H{x =y}, (A80)

where 1{relation} is the indicator function that is equal to one if the relation holds, and to zero
otherwise. Recall that we assume 0 < § < ¢ < % Let

, (A81)

NI—=

px(0) = px(1) =

be the binary symmetric source (BSS). From (63) and (64), for u > 0,

qy|x (ylx)

=(1-9) exp( 8(3”

uryx(ylx)
u) =Y px(x) gy x(ylx) eXP( T )
Xy

+6 exp(—), (A82)

ury|x(ylx) >
qy|x (vlx)

(-
—(1—¢) exp( 1_85)u)+€exp( ) (A83)

Furthermore, we get from (A79), (A80), and (A81) that

u) = ZPX( Ty|x (ylx) exp
Xy

- pr x) ryx (y[x) Ingy x (y[x) = —eIné — (1 — &) In(1 — §) = d(¢|[6) + Hp(e), (A84)
and

_EPX ay|x (y|x) Ingy|x (y[x) = Hp(6). (A85)
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Substituting (A82)—(AS85) into (66) (where the integrals in (66) are replaced by sums) gives

H(Y"|X") = d(e||8) + Hy (e) + (n — 1) Hy (6) + /Ooo {f”*l(%) g(%) - e*”} %. (A86)

Since the input is a BSS, due to the symmetry of the channel (55), the output is also a BSS.
This implies that (in units of nats)

H(Y") =nln2. (A87)

As a sanity check, we verify it by using (71). From (68) and (69), for y € {0,1},

o(y) = px(0) ay;x(¥0) + px(1) qy|x (y[1) = 3, (A88)
w(y) = px(0) ryx(¥]0) + px (1) ryjx (yI1) = 3, (A89)
and from (72) and (73), it consequently follows that
s(u) = w(0) exp(—uva(](()()))> +w(1) exp(—uvu(]S)> =e ", Yu>0, (A90)
and also
tu)=e7%, VYu>0. (A91)

It can be verified that substituting (A88)—(A91) into (71) reproduces (A87). Finally, subtracting (A86)
from (A87) gives (75).
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