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Abstract: We investigate some relationships among the integral transform, the function space integral
and the first variation of the partial derivative approach in the Banach algebra defined on the function
space. We prove that the function space integral and the integral transform of the partial derivative
in some Banach algebra can be expanded as the limit of a sequence of function space integrals.
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1. Introduction

The first variation defined by the partial derivative approach was defined in [1].
Relationships among the Function space integral and transformations and translations were developed
in [2-4]. Integral transforms for the function space were expanded upon in [5-9].

A change of scale formula and a scale factor for the Wiener integral were expanded in [10-12] and
in [13] and in [14].

Relationships among the function space integral and the integral transform and the first variation
were expanded in [13,15,16] and in [17,18]

In this paper, we expand those relationships among the function space integral, the integral
transform and the first variation into the Banach algebra [19].

2. Preliminaries

Let Cy[0, T] be the class of real-valued continuous functions x on [0, T] with x(0) = 0, which is
a function space. Let M denote the class of all Wiener measurable subsets of Cy[0, T] and let m denote
the Wiener measure. Then (Cy[0, T], M, m) is a complete measure space and

Ex[F(x)] = /C o F) )

is called the Wiener integral of a function F defined on the function space Cy|0, T].

A subset E of Cy[0, T] is said to be scale-invariant measurable provided pE € M for all p > 0
and a scale invariant measurable set N is said to be scale-invariant null provided m(pN) = 0 for each
o > 0. A property that holds except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s-a.e.). If two functions F and G are equal s-a.e., we write F =~ G.

Definition 1. For the definition of the analytic Wiener integral and the analytic Feynman integral,
see Definition 1in [18] : C+ = {A|Re(A) > 0} and CT = {A|Re(A) > 0}. For real A > 0,

Jr(A) = Ex (P(AM)- M
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For each z € C, the analytic Wiener integral is defined by

B P (0] = £ (PG40 ) = Jp(2) @
Whenever z — —iq through C., the analytic Feynman integral is defined by
EX[F()] = lim EY[F(x)] ©
z——iq

where i = —1.
Notation 1. For A € C4 and for s —a.e.y € Cy[0, T), let
(TA(F))(y) = EX" [F(x +y)]. @

Definition 2. For the Li-analytic Fourier—Feynmann transform, see Definition 2 in [5]:

(T (F)(y) = lim, BV [F(x +y)] = BV [F(x+y)], )

whenever A — —iq through C (if it exists). See [5,9].

Definition 3 (Ref. [1]). The first variation of a Wiener measurable functional F in the direction w € Cy[0, T
which is defined by the partial derivative as

o)
OF(x|w) = o F(x + hw)|p=o - (6)
We will denote it by [D, F, x, w].
Remark 1. Fora € CLandb € R,
P N _ T s
/Rexp{ au” +ibu} du = \/:exp{ 4a}' (7)
3. Results (1). On Gy[0, T
Let

F) = [ [ [Lo(t), x(t)] b d 8
()= [ ep{ilLow =01} aro ®)

in some Banach algebra S defined on Cy[0, T] in [19], where [I,v(t), x(t)] = fOT v(t)dx(t) and assume

that sz[O,T] [loll2d|f|(v) < oo.
Suppose that formulas in this section hold for s — a.e.w € Cy[0, T] and for s — a.e.y € Cy[0, T'.

Lemma 1.

[DR&M:/

Ly

o (i [I,v(t),w(t)]> exp {i [Io(t), x(t)] }df(v), ©)

where [1,v(t),w(t)] = [ v(t)dw(t).
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Proof. By Equation (6).

D, F,x,w)
= 2 Fxthw)
= gp t\X T )Ih=0

B % L,[0,T] eXp{ihU,v(t),w(tH +i[I,v(t),x(t)]} df(v) [n=o

_ /Lz[o,ﬂ (i [1,0(t), w(t)] > exp {i[I,v(t),X(t)]}df(v)-

and

([ o o000 - exp {111,000, 1) }afo) ) |

= P ( /Lz [0,T]

10(0) w(t)] |d1f1(0) ).

Then

Fo < /Lz [0,T]
- /L2 [0,7] Ew (

1 +oo { 12 } }
= ulexpy — =5 o du | d|f|(v
L,[0,T] [ 27.(|v||% /700 jul exp 2||v||% |f1(v)
2
= 2 [ leladl@) < o

where Ey, (F(w)) = fCO[O,T] F(w) dm(w). So,

/Lz [0,T]

Therefore, D, F, x, w| exists. [

10(0)w(0)]|dlf1(0))

1Lo(t), w(?)] D /f|(2)

1L o(t), w(t)] \d|f|<v> < o

Theorem 1.
[1]. E§"™= ([D, F,x+y, w]>

. 1 T '
= Juom (1 [Lv(t),w(t)])exp{z_z./o v?(s)ds +i [Lo(t), y(t)] }df(v)

JL,

2. EM ( [D,F,x+v,w) )

= Joor (z‘ [Lo(t), w(t)] ) exp{ _ zzq/OT v*(s)ds +i[1,0(t),y(t)] }df(v),

where [D,F,x +y,w| = 6F(x + y|w).

30f13

(10)

(11)

(12)

(13)

(14)
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Proof. [1]. Forz € C,,

e (DPx+yw>
= ([DFz%xy,w>
- (/z[on . t)

exp { 1000, 5000 + 111,900,001} 47 0))

_ /LZ[O,T] (i[l,v(t),w(f)})

E(ep {iz 200,201} ) e {i1100,0001 b are)

- /LZ[O,T] (i [I,v(t),w(t)]) - exp { - 21—2 0|3 + i [Lo(t),y(t)] }df(z;), (15)
2].
Ey ([D,F,x+]/,w]>
= Zl_i}rgq E3" ([D, F,x +y,w])
= Zl_i)ygq Lo <z’ [I,v(t),w(t)]> - exp {( - 21—2 |93 + i [Lo(t),y(t)] }df(v)
= Lo (i o) - e { - 5 [ e + i, 0(0),y(0) b ao
O

Lemma 2. For A € C4,

o9 {157 L Lo, OF | - D x+yw) )

is a Wiener integrable function of x € Cy[0, T].

Proof.

-exp {i [Lo(t),x(t)] + i[Lov(t),y(t)) }) df (v). (18)
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and
el ep {757 L 1L | -oxp {ilLo(0) 0] + i Lo0).y(0)]}
< E(er{75" LiLao0r))
— (27'()72/R exp —gkiu%}dﬁ
= e ()
= A%, (19)
Therefore,

fom (1o0m01) - E(op {557 1 Dot <2}
exp {11,000, x(0)] + 111,00, 9] | ) df0)

< Az /
L,[0,T)

By the Wiener integration theorem,

Ew(/L[O,T}
1 +oo { 1/[2 } :|

' ul - expy — ——— tdu | d|f|(v)

o | s Lo Mo gy g A

G

1L o(t), w(t)] ] 4If|(2). 20)

[Lo(t),w(t)]

1110 )

o Pl 1) < oo e
O

Lemma 3 (Ref. [12]). Let {(]Jj}}":l be an orthonormal set in L, [0, T|. Then for v € Ly[0, T] and for A € C,

Ee((op {757 £ a0 xR + 11,0001

[

= A% exp { - 2)\];1(/; Pr(s)v(s)ds )? —% /OT vz(s)ds]}- (22)

Theorem 2. Forz € C,

Es ([D, F,x+vy, w])

1—-z &

= limz? - Ex(exp {2 YL <pk(t),x(t)]2} [D,F,x+y,w]) (23)

n—o0 =1
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Proof by Lemma 1.
1
“2xty ]

Lo[0] < ) eXP{iZ%UIU(fW(f)] +i[lo(t) y(1)] }df(v). (24)

By Lemma 3,

nl1_r>ro10 27 -Ex(exp{l_z i I, ¢ (8), x(t)]z} [D,F,x+y,w]>

1—2z

= nli_r>ro102% /LZ[O,T] Ex<exp{ 5 k;[l L oe(t), x(D)]2 +i[Lo(t), x(t)] })

o . z -1 z—1¢ T 2 1 /T 9
= limz /LZ[O,T]Z exp{ 77 Z/o ¢ (s) v(s),ds]| _E/o U(f)dt]}

n—oo

= b ( /Lz[O,T] (i et wlt) )

exp{ iz H L0, 2(0)] + 111,000,400 }so) )
- Ex<[D,F,z—5x+y,w]>
= Egnwz([D,F,ery,w]). (25)
O
Theorem 3. For real p > 0,
E. <[D Fox+yw )

= lim p™" (exp{p i L ¢x(t) }[DFx+y w]) (26)
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Proof. Forreal A > 0,

Eézcnw,\ ([D, F, x+ y’ ZU})

E, ([D,F,)\_%x +y,w]>

. 1 1-A &
= lim A2 - Ey <exp {2]; (L, pr(t), x(t) ]2}[D, F,x —i—y,w]) . (27)
Taking A = p~2, we have the result. [J

Theorem 4.

Ei”f” ([D, F,x+y,w) )

= tim B (e {25 R0, x0F D Fxsyal), 8)

e k=1
whenever {\,} — — iq through C.
Proof. by Theorem 2,

g ([D, F,x +y, )] )

= lim Ey ™ ([D, F,x+y, w])

= J%An% : Ex<exp{1 _2)‘” f[l,gvk(t),x(t)]Z }[D,F,x+y,w]>. (29)
k=1

O

4. Results (2). on Cj [0, T]
In this section, we expand the result about the function :

v

F(7) = /L;[o,n exp {i Y, vj(t),xj(t)}}dfw) (30)

j=1
in some Banach algebra S’ defined on Cj[0, T] in [14].
Let @ = (w1, - - ,wy), where w; € Co[0, T] is absolutely continuous on [0, T] and w;(t) € L,[0,T]
for 1 < j < wv. Suppose also that M = Maxi<j<,| \w;||2 < oo and we assume that

ng[o,T} i1 |[ojll2 dIf|(7) < oo
Suppose that formulas in this section hold s — a.e.@ € C[0, T] and for s — a.ij € C§[0, T].

Lemma 4.

prza = [ (i Sy ) eeli CiLo®50) @, 6

j=1 j=1
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Proof. By Equation (6).

[D,F, %,
J F(xX+hw
T (X +h@ ) |n-o
Jd R v
~ o Juo exp{lh];l“’vf( ; Loj(t), x;(t ]} df () ln=o
_ /LEM (i];[z,vj(t),wj(t)]> exp{i];[l,vj(t),xj(t)] } af (). 32)

We know that the Paley-Wiener-Zygmund integral equals to the Riemann-Stieltzes integral

[ swas) = [ g

if ¢ is absolutely continuous in [0 T] with g ( ) 6 L,[0, T].
For1<j<vw, fo vj(t)dw;(t) fo vj(t)w,(t) dt. Therefore

’/lm ( (1) j(t)]> exp{i}é[[,vj(t),xj(t)]}df(z‘;’)

j=
/Lz 0.7]

L Y- liojllz - l[wll2 dlfI(3)

01 =

IN

T ,
z/ o))t 4119

—1/0

IN

IN

L 2|mwz [ Moxi ey |wfl|2] dl1(5)

soT) 1=
14
- M- o511z d1£1(3)
sf01] ,; :
< oo, (33)
where M = Max1§j§V||w}||2 <oo. [

Theorem 5.

. g7 (I0,£,7+7,9))

) . , (34)
1 T . -
MTO;IQ e )m{kgéﬁ@mw;ummwmﬁmm
@5 (D x+7,9) )
(35)

LVOT( 2 1,v(t), wi(t )exp{ 2/ s)ds + i 2 1oj(t y]()]}df(ﬁ).
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Proof. (1). Forz € Cy4,

. exp{iz% [Loj(t),xj(t)] + i i [Loj(t),y;t)] }df(z"f))

=1

- /Lg[O,T] (i i[[,vj(t),w/'(t)]>' [Ef(exP{iz%]i%[lfvj(t),xj(t)]D

_ /L[OT]<zim, w0)]) ew{ -3 §|v]||2+zi1vj<t>,yj<t>1

90f13

}dfw) (36)

vj(t),yj(t)]}df(ﬁ)

(37)

j=1 j=1
2).
;i"fq<[D,F, %+, @) >
- tim B ([D,P,Sc’+? m)
- dm [ (i}é[[v()w]( )}) exp{—2||v||2+z]fl[1,
O

Lemma 5. For A € C4,
11— X2 5 B o
exp 5 L 2 (L), x() ] [ [DF % +7,3]

is a Wiener-integrable function of ¥ € C[0, T].

(38)
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Proof. First we have

= Lo (z];uv]u) ai)]) - B e {15 AT S0}
- exp {i i [10j(8), x;(8) ] + i i [Irvj(t),yj(t)]Ddf(ﬁ)- (39)
j=1 j=1

Therefore we have

(exp{zz L i (t), xj(t) ] }[D,F,J"c'—}—]}',z_(')})

j=1k=1

17/\ 1% n .
< oo | B0 t)]].ga( exp {137 L L a0 502 || )alflo
v[0,7] j=1k=1
_n A& - -
/ o I v;(t), wj(t ’ ’ (27r) z/Rvn exp{zj_lkg u]%k}du d|f|(T)
vn 2 vn R
= for | K0, wie 1| |2 ED )
= ¥ /Lm] ¥ 1010 w0419
< 00, (40)
using Lemma 4. [J
Theorem 6. Forz € C,
EYH ([D FX+7 zB])
= nlggoz% -Ez( exp { ! ;Z]§£[1,4)k(t),xj(t)]2}[D,F,J'c’+]7,w]> : (41)

exp { 1= (12411 y(0) 300 + 11,90,y ) s @) )
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By Lemma 3,

tim 2% - Ee((oxp {1551 Va0 2D, F 74 7,4

n—o0

j 1
. . Vi 1-z &L & ] 2
= lim z> /LV[O,T]EJ?<eXp{ 5 ZZ[L(Pk(t),x](t)]}

j=1 j=1
z—1 oot 1
= lim z2 /LZ[OT]Z z xp{ 5 ];k;[/o e (s) vi(s)ds]* — 2];/0 vjz(t)dt}
(1 Llnowio]) - exe {i ElLoio,0)] br@
j=1 j=1
1 T
= lim o) (z];[l v;(t) w](t)]) exp{—zzjgk_l[/ (Pk(S)U](S)ds]z}
1
exp zjgk_l[/ Pr(s) vj(s) ds)? — 5 Z‘;/o vjz(t) dt}

Y1100, 31(1) £ 9)

j=1

' Z[I,v]'(t),wj(t)]> . Ex exp{iz—% f:[z,vj(t),xj(t)]})

= =

v 1 14
- Y [ Loi(8),wi(t)] ) - - 3 + i
Jiom (i) oxp {5 i +

— E;”wz ([D, F,X+7, w]) . (43)

O

DN ACEOI S AN P
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Proof. Forreal A > 0,

= limA? - Ef(exp {1;)‘ i i [1,<pk(t),x]-(t)]2}[D,F,5c'+g',w]> : (45)

Taking A = p~2, Equation (44) holds. [

Theorem 8.
””f”<[DF +;7a7])
= im0 Va0 0 B ) o)
=1k=1

whenever {\,} — —iq through C.

Proof.
anf, o oo
quaRx+%w0

= lim EJ" <[D, F, %+, @) >

= lim A, 7 - Ef(exp{1 ;A” Y Y gult) >]2}[D,F,f+?,w}) (47)
j=1k=1

whenever {A,} — —ig through C;. O

5. Conclusions

We prove very harmonious relationships among the integral transform and function space
integrals exploiting the partial derivative on the function space.

Remark 2. In this paper, we prove new theorems by extending those results in [11,19] to the first variation
theory in [1] and to the Integral Transform in [5].

Remark 3. The author presented this paper in the conference, “The First International Workshop: Constructive
Mathematical Analysis” in Selcuk University, Konya, Turkey (2019). Title, abstract and references were
introduced in the proceeding (http://constructivemathematicalanalysis.com).

Funding: Fund of this paper was supported by NRF-2017R1A6A3A11030667.

Conflicts of Interest: The author declares no conflict of interest.
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