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Abstract: In this paper, we introduce new divergences called Jensen-Sharma-Mittal and Jeffreys—
Sharma-Mittal in relation to convex functions. Some theorems, which give the lower and upper
bounds for two new introduced divergences, are provided. The obtained results imply some new
inequalities corresponding to known divergences. Some examples, which show that these are the
generalizations of Rényi, Tsallis, and Kullback-Leibler types of divergences, are provided in order to
show a few applications of new divergences.
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1. Introduction

The Sharma-Mittal entropy was introduced as a new measure of information with
two parameters [1]. It has previously been studied in the context of multi-dimensional
harmonic oscillator systems [2]. This entropy could also be formulated in the form of
exponential families, to which many usual statistical distributions including the Gaussians
and discrete multinomials (that is, normalized histograms) belong. In physical applications
it plays a major role in the field of thermo-statistics [3].

The Sharma-Mittal entropy is also applied for the analysis of the results of machine
learning methods [4,5]. Additionally, the divergence based on considered entropy could be
a cost function in the context of so-called the Twin Gaussian Processes [6].

It was originally showed by [7] that the Sharma-Mittal entropy generalized both Tsallis
and Rényi entropy in the limiting cases of these two entropies. In [8], authors suggested a
physical meaning of Sharma—-Mittal entropy, which is the free energy difference between
the equilibrium and the off-equilibrium distribution.

Recently, was published a manuscript showing, in opposition to the work [8], that
Sharma-Mittal entropy besides the convenient thermodynamic systems does not reduce
only to Kullback-Leibler entropy. In [9] Verma and Merigé present the use of Sharma-
Mittal entropy under intuitionistic fuzzy environment. Additionally, in [5] Koltcov et al.
demonstrate that Sharma-Mittal entropy is a tool for selecting both the number of topics
and the values of hyper-parameters, simultaneously controlling for semantic stability,
which none of the existing metrics can do.

Another applications of considered entropy are interesting results in the cosmological
setup, such as black hole thermodynamics [10]. Namely, it helps us to describe the current
accelerated universe by using the vacuum energy in a suitable manner [11]. In addition [12]
have established the relation between anomalous diffusion process and Sharma—-Mittal en-
tropy.

This paper is based on publications in which we introduced new types of
f-divergences [13-16].
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In this paper we generalize Sharma-Mittal types divergences in order to obtain new
types of divergences and hence the inequalities from which it will be possible to derive
new results and generalizations for known divergences in order to estimate the lower and
upper bounds which determine the level of the uncertainty measure.

2. Sharma-Mittal Type Divergences

Throughout R and R, denote the sets of non-negative and positive numbers,
respectively, i.e.,, Ry = [0,00) and Ry = (0, 00).

Letp = (p1,...,pn) and q = (41,...,qn) with p;,q; > 0,i = 1,...,n. The relative
entropy (also called Kullback—Leibler divergence) is defined by (see [17])

n pi
q) =) pilog = 1)
i=1 qi

In the above definition, based on continuity arguments, we use a convention that
0log(0/g) = 0 and plog(p/0) = +o0. Additionally 0log(0/0) = 0.
Let f: R — IR be a convex function on Ry, and p = (py1,...,pn) € R},

a= (g ..q:) €RL.
The Csiszdr f-divergence is defined by (see [15])

q) - ;w(Z) &)

with the conventions 0f(3) = 0and 0f(§) = ¢ lim f( L, ¢ > 0 (see [18-20]).
The Tsallis divergence of order « is defined by (see [17])

<pr‘q3 ‘- )

The Rényi divergence of order « is defined by (see [17,21])

Tu(p,q)

Hy(p,q) = logZP?‘fﬁ .

The Sharma—Mittal divergence of order o and degree f5 is defined by (see [4])

1-p

SM,5(p, ) (Z phgl ) -1, ()

foralla > 0,a #1and B # 1.

Let g : I — R be a convex function on an interval I C R. Let x = (x1,...,x,) € I"
and p; € [0,1) fori=1,...n.

The Jensen’s inequality is as follows (see [22])

g (E Pixi> <Y piglx). 4)
i= i=

When the function k : R, — R is convex and the function ! : R, — R is convex and
increasing then the composition of the functions ko I : Ry — R is convex. We assume that
the probabilities p; > 0and g; > Ofori=1,...,n

It is known (see [4]) that if

x=p—1 then SM,X,/g(p, q) = Hi(p,q),
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B—1 and acR then SM,g(p,q) — Hu(p,q),

B =ua then SM“,;;(P, q) — Tu(p, q)-

Let h : R — R be the differentiable function. Then the Sharma—Mittal h-divergence is
defined as follows:

1-p
n 1-a
h([Z p?‘ﬂﬁ“"] ) -1
i=1

SMyap(P, q) = 51 , )

foralla > 0,a #1and B # 1.
If we assume that i = id then (5) becomes Sharma-Mittal divergence.
When for all t > 0, h(t) = log(te) then (5) becomes Rényi divergence of order a.
1-8

n T-a
We substitute for t = [ Y pf‘q}_‘"] and we have
i=1

1-p 1- 1-p
n — n —u n I—a
[Z pia;~ ] = log [Z Pf‘%l“} e | =log [Z plg; | +L
i=1 i=1 i=1
Hence, from (5)
1-8
T—a
IOg[Z pria; }
SMiup(p q) = —— 5 = — log Z pigi " = Hu(p, q)-

Let¥ : Ry x Ry — R be a differentiable function with respect to § and

1-p

¥(a,p) =h [pr‘tﬁ ] 7

We assume that /(1) = 1 and ¥(a,1) = 1. Then,

Hence, the Sharma-Mittal h—divergence tends to Rényi divergence of order «.

Remark 1. If, additionally, o tends to 1 then based on the proof of the Equation (11) from [16],
Sharma—Mittal h-divergence tends to relative entropy (called Kullback—Leibler divergence).
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Now we define a new generalized (h, ¢) Sharma—Mittal divergence as follows
1-p
n 1—a
(P —
h([i;q@(qi,aﬂ ) '
SMypap6(P, q) = , (6)

B—1

where ¢ : (0, +o0) x Ry — R is an increasing, non-negative and differentiable function
for g > 1.
We assume that F = {fy : (0,00) — R : a € R} is a given family of functions such

that Z qi f,x (—) = 1 for &« = 1 and which are increasing, non-negative for « > 1 and

such that for every t € (0, 4o0) the function o — f,(t) is differentiable.
According to [16] if we substitute the function f,x(%) from the family F for 4)(%, )
then it stands that

1' fd R .
lim SMi,,0,(P, 9) = Ry, (P, Q)

We assume that #(1) = 1. Then,

h’(lm,@r)-lﬁw@:/ol”lmng:fwﬂf-z=

) 1 5 i\ _ 1 - (P
h(l)w_llogﬂqifp(,,a)—a_llogﬁq@(,/“)—

i=1 i i=1 qi
1 n pi
—log Y aifel - ) = Rus(p ) @
i=1 qi

Remark 2. Ifin (6) B — 1 and 4)(%,04) = fa(%) then the generalized (h, ¢)—Sharma—Mittal
divergence tends to generalized (h, F)—-Rényi divergence.

The function ¢ is the generalization of the function f, (£ 0 1) which is used for example in

Csiszar f-divergence. Condition § — 1 means that the limit of generalized Sharma-Mittal
divergence is equal to generalized (h, F)-Rényi divergence. Hence we have implications
for generalized forms of entropies.

Remark 3. Additionally, when in (6) x — 1 and <p(%, n) = (%)a then the generalized (h, ¢)—

Sharma—Mittal divergence tends to Kullback—Leibler divergence, because we have from Remark 2

n .
log ). %’4’(%/"‘) —log1
lim  SMj,44,8(p,q) = lim =1 =
wp)an) wol a1

9 pz) _
aa‘tx 1 gzqu(‘h

i

- Z%leoggl ZPZIng Hi(p,q).
):

Remark 4. In (6), when the parameter p = a, the function h = id and ¢(Lt, ) = (%)a then
the generalized (h, ¢)—-Sharma—Mittal divergence tends to the Tsallis f-divergence or order «.
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This work is more theoretical than practical. Therefore, the implications are formulated
in the mathematical area that is from constructing general model which gives known
specific cases.

3. Jensen—Sharma-Mittal and Jeffreys—Sharma-Mittal Divergences

The Jensen-Shannon divergence (Jensen-Shannon entropy) is defined as follows

(see [17]):
o)~ S B39 + (a7,

The Jeffreys divergence (Jeffreys entropy) is defined as follows (see [17]):

Jef (p,q) = SM(p,q) + SM(q,p).

We introduce a new generalized (h, ¢) Jensen-Sharma—Mittal divergence defined by

h, 1 + 1 *
Jen SMag(p, q) = 55Migap (P/ %) +55Mg0p (q, %) ®)

with assumptions as before.
We similarly introduce a new generalized (, ¢) Jeffreys-Sharma-Mittal divergence
as follows

h,
Jef SMy% (P, @) = Mg 8(P, ) + SMig0,8(a, P)- ©

Taking into account inequality from [17]:

1
0 <Jen(p,q) < 3lef (p,q),

describing the relation between the Jensen-Shannon and Jeffreys divergences, we could
formulate the following:

1
0 <JenSMf(p,q) < Jef SM,%(p, ). (10)

We define the Jensen—Sharma—Mittal h-divergence where, in (8), ¢ (%, oc) = (%) ‘. Then,

it takes the form:

JenSM; 4(p,q) = SMM/s(P, p* q) + 5 SMM/;(CL p* q) (11)
In the same way, we define the Jeffreys—Sharma—Mittal h—divergence:

Jef SMY. 5(p,q) = SMyya,5(P, ) + SM0,5(q, P)- (12)

Additionally, if the function h(t) = t then we define the Jensen-Sharma-Mittal and
the Jeffreys—-Sharma-Mittal divergences of order a and degree 3, respectively.

Jen SM,, 5(p, )—fSM,Xﬁ( Pt q)+ SM,Xﬁ< p;’q), (13)

Jef SM, g(p, q) = SMyp(p, q) + SMyp(q, p)- (14)

When in (8) and (9) B — 1 and we substitute for gb(%,tx) = fa (%) then we ob-
tain, defined in [16], the generalized (&, F) Jensen—-Rényi and Jeffreys—Rényi divergences,
respectively:

hfe B 1 p+q p*q
Jen SM,1* (p ,q)—]enRh,fA(P/q)_2Rh,fa(’ > >+ 2Rufe (‘1' 2 )
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h, fa
Jef SM1*(p, q) = Jef Ry, ;. (p, @) = Ry, 5, (p,q) + Ry, 1, (9, p). (15)

The following theorem is the generalization and refinement of the inequalities for some
known divergences and provides lower and upper bounds for the generalized (£, ¢) Jeffreys—
Sharma-Mittal divergence in order to a more accurate estimation of its uncertainty measure.

Theorem 1. Let p = (p1,...,pn) and q = (q1, - .., qn) be two discrete probability distributions

with p; > 0, q; > 0, % € I, % €lyi=1,...,n where Iy C R is an interval, such that
1€ Iy Let ¢ : Iy x Ry — R be an increasing, non-negative and differentiable function for which

£1 qg])(%,ac) > 1and fl pi(P(%,IX) >1wherel < p<aacR\{1}andh: Iy — Rbea
1= 1=

convex and increasing function on I.
Then, the following inequalities are valid:

el 1(e(5)) (o)) s
—— o =, -, <JefSM '.(p,q) <
) gl]} 4, (o, wp(P,q)
1
ﬁ(]efchoqa(P/Q) - 2)~ (16)
Proof. Taking into account the assumptions, we could formulate the following inequality:

1-8
[2 ‘11’4’(?,“)] < 2‘1:’4’(?/“)- (17)
i—1 i i—1

The function / is increasing and convex, therefore, from (4) and (17) we obtain inequalities:

1-p
h [ZQifl’(pf,“)] < h(ZM’(ﬂ/w)) < Zqz‘(hofp)(m/w) (18)
i—1 qi i=1 qi i—1 qi

In the same way, we obtain the following inequalities:

= . ‘ . ‘
h [Zw(”’f,w)] Sh(zpi¢(”’f,w)>sszhoq))(qf,a). (19
i=1 pi i—1 Pi i1 pi

From (9) we have

h,
Jef SMy%(p, Q) = SMiyp0,5(P, Q) + SMiy0(q,P) =
1-8

1-p 1-p
(o)) -+ o([ErnGe) ) -

B—1 * B—1

Taking into account (2), (18), (19) and the definition of Jeffreys divergence, it stands that:

. <:1qi(ho4>)(;’;,a)—1 épi(hoqa)(gj,a)_l_
]e Mp(,ﬁ(p/q) — lB—l —+ ‘B_ 1 _

It

qilho¢) (Z,a) ﬂé pilhog)(f.a) 2 _ Jef Chop(p,q) —2

p-1 p-1

1

(20)
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The above inequality is the upper bound for generalized (h, ¢) Jeffreys—-Sharma—Mittal
divergence.

By using the convexity of the function / with /(1) = 1 the following inequality is
valid for g > 1:

1—

(el ) L e
27

nl 1y gl P . 21
B-1 9, L;q"’@i "‘)] -

n
From (7) the above derivative function is equal to: lej log Y gi¢ (%, tx) .
i=1 !

The function f(t) = logt is concave and increasing. Then, it stands that:
St (Ge) 2 g os(e(5))
lo Pl —, | > 1o =, ). 22
Hence, from (21) and (22) we have the inequality:
1=
n . I—a
h {Z qigb(sl‘,,a)] -1
- b)) o
> i 10 —, X .
'8—1 —a_li:1ql g (P 171'

Similarly, we obtain the second inequality:
1-p
([Ere] )L
5 >a_1i_21pilog(¢(i,a)). (24)

We have from (6), (23) and (24) that:

SMypa,6(P,q) >

1 n .
SMyg,0(q,P) > 71 2 pilog (4) (%,a> > .
pi

i=1

Then, by using the definition (9) we have:

he 1 - pi 4 - qi P\ _
oo 03 (3 ) )

Sl 0

This result is the lower bound of the generalized (, ¢) Jeffreys-Sharma-Mittal divergence.
Combining (20) and (25) we obtain the expected inequalities (16). [

o
Corollary 1. When we substitute for ¢ (%, rx) = (%) then from (16) we obtain the inequalities

for Jeffreys—Sharma—Mittal h-divergence:

1 . n( pi a(q;—pi) .
L < <
P ng-Ul<qi) < Jef SMy (P, q) <




Entropy 2021, 23, 1688

8 of 12

Ean((2)) - Erol(2)) -2
p—1 '

We now formulate the theorem thanks to which the estimation of the generalized
(h, ¢) Jensen-Sharma-Mittal divergence will be possible.

Theorem 2. Let p = (p1,...,pn) and q = (q1, - - ., qn) be two discrete probability distributions
with p; > 0, q; > 0, % € Iy, % €ly,i=1,...,n where Iy C R is an interval such that
1€ Iy Let ¢ : Ip x Ry — Ry be an increasing, non-negative and differentiable function for
- Pitdi 2p; - pitdi 2g;
which El %4’(%,0&) > 1and El %4’(#’%,0&) > 1wherel < p<a,acRy\{1}
and h : Iy — R be a convex and increasing function on I.
Then, the following inequalities are valid:

pitai

Zqi 2 h¢
( 10gn( (pz"’% >¢<Pl+q1’a>> SIenSMa,ﬁ(p'q>§

i(PiJr‘ii)[(ho‘P)(pizﬁi ) (ho(l))(r’lzi’q >}_4

i—
(26)
4p-1)
Proof. Let’s consider the function
1-p
(|:Z pl+ql¢(p,+lh >:| ) -1
51 . (27)

Using the assumptions that the function  is differentiable, convex and h(1) = 1 we
could formulate the following inequality:

1-p
([E pl+ql¢<;ﬂz+q, )] "‘) -1 1-p
> 9y [Zpi;qi(p(pi aﬂ . (@28)
i=1

98 pitgi’
2

B—1 =B,

Ju

Then, (28) is equal to:

% n
p1+ql —1 . 1 Pi+lf7i Pi
[logizl 2 4’<P,+qz “)](1—04) = 1logz; 5 4,(7@%,“).

Taking into account concavity of the function log, we have that:

1 n + 1 n 4 qg; .
a—110g2p12q1¢<p1+% a>>a_127712%10g<4)<;£’% tx)).
1= 1= 7

Then, we obtain that (27) is greater than

log T Pi
1 OgH ¢ pitqi’
i=1 S

~

P; qi

)
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We do the same with the function

1-p
(l:z F’z+‘71¢(p]+q’ >:| ) -1
. 30
Hence, we have that (30) is greater than
Pita;

logH< <pl+q, >> 2 ) (31)

Then, combining (27), (29)—(31), and using the definition (8) the following inequality
occurs

pitai
: u )
2( gﬂ( (Pz+‘7: >¢(Pi+qi’a (32)

and it is the lower bound of the generalized (1, ¢) Jensen-Sharma-Mittal divergence.
When we consider the function

h
Jen SM,% (p,q) >

1-p
n p1+q1 T—a
[Zl 2 4’<pz+q, “ﬂ (33)

with 1 < B < « then for the convex and increasing function / we have from (4) that (33) is

smaller than
n
pit+4qi pi Pi +‘7
h<l§ 12 lqb(m;rlqz )) Z = (ko 4’)<pl+m ) (34)

In a similar way we conclude the following inequality for the function

FTQ
(82550 ) -

and we have

- i T4 i+ qi
h(;p 2q¢<rh+qz )) Z;p Lo ¢)<Pz+% "‘)- (36)

Then combining (33)—(36) and the definition (8) with the proper transformations we
obtain the inequality

X 2(}714‘%){(11 ¢)(p+q’) (h ¢)(P+q1 )}74
Jen SM%(p, q) < = 2B=1)

which is the upper bound of the generalized (1, ¢) Jensen-Sharma-Mittal divergence.
When we take into account (32) and (37), then we obtain (26). [

(37)




Entropy 2021, 23, 1688

10 of 12

Corollary 2. When we substitute for 4)<p “rar uc) = (p,zilq ) and for 4’(;} o ) = (piziléi)a
then from (26) we obtain the inequalities for Jensen—Sharma—Mittal h—divergence:

afpi+q;)
allgﬂ[p,f’;‘i,’l} © <JenSM4(pq) <
£ i+ a0 [n((25)") +((2)")] -4
4(p—1) :

Remark 5. It could be seen that the lower bounds for both Jeffreys (25) and Jensen (32) Sharma—
Mittal (h, ¢) divergences are independent of the function h.

Remark 6. Taking into account the inequality (10) we obtain the alternative upper bound for
the Jensen—Sharma—Mittal and the lower bound for the Jeffreys—Sharma—Mittal generalized (h, ¢)

divergences, respectively.
' & —n n ' & —n B
h([igqﬂb(’i”“)} ) +h([i§1ql¢(qi,a)] ) ?

Jen SM% (p, q) <

2(6-1) ’
([El (0| ) -
Jef SM,4(p, q) > 51 +
1-p
(EECONE

4. Applications

In this section we show how our theory works.

4.1. Bounds for Sharma—Mittal Divergences

For the functions h(t) = t, ¢(t,a) = t* and based on Theorems 1 and 3 we obtain
the lower and upper bounds for Jeffreys—Sharma-Mittal and Jensen-Sharma-Mittal diver-
gences, respectively, as follows

n
—p2) ‘Zl(PMi)“ (% T 4piT 2“) -2
1=
P 10gH( ) <JefSM,p(p,q) < 51 (38)
n cag\ 1—a
+a) T (B5) " () -2
([x 1 log H (i{fi’) <JenSM,(p,q) < = ) . (39)

Remark 7. The above lower bounds (38) and (39) are the same for Rényi types divergences because
they are independent of the parameter 3 which in that case approaches 1.

Remark 8. Substituting different values for the parameters a, B, such that 1 < B < « and taking
into account the assumptions from the Theorems 1 and 3 about the functions h and ¢ we could
formulate new types of divergences and related inequalities which are based on the generalized (h, ¢)
Sharma—Mittal divergence.
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4.2. Bounds for Tsallis Divergences

When we make the same assumptions as for Sharma-Mittal divergences with addi-
tional that 8 = « we obtain the bounds for Tsallis type divergences as follows

g(pql) (l 2a+p11 2a>_2

o p; a(qi—pi)
lOgH(l> <JefTu(p,q) < l

1 2 /7111) (pi+a:) ]
— 1o | | <JenT,(p,q) <
2(x—1) gl: <Pl+‘71 J «(p-a)

4.3. Bounds for Kullback—Leibler Divergences

When we have the same situation as in case of Tsallis divergence that is h(t) = t,
¢(t,a) = t*, & = B and additionally both « and  approach 1 then we obtain new upper
bounds for Jeffreys and Jensen—-Shannon divergences, respectively.

n
JefS(p,q) < Y_(pi + qi)log pigi,
=1

JenS(p,q) < Y _[pilogp; + qilogq; — (pi + ;) log(p; + qi)].
=1

The last inequality is equivalent to Jen S(p, q) > 2l0g2.

5. Summary

In this paper, new types of entropy have been defined, which are generalizations of
others known and used so far in information theory.

The manuscript deals more with issues in the field of pure mathematics, therefore the
standard axioms of entropy used in thermodynamics could, in this case, be extended by
other assumptions and properties.

These divergences have been introduced for new physical interpretations which could
be generated.

Generalized Sharma-Mittal and consequently Jensen—Sharma-Mittal and Jeffrey—
Sharma-Mittal divergences have been defined for obtaining better estimates for known
entropies, which will allow to more accurately determination of the dispersion measure of
different distributions.

The derived inequalities have both upper and lower limits for the considered f-
divergences. As a consequence, we obtain specific estimates for some new order measures.
Hence they provide much wider interpretation possibilities in comparing probability
distributions in the sense of mutual distances in different spaces.

In the era of advancing quantum mechanics, scientists are striving to build a quantum
computer with very high computing power. The obtained results, despite their mathemati-
cal and analytical complexity, will very quickly generate specific numerical intervals which
are an estimation of new introduced entropies. Therefore, such results as in this paper will
be very useful in developing information theory issues.

This work is from the area of pure mathematics, therefore it is more theoretical
than practical and makes it possible to find the existing known entropies by means of
new defined generalizations. These generalizations can be used for interpreting various
physical phenomena. The aim of this manuscript was to provide some new theoretical
solutions for physicists who, with their knowledge and experience, will be able to look for
new applications.

Funding: This research received no external funding.
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