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Abstract: In this paper, a new decoupling method is proposed to solve a nematic liquid crystal flow
with stretching effect. In the finite element discrete framework, the director vector is calculated by
introducing a new auxiliary variable w, and the velocity vector and scalar pressure are decoupled
by a nonincremental pressure-correction projection method. Then, the energy dissipation law and
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are given to verify the effects of various parameters on the singularity annihilation, stability and
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1. Introduction

Liquid crystal is a kind of material with excellent properties, which has been widely
used in many new advanced technical fields. For example, display devices of the elec-
tronic industry and skin cancer examination in medicine. The defects, phase transition
phenomenon, molecular distribution regularity, and dynamic behavior observed in liquid
crystal are related to the quality of liquid crystal equipment, which are very important
issues in liquid crystal technology and have attracted extensive attention of a large number
of engineers and scientists.

Generally, according to the formation conditions of liquid crystals, they can be divided
into thermotropic and lyotropic. The thermotropic liquid crystal is subdivided into smectic,
nematic, and cholesteric based on symmetry. Among them, the nematic liquid crystal
is widely used at present. Its molecules are rod-shaped. The molecular long axes are
parallel to each other but not arranged in layers. They can slide up and down, to the left
and right sides, front and back, or only be parallel or nearly parallel to each other in the
molecular long-axis direction; the short-range interaction between the molecules is weak.
The arrangement and movement of nematic liquid crystal molecules are relatively free,
and they are quite sensitive to external forces. Nematic liquid crystal is currently the main
material for making liquid crystal display devices.

From a statistical average point of view, the rods locally tend to be ordered, which
can be described by a unit vector that represents the average direction, that is, the director
vector d(x). The local directivity of liquid crystal material is easily changed by the external
influences, such as the molecular orientation at the interface of different materials, electric
field and magnetic field, etc., which leads to a change in material properties. With the
change in molecular local direction, due to the discontinuity of the molecular local direction,
defects (or singularities) often appear in the material.
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Physicists and mathematicians have established various mathematical models for the
study of liquid crystal. In the 1960s, Ericksen [1] and Leslie [2] proposed the hydrodynamics
theory of liquid crystal. The Ericksen-Leslie nematic liquid crystal model is derived from a
macroscopic point of view and involves many coupling terms between two vector domains.
Because the whole system is too complicated, most of the research works are based on the
simplification and approximation of the model.

When the fluid is incompressible, a simplified Ericksen-Leslie model is obtained [3]. It
is composed of Navier-Stokes equations coupled with anisotropic elastic stress tensor and
a convective harmonic mapping heat flow equation mapped onto the sphere. The model
contains linear differential constraints and nonlinear algebraic constraints. The nonlinear
terms in the model bring great difficulties to the theoretical analysis and the design of
numerical examples. Especially, the restriction on director vector | d |= 1 must be satisfied
everywhere. It is very difficult to satisfy the constraint condition almost everywhere in
numerical simulation. Therefore, in order to relax the constraint condition | d |=1, the
penalty method and the saddle point method are proposed.

Lin-Lin proposed the penalized Ericksen—Leslie model. In the literature [4], the
Galerkin method was used by them to prove the local existence of the classical solution and
the global existence of the weak solution for the Dirichlet problem of the two-dimensional
and three-dimensional penalized Ericksen-Leslie model, and the energy estimate was
also given. For the numerical solution of the penalized Ericksen-Leslie equation, ref. [5]
proposed a semi-implicit, first-order linear scheme, in which the function f(d) was fully
explicitly processed, and the scheme was conditionally stable. In [6], a nonincremental
pressure-correction projection scheme [7,8] was used, a pressure stabilization term [9]
was added at the same time, and finally a linear and decoupled scheme was obtained.
For the penalized Ericksen-Leslie equation with stretching effect, ref. [10] proposed a
corrected modified midpoint scheme by using the finite difference method to study the
formation of defects at the interface of liquid crystal. Ref. [11] used finite element method
to obtain spatial discretization and the time-splitting method based on a nonincremental
velocity correction projection scheme [8] to decouple variables. The literature in [12] used a
spectral method to study this kind of problem. At the same time, there are many papers
introducing different auxiliary variables w to analyze the model [13-15]. Ref. [13] presents
a conditionally stable fully discrete scheme when the time step satisfies certain constraints.
On this basis, the paper by [14] introduces an auxiliary variable different from [13], giving
a semi-implicit Euler time discrete scheme explicitly dealing with the Ginzburg-Landau
penalized function, obtaining a coupled, linear, and unconditionally stable scheme.

The saddle point method [16], through introducing the Lagrange multiplier q to the
equation of director vector d, can exert spherical constraint | d |= 1. Based on this idea,
the penalty Ericksen-Leslie model can be unified. The authors give two unconditionally
stable, conserved implicit schemes and a linear semi-implicit unconditionally stable scheme,
semi-implicit with respect to the nonlinear term.

Compared with some existing works, a lot of works are devoted to study the nematic
liquid crystal without stretching effect, which cannot be widely used in deformable de-
vices. The research on the liquid crystal materials with stretching effect is of great practical
significance, which can be widely used in deformable devices. However, there are few
studies on this model in practice.

In this paper, we turned our attention to the Ericksen—Leslie model with stretching
effect. First, we use the projection scheme of nonincremental pressure correction [8] to
decouple the variables. We also give a proof of the energy stability of our decoupling
system and discuss the annihilation of singularities. More precisely, we give details to
take care of the relation among the stabilization constant Hf, the viscosity parameter v,
the geometrical parameter §, and the penalization parameter &. Moreover, we give the
evolution of the director field and velocity field of a rotating flow. Clearly, the annihilation
time is much smaller than that obtained in reference [11]. Finally, the convergence of the
numerical solution in time and space is analyzed.
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This article is arranged as follows. Some necessary notations are given in Section 2.
Some necessary hypotheses are given, and the fully discrete decoupling scheme is proposed
in Section 3. In Section 4, we give a proof of a priori energy estimate for the algorithm,
which provides an unconditional energy stability property. Finally, a number of numerical
examples are provided to demonstrate the effects of the parameters and the performance
of the scheme; the numerical accuracy of the proposed system in time and space also are
given in Section 5. The conclusion is reported in Section 6.

2. Notations and Preliminaries

In this section, we present the essential notations and preliminaries which are necessary
for further consideration.
2.1. Notations

As usual, LP(Q)(p > 1) denotes the space of pth-power integrable functions defined

on (), and the normis || - ||pr= ([q | - |V dx) Vror| - HLoo:eSS SUp,cq | - |- Ifp =2,
the L? norm is H H and we denote the inner product in L? by (-,-). For example, if
u(x),o(x) € L2, ( = [qu(x)v(x)dx. For m as a non-negative integer, we denote the

classical Sobolev spaces as
H™(Q) = {v € L300 € L2,V | k |[< m},

the corresponding norm

1

2

| o e @)= ( Y, [l |2> ~
0<|k|<m

Let C{° be the space of infinitely times differentiable function with compact support on Q).
Then, H{J' (Q)) is introduced as the closure of C§’ in H" (Q).
We now introduce the following function spaces in the context.

= {p:p el [ plax=o},

V={veCy(),V -v=0}
Then, we define H and V as the closures of V in L?(Q) and H'(Q), respectively (see [17]).

H={ucl?’(Q),V-u=0 on Qu-n=0 on 30},
V={ucHY(Q),V-u=0 on Qu=0 on 9Q}.

2.2. A Penalized Ericksen—Leslie Model with Stretching Effect

A general penalty version of the Ericksen-Leslie model with stretching effect to enforce
the sphere constraint reads as

od+ (u-V)d+B(Vu)d + (1+B)(Vu)Td +y(fe(d) —Ad) = 0,inQr, (1)
o+ (u-Vu—vAu+Vp+ AV - ((Vd)TVd)

+AV - (B(fe(d) — Ad)d" + (1+ B)d(f.(d )T) = 0inQr, ()

= 0,inQr, (3

where Qp = Q x (0,T], @ € RM(M = 2,3) is a bounded open set with boundary 9,
and T > 0 is a fixed time, d (orientation of the molecules): Qp — RM, u (fluid velocity):
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Qr — RM,  p (fluid pressure): Qr — R, and f.(d) is the penalty function related to the
constraint | d |= 1; we define it by

1 .
S1dP-1a if|d|<1,

fldy =1, @
2] -0 ifldl>1,

where ¢ > 0 is the penalty parameter. The function f(d) is the gradient of the following
scalar potential function F¢(d),

&.‘&.

1 )
(A1 ifd|<,

F.(d) = 1 ) ®)
?(\d| -1)° if|d|>1.

It is easy to verify that V F¢(d) = f¢(d). Furthermore, the parameters ,v, and A > 0
represent relaxation time, viscosity, and elasticity, respectively. Additionally, parameter
B € [—1,0] is a constant that determines the geometry of the molecule. For instance, when
g = —1,-1/2,0, the molecules are rod-shaped, spherical, and disk-shaped [10,11,18],
respectively.

To system (1)—(3), we add homogeneous Dirichlet conditions for the velocity field and
homogeneous Neumann boundary conditions for the director field,

u(x,t) =0,0,d(x,t) =0 for (x,t) € 0Q), (6)
and the initial conditions
u(x,0) = ug(x),d(x,0) =dy(x) for xe€Q. (7)

In order to better understand our proposed decoupling scheme, we hereby give an
energy law for system (1)-(3), which is true under some regularity assumptions for d and u
(see [10,13,19] for details). First, we give equations

AV - (VA)TVd) = AV (; |vd |2 +F€(d)> — AV (fo(d) — Ad),

and
[(u-V)d] - (fe(d) — Ad) = (V)" (fe(d) — Ad) - u.

Then, taking the inner product of (1) and (2) with A(f¢(d) — Ad) and u, respectively, we
have

d
E@d)+v | V|2 42y | fe(d) - Ad ?=0,

where . A
_ 2 7 2
E(ud) =5 ||u|?+5 | Vd P +2 [ Fu(@),

here, 3 || u ||? represents the kinetic energy, 4 || Vd || represents the elastic energy,
A [ Fe(d) represents the penalty energy, and obviously, the total energy is E(u,d).

3. Hypotheses and the Fully Discrete Scheme
3.1. Hypotheses

We introduce the hypotheses that are required in the following.

(H1) Let 0Q) be a polygonal or polyhedral Lipschitz-continuous boundary.

(H2) Let K represent any subregion after dividing ) into finite subregions, also called
element domain. Additionally, its a bounded closed set with nonempty interior and
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piecewise smooth boundary. We use {7} },~¢ for all of K, so Q = |J keT;, K- In general,
K is a triangle or quadrilateral in a two-dimensional space and a tetrahedron or
hexahedron in a three-dimensional space.

(H3) Assume that (ug x do) € H x H' with |dp |= 1 a.e. in Q.

(H4) Suppose that D, C H!(Q), V), C H}(Q) and P, C H'(Q) N L(Q) are a conformed
finite element space associated with 7j,.

(H5) Let P;(K) denote the set of linear polynomials on K. Under Hypotheses 4, the space of
continuous, piecewise polynomial functions associated to 7} are denoted as follows:
X, = {xn € C'(Q), xy, [k€ P1(K), YK € Ty},
and denote the space of piecewise constant function as

Y, = {yn € L(Q),yn k€ R, VK € Ty},

where Y, is the classical Ro(orPy) space.
(H6) The triangulation of (2 and the discrete spaces satisfy ([5,6,11]):

(a.) The approximation properties:

ld—Id||<Cih | d g vdeH (). ®)
(b.) The stability properties:

I Lid )< Co || d |y V¥ € HY(Q), ©)

[ 14 ||L2(0)< Ca [ 4 |20y Vd € L¥(Q), (10)

where I, is an interpolation operator into Dy, and C;, C;, and Cs are constant inde-
pendents of .

In this paper, we, respectively, choose D;, = X;,V, = X ﬂH(l)(Q), and P, =
X, N L3(Q) as the approximate spaces of direction, velocity, and pressure. We choose
discontinuous finite element space W;, = Y}, as the approximate space of an auxiliary
variable. The finite element spaces that we choose for velocity and pressure do not satisfy
the discrete inf-sup condition

,V-v
H Pn ||0§ a  sup M \V/ph c Ph/ (11)

ovevi (o | 2 Il
for « > 0 independent of h.

3.2. The Fully Discrete Scheme

Here, we use the nonincremental pressure-correction method to obtain the fully
discrete scheme of system (1)—(3).

Initialization Let (dg,ug, pg) € Dj, x V}, x Py, be a suitable approximation of (dy, u,
Po)

d](f)l = IthI
(uy i) + (V) iy) = (uo,iiy), (12)
(V-u,q) +i(p), an) = 0.

foralluy, € Vh,qh € b,
The stabilization term j(p, q) can be defined as

. S
j(p.q) = —(p —1yp,q — Tq), (13)

1%
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where S is an algorithmic constant and IT}, is a standard L?-projection operator onto Y.
This stabilization term is also used in [20].
Step(n+1) We discretize system (1)—(3) with uniform time steps, 0 = t) < t; <
- <ty = Twith At = T/N. Let (d}},u}, p}) € Dy, x V), x P, be given. Forn+1,n >0,
perform the following steps:

(1) Forall (d,,@);) € D), x Wy, find the numerical approximation (dZJrl ”H) € Dy, x
W), satisfying

d"“ ar - ~

- hwh)+((uh1 V), @) — BV - @@, u)

—(1+B)(V - (@(@1)"), 1) + (@™ @) =0, . (14
(VA L, vdy) + (fe(d)),dy) + fg’é @t —dpdy) — (w),dy) =
herein,
up = ul} — AVl + 3AAH(Vd]) T wi T,
wyy = ull — AtVpl — BABALY - (w1 (d)T),
wys = uj — AVpl —3A (14 B)ALV - (d} (w™)T), (15)

and Hr > 0is a bound of the L*®-norm of the Hessian matrix associated to F¢(d). For
instance,

= (M32 + (M2 — M)2%)2 (16)

with M being the space dimension ([6]).
(2) By using the nonincremental pressure-correction method for all u, € Vy, find u;;
V), satisfying

n+1 c

uZH uy, 1 o 1
vl +v(Vul Vi) + c(ug, ul )

~M(V) @) + AB(V - (@) @), i)
A1+ B) (V- (@@, i) + (Vpf i) = 0. (17)
We set the trilinear convective term

cluf w1 ) = (- V) + 5 (V- uf ) (1)

has skew-symmetry, so c(ul’, u ", ul"!) = 0.

(3) Forall gy € Py, find p”“ € Py, satisfying

ALV P, V) + (P ) = —(V - ul L g). (19)

Since scheme (14)—(19) is linear, we can easily prove its existence and the uniqueness
of the solution by using the same techniques as in [6].

4. Energy Estimate

In this section, we give the proof about energy estimates for schemes (14)-(19). First of
all, we give an inequality in the following, the proof of which already exists in [6].

M)+ @ =, @t —ap) ) = [ (R ~Flap). o
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Theorem 1. Assume that the hypotheses in Section 3.1 are satisfied. In addition, let
ail;l+1 n+1 Atvpn-‘rl (21)

Then, the numerical solutions (d}, w1, uf™, and pi™) of the schemes (14)~(19) have the
property
E(uy " ) — E(@),d}) < (22)

Proof. We choose @), = AAtw/ and d), = A(d} ! —d') in (14), and take into account (20),
obtaining

& | vyt |2 — || v |1 +5 || Vd T — V) |2 +yAAt | wp P
A / (F. d"+1) F.(d})) —i—AAt((uhl V), w1
+BAM((Vupg)dy, i) + (1+ B)ABH(Vuys) djf, w)p ™) <. (23)

Moreover, selecting ), = AifuZJrl in (17) and defining u), = MM, it follows that

_ 1
> || up 2 - || wy [? 45 [ —uy ™ P st | Vagtt|P=0 (24)

n+1

Next, choosing g5, = p; ™ in (19) and by using the equality (21), we have

fon P = = AV VR = @, v, (25)
therefore, taking the inner product of both sides of (21) with itself, we obtain

1, -
o ] L ppt!

5 w2+ || wp =y P

,ph =o. (26)

Hence, we obtain, by adding Equations (24) and (26),

1, minvs 1o 1,

L <L 1k Pt | Vg

At2 V n+1 (12 At n+1 _n+1 0 27
+ Ve 17 8t Py ) = 0. 27)

In addition, taking the inner product of both sides of uy, u;,,, and uy3 in (15) with uq, 4y,
and uy;3, respectively, we have

1 1, . 1
<l 12— 1812 42w — ) 1P =28t (V) @) T un ) =0, (28)

1 1, . 1 ~
w2 = 1@ I+ o — |2 +pAMH(V - (@} @) ) win) =0, (29)

1 1, - 1
3 | s |2 % | |? g | ups — g |I* + 1+/3)AN( - (d)(w nH)T)/uhey) =0. (30)
From the definition of u#;,, we have

up — Uy +ﬁh—uhz +ﬁh—uh3

3 3 7 =0 (31)
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therefore,

Ty o 1 2 2 2
5 1 2 =2 (s 2+ e [P+ [ |12)
1 _ _ _
o (i =y 2+ [ o = P+ | sy =75 |2) = 0. (32)

Adding (23), (27)—(30), and (32) implies that
~ ~ A
E(uy " dyth) — E(@, dy) + 5 | Vit = Vi |2 +yAat || with |

1. _ A2
o i =P A | Vgt P S | VR IR A (e e

1 - N N
+8(H wp — iy |1+ || wo — gy >+ | s — g, |?)

1 _a, |2 _a, |2 —a, |12) <0 33
+2 g =y |7+ || e — ||+ || wps — 9, [|7) <0, (33)

which implies the assertion (22). O

Theorem 1 is a result concerning a local discrete energy estimate. Then, we give a
global energy estimate about time for schemes (12)—(19) in the following theorem.

Theorem 2. Assume that the hypotheses in Section 3.1 are satisfied. For any n € [0, N], the
numerical solutions (d},,wj,, and uj,) of the schemes (14)—(19) have the property

m
r[nax ]{E(u;’f”,dfﬂ) ALY (v || Va2 4 Ay | w2} < Eu), ), (34)
me[0,N—1 =0

where (uYandd)) are defined in (12). Additionally, if for some constant K > 0, (h, ) satisfy
h/e < K, then there exists a constant Cy > 0 such that

m

max (E(up L di )+ A Y (v || Vgt 2 4y P} <G (39)
me[0,N—1] =0

Proof. The proof of (34) follows easily from Theorem 1 and by summing over n. Using the
same method as Lemma 4.4 in [6], we can prove that E(ug,dg) < Cp. Then, we can easily
obtain (35). O

5. Numerical Experiments

In this section, we present a numerical example to carry out a sensitivity study of
schemes (12)—(19). More precisely, we give details to take care of the relation among
the stabilization constant Hr defined in (16), the viscosity parameter v, the geometrical
parameter 8, and the penalization parameter . Then, we consider a rotating flow and
give the evolution of the director field and velocity field for the annihilation of two and
four singularities. At the end of this paper, we investigate the numerical accuracy of the
proposed system in space and time.

The numerical solutions are implemented by FreeFem-++ [21] and Matlab.

5.1. Annihilation of Singularities

We consider the initial conditions of the nematic liquid crystal with stretching effect
(1)—(3) are

uy =0,
d

dy = —~ ,
0= Vipre
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where d = (x? +y? — 0.25,y). This example was also used to research nematic liquid
crystal in [5,6,10,11,13,22]. In this experiment, we choose computational domain () =
(—=1,1) x (—1,1), time step size At = 0.001, and use a 32 x 32 grid in the computation.

First of all, let B = —1 and & = 0.05. We research the stability , annihilation time, and
energies of two singularities at M = 0, 1,2,3 under different viscosity coefficient v; see
Table 1. We are concerned with the dependence of stability on the parameters M and v.
In particular, we present snapshots of the director and velocity fields at M = 2 and the
time T = 1.0 in Figure 1. As can be seen from Figure 1, when the numerical solution is
in a stable state, different v values have no great influence on the director field,where the
stability refers to the ability of fluid motion of a certain form to recover its original form
after initial disturbance. However, it is obvious that the velocity field is somewhat chaotic
when v = 0.001, while the trend of the velocity field becomes regular when v gradually
increases. Especially at v = 1.0, the velocity field has largely quieted down. A, we also
show the behavior of the energies in Figure 2. We can find that with the annihilation of
the singularity, the energy decreases rapidly, which is consistent with the results obtained
in [10].

Table 1. The stability , annihilation time, and energy of two singularities at M = 0,1, 2,3 under
different viscosity coefficient v. fmax is the time where the kinetic energy (KE) reaches its maximum.

v

M 0.001 0.01 0.1 1.0
Yes Yes Yes Yes Stable

0 0.233 0.231 0.225 0.262 fmax
2.2291 2.2578 1.2707 0.1317 KE
Yes Yes Yes Yes Stable

1 0.412 0.411 0.417 0.461 tmax
1.2721 1.2251 0.5878 0.0588 KE
Yes Yes Yes Yes Stable

2 0.543 0.543 0.554 0.600 tmax
0.9513 0.8981 0.4174 0.0398 KE
Yes Yes Yes Yes Stable

3 0.672 0.675 0.690 0.735 tmax
0.7409 0.7056 0.3237 0.0292 KE

(b)v=10

Figure 1. Cont.
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Figure 1. Evolution of the director field (the first column) and the velocity field (the second column)
for the annihilation of two singularities at v = 1.0, 0.1, 0.01, and 0.001. Here, p = —1,e = 0.05, T =1,

| o . 05 oo
N X: 0543 -
o xose 0 Viosset 0t s oo Voo
08 10.8613] ; 3 Y:04174
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o 0
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.

. o 0
0 o1 02 03 04 05 08 07 08 09 1 0 o1 02 03 04 05 08 07 08 09 1 0 o1 02 03 04 05 08 07 08 09 1 0 o1 02 03 04 05 06 07 08 09 1

(e) v =0.001 f)v=001 (g)v=o01 (h)v=10

Figure 2. Evolution of the energies for the annihilation of two singularities at v = 0.001,0.01,0.1, and
1.0. Here, = —1,e =0.05,T=1,and M = 2.
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Secondly, we investigate the dependence of stability on parameters Hr and . We take
v =1.0,and ¢ = 0.05 and vary g = 0, —0.5, =1, and M = 0,1, 2, 3. The results are shown in
Table 2.

Table 2. The stability , annihilation time, and energy of two singularities at M = 0,1,2,3 un-
der different geometrical parameter . tmayx is the time where the kinetic energy (KE) reaches its

maximum.
B _ _

M 0 0.5 1
Yes Yes Yes Stable

0 0.297 0.303 0.262 tmax
0.4925 0.1688 0.1317 KE
Yes Yes Yes Stable

1 0.496 0.501 0.461 Finax
0.2830 0.0972 0.0588 KE
Yes Yes Yes Stable

2 0.634 0.639 0.600 tnax
0.2123 0.0733 0.0398 KE
Yes Yes Yes Stable

3 0.769 0.774 0.735 Eax
0.1693 0.0581 0.0292 KE

In order to more intuitively observe the influence of different g values on the annihi-
lation, we specially give snapshots of the director field in the initial state and the stable
state in Figure 3. We do not find any significant difference between these figures with these
different B values.

A

///(l/ﬁﬂ//m R

T

/]/
1IN

|
/\\

s
% 7 /

7 ’
&

2, 7 /
2./
= 7
22209/
1
AR
AN

Figure 3. Cont.
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Figure 3. Snapshots of the director field in the initial state and the stable state with different 8. Here,
v=1.0,¢6 =0.05and M = 2.

Then, we investigate the dependence of stability on parameters Hr and e. We take
v=10and f = —1 and vary ¢ = 0.1,0.05,0.01, and 0.001 and M = 0,1, 2, 3. The results
are shown in Table 3. The results are similar to those presented in Table 4 of [11]. It is
found that when ¢ = 0.1, and 0.05, the annihilation time becomes longer and longer with
the increase in M, and the maximum value of the corresponding kinetic energy becomes
smaller and smaller. Even when ¢ = 0.01 and 0.001, where there is no longer annihilation,
this rule can still be followed.

Table 3. The stability , annihilation time, and energy of two singularities at M = 0,1, 2, 3 under differ-
ent penalization parameter €. tmay is the time where the kinetic energy (KE) reaches its maximum.

€
N 0.1 0.05 0.01 0.001
Yes Yes No No Stable
0 0.185 0.262 —— —— Fmax
0.0602 0.1317 —— —— KE
Yes Yes Yes Yes Stable
1 0.215 0.461 0.006 (No annihilation) 0.005 (No annihilation) tmax
0.0461 0.0588 0.0106 0.0128 KE
Yes Yes Yes Yes Stable
2 0.236 0.600 0.009 (No annihilation) 0.007 (No annihilation) Fmax
0.0391 0.0398 0.0058 0.0065 KE
Yes Yes Yes Yes Stable
3 0.256 0.735 0.011 (No annihilation) 0.009 (No annihilation) bnax
0.0338 0.0292 0.0041 0.0045 KE

Figure 4 shows that evolution in time of the kinetic energy for different ¢ values when
M = 2. By observation, we find that the kinetic energy behavior is obviously different
under the conditions that singularities can annihilate (a) or not annihilate (b). As noted in
references [6,11], a possible explanation for this behavior is that the velocity field generated
by the elastic tensor is insufficient to move the singularity though the convective term in
the director equation. Additionally, especially at e = 0.01, and 0.001, the kinetic energy goes
down to zero at the beginning. One might think that if the kinetic energy associated with
the velocity field is large enough to move the singularities, then they will move towards
each other until annihilation.
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Figure 4. Evolution in time of the kinetic energy for ¢ = 0.1,0.05,0.01, and 0.001. Here, v = 1.0,

p=-1l,and M =2.

Furthermore, to visualize the difference in energy in the stable state and unstable state,

we present Figure 5.
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Figure 5. Evolution in time of energies for e = 0.1,0.001,v = 1.0, = —1,and M = 1.
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In addition, in Figure 6, we show the evolution in time of energy for the unstable state.
Obviously, they are completely different from the evolution of the energy for the stable
state. The snapshots of the unstable state (¢ = 0.001, and M = 0) and the no annihilation
(¢=0.001,and M = 1) at t = 0.001 and ¢ = 1.0 are given in Figures 7 and 8, respectively.
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Entropy 2022, 24, 1844

14 0f 18

///.’////M///////z;( .

(a)d, t=0.001 (b) u, t=0.001 (€)d,t=10

Figure 7. Snapshots of the unstable state at time t = 0.001 and { = 1.0. Here, ¢ = 0.001,v =1, = —1,
and M = 0.
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Figure 8. Snapshots of no annihilation of director field (a,c) and velocity field (b,d) at times ¢ = 0.001
and t = 1.0. Here,e = 0.001,v =1, = —1,and M = 1.

Lastly, we give the snapshots of the director and the velocity field displayed at times
t = 0.1,0.2,0.3, and 1.0 in Figure 9. Here, we choose the parameters ¢ = 0.1, = —1,
v=10,M=2A=1.0,v=1.0,and At = 0.001.
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Figure 9. The snapshots of the director and the velocity field at times t = 0.1,0.2,0.3, and 1.0. Here,
we choose the parameters e = 0.1, = —1,v=1.0,M =2,A = 1.0,y = 1.0, and At = 0.001.

5.2. The Behavior under Rotating Flow

In this example, we consider a rotating flow in a square domain Q = (—1,1) x (—1,1).
The initial director field of two singularities is the same as Example 5.1. The initial director
field of four singularities is the same as Section 4.2.2 in [11]. The initial velocity field
is uy = (—20y,20x). We present the snapshots of the director field for the annihilation
of two singularities at times t = 0.001,0.4,0.6, and 1.0 and four singularities at times
t =0.001,0.1,0.2, and 1.0 (see Figures 10 and 11). Here, we choose the parameters ¢ = 0.05,
g=-1Lv=10M =27 =10, and y = 1.0. Additionally, At = 0.001. Clearly, the
annihilation times are around ¢ = 0.555 and t = 0.160, respectively. They are all smaller
than those obtained in [11].
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Figure 10. The snapshots of the director field of two singularities for the rotating flow at times
t =0.001,0.4,0.6, and 1.0.
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Figure 11. The snapshots of the director field of four singularities for the rotating flow at times
t =0.001,0.1,0.2, and 1.0.

5.3. Convergence Rate

In this subsection, we consider that the initial conditions of the nematic liquid crystal
with stretching effect (1)—(3) are

Uy = 0,
dy = (sin(a), cos(a)),

where a = 7(x? +y?)? . Here, we choose computational domain Q = (0,1) x (—3, 1)
and parameters ¢ = 0.05,8 = —1,v = 1.0,A = 1.0, and ¢y = 1.0, M = 2. To measure the
convergence rate, we use the following equations:

At 2At ”vAt_UZAt”

v —v h h 1
rea = logy o o L 7 hm” Ty =108 | A A o),
! th —vy, Il s th -0y, HHl(Q)

At

At
[[on! —vb/ | [03" 09 g1 ()

Ty2yp = 10 — AT Tyl = 10 — 7 7 .
L2,h &2 ( |‘v£;2_v£t|| +THL K 82 ”"’ﬁ;z—vﬁtHHl(Q)

Here, v can be u,d, and p.

In Figure 12 and Table 4, we present the time errors and convergence rates for the
director, velocity, and pressure measured in the L? — norm and H' — norm at the final time
T = 0.1, respectively. The time error for the director, velocity, and pressure in the L? — norm
and H! — norm are of O(At), respectively. Here, we run the code with the spatial mesh
size: 64 x 64 and time steps At = 1073,5 x 1074,2.5 x 1074,1.25 x 1074, and 6.25 x 1077,
respectively.

Table 4. Time convergence rates for the director, velocity, and pressure.

At d—12 d—H' u—12 u—H! p— L2 p—H'
103 . __ - __ I N
5x 1074 0.5909 0.7283 0.9144 0.8829 0.6967 0.8225
25x%x 1074 0.7568 0.8183 1.0692 1.0160 0.8641 0.9055
1.25x 1074 0.8676 0.8934 1.0949 1.0530 0.9255 0.9068

6.25x 107° 0.9311 0.9424 1.0669 1.0382 0.9580 0.8849
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In Figure 13 and Table 5, we present the space errors and space convergence rates
for the director, velocity, and pressure measured in the L? — norm and H! — norm at the
final time T = 0.1. The error for the director, velocity, and pressure in the L2 — norm and
H' — norm are of O(h?) and O(h), respectively. Compared with the result obtained in [6],
ours is obviously better. Here, we run the code with the spatial mesh sizes: 16 x 16, 32 x 32,
64 x 64,128 x 128, and 256 x 256 and time step At = 0.001, respectively.

Table 5. Space convergence rates for the director, velocity, and pressure.

h d—12 d—H! u— L2 u—H! p—L? p—H!
1 __ __ _ _ _ _
16

= 2.0609 1.1252 2.0821 1.1781 2.0856 1.1528
& 1.9523 1.1330 1.9598 1.1832 1.9829 1.1714
o8 2.0024 0.8941 1.9800 0.8912 1.9968 0.8992
% 2.0277 1.0411 2.0701 1.0499 2.0311 1.0433

Remark 1. Compared with [6], which used the same method as this paper to research the Ericksen—
Leslie model without stretching effect, the time and space convergence rates obtained in this paper

are better.
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Figure 13. Behavior of the space error in the L? — norm and H! — norm.

6. Conclusions

In this paper, a new decoupling scheme based on the nonincremental pressure-
correction projection method was proposed to approximate the penalized Ericksen—Leslie
model with stretching effect. The scheme is a linear and unconditionally stable system. One
bright spot is that equal low-order finite element spaces were used for our scheme. That is,
P1 — P1 — P1 finite element spaces were used for the director, velocity, and pressure.

In our numerical experiment, the sensitivity of the viscosity parameter v, the geomet-
rical parameter B, the penalization parameter ¢, and the stabilization constant Hr in the
proposed scheme were studied. It was found that the sensitivity of singularity annihilation
to parameters 3, ¢, and Hf is very consistent with the result in [11]. Notably, we studied
the effect of different viscosity coefficients on the annihilation and found that our method
works for different v (related to the Reynolds number). However, when v = 0.001, the
velocity field looks messy near the singularity region. We will consider how to overcome
this problem in future studies. In addition, experiments on the annihilation of two singular-
ities and four singularities in a rotating flow were performed. What is gratifying is that by
comparing with the existing methods, the results we obtain are better than those in [11].
Furthermore, we verified the numerical accuracy in time and space.

Author Contributions: Theoretical analysis, Z.M.; Program Implementation, M.L.; Algorithm Design,
H.J. All authors have read and agreed to the published version of the manuscript.

Funding: The research was funded by the 2021Shanxi Science and Technology Cooperation and
Exchange special program “202104041101019”, the 2022 Shanxi Water Conservancy Science and
Technology Research and Promotion Project “2022GMO006”.

Institutional Review Board Statement: Not applicable.



Entropy 2022, 24, 1844 18 of 18

Data Availability Statement: Not applicable.

Acknowledgments: This work was supported by the National Nature Foundation of China (No.11872
264), the Provincial Natural Science Foundation of Shanxi (N0.201901D111123), Scientific and Techno-
logical Innovation Programs of Higher Education Institutions in Shanxi (No.2017119), Key Research
and Development (R&D) Projects of Shanxi Province (N0.201903D121038), Research Project Sup-
ported by Shanxi Scholarship Council of China (No.2021-029).

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Ericksen, J.L. Conservation Laws for Liquid Crystals. J. Rheol. 1961, 5, 23. [CrossRef]

2. Leslie, EM. Theory of Flow Phenomena in Liquid Crystals. Adv. Lig. Cryst. 1979, 4, 1-81.

3.  Lin, F. Nonlinear theory of defects in nematic liquid crystals; Phase transition and flow phenomena. Commun. Pure Appl. Math.
1989, 42, 789-814. [CrossRef]

4. Lin, F; Liu, C. Nonparabolic dissipative systems modeling the flow of liquid crystals. Commun. Pure Appl. Math. 1995, 48, 501-537.
[CrossRef]

5. Guillén-Gonzélez, EM.; Gutiérrez-Santacreu, J.V. A linear mixed finite element scheme for a nematic Ericksen—Leslie liquid
crystal model. Esaim Math. Model. Numer. Anal. 2013, 47, 1433-1464. [CrossRef]

6. Cabrales, R.C.; Guillén-Gonzalez, F; Gutiérrez-Santacreu, J.V. A time-splitting finite-element approximation for the
Ericksen-Leslie equations. Siam J. Sci. Comput. 2015, 37, B261-B282. [CrossRef]

7. Guermond, J.L.; Quartapelle, L. On stability and convergence of projection methods based on pressure Poisson equation. Int. .
Numer. Methods Fluids 1998, 26, 1039-1053. [CrossRef]

8. Guermond, ].L.; Minev, P; Shen, J. An overview of projection methods for incompressible flows. Comput. Methods Appl. Mech.
Eng. 2006, 195, 6011-6045. [CrossRef]

9.  Burman, E.; Fernandez, M.A. Galerkin finite element methods with symmetric pressure stabilization for the transient Stokes’
equations: Stability and convergence analysis. Siam |. Numer. Anal. 2008, 47, 409-439. [CrossRef]

10. Lin, P; Liu, C.; Zhang, H. An energy law preserving CU finite element scheme for simulating the kinematic effects in liquid crystal
dynamics. J. Comput. Phys. 2007, 227, 1411-1427. [CrossRef]

11. Cabrales, R.C.; Guillén-Gonzalez, F.; Gutiérrez-Santacreu, J.V. A projection-based time-splitting algorithm for approximating
nematic liquid crystal flows with stretching. Zamm-]. Appl. Math. Mech. 2017, 97, 1204-1219. [CrossRef]

12. Du, Q.; Guo, B.; Shen, J. Fourier spectral approximation to a dissipative system modeling the flow of liquid crystals. Siam J.
Numer. Anal. 2002, 39, 735-762. [CrossRef]

13. Becker, R.; Feng, X.; Prohl, A. Finite Element Approximations of the Ericksen — Leslie Model for Nematic Liquid Crystal Flow.
Siam ]. Numer. Anal. 2008, 46, 1704-1731. [CrossRef]

14. Gutiérrez-Santacreu, J.V.; Guillén-Gonzalez, F. Mixed formulation, approximation and decoupling algorithm for a penalized
nematic liquid crystals model. Math. Comput. 2010, 80, 781-819.

15. Badia, S.; Guillén-Gonzalez, F.; Gutiérrez-Santacreu, J.V. An Overview on Numerical Analyses of Nematic Liquid Crystal Flows.
Arch. Comput. Methods Eng. 2011, 18, 285-313. [CrossRef]

16. Badia, S.; Guillén-Gonzélez, F.; Gutiérrez-Santacreu, J.V. Finite element approximation of nematic liquid crystal flows using a
saddle-point structure. J. Comput. Phys. 2011, 230, 1686-1706. [CrossRef]

17.  Temam, R.; Chorin, A. Navier Stokes Equations: Theory and Numerical Analysis. J. Appl. Mech. 1984, 2, 456. [CrossRef]

18. Jeffery, G.B. The Motion of Ellipsoidal Particles Immersed in a Viscous Fluid. Proc. R. Soc. Ser. A 1922, 102, 161-179.

19. Liu, C; Shen, J.; Yang, X. Dynamics of Defect Motion in Nematic Liquid Crystal Flow: Modeling and Numerical Simulation.
Commun. Comput. Phys. 2007, 2, 1184-1198.

20. Jia, H,;Li, K; Liu, S. Characteristic stabilized finite element method for the transient Navier-Stokes equations. Comput. Methods
Appl. Mech. Eng. 2010, 199, 2996-3004. [CrossRef]

21. Hecht, F. New development in FreeFem++. J. Numer. Math. 2012, 20, 251-265. [CrossRef]

22.  Liu, C.; Walkington, N.J. Approximation of Liquid Crystal Flows. Siam ]. Numer. Anal. 2000, 37, 725-741. [CrossRef]


http://doi.org/10.1122/1.548883
http://dx.doi.org/10.1002/cpa.3160420605
http://dx.doi.org/10.1002/cpa.3160480503
http://dx.doi.org/10.1051/m2an/2013076
http://dx.doi.org/10.1137/140960979
http://dx.doi.org/10.1002/(SICI)1097-0363(19980515)26:9<1039::AID-FLD675>3.0.CO;2-U
http://dx.doi.org/10.1016/j.cma.2005.10.010
http://dx.doi.org/10.1137/070707403
http://dx.doi.org/10.1016/j.jcp.2007.09.005
http://dx.doi.org/10.1002/zamm.201600247
http://dx.doi.org/10.1137/S0036142900373737
http://dx.doi.org/10.1137/07068254X
http://dx.doi.org/10.1007/s11831-011-9061-x
http://dx.doi.org/10.1016/j.jcp.2010.11.033
http://dx.doi.org/10.1115/1.3424338
http://dx.doi.org/10.1016/j.cma.2010.06.010
http://dx.doi.org/10.1515/jnum-2012-0013
http://dx.doi.org/10.1137/S0036142997327282

	Introduction
	Notations and Preliminaries
	Notations
	A Penalized Ericksen–Leslie Model with Stretching Effect

	Hypotheses and the Fully Discrete Scheme
	Hypotheses
	The Fully Discrete Scheme

	Energy Estimate
	Numerical Experiments
	Annihilation of Singularities
	The Behavior under Rotating Flow
	Convergence Rate

	Conclusions
	References

