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Abstract: The main concern of this paper is finite-time stability (FTS) for uncertain discrete-time
stochastic nonlinear systems (DSNSs) with time-varying delay (TVD) and multiplicative noise.
First, a Lyapunov—Krasovskii function (LKF) is constructed, using the forward difference, and less
conservative stability criteria are obtained. By solving a series of linear matrix inequalities (LMIs),
some sufficient conditions for FTS of the stochastic system are found. Moreover, FTS is presented
for a stochastic nominal system. Lastly, the validity and improvement of the proposed methods are
shown with two simulation examples.

Keywords: discrete-time stochastic system; finite-time stability; nonlinear perturbations; uncertain
parameters; time-varying delay

1. Introduction

Time-delays are general in many actual systems, for instance, circuits, neural network
systems, biological medicine, building structure and multi-agent systems [1-4]. However,
a time-delay may reduce the performance of dynamic systems and even lead to system
instability. Therefore, how to eliminate the adverse effects caused by time-delay on the
system is an important consideration. A new Lyapunov method was proposed to study
the stability of the system [5]. In [6], Zhang et al. introduced a reciprocally convex matrix
inequality to analyze the stability of TVD systems. A FTS or stabilization criterion was given
for linear time-delay systems (TDSs) through bounded linear time-varying feedback [7].
The practical stability of TVD-positive systems was analyzed by designing a controller [8].
Long et al. considered the stability of linear TDS via the quadratic function negative
deterministic method [9].

In actual engineering, it is common for the system to be interfered with by some
nonlinear factors. The control analysis of nonlinear TDSs becomes more important. In order
to obtain a greater upper limit of TVD, a new less-conservative stability criterion for
nonlinear perturbed TDS was proposed in [10]. The authors of [11] developed robust
stability of switching systems with nonlinear disturbances and interval TVD. Finite-time
control problems for nonlinear systems with TVD and external interference were discussed
in [12]. In general, there is often uncertainty in the parameters of the system model.
Kang et al. [13] studied the FTS of discrete-time nonlinear systems with interval TVD.
On the basis of [13], Stojanovic proposed a less conservative FTS criterion for discrete-time
nonlinear systems with TVD and uncertain terms [14].

The most basic concepts of system stability include FTS [15-17] and Lyapunov asymp-
totic stability (LAS) [18,19]. FTS and LAS are different in two ways. First, FTS studies the
state behavior of a system within a limited time interval, and LAS studies the state behavior
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of a system in an infinite time interval. Secondly, the former research needs to give the
limit of the system state in advance, while the latter does not need to give a fixed value in
advance. In [20], Dorato introduced the concept of FTS. In a sense, if the state of the system
under the initial condition does not exceed the specified range, then the system is called
FTS within a certain time interval. In recent years, the research on FTS has attracted much
attention. Thus far, many new results on FIS have been published. Shi et al. extended the
discrete Jensen-based inequality by establishing a new weighted summation inequality
and proposed new criteria for the FTS of nonlinear TDS [21]. The concepts of FTS and
stabilization are extended to continuous additive TVD systems [22].

In the above-mentioned literature, the dynamic systems are definite; however, in the
actual industrial production process, random phenomena are widespread [23]. From the
perspective of theory or practical application, the control problem of stochastic systems
is always a difficult issue. In [24], Yu et al. studied the FTS and He control problem for
stochastic nonlinear systems. Wang et al. discussed the FTS of stochastic nonlinear systems
by constructing Hamiltonian functions [25]. The stochastic FTS of linear semi-Markov jump
systems was developed by designing a class of state feedback controllers [26].

Yan et al. proposed a less conservative stability criterion through a model-dependent
method and gave the FTS and stabilization conditions of Markov jump It6 stochastic
systems [27]. The authors in [28] considered the FTS problem of stochastic linear discrete-
time TDS with multiplicative noise under state feedback control [29] discussed the finite-
time guaranteed performance control of random mean-field systems and gave the criterion
of FTS for the closed-loop system. However, there is no literature to discuss the FTS of
uncertain DSNS with multiplicative noise and time-delay.

The results of FTS are extended to uncertain DSNS with TVD in this paper. The follow-
ings are the major contributions: First, a new augmented time-varying LKF is proposed,
which contains a power function Z¥-/=1. A special finite sum inequality (NFSI) is used
to process the forward difference of LKF with double summation terms. This NFSI is
equivalent to Jensen’s inequality but reduces conservatism to a certain extent. Secondly,
one-dimensional random processes, namely a sequence of one-dimensional independent
white noise processes defined in probability space (Q), F, P, F,), are considered as an exter-
nal disturbance of the system. An algorithm is presented to reduce the influence of external
interference on the stability of uncertain DSNS.

In addition, the uncertain parameters and nonlinear perturbations are transformed
into linearity through the inequality calculation. The remainder is arranged as follows:
some preparatory knowledge for the discrete-time stochastic system, the requisite lemmas
and definitions are given in Section 2. The FTS of discrete time-varying stochastic uncertain
system with nonlinear perturbations is studied, and then the FTS of a nominal system
is considered in Section 3. By constructing an LKF with a power function and a new
summation term, the criteria to guarantee the FTS of the discrete-time stochastic system
are given. Simulation examples are presented to demonstrate the validity of the results in
Section 4. Section 5 is the conclusion of this paper.

Notation: In this paper, R” means the n-dimensional Euclidean space, R"*™ is all real
matrices with dimensions of n x m. Ny = {—hp, —hpr+1,---,—-1,0},N={1,2,3,--- ,N}.
For matrix P € R"*"™, A5, (P) represents the maximum eigenvalue, and A,,;, (P) denotes
the minimum eigenvalue of matrix P. P > 0 (P > 0) means P is positive definite (positive
semi-definite) matrix. The * sign in the matrix indicates the symmetry item.

2. Problem Statement and Preliminaries
Consider an uncertain DSNS with TVD as follows

x(k+1) =(M+ AM(k))x(k) + (Mg + AMy(k))x(k — h(k))
+e1(x(k), k) +ex(x(k — h(k)), k) + Dx(k)w(k), 1)
x(I) =¢(), €N,
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where x(k) € R" is the state vector, w(k) is a one-dimensional random variable defined
on the probability space (Q),F,P,F,). M, M, D € R"*" are constant matrices with
appropriate dimensions. It is supposed that E{w(I)} = 0, E{w(l)w(k)} = djx, when [ # k,
Ok = 0; when | =k, §j = 1, where E{-} represents mathematical expectation, and Jy is
a Kronecker function. hi(k) is the interval TVD and satisfies 0 < h,, < h(k) < hpy. ¢(1) is
a vector-valued initial sequence such that

lseuNP((P(l +1) = (1)) (91 +1) — ¢(1)) <.

e1(x(k), k) and e (x(k — h(k)), k) are nonlinear disturbances, and H and H, are known
constant matrices satisfying

er T (x(k),k)er (x(k), k) < xT (k)HT Hx(k),
2" (x(k — h(K)), k)ea(x(k — h(k)), k) < x7 (k — h(k)) Hy" Hyze(k — h(K)).

AM(k), AM;(k) and A(k) are unknown time-varying matrices that are uniformly
bounded in the norm. F, F; and G are known matrices with

[AM(K) AMy(k)] = GA(K)[F 4], AT(k)A(k) < I.
Let z(k) represent an unknown variable, and the system (1) can be written as follows:

x(k+1) =Mx(k) + Myx(k — h(k)) + Gz(k) + e1(x(k), k)
+ex(x(k —h(k)), k) + Dx(k)w(k),
z(k) =A(k) (Fx(k) + Fyx(k — h(k))),
x(l) =¢(1), 1€ Np.

For system (1), if the perturbations and uncertainties are not considered, it can be
expressed as:

{x(k+1) = Mx(k) + Myx(k — h(k)) + Dx(k)w(k), 2

x(I) = ¢(l), 1€N,

which is called a nominal system.
In order to analyze the FTS of system (1), the following definition and lemmas are
introduced.

Definition 1. For given scalars 0 < a < B, system (1) is FTS subject to (x, B, N), n € N, if

sup [|o(1)[> < o = E{[|lx(k)|*} < B.
leNy

Remark 1. It is worth noting that o and P are all used to describe the state variables remain on the
given limits. B is influenced by « as a parameter adjustment in the simulation; however, that does
not mean that B only depends on «. In addition, different from the plain stability, the characteristics
of finite-time stability are as follows: First, the initial condition is confined to a prescribed limit.
Second, the state trajectory does not exceed the specified value over a finite-time interval instead of
an infinite-time interval.

Remark 2. Compared with the continuous-time system [30-32], the FTS of the discrete-time
stochastic systems [33—35] has received much less attention because the analysis can be simplified
to the robust stability of linear systems with uncertainties but no delay. That is to say, in the
discrete-time case, the presence of time-delay can be modeled by extending the system state with past
variables, i.e., X(k) = [x(k),x(k —1),- - -, x(k — hM)]T. However, the optimization algorithms
are easier to complete on the computer as well as the growing applications in certain engineering
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fields; therefore, the stability analysis of discrete-time stochastic systems is meaningful. In the next
sections, we extend the analysis of FTS to stochastic systems.

Lemma 1 ([36]). For any matrices with appropriate dimensions L > 0, LT > 0, L € R"™*™,
S € R™™ scalar { > 0and hy,hy € N, hy > hy, the following inequality holds

k—h;—1

— X T Ly() < ST (k)eSLTISTE (k) + 28T (K)S(x(k — i) — x(k —h2)),  (3)
j=k—hy

where y(j) = x(j+ 1) — x(j), &(k) € R"™1 is the state vector and ¢ > 0 is a constant defined
as follows

hz - h], C = 1/
€= (r—n —h
@M=/ (E-1), §#1L
. . . Tll le
Lemma 2 ([37]). (Schur complement) For the given symmetric matrix T = [ T } , where
2

Ty1 € R™", the following three conditions are equivalent:

(1) T<O0;
(2) T <0,Tn—THT' T2 <O;
(3) Ty <0, T — T12T231T12 <0.

3. Main Results

In this section, the FTS and RAS problems for system (1) are discussed, and the FTS
criteria for the nominal system (2) are presented.

3.1. FTS for Stochastic Systems with Nonlinear Disturbances and Uncertain Parameters

In this section, stochastic system (1) is considered with uncertain parameters and
nonlinear disturbances, the sufficient conditions of FTS for system (1) are given first.

Theorem 1. Given constant { > 1 and positive constants €, €3, 4, A1, Az, - - - , Ag, then the uncer-
tain DSNS (1) with TVD is FTS subject to {a, B, N} if there exist matrices A = [AT AT ... AIlT,
B=[BI Bl ... BI|Tand C = [CT CT .- CINT as well as positive definite matrices P, Wy, Wa,
Q1, Q2 € R™", such that all of the following conditions hold:

@jlij=12,.7 €A e1B £,C

* —81Q1 0 0
* * —&1Q1 0 <0 @
* * * —SzQz

MI<P <A, A3l <Wp <MD, A5l < Wp < Agl,

5
Q1 <Asl, Qs < Asl, ©)

INTa(Ag + 71Ag + 72Ag) + 8(13A7 + 14Ag)] — B[A1 + 113 + 112A5] < 0, (6)

where
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O1 = MIPM — P+ Wy + Wy + (M —1)TQup(M —I) + eH'H + uF'F
+C1+Cl +D'PD +DTQp,D,

O = MTPMy; + (M — DTQ1uMy + uFTF; + Ay — By +CI,

@;3=B—C1+Cl, Ou=-A+C],

@15 = M'PG+ (M —1)"QuuG+Cd, ©16=MP+(M—-1)'Q;,+Cq,

Oy =M'P+(M-1)TQ +C7,

O = MIPMy + MYQi My + esHI Hy + uFIFy + Ay + AT — B, — B,

Oxp =AY +By— Bl —Cp, @y =—-Ay+ Al —B],

@25 = MIPG + MIQ1yG + Al — BI, @ = MIP+ MIQy, + AL — B,

@y = MIP+ MIQyy + AT —BI, @3 = ("W, +B;+ Bl —C3 -],

Oy = —A3+B] —CI, ©3=BI-CI, ©3=Bl-C],

@3y =Bl —Cl, @u=-"W;—A;—A], Oy5=-Al,

Ou = — AL, Oy =-Al, 055 =G"PG+GTQ12G — pl,

@56 =G 'P+G'Qr, ©s57=G"P+G"Qra, ©gs =P+ Qup—el,

@7 =P+ Qu2, O =P+ Qu—eql, Q2= (hp—hm)Q1+huQa,

elz{hM—hm, 7=1, Szz{hm, =1, .
(gt =gy /(0 =1), T#1, 1=/ (f—1), [#1

_ {hM/ §:1, _ {hm, g:l/
V@ -nrg-1), c£1, PTV@-0/@-1), 41

hM(hé\A+l) _ hnl(hén+1) g — 1
- ’ ‘ 8
" {@’W L (- 1) (g — )/~ 1% LA, ®
hm(hnﬁ’l) g =1
4= { o 2 /
(¢(g" =1) = (C—1Dhw)/((—1)7, T#1.

Proof. Consider the following LKF (k € N),

3
V(k) =Y Vi(k), )
s=1
where
Vi(k) = x7 (k) Px(k),
k=1 ] k=1 4
k)= Y TGmix()+ Y TR Wax()),
j=k—hpm j=k—hm
—hw—1 k=1 , -1 k-1 )
slk)= Y Y YT (Howih+ XY () Qu())-
i=—hyy j=k+i i=—hy j=k+i

Along the trajectory of system (1), the forward differences of V; (k), Va2 (k) and V3 (k)
are obtained as follows
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E{aVi(k)} = E{Vi(k+1) = Vi(k)}
= E{x"(k+ D)Px(k+1) + (C — DVi(k) =gV (k) }

= E{xT(k)(MTPM + DTPD — gP)x(k) + (¢ — 1) Vi (k)

4+ 2xT(k)MTPMyx (k — h(k)) + 2xT (k)MT PGz(k)

+ 2xT (k)MT Pey (x(k), k) + 2xT (k) MT Pey (x(k — h(k)), k)

xT(k — h(k))MFPMyx(k — h(k)) +2xT (k — h(k)) M} PGz (k)

2xT(k h(k)) M Pey (x(k), k) + z" (k)GT PGz (k)

+2xT(k — h(k))M] Pey(x(k — h(k)), k)

+ 22T (k)GT Pey (x(k), k) + 22T (k) GT Pey (x(k — h(k)), k)

+e1 T (x(k), k) Pey (x(k), k) 4 21T (x(k), k) Pey (x(k — h(k)), k)

e (x(k — h(K)), k) Pea(x(k — h(K)), k) } (10)

E{AVa(k)} = E{Va(k+1) — Va(k)}

k k
ZE{ Y. GG+ Y T ()wax())

jkhM+1 jkh+1

- Z ¢ () Wax(j) Z g )sz(J)}
=k—hyy,

j= =k—hp ]
k—1
:E{c Yo T (Wi (j) + xT (k) Wix (k)
j=k—hpm

— M (k — hag) Wax(k — )

k-1
+¢ Y T (Wax(j) + xT (k) Wax (k)
]‘:k*hm

— g (ke — i ) Wox (k — hy) — V2(k)}

= E{(C = 1)Va(k) +x" (k) (Wy + Wa)x (k)
— T (k — ) Wi (k — ) =2 2T (k — hy) Wa (k — hm)}, (11)

E{AV3(k)} = E{Va(k+1) — V3(k)}
K

—hy—1 k )
:E{ Y Y (o) + Z Y. YT ()Quw())

i=—hp j=k+i+1 i=—hy j=k+i+1
—hp—1 k-1 —1

_ Z Z Ck ] 1 T Qly Z Z gk ] 1 T sz( )}
i=—hy j=k+i i=—hy j=k+i
—hp—1 k-1 —hm—1

{ Y Y o)+ Y v (RQuyk)
i=—hy j=k+i i=—hy
—hy—1 —1

- 2 iy (k+i)Quyk+i)+ Y Z Iyt (1) Qay ()
i=—hy i=—hy j=k+i

+ Z y" (k) Qay(k Z Ty (k+1)Qay(k +1) — V3(k)}, (12)
i=—hy i=—hy
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k=hy—1
E{Avs(k)}:E{<hM hn )y (k) Quy (k) — kZh Iy () Quy ()
j= M
+ hy" (k) Qay (k Z Iy () Qay () + (C—l)Va(k)}
j=k—hm
= E{(C —1)Va(k) +y" (k) [(har — Bm) Q1 + i Qaly (k)
k—hpy—1
- Y o) 2 gyt sz<>} (13)
j=k=hm j=k—=hm
From Lemma 1 and (13), we have
k—hpy—1
{ Y, G Qly()}
j=k—hpm
k—h(k)-1 k—hp—1
=Eq— Y, Gy - Y é" YT (HQuy ()
j=k—hpm j=k—h(k
< E{&"(R)e1AQ; " AT (k) + 2T (W) Alx <k h(k)) = x(k = hag))
+&7 (K)eyBQT BT & (k) + 28T (k) B(x(k — o) — x(k — h(K))) }
gE{gT(k)elAQflATg(k)—|—2§T(k)A[O I 0 -1 0 0 0]&k)
+&" (k)e1BQ; 'BTe(k) +2¢T()B[0 1 1 0 0 0 0]g(k)}
= E{gT(k)(1y +&1AQ; AT +1BQ;'BT)5 (k) |, (14)
k—1
E{ Iy (1) Qay )}
=k— hm
< E{¢T<k>szcgzlc%< )+ 287 (R)C(x(k) = x(k =) }
:E{«:T(k)ezCQz_lCTé(k)JrZ(;‘ (k)C[I 0 =1 0 0 0 o]g(k)}
= E{&T (k) (11, + &,CQ; 'CT)e(K) }, (15)
where
¢n) = [x"(k) T (k=n(k)) x"(k—hw) x"(k—hum)
2T (k) e T(x(k),k) e (x(k—h(k)), k)T,
0 I, By —A 0 0 0
* Tl Tl o4 A —BI Af-B{ A]-—
x « By+Bl —A;+Bl Bl Bl BI
I, = |x = * —A4—AZ —A5T —A6T —A7T
* ok * * 0 0 0
* ok * * * 0 0
K * * * * * 0
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[y =A; — By, Tlp=A,—By+ Al —
I3 =By + A} —BY, TIpyy=—A,+ Al —B],
Ci+cf ¢ -g+cl cf o & cfq
* 0 e 0 0 0 0
% * —C—CcI -cI -cI' -cf -cf
I, = * * * 0 0 0 0
* * * * 0 0 0
% * * * * 0 0
L x * * * * * 0 J
e = ("0 g7y /(1) < (T - /(- 1) =g,
ey = (M — MOy /(g -1) < (@@ - /(0 -1) =gy

From Equations (10)—(15) and condition (16)

we deduce that

xT(k)YHT Hx (k) —eer T (x(k), k)e1 (x(k), k) >0,
eaxT (k —h(k))HY Hyx(k — h(k)) — eqex (x(k —

(16)

h(k)), k)ez(x(k = h(k)), k) >0,

E{AV(K)}

gE{(g — 1)V (k) + xT (k)[MTPM + DTPD — (P

+ Wi+ Wa+ (M= 1)TQp(M — I) + DT Q1pD]x(k)

+2xT (k) (MTPMy + (M — )T Q1oMy)x(k — h(k))

(k)(M"PG + (M — 1)TQ15G)z(k)

(k)(MTP + (M —1)" Qup)ex (x(k), k)

(k)(MTP + (M — )" Qq2)ex (x(k — h(k)), k)

x" (k= h(k)) (MjPMy + My QiaMg)x(k — h(k))
(k= h(k)) (M PG + Mj Q12G)z (k)

+2xT (k= h(k)) (M P + Mg Quz)er (x(k), k)

+2xT (k= h(k)) (Mg P + Mg Qua)ea(x(k — h(k)), k)

T(k)(GTPG +GTQ1G)z(k)

T(k)(GTP + GTQup)er (x(k), k)

T(k)(GT'P + GTQup)ea(x(k — h(k)), k)

+e17(x(k), k) (P + Qu2)er (x(k), k)

+2¢1 " (x(k), k) (P + Qu2)ea (x(k — h(k)), k)

+ e (x(k = h(k)), k) (P + Quz)ex(x(k — h(k)), k)

— ¢MxT (k — ha) Wy x(k — )

— O xT (k= ) Wax(k — hy,)

+ T (k) (T 4TI, + e1AQ; ' AT

+e1BQ BT +e,CQ, ' CT)E(k)

+ exT(k)HTHx(k) — eelT(x(k),k)el(x(k),k)

+ egxT (k — h(k))HI Hyx(k — h(k))

+2xT
+2xT
+2xT

+2xT
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—eqer” (x(k = h(k)),k)ea(x(k — h(k)), k)
+ uxT (k) FTFx(k) — 2uxT (k)FT Fyx(k — h(k))

e (k= h(K)) Ef Egxe(k = (k) — pz" (k)2 (k) },
and it is rewritten that
E{AV(0)} < E{(C = DV (K) +&" (R (O] jo15,--7) +e1AQ; 1 AT
+e1BQ BT + 6,CQ5 1 CT) (k) }
From Schur’s complement, (4) is equivalent to inequality (17)
(104i =12, 7) + €1AQT AT +1BQ ' BT +£,CQ; 'CT < 0. (17)
Then,
E{AV(K) — (- DV(K)} <0,
by calculating, one further finds
E{V(k)} < I*E{V(0)},k € N. (18)

According to the definition of E{V (k)},

—1 ‘ —1 ,
E{V(0)} = E{ TOPx(0)+ Y ¢ ()wix(j) + Y ¢ RT()Wax(j)

jthM ]':*hm
—hm—1— -1 -1
+ Y LeTY e zzw”w)}
i=—hp j=i i=—hy j=i

<E{“)\max( )+“)\max Wl Z G i= 1+l")\max WZ Z 5 -1
]—_hM ]—_hm

—hu—1 — -1 -1
+5/\max Ql Z Zg = 1+5)\mﬂx QZ Z Zg - l}

i=—hp j=i i=—hy j=i
= ‘X(/\max(P) + ﬂl/\max(wl) + Uz/\max(wz)) + 5(’73)\mux(Q1) + ’74/\max(Q2))/ (19)

E{V(k)} >E{/\min(P)|x( )||2+)\mm Wl Z gk = 1||x ||2

j=k=hm

k-1 ,
FAmin(W2) ) é"f1||x<j>|2}- (20)
]':k*hm
In addition,
CN [“()\max (P) + ﬂl)\max (Wl) + 7’]2)\max (WZ)) + (5(773/\max (Ql) + 7’]4)\max (QZ) )]
< ﬁ[Amin (P) + UlAmin(Wl) + ’72Amin(w2)}' (21)
It follows from (21) that

{ Asain (P)[|x (k) 1+ Ay (W1 ) Z TGP A+ Ain(W2) Z g x (g ||2}

j=k—hpm j=k—hy,
< E{V(k)} < gN[‘X(/\max(P) + UlAmax(Wl) + 772/\max<w2)) + 5(773)\mux(Q1) + 774/\max<Q2>)]
< BlAmin(P) + 11 min(W1) + 12Amin (W2)]. (22)
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From (5), (6) and (22), E{||x(k)||*} < B, k € N. Thus, the stochastic system (1) is FTS
from Definition 1. The proof is completed. [

Remark 3. For stochastic system (1), the conservativeness of the FTS criterion is generally re-
stricted by inequalities (18)—(20). We consider the LKF with the power function {¥~1 and find
E{V(k)} < CE{V(k —1)}, then E{V (k)} < Z*E{V(0)}, E{V(0)} < Ty and E{V(k)} > Ty,
where Ty and T correspond to the estimates of the upper and lower bounds of E{V(0)} and
E{V (k)}, respectively. The estimates are related to a, B, N, 8, hy, hpy and {.

Remark 4. The FTS criterion considered in this paper is less conserwtive than literature [13], which
-1 k-1 k—
dealt with summation terms Y. Y. ¥ 1yT(/)Quy(j) and Z gk =y (7)Qay(j)
i=—hy j= k+z i=—hy j= k+1
by Jensen inequality In thls paper, a new finite sum inequality with time-delay states (Lemma 1)

is used to term Z Z 171y T (7)Quy(j), instead of using the discrete Jensen inequal-
ity [38] or the V\le_r;ziléé;kl;;sed inequality [39]. Inequality (3) is introduced to deal with term
_hi ' i Ty T (1Y Qay(f) rather than the free weighting matrix method presented in [40].
Eo;};?d]e;frg the influence of nonlinear factors, a new finite sum inequality is used to deal with the

forward difference of Lyapunov functional so that the finite sums —E {Z;:;’th—; =iyT () Oy () }
and — E{Z ikl T=TyT(7) Qay( ])} are estimated accurately.

3.2. FTS for Nominal Systems

In this section, the criterion of the nominal system (2) FTS is given. In particular, we
consider the FTS of the nominal system when k(k) = h.

Corollary 1. Given constant { > 1 and the positive constants A;(i = 1,2,---,8), the nom-
inal system (2) is FTS subject to {a, B, N} if there exist matrices A = [AT AT Al AT,
B = [BI BY BI BI1Tand C = [CT CT CT CI17 as well as positive definite matrices P, Wy, Wa, Q1,
Q2 € R™", such that the following conditions hold:

[©jjlij=1,.4 €A 1B erC

—e1Q1 0 0
* * —£10O1 0 <0 23)
* * * —€2Q2

MI<P<MAI, A3l <Wy < Agl, A5l < Wy < Agl,
Q1 <Azl Qp < Agl,
IN[w(A2 + miAs + m2)e) + 8(13A7 + 14s)] — BlAM + 1A + 1m2As) <0,

where

@1 = MIPM — P+ Wi + Wy + (M — 1)TQpp(M — 1)
+C +Cf +DTPD + DTQ,D,
Oy = MTPM; + (M — DTQuMy + Ay — By + CF,
O =B —C+CI, Oy=-A+C],
@ = MJPM; + MIQ1;My + Ay + AT — B, — B,
Op =AY +B,—BI —Cy, Oy = —Ay+ A} —BJ,
O3 = — "Wy + B3+ Bl —C3—CI, @3 =—-As+B] —C],
Ou = — ™MW, — Ay — A],
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constants €1, €3, 1, N2, §3 and 14 satisfy (7) and (8).

Proof. Let us select the LKF (9). Then, along the trajectory of the nominal system (2),
the forward difference of E{AV(k)} is obtained as follows

E{AV(K)} < E{ (Z = 1)V (k) + xT(k)[MTPM + DTPD + DTQ1,D — (P
+ (M —DTQ1(M — 1) + Wy + Wa]x(k)
+2xT (k) (MTPM + (M — 1)T QuaMy)x(k — h(k))
T (k = (k) (M PMy + MTQuaMa)x(k — h(K))
k—hy—1 k=1 ,
- Y o) - X Y ()Qu ()
=k =k
— 7T (k — ) Wax(k — hag) =" xT (k — hyy) Wax (k — ) } (24)

From Lemma 1, we find

k—hm_l . = = -3
— Y IYT()Qu() < &M +e1AQ AT + e1BQ ' BT)E, (25)
j=k—hy
k—1 . o _
— Y Y ()Quy () < & (M +62CQ; 'CT)E, (26)
j=k—lm

where & = [xT(k) xT(k—h(k)) xT(k—hn) xT(k—hy)]",

0 A1—31 Bl —A1
0 — |* A2+A]—Bo—B] By+Aj—Bj —Ay+A[—B]
1= 1 * B3+B3T —A3—|—BZ !
* * * —A4—AZ

C1+ ClT Cg —C1+ Cg CZ

I, — * 0 —Cy 0
2= * x —C3— Cg —C4T '
* * * 0

Combining inequalities (24)—(26), it is inferred that

E(AVR)} < E{( ~ DVE) + &R (([Olsjr, 4) +£14Q7 AT
+e1BQ BT + £,CQ5 1 CT)E (k) }

By using the Schur complement and condition (23), inequality (27) holds

(104]ij=1,- 4) + e1AQ; TAT + &1BQ; BT +6,CQ; 'CT <0, (27)
and then E{V(k)} < Z¥E{V(0)}, k € N. Furthermore, the proof of the latter part is similar
to Theorem 1 and is here omitted. O

We take the constant time-delay (h(k) = h) as a special case, and the following

corollary is obtained.
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Corollary 2. Given constant { > 1 and positive constants A;(i = 1,2,-- - ,5), then the nominal
system (2) with h(k) = h is FTS subject to {a, B, N} if there exist matrices A = [AT AT as
well as positive definite symmetric matrices P, W, Q € R"*", such that

® €A
*  —eQ

MI<P <A, Azl <W < A4l Q<)\51,
gV a(Az + mAa) + 6mAs] — B(A1 +1mAs) <O,

| <o

where
O = MIPM P+ W+ h(M—-DTQM—1I)
+ A+ AT +DTPD + DTQD,
Oy, = M"PMy+h(M—1)TQM; — A1 + A3,
@y = MIPMy — "W + hMIQM, — Ay — AT,
T
Sk = [xT(k) xT(k—h)]",

n, =1 [n =1,
S‘{a—g-h)/(@—l), {#1, ’“‘{(ch—n/(a—l), {#1,
_ h(h+1)/2, =1,
’72{(c(z;h—n—(§—1>h>/<€—1>2, [#1.

(28)

3.3. FTS for Stochastic Systems with Nonlinear Disturbances
In this section, the sufficient conditions for FTS and RAS of stochastic nonlinear
systems (1) (AM(k) = AM; (k) = 0) are presented.

Theorem 2. Given constant { > 1 and positive constants €, €3, Aj(i = 1,2,---,8), then the
stochastic nonlinear system (1) with AM(k) = AMy(k) = 0 is FTS subject to {a, B, N} if there
exist matrices A = [AT AT .- AL)T,B=[BI B} --- Bl)Tand C = [C] CI --- CI]T as well
as positive definite matrices P, Wy, Wp, Q1, Q2 € R™*" satisfying

[©ilij=12.6 €4 e1B e2C
* *€1Q1 0 0
* * —&10Q1 0
ES ES * —82Q2

<0,

MI<P<AI A3l <Wy < Agl, Asl < Wy < Agl,
Q1 <Azl Q2 < Agl,

TN (A2 4+ miAs + 12A6) + 6(n3A7 + m4Ag)] — B[A1 + m1As + 112A5] <0,

where
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O =MPM—IP+Wi+Wo+ (M—DTQpn(M—1)+eH'H
+C1+CI +DTPD + DTQuyD,
Op = MTPM; + (M — )TQ1uMy + Ay — By + CF,
O =B —C+CI, O =-A+C],
O =MP+(M—-1)TQp+Cl, &1=MP+(M-1)TQp+Cl,
O = MIPM; + MIQuMy +esHY Hy + Ay + AT — B, — B,
Op=Al +By— Bl —Cp, Oy =—A,+ Al — B,
Oss :M§P+M§Q12+A5T—Bg, O = M;P+M§Q12+A5—B6T,
O3 = — "Wy + B3+ Bl —C3—CI, O3 =—-A3+B] —CJ,
O35 =Bl —CI, O3 =Bl -Cl, Oy=-0"wW, —A,— Al
Ou5= — AL, Oy =-4A;, Os5=P+Qpp—el,
56 =P+ Q12, O =P+ Q1 —e4l,
Ek) = [x"(k) xT(k—h(k)) x"(k—hn) x"(k—hy)
er" (x(k), k) ea” (x(k — h(k)),k)]".

A

When ¢ = 1 in Theorem 2, the RAS condition of the stochastic system (1) is obtained
in the following corollary.

Corollary 3. For the given constants € and €4, then the discrete time-varying stochastic nonlinear
system (1) with AM(k) = AM4(k) = 0 is RAS if there exist matrices A = [AT AT ... AT,
B=[BI Bl --- BI|Tand C = [CT CI ... CI|T, as well as positive definite symmetric matrices
P, Wy, Wy, Qq, and Qy € R™", such that the following inequalities hold:

Oiflij=126  (hv—hm)A (hm — hw)B hwC

* — (s = Fin) Q1 0 0o | _,
* * _(hM_hm)Ql 0 !
* * * —hm Qo

where

O =MIPM—P+W, +Wo+ (M—1)TQ1u(M—1)+eH'H
+C1+CI +DTPD + DTQuyD,

Op = MTPMy;+ (M —DTQuMy+ A1 — B +C}, O3 =B, —-C +CI,

u=—-A1+C{, O5=MP+M-1)"Qpn+Ci,

16=MP+(M—-1)TQp+C],

2 = MIPMy + MYQioM, +esHY Hy + Ay + AT — By — B,

23 =AY+ By — Bl —Cp, ©Op=—Ay+ Al —B],

o5 = MIP + MTQip + AY — BI, &y = MIP+ M Qo+ AL — BZ,

3= —Wy+B3+Bl —C3-CI, ©s=-A3+Bl (],

55 =Bl —CI, O3 =Bl -Cl, Ou=-W —A,— AL

5= — AL, O =—Al, Os55=P+Qup—el,

Os6 =P+ Q12, Og =P+ Q1z — €4l

@ @ @ O« @ D @O @

In particular, when h(k) = h, the following corollary is drawn.
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Corollary 4. Given constant { > 1 and positive constants €, €4, Aj(i = 1,2,---,5), then the
discrete stochastic nonlinear system (1) with AM(k) = 0, AMy(k) = 0 and h(k) = h is FTS
subject to {a, B, N} if there exist matrix A = [AT AT AT ATT as well as positive definite
matrices P, W, Q € R"*", such that all of the following conditions hold:

[©iij-1,..4 €A

; S0l <O (29)
MI<P <A, A3l <W < A4l Q<)\51, (30)
N[a(A2 +mAs) +0m2As] — B(A1 +17143) <O, (31)

where

Oy = MTPM — P+ W+h(M—1)TQ(M — 1)+ Ay + Af
+eHTH+ D"PD + hDTQD,

O = MTPM,; +h(M —1)TQM,; — A, + AT,

O3 =M'P+h(M—-DTQ+ Al

Oy =M'P+r(M-DTQ+ AL

Oy = MIPMy — "W + hMIQM,; — Ay — AT +e;HI Hy,

O = MIP+hMIQ— AL, @y = MIP+rMIQ— AL,

9]

@33:P+hQ—€I, (’:)34:P+I’lQ, @44:P+hQ—€dI,
and the constants €, 1 and 1, are defined by (28).

Proof. First, choose the following LKF:
3
V(k) = Y Vi(k), (32)
s=1

where

Vi (k) = xT (k) Px(k),

k-1 4
Va(k) = Y. T T (HWx()),
j=k—h
—1 k-1 ,
s(k) =Y, Y ZTY()Qy()-
i=—h j=k+i

Along the trajectory of system (1) with AM(k) = AM,(k) = 0, the forward difference
of E{AV (k)} is obtained
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E{AV(k)}<E{( —1)V (k) + T (k)[MTPM + DTPD + hDTQD
— P+ h(M—1)TQ(M — I) + W]x(k)

+2xT (k) (MTPMy + h(M — I)QMyg)x(k — h)

+2x (k)(MTP+h(M 1)Q)er (x(k), k)

+2x()(MTP+h( — DQ)es(x(k — h), k)

xT (k —h)
—h

MJPM, + hM]QM;y)x(k — h)
(k—h)(MIP +hMIQ)es (x(k), k)
+2xT (k — 1) (M7 P+ hMj Q)ea (x(k — h), k)
+e1 " (x(k), k) (P + hQ)ey (x(k), k)
+2e1" (x(k), k) (P + hQ)ea (x(k — ), k)
—h),

(
)

+2xT

+e" (x(k — 1), k) (P + hQ)ex (x(k — h), k)
- :kz_h STy (HQy() — &"xT (k= m)Wx(k — h) } (33)
From Lemma 1, we find
—:kz;ék—fm)@y(j) < {T(T1+eAQ1AT), (34)

where & = [xT(k) xT(k—h) eT(x(k),k) eT(x(k—h),k)]",

A1+ AT —A+A] Al A

T T T

= * —Ay— A, —A; —A
* * 0 0
* * * 0

By inequalities (33) and (34), we have
" (k)HT Hx (k) — eer" (x(k), K)er (x(k), k) > 0,
eaxT (k—h)HY Hyx(k — h) — egea T (x(k — h), k)ea(x(k — h),k) >0
We conclude that
E{AV ()} < E{(C = DV(K) +&T (R (([Oylijor,- 1) +eAQT ATIE(R) |
By the Schur complement and (29), (35) is found as
(104i =1, 4) +eAQ AT < 0. (35)
Then, E{V(k)} < Z¥E{V(0)}, k € N.

Furthermore, according to the definition of E{V (k) }, we can find

-1 -1
E{V(O)}IE{ T(0)Px(0) Z gIRTGywx() + Y Zé_]_lyT(j)Qy(j)}

j=—h i=—h j=i

< E{‘X}\max(P) + “)\max(w) _21 C_j_l -Hs/\max(Q) _Zl ig—j—l}

j=—h i=—h j=i
= ‘X(/\max(P) + Ul/\max(w)) + (SUZ)\mux(Q)/
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k=1 ,
E{V(k)} > E{Amin(P)xT(k)X(k)+Amin(W) ). Ck”xT(J')X(J')}-

j=k—h
From (30) and (31),
gN[‘X(Amax(P) + ﬂl)\max(w)) + 5772Amax(Q)] < ﬁMmin(P) + WlAmin(W)]'

Then,
E{Amin(mﬂ(k)x(k)+Amm<W> kf é"jle(j)x(j)}
j=k—h

< E{EMV(0) } < N I(Anax (P) + 11 2max (W) + 02 max(Q)) < BlAsin (P) + mmin(W)).

It is easy to see that E{x” (k)x(k)} < B, k € N. Thus, the stochastic system (1) with
h(k) = his FTS. The proof is completed. [

3.4. FTS for Stochastic Systems with Uncertain Parameters

In this section, e (x(k), k) = ex(x(k — h(k)),k) = 0, and the sufficient conditions of
FTS and RAS for stochastic uncertain systems (1) are presented. At the same time, the FTS
of the stochastic system (1) with h(k) = h is considered.

Theorem 3. Given constant { > 1 and positive constants y, A;j(i = 1,2,---,8), then the
stochastic system (1) with eq(x(k), k) = ex(x(k — h(k)),k) = 0 is FTS subject to {«, B, N} if
there exist matrices A = [AT AT -~ AIT, B=[BI B --- BITandC =[CI cI --- CI|T
as well as positive definite matrices P, Wy, W, Q1, Q2 € R™*" satisfying the following conditions

[@ij}i,]'zl,z,... 5 €1A €1B EzC

* —€1Q1 0 0
* * —£10O1 0 <0 (36)
* * * —£2Q2

MI<P<AI, A3l <Wy < Agl, A5l < Wy < Agl,
Q1 <Azl Qp < Agl,
IN[w(A2 + miAs + m2)e) + 8(13A7 + 14s)] — BlA + 1A + 1m12As) <0,

where

O =MIPM — P+ Wy + Wy + (M —1)TQup(M —I) + uF'F
+C+CI+DTPD +DTQyyD,

Oy = MTPMy + (M — DTQ1uMy + uFTF; + Ay — By +CI,

O =B —C+CI, Oy=-A+C],

@15 = M'PG+ (M —-DTQ1LG+Cd,

O = MIPMy + MIQ1oMy + uFl Fy+ Ay + AT — B, — B,

Oy =Al +B,— Bl —C), Oy =—Ay+ Al — B,

@25 = MIPG + MI QoG + AL — BI,

@33 = — "W, + B3+ Bl — C3 — CF,

@y = — A3+ Bl —Cl, 63 =8B!-cf,

Ou=—"™Wy —Ay— AL, O =—-AL, Os5=G"PG+G'Q1,G —pul,

and the constants €1, €, 41, 12, 3 and 14 are introduced in (7) and (8).
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Proof. Let us select the LKF (9). Next, along the trajectory of system (1) with ey (x(k), k) =
ex(x(k —h(k)),k) = 0, the forward difference of E{AV (k)} is obtained as follows:

E{AV(K)} < E{ (¢ — 1)V (k) + xT(k)[MTPM + DTPD + DTQ;,D
— P+ (M —1)TQua(M — I) + Wy + Wax(k)
+2xT (k) (MTPMg + (M — 1)TQ1aMy)x(k — h(k))
+2xT (k) (MTPG + (M — I)TQ12G)z (k)
+xT (k= h(k)) (Mj PMy + MjQuaAg)x(k — h(k))
+2xT (k= h(k))(MIPG + M Q12G)z(k) + 2" (k) (GTPG + GTQ1,G)z (k)
— "X (k= hp))Wax (k — hpg) — P xT (k = Ty ) Wax (k — By
+ET (k) (T + 1 AQ AT + &1BQ; BT + 6,CQ; ' CT)E (k) } (37)

where & = [xT(k) xT(k—h(k)) xT(k—hy) xT(k—hy) z7(k)]",

G +Cf I Iy —A+Cf cr
* ﬁZZ I:I23 —Az + AZ - B4T A5T - Bg

=] = « Il -As+B]-cl BI-cl|,
* * * —Ay— AZ —A5T
* * * * 0

[y =A;—B+Cl, Ti3=B-C +C}, Tlpn=A,+Al -B,—B],
[My3 =AY + B, — Bl —Cp, TlIs3=Bs+BI —C3—Cl.

By inequality (37) and the following condition

uxT (k)HT Hx (k) 4 2uxT (k) FT Egx (k — h(k))

+uxT (k — h(k))F} Fyx(k — h(k)) — pzt (k)z(k) >0, %)
it is inferred that
E{av(t)} < E{( = )V(K) + & () (([Oy)ij=12, 5) +e14Q7 AT
+e1BQ BT + £,CQ5 1 CT)E(k) } (39)
Using the Schur complement property and condition (36), inequality (40) holds
(10ij=12, 5) +e1AQ AT +e1BQ; 'BT +6,CQ, 'CT < 0. (40)

From (39), E{V(k)} < Z¥XE{V(0)}, k € Nholds. O

For Theorem 3, if { = 1, the following RAS conditions for the uncertain stochastic
system (1) with TVD are obtained.

Corollary 5. Given constant y, the stochastic system (1) with e1 (x(k), k) = ep(x(k —h(k)), k) =0
is RAS if there exist matrices A = [Al AT ... AT, B = [BI BT ... BI|T and
C= [ClT CZT Cg]T as well as positive definite matrices P, Wy, Wp, Q1, Q2 € R™ ", such
that all of the following conditions hold:



Entropy 2022, 24, 828

18 of 24

© lij=12.5 (hm—hm)A (hm —hm)B hyC

* —(hpm = ha) Q1 0 0
* * —(hyvt — ) Q1 0
* * —hm Q2

where

®11 =M'PM—P+W;+ Wy +(M—1)"Qpa(M—1I)+uF'F

+C1+Cl +DTPD + DTQyD,
@12 = MI'PMy+ (M —1)TQiuMy + uFTF; + Ay — By + CF,
® =B -C+ClI, © =-A,+C],
~13 ~14
© = MTPG + (M —DTQ1;»G +Cl,
© = MIPMy + MIQiaMy + uF] Fy+ Ay + AT — B, — B,

@23=A;{+BZ—B;{—C2, @24:—A2+AZ—BZ,

N = MIPG+ M} QoG + Al — BI, 0. = ~W, + B3+ Bl — 3 —Cf,

34

Q)
@ =-Al, ® =G'PG+GTQG —ul
~45 ~55

If h(k) = h, the following corollary is drawn.

= — A3 +Bl - f, 935:B§—CST, @44:—W1—A4—A4T,

Corollary 6. Given constant { > 1 and positive constants y, Aj(i = 1,2,---,5), then the
stochastic system (1) with e1(x(k), k) = ex(x(k — h(k)),k) = 0 and h(k) = his FTS subject to
{a, B, N} if there exist matrices A = [AT AT AT|T as well as positive definite symmetric matrices

P,W,Q € R"™ ", such that all of the following conditions hold:

[(;)ij]i,jzl,z,S €A
* —eQ
MI<P <A, MI<W<AL Q< A5l

IN[e(Ap + mAs) + 6m2As5] — B(A1 +111A3) <0,

<0,

where

© =M'PM~CP+W+h(M—1)TQ(M~1I)+uF'F
+ A+ AT +DTPD + KDTQD,

© = MTPM;+h(M—~1)TQM, +pF"Ey — Ay + AL,

0 = MTPG + k(M —1)TQG + A,

© = MIPMy — "W + hMIQM, + uFJE; — Ay — AZ,

~2

and the constants €, 11 and 1, are introduced in (28).

C) = MIPG +hMIQG — Af, @33 = GT'PG + hGTQG — ul,

(41)



Entropy 2022, 24, 828 19 of 24

Proof. Consider LKF (32). Along the trajectory of system (1), the forward difference of
E{AV(x(k))} is obtained as follows
E{AV(K)} < E{ (Z —1)V(K) + xT(k)[MTPM + DTPD + hDTQD
— P+ h(M—DTQ(M —I) + W]x(k)
4+ 2xT (k) (MTPMy 4+ h(M — 1)TQMy)x(k — h)
4 2xT (k) (MTPG + h(M — 1)TQG)z(k)
+xT (k= h)(MIPMy + hMIQM,)x(k — h)
+2xT (k — h)(MI PG + hMEQG)z (k)

k=1 ‘
+2" (k) (GTPG +GTQG)z(k) — )5 Ty ()Qy())
j=k—h
2T (k — YW (k — h)}.
From Lemma 1 and the condition (38), we have

BV} < E{ 0= DV + TR0 120 +eAQ TATE M |,

where ¢ = [xT(k) xT(k—h) ZT(k)]T.

By~ the Schur complement and (41), the following condition is satisfied

([ ]i,j:1,2,3) + SAQl_lAT < 0.

%i]'
Then, E{V(k)} < Z¥E{V(0)}, k € Nholds. O

4. Numerical Examples
This section will provide two simulation examples to demonstrate the validity of the
proposed methods.

Example 1. Given the coefficient matrices of the discrete-time stochastic system (1)

0.01 0.30 012 0.25 0.01 0.00 0.01 0.00
M= [ 020 0.00 } Ma = { 025 0.15 } H= [ 0.00 0.01 ] Ha= [ 0.00 0.01 ]
p_[001 0007 o _[001 000] 5 [005 006] -_[001 000
~ 1000 001 )% [ 000 0017 [005 001 ] " | 000 001)]

Wy =2, hy=5 06=02.

The LMIs in Theorem 1 have a feasible solution, the corresponding parameters:
u=068¢€=6¢e =083 A = 04123, A, = 0.4124, A3 = 0.111, A4 = 0.124, A5 = 0.09,
A¢ = 0.12, A7 = 0.20, Ag = 0.30.

Set ¢(I) = [0.11+0.2 011402],1 € {-5,—4,---,0}, ¢(0) = [0.20.2]. h(k) =
|3|sin(k/15)||, 2 < h(k) < 5, k € N, where |-| represents the floor function—that is,
adding one after rounding. We observe that the initial value satisfies

supie{—s,—4,... 13l <a =3,

supreq—s 4., 1y (@ +1) —9I)|? <6 =02

The response of x(k) is plotted in Figure 1, and the evolution of E{||x(k)||?} is plotted
in Figure 2. It is not difficult to see that E{||x(k)||*} < 72.3245, k € N. This implies that
system (1) is FTS subject to (3, 72.3245, 5).
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Figure 1. The state response of system (1) (2 < h(k) < 5).
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time(k)

Figure 2. The evolution of E{||x(k)||} for (1).

In Table 1, we analyze the uncertain DSNS (1) with TVD. By Theorem 1, the minimum
upper bound of B is obtained for « = 3 and N € (10, 20,40).

Table 1. The minimum upper bound of the parameter j for system (1).

N 10 20 40
Theorem 3 [14] 412 2.11 x 10* 4.79 x 107
Theorem 1 200.4854 2.7723 x 10% 7.0750 x 10°

Example 2. Consider the uncertain DSNS (1)

0.80 0.20 —0.01 0.01 001 —0.05
M= { 0.07 0.10 } Ma = [ —-0.02 —0.01 } H= [ —0.02 001 }
o[ 002 001 ] . [ o014 —005] . [-002 020
4= 1 002 -003 | | —004 005 |”°“7| 010 -005 |
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0.01  —0.07
P=1 001 o001 ]'G

hmw =5, hpy =20, 6=0.12,
and the following parameters y = 0.68, € = 6, €; = 0.84, A1 = 0.4123, A, = 0.4124, A3 = 0.111,
Ay = 0.112, A5 = 0.09, Ag = 0.12, A7 = 0.19 and Ag = 0.31.

0.01 0.00
—0.01 0.05 |’

The response of x(k) is plotted in Figure 3, and the evolution of E{||x(k)||?} is plotted
in Figure 4.
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Figure 3. The state response of the system (1) (5 < h(k) < 20).
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Figure 4. The evolution of E{||x(k)|?} for system (1).
Moreover, let h(k) = |16|sin(k/15)|],k € N,5 < h(k) < 20,
@(l)=[011402 0.1/+02],1 € {-20,-19,---,0},

satisfy the following conditions

supje(-a0,-19,. -1 E{llo(D[*} <a =2,
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supje(—20,-19, 11 E{[[(9(I +1) — @(1)) |} <6 = 0.12.

Figures 3 and 4 depict the response of x(k) and the evolution of E{||x(k)||?}, respec-
tively, for system (1). One has E{||x(k)||?} < 41.7307, k € N. Thus, system (1) is FTS subject
to (2, 41.7307, 5).

The minimum upper bound of the parameter § for system (2) is shown in Table 2,
and the following conclusions are obtained:

(@) The upper bound of the parameter f in this paper is smaller than that in the liter-
ature [41], which infers that the result in this paper is less conservative than that
in [41].

(b) The authors in [41] employed a novel approximation for a delayed state, which
had a smaller approximation error compared with existing approaches. It is worth
noting that the system in [41] did not consider the influence of external interference,
uncertainty and nonlinear factors.

(¢) The authors in [13] adopted a new summation inequality called a discrete Wirtinger-
based inequality. Although the results of [13] were better than that of this paper,
the method adopted in [13] did not reflect random variables and uncertainty. Our
results are more general.

Table 2. The minimum upper bound of the parameter j for system (2).

N 5 10 20
Corollary 1 [13] 8 17 19
Theorem 1 [41] 56 125 518
Corollary 1 28.1309 73.9878 424.0102

The above two examples show that as the TVD increases, the longer it takes for the
state response to reach stability. Therefore, the smaller the TVD is, the less conservative the
FTS criterion is. It can also be seen that the stability of the state response is independent of
the uncertain parameters and is related to nonlinear disturbances and TVD.

5. Conclusions

In this paper, we discussed the problem of FTS for uncertain DSNS with TVD. By con-
structing a new LKF with a power function {¥/=! and new summation inequalities,
sufficient conditions to ensure the FTS and RAS of stochastic system were given. By using
LMIs, less conservative stability criteria were established. For an uncertain DSNS with
h(k) = h, this paper also provided the FTS criteria of the system. Finally, two simulation
examples proved the validity of the method. It is noteworthy that the research method
proposed can be applied to other systems, for instance, Markov jump systems, singular
systems and discrete autonomous systems.
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