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Abstract: We introduce the effective Gibbs state for the observables averaged with respect to fast free
dynamics. We prove that the information loss due to the restriction of our measurement capabilities to
such averaged observables is non-negative and discuss a thermodynamic role of it. We show that there
are a lot of similarities between this effective Hamiltonian and the mean force Hamiltonian, which
suggests a generalization of quantum thermodynamics including both cases. We also perturbatively
calculate the effective Hamiltonian and correspondent corrections to the thermodynamic quantities
and illustrate it with several examples.
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1. Introduction

There are a lot of physical models which use averaging with respect to fast oscilla-
tions one way or another. For example, many derivations of master equations use secular
approximation directly ([1] Subsection 3.3.1), ([2] Section 5.2) or as result [3,4] of pertur-
bation theory with Bogolubov—van Hove scaling [5,6] (see also corrections beyond the
zeroth order in [7]). Moreover, there is a wide discussion of the applicability of the rotat-
ing wave approximation (RWA) and the systematic perturbative corrections to it in the
literature [8-17]. However, in this work, we consider such averaging not as an approx-
imation but as a restriction of our observation capabilities. In addition, we analyze the
thermodynamic equilibrium properties of a quantum system, assuming such restrictions.
Due to this averaging, the thermodynamic equilibrium properties can be defined by some
effective Gibbs state, which is averaged with respect to these fast oscillations, instead of the
exact Gibbs state. Similarly to strong coupling thermodynamics, this effective Gibbs state
can be defined by some effective temperature-dependent Hamiltonian, which is an analog
of the mean force Hamiltonian (see, e.g., ([18] Chapter 22), [19,20] for recent reviews).

In Section 2, we describe the setup of our problem and develop a systematic perturba-
tive calculation for the effective Hamiltonian. We show that the zeroth and the first term
of the expansion coincide with the RWA Hamiltonian and, in particular, are temperature
independent. In this point, it is similar to effective Hamiltonians also arising as corrections
to the RWA but in dynamical and non-equilibrium problems. The second-order term is
temperature-dependent. We show that both this term and its derivative with respect to the
inverse temperature are non-positive definite.

In Section 3, we show that this definiteness is closely related to the positivity of the
information loss due to the fact that we have access only to the averaged observables
discussed above rather than all possible observables. We show that information loss leads
to energy loss, which is hidden from our observation. We prove (without perturbation
theory) that these losses are always non-negative, but in the leading order, they are defined
by the second-order temperature-dependent term in the effective Hamiltonian expansion.
Additionally, we prove that exact non-equilibrium free energy is always larger than the
free energy observable in our setup. If one assumes that the effective Gibbs state is an
exact state, then this difference is also defined by the second-order term of the effective
Hamiltonian expansion. At the end of Section 3, we argue that the analogy between our
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effective Hamiltonian and the mean force Hamiltonian is because they are special cases of
the general setup, based on so-called conditional expectations.

To dwell on this analogy, in Section 4, we consider a compound system and the mean
force Hamiltonian of one of the subsystems for the effective Gibbs state discussed above.
We also give the systematic perturbative expansion for it.

In Section 5, we consider several simple examples to illustrate the results of the
previous sections. Namely, we consider two interacting two-level systems, two interacting
oscillators and a two-level system interacting with the oscillator. We calculate the effective
Hamiltonians for such systems and the information losses due to the restriction to the
averaged observables.

Both the effective Hamiltonian we define in this work and the explicit perturbative
expansion for it are novel, but such a Hamiltonian has much in common with the mean
force Hamiltonian (see the end of Section 3 for a more precise discussion). The main
difference consists of the choice of a projector. Thus, our results suggest the possibility
to generalize equilibrium quantum thermodynamics to effective equilibrium quantum
thermodynamics by different choices of the projector.

2. Effective Hamiltonian

We are interested in equilibrium properties of fast oscillating observables which are
in resonance with the free Hamiltonian. We assume that the equilibrium state has the
Gibbs form

e PH .

with inverse temperature § > 0 and the Hamiltonian of the form
H = Hy+ AHj, 2)

where H) is a free Hamiltonian and H is an interaction Hamiltonian, A is a small parameter.
In addition, we consider the observables which are explicitly time-dependent with
very specific time dependence. Namely, they depend on time in the Schrodinger picture

as follows
X(t) = e~ tHot x piHot (3)

i.e., they depend on time in such a way that they become constant in the interaction
picture for the “free” Hamiltonian Hy. A widely used example of such an observable is a
dipole operator interacting with the classical electromagnetic field in resonance with a free
Hamiltonian (see, e.g., [21] Section 15.3.1). In addition, we assume that one could actually
observe the long-time averages

T
(X(O)as = lim 7 [ (x()at @
where (X(t)) = TrpgX(t). By “long”, we mean long with respect to inverses of non-
zero Bohr frequencies, where Bohr frequencies are the eigenvalues of the superoperator
[Ho, - ] (see, e.g., [4] p. 122). The observation of such long-time averages is usual for
spectroscopy setups ([22] Section 4). Moreover, we will further discuss the perturbation
theory in A, assuming that this averaging is already performed, so this long timescale
remains “long” even being multiplied by any power of A. Otherwise, one should introduce
the small parameter in the averaging procedure as well, which leads to more complicated
perturbation theory depending on how the small parameter in the averaging and in the
Hamiltonian are related to each other.

Average (4) can be represented as

(X(6))av = Tr Xpp, ©)
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where g is some effective Gibbs state, which could be calculated as
where
1 (T . .
PX = lim - / eiHot x—iHot gt @)
T—+oco 0
because
LT ity iHot
(X(B)av = lim f/o Tre~iHot Xetot o gt
I B iHot . —iHot 75 _
= lm - /O Tr XetHotpge=iHol 4t = Tr XPpg. ®)

From the thermodynamical point of view, it is natural to represent this effective Gibbs
state in the Gibbs-like form
~ 1 BH
Pp= ¢ 9)
with some effective Hamiltonian H similarly to the mean force Hamiltonian ([18], Chap-
ter 22). Let us remark that we have the same partition function for both exact and ef-
fective Hamiltonians due to the fact that P is a trace-preserving map (see Appendix A)

Tre PH = Tr PePH = Tre PH. Let us summarize several properties of the superoperator
P which will be used further (see Appendix A for the proof).

1. P is completely positive.
2. Pisaself-adjoint (with respect to trace scalar product Tr XY) projector

P2 =P =P (10)

3. Let the spectral decomposition of Hy have the form Hy = ), el I, where ¢ are (distinct)
eigenvalues of Hy and I, are orthogonal projectors I'lI1; = 6,11, I1, = Hg. Then,

PX =Y TIXII, (11)
£

for any matrix X.

For the case of one-dimensional projectors 11, superoperator (11) is sometimes called
the dephasing operation [23]. In the general case, it is usually called pinching [24], p. 16. It
can also be understood as a special case of twirling [25] (with one-parameter group).

Effective Hamiltonian H can be calculated by cumulant-type expansion. Namely, we
have the following proposition (see Appendix B for the proof).

Proposition 1. The perturbative expansion of H has the form

A=t YA Y S M) M (B, (12)

n=1  kotothm=n M1

where g g
My(B) = (=0 [“apr... [ dpPHI(BY). Hi(B) (13)

and
H;(B) = ePHoH e PHo, (14)

In particular, the first terms of the expansion have the form

H = Ho—p M) — 02 (Malp) — J(Mu(B)) +O). (15)
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To make this expansion more explicit, let us represent the interaction Hamiltonian in
the eigenbasis of the superoperator [Hy, - | in the same way as it is usually performed for
Markov master equation derivation ([1] Subsection 3.3.1)

H; =YD, (16)

where sum is taken over the Bohr frequencies and
[Ho, D] = —wDy,. (17)

Moreover, as H; is Hermitian, then D_,, = DI,. Hence, we have the following explicit
expressions for My ().

Proposition 2. If Equations (16) and (17) are held, then

M(B) = (—-1F Y g(Bwr, Wi 1)Day Dy 1 Doorermap . (18)

W1 yeeesWh—1

where

n—1
gk(ﬁ;wl'm'wkl):1<5—kz kl )

I o wj 1 i1
n—1 —_1\r
y s e P (19)
— - k
P2 (0o T i) (D ) (TR0 Dy )

For zero denominators, it should be understood as a limit.

The proof can be found in Appendix C. The first terms of expansion (15) take the form
(see Appendix C)

Bw +e P —1

H:Ho-i-)\Do—)\zZ ,3(422

w#0

D, D}, +0(7\3). (20)

Thus, the first two terms are temperature-independent and recover the Hamiltonian
in the rotating wave approximation (similarly to effective Hamiltonians for dynamical
evolution [26,27])

Hrwa = Hp + ADy. (21)

On the other hand, the next term of expansion (20) is the first temperature-dependent
correction to the RWA Hamiltonian. This term is always non-positive definite

~ w+ePU—1
A®=-Y 5WDQ,DI, <0 (22)
w#0
due to the fact that it has the form
A% =55 f(pw)p,0t, (23)
w#0

where (|D, D} ) = ||Df|¢)||> > 0 for arbitrary |¢p),

x+e *—1
2

flx)=2 (24)
is a positive function f(x) > 0 for all real x and f is assumed to be positive as we consider

the positive temperature (but if one considers a negative temperature, which is possible
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for finite-dimensional systems, then H®) becomes non-negative). Moreover, A2 is a
monotone function of temperature, because

0 -~ 1
Y2 - _ 2 t
B,BH =3 wégofl(ﬁw)Dwa <0, (25)
where .
filr) =2l AN x§1 ) (26)

is also a positive function for all real x. In the next section, we will see that if one averages
this result with respect to the effective Gibbs state, then this result becomes closely related to
general thermodynamic properties which are valid in all the orders of perturbation theory.

Let us also remark that xl—imo f(x) =1, so for the low temperature limit, i.e., when

Bw > 1 for all non-zero Bohr frequencies, Equation (23) takes the form

A® ~ P Y D,Df, 27)
2 w#0

i.e., the second-order correction in A is linear in S.

In the recent literature, there is also rising interest in the ultrastrong coupling limit.
Let us remark that H(?) is also the leading order difference between effective Hamiltonians
for steady states for the ultrastrong coupling limit conjectured in [28] and the one obtained
in [29], if one takes the interaction Hamiltonian as a free Hamiltonian in our notation and
vice versa. The perturbative corrections for such steady states are discussed in [30].

3. Effective Hamiltonian as Analog of Mean Force Hamiltonian

The free energy F can be defined by the partition function Z as
F=-glinz (28)

where, as it was mentioned before, Z could be defined by the same formula Z = Tr e PH =

Tre PH both by exact Hamiltonian H and by effective Hamiltonian H. If one calculates the
entropy and the internal energy by equilibrium thermodynamics formulae

oF d(BF)

2

==, U= ———7, 29

3B 9B (29)
then it also obviously does not matter if we use the exact or effective Hamiltonian. For
initial temperature-independent Hamiltonian, they also could be calculated as:

5=

However, for the effective Hamiltonian, the similar formulae need additional correc-
tions due to its dependence on temperature. Namely,

S=S5-AS, u=u-au, (31)
where S and U are defined by the formulae similar to Equation (30)

g = —Trﬁﬂ lnp‘[;, l:[ = TI'Hﬁﬁ (32)

In addition, the corrections have exactly the same form as for the mean force Hamiltonian
(see, e.g., [31], Equations (11) and (12))

AS = —B*(9gH)~, AU = —Pp(dgH). = B 'AS. (33)
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Here, ( - )~ denotes the average with respect to the effective Gibbs state, ie., ( - )~ =
Tr( - p). The derivation of these formulae is exactly the same as for analogous formulae
for the mean force Hamiltonian (see ([18], Chapter 22), [32]), because it is valid for an
arbitrary temperature-dependent Hamiltonian and is based only on the Feynman—Wilcox

formula [33-35]
d - t -/ d . -
e BH — _ / dse—(1-s)BH < jap ) —spH 34
e se e .
e i 75 6H) (34)

Due to the fact that P is a completely positive trace preserving and unital map (PI = I),
the entropy is monotone [36], p. 136 under its action, i.e., S > S. Thus, AS > 0 and
AU = B7'AS > 0. S and U could be interpreted as entropy and as energy which are
accessible to our observations. Our observable entropy is S, but due to our restricted
observational capabilities, we have the information loss quantified by AS. This information
loss comes with energy loss quantified by AU and is hidden from our observations.

For second-order expansion in A, we have

AS = —A2B2(9pHP)) .+ 0(A%) = —A2B2(3HP) + O(A%), (35)

where ( - )¢ is the average with respect to the Gibbs state for the free Hamiltonian. Thus, the
non-negativity of AS in the second order of perturbation theory agrees with Equation (25).
Moreover, it could be calculated (see Appendix D) by the following formula

AS = —A2B(HP ) +0(A%) = ¥ 1—e e

g (PwDGlo +0(NY), (36)
w>0

where sum is taken only over the positive Bohr frequencies.
The analogy with Equation (22.6) of ([18] Chapter 22) also suggests the following
definition of non-equilibrium free energy in a given state p

F, = (H)p+p (InPp)p = F+ B~ 'S(Ppl|pp), (37)

where ( - )p = Tr(Pp - ) and S(p||0) is relative entropy ([36], Chapter 7.1). The only
difference from Equation (22.6) of ([18] Chapter 22) consists of the fact that we use averaged
state Pp instead of p, which is natural in our setup.

The exact free energy is defined as

Fp = (H)+p~(Inp) = F+ B~"'S(pllpp), (38)
where ( - ) = Tr(p - ), which leads to
F, = F, + AF,, (39)

where similarly to Equation (33), AF, has a definite sign, namely

AF, = B~ (S(pllog) — S(Ppl|Ppg)) >0 (40)

due to monotonicity of the relative entropy under the completely positive map P ([36],
Theorem 7.6). Similarly to S and U, F, can be interpreted as observable free energy and
AF, as free energy hidden from our observations. As AF, > 0, we are always further from
equilibrium than we think based on our restricted measurement possibilities. For example,
if our exact non-equilibrium state is pg, then it is impossible to distinguish it from pg. Thus,
its observable free energy coincides with the equilibrium one

Fos = F+ B 'S(pgllg) = F, (41)
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but AFy, is positive as in the general case. Namely, by Equations (37) and (38), we have

AF;, = (H)~ — (H).. (42)
As (H)~. = Tr HPp = Tr HPPpg = Tr P(H)Ppg = Tr Hrwapp = (Hrwa)~, then
AFs, = (Hrwa — H) ~. (43)

This formula is useful for asymptotic expansion of AFj, as the first two terms of the

expansion of [ cancel Hrwa and the first non-trivial contribution is of order of A? as in
Equation (35). Namely, we have

AFpﬁ = f/\2<H(2)>N +O(/\3) _ —/\2<H(2)>0 +O(A3). (44)
Moreover, it is possible to show (see Appendix D) that (aﬂH(2)> 0= [3*1 ( H(2)>0, so
AU= AFy, + (), AS = pARy, +O(V). )

The analogy with the mean force Hamiltonian can be made more explicit if one notes
that the mean force Hamiltonian is closely related to the projector P’ = Trg( - ) ® pp
which is usually used for derivation of Markovian master equations and their perturbative
corrections ([1], Subsection 9.1.1).

P 1 1 1 1
e
= —Trge PHg e PHs — — o BHmi g — o—BHp 46
= ~ Trpe ®ZBe mee ®ZBe (46)

Pl

where Z ¢ = Z/Zp [19]. Thus, a stricter analog of our effective Hamiltonian should be
Hp,¢ + Hp with partition function Z. However, it seems that for operational meaning of the
mean force Hamiltonian, the information about Hp is also important, which makes this
analog more natural. Nevertheless, importance of information about Hg (not Hy¢ only) is
still discussible [37,38].

From the mathematical point of view, both of these projectors are so-called conditional
expectations [39—42]. They are correspondent to different choices of observable degrees
of freedom. This suggests that the mean force Hamiltonian theory could be generalized
to arbitrary conditional expectations, and for specific conditional expectation P, it is
performed in this work. Thus, it is possible to say that the effective Gibbs state with such
generalized projectors define different effective quantum equilibrium thermodynamics.

Let us also mention that similarly to mean force Hamiltonian theory, we assume
in our work that the whole system (containing both the system and the reservoir in the
mean force Hamiltonian case) is at the same temperature. However, there are possible
generalizations of such a setup when the system interacts with two (or more) reservoirs
at different temperatures [43]. In such a case, a natural analog of P’ is a projector P" =
Trp,,5,( * ) ® PB,,p, @ PB,,p, Where pp, 5, and pp, g, are states of the heat baths with inverse
temperatures 51 and B, respectively. The above equations assuming only one temperature,
e.g., Equations (28) and (29), are not applicable in this case, but Equations (30)—(32), which
are fundamental for our approach, still have their meaning. This suggests that it is possible
to generalize the framework presented here to include such a multitemperature case, but
it is not fully covered by the approach presented here as the scope of the current paper
was focused on the one-temperature case. Nevertheless, we think that it is one of the most
promising directions for future study.

4. Mean Force Hamiltonian for Effective Gibbs State

Let us now consider a compound system, consisting of two subsystems A and B. Let
us consider subsystem B as “reservoir”. Let us assume that Hy = Hq ® I + I ® Hp. Then,
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it is possible to define a mean for the Hamiltonian H, for the effective Gibbs state by the
following formula

. 1 g4p
Pmf = TrB PP‘B = Zie‘ /5Hmfl (47)

mf

where Zy¢ = Z/Zp, Zp = Trge PH8. Then, similarly to Proposition 1, it is possible to
obtain the perturbative expansion in A for H¢ (see Appendix E).

Proposition 3. The perturbative expansion of Hp¢ in A has the form

An=Ha—p A Y St (8))5 (M (B))s - (M, (B))5, (48)

n=1 ko+--+km=n m+1
where (- g = Trp( - Zg e PHs),

Here, M (p) can also be calculated by Proposition 2. The first terms of the expansion
for H,,; have the form

Hpt = Ha + A(Do)p — )\zg < Y f(Bw)(DuD)p + (D§)p — <D0>%> +0(A%).  (49)
w#0

This formula can be made even more explicit if one considers the decomposition of
D,, into sum of eigenoperators of [Hs, - | and [Hp, - ], i.e., similarly to Equation (17)
introducing A, and B, such that

[HA/Awl] = _wlAwlz [HB/ sz] = _szan/ (50)

where wj and w; run over all possible Bohr frequencies of the Hamiltonians H, and Hp,
respectively. Then, expansion (49) takes the form (see Appendix F)

Hpy¢ = Hg 4+ A(Bo)pAg — /\22 ( Y (L f(Bw)(Buy+wBl, 1) B) Al A,
w1 A0 W

(Y F(Bew) (BB )5 — <Bo>%>A%) Lo, 6

where it is assumed that f(0) = 1.

5. Examples

In this section, we consider several examples, and the notations are chosen in such
a way as to emphasize the similarity between them. We use these examples to illustrate
our formulae, but let us remark that, at least for the first and second model, it is possible to
calculate the effective Hamiltonian exactly without perturbation theory; however, it is not
the aim of our work. For all these examples, we consider two cases: the off-resonance and
the resonance one. In this section, only the results are presented, all the calculations are
given separately in Appendix G.

5.1. Two Interacting Two-Level Systems

Let us consider the two interacting two-level systems [44,45] a and b
H = w0 0y +wpoyf oy + Ao, +07) (g%, + g0y ), (52)

where w,; > 0, w, > 0 and (TijE are usual ladder operators for two-level systems i = a, b.
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(1) Off-resonance case w,; # wy.

Bt res =ara + ity — A2 9P (F(Blecn — ) (1~ n)my
FF(Blea @)1~ ma)(1 1) + F(B(@y — i) a1~ m)
+F(B(—n — wp)mams) + OV, 3

where n; = Ulﬂrf are number operators for i = 4, b. In the leading order, the information
loss has the form

2w,1tanhﬁ‘2‘]“ —wbtanh@

2

ASoff—res = A2ﬁ|g| W2 —w
a b

+0(A3). (54)

(2) Resonance case wy, = w,; + Adw.
Hres =waty + wpny, + A(goy o) + g0, o))
- /\2§|g|2(f(2ﬁwa)(1 —1a)(1 = mp) + f(=2pwa)nany) + O(A%).  (55)
In the leading order, the information loss has the form

waﬁ

Zta 2 0%, (56)

ASres = A*Blg]

Let us remark that it does not coincide with the off-resonance case with wj, — w,. Namely,
we have

2
Asofffres|wb—>wa = ASres + )\2 & + O(/\3)' (57)
2 cosh @

Thus, off-resonance averaging leads to larger information loss even in the “resonance” limit
than resonance averaging.

5.2. Two Interacting Harmonic Oscillators

Let us consider the two interacting harmonic oscillators
H = wza'a+ wyb™b+ Aa+a")(g*b + gb"), (58)

where w,; > 0, w, > 0and a, at and b, b" are oscillator (bosonic) ladder operators. Averaging
with respect to fast oscillations needed for so-called quasi-stationary states was recently
discussed in [46].

(1) Off-resonance case w, # wy.

Boit-res =ata + @ty —~ 2B g P(F(Blewa + ) (1 + ng)m,
+ f(B(wa +wp) ) (1 +14) (1 +np) + f(B(wp — wa))na(1 4 nyp)
+ f(B(—wa — wp) ) nany) + O(A3), (59)

+

where n, = ata, n, = b'b. In the leading order, the information loss has the form

ﬁ

w cothﬁ— — wy coth
= A?Blg*—

2

> +0(A%). (60)
wy wb

ASoff—res
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(2) Resonance case wy, = w,; + Adw.
Hres =Wahy + wpny + /\(gabJr + g*a*b)
252 (F(2Beon) (1 4 ma) 1+ my) + F(—2pwa)namy) +OON). (61)

In the leading order, the information loss has the form

wip

coth
ASres = A2/3|g|2272 +0(A%). (62)
Wy

Interestingly, this quantity asymptotically coincides with Equation (56) for w,f > 1
(see Figure 1). Similarly to Equation (57), we have

2
Asofffres|wb—>w,1 = ASres + )\2 % + O()\g) (63)
2 sinh 2”
ASres
0.6
, 2 TLS
0'5§ 2 Oscillators
0.4 TLS + Oscillator
0.3F
0.2}
0.1F
L L L L L | L L L L | L L L L | L L L L | L L L L | w
0 1 2 3 4 5 B a

Figure 1. The information loss for resonance case and B|g| = 1 for two two-level systems (solid line),
two oscillators (dashed line) and two-level system interaction with oscillator (dotted line).

5.3. Two-Level System Interacting with Harmonic Oscillator
Let us consider a two-level system interacting with a harmonic oscillator

H=woto™ +wpb’b+A(c™ +07)(g*b + gb?), (64)

where w,; > 0, w, > 0and ¢",0~ and b, bt are two-level and bosonic ladder operators,
respectively.
(1) Off-resonance case w,; # wy.

Botres =ana + @ty —~ V25 g P(F(Blewn + ) (1~ n)m

+ f(Blwa +@p)) (1 = 1a) (1 + 1) + f(B(wp — wa))ta(1 + 1)
+ f(B(~wa — wp))nany) + O(A°), (65)

where n, = octo_, n, = bth. In the leading order, the information loss has the form
, Wy tanh B ;’“ coth @ —wy

w3 — w}

ASoff—res = /\2,3|g| + O(AB)' (66)
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(2) Resonance case wy, = w,; + Adw.
Hyes =wany + wyny + A(go b" + ¢*otb)

2P Ig2(£(2Pwa) (1~ n) (4 my) + F(—2pwa)nans) + O). (©7)

In the leading order, the information loss has the form

2
ASres = /\2% +0(A%). (68)
This also asymptotically coincides with Equation (56) for w, > 1 (see Figure 1). Similarly
to Equation (57), we have

2
ASost-—ros oy sy = ASres + A2 ZSﬂh% +O(A3). (69)

6. Conclusions

We have developed a systematic perturbative calculation of the effective Hamiltonian
which defines the effective Gibbs state for the averaged observables. We have shown
that the first two terms of the perturbative expansion of such an effective Hamiltonian
coincide with the RWA Hamiltonian, and the second-order term of the expansion is the first
non-trivial temperature-dependent term. It defines the leading order of the information
loss due to the restricted observation capabilities in this setup and the leading order of
the energy, which is not observable in our setup due to the same reason. We have shown
the analogy between our setup and the mean force Hamiltonian. To deepen this analogy,
we have also obtained the perturbative expansion for the mean force Hamiltonian for the
effective Gibbs state. At the end, we have considered several examples, which illustrate the
preceding material.

We think that the analogy between the mean force Hamiltonian and our effective
Hamiltonians suggests the possibility to generalize our approach to form effective equilib-
rium quantum thermodynamics.

As it was already mentioned at the end of Section 3, a multitemperature generalization
similar to [43] of the framework discussed in this work is a possible direction for further
study. In particular, such a study could be important due to modern interest in such a
multitemperature setup from the separability viewpoint [47].
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Appendix A. Properties of Averaging Projector
Trace preservation of P follows from
1 (T iH iH 1 T
TrPX = lim = / TretHot Xe—Hotdt — lim — / HTrX =TrX,  (Al)
T—+4o00 T Jo T—+4o00 T Jo

Then, let us prove Property 3 first. For Hy = ) . eI 1, we have

LT iHot g i 1T i(e—¢’
— lim L ot xe—iHot — i 7/ Y ele= I XTT, = Y ILXIL (A2
PX T1—1>I—|I—10<>T/0 dte e A d ge XIT, ; XTI (A2)

because

: 1T i(e—¢ )t
TETOOT A dte = Ol (A3)

As Il = H;r, then they define Kraus representation [36], p. 110 of P, which proves
Property 1. Calculating

P2X = Y T ALXILIT, = Y 6 T XTI = Y T XTI, = PX (A4)
€

g€ g
and
T X'PY = Tr X" ) TIYIT,
£

=Y TrILX'TLY = Tr }_(TLXTL)'Y = Te(PX)'Y (A5)
€

3
we obtain Property 2.
Appendix B. Perturbative Expansion for Effective Hamiltonian
Proof of Proposition 1. Let us define V(B) = efHoe=PH, then it satisfies
4
dp
where H;(p) is defined by Equation (14). Namely,

V(B) = —AHi(B)V(E),  V(0) =1, (A6)

di( PHog—PHY — _oPHo p1g=PH . oBHo py o—FH

= —ePt0(H — Hy)e Po(ePMoe=PH) — —AH;(B)(ePHoePH). (A7)

Then, representing V() by the Dyson series and applying the projector P, one has
PV(B) = I+ 3 A My(p) (A8)
k=1

with My (p) defined by Equation (13). By the Richter formula ([48], Equation (11.1)), one

has
1

log PV(B) = [ (PV(B) = D)(HPV(B) =)+ )i (49)

Then, we have

HPVE) - D+D T =Y T (C1)MM(B) - M, (B) (AL0)
n=0 ki+-+kp=n
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and

(PV(B) = D)(t(PV(B) — 1)+ 1)~
=Y A" Y (D)™ My, (B)My, (B) - My, (B) (A11)

n=1 ko+--+km=n

By substituting it in Equation (A9) and taking the integral, we have

ogPV(E) =3 A Y SV M BM(B) My (B (AL2)

=1 koteikmen M1

Taking into account

T . ,
PV(B) = PePHoe=PH — im l/ ettotoPHop=PH p=iHot gy — pPHopp—PBH (A13)
T—+o00 T Jo

we have Pe~PH = =PV (B). Let us remark that Hy commutes with any operator PX

[Ho, PX] = ) (elI XTI, — [T XTIee) = 0, (A14)

€

where Equation (11) was used. Thus, we have
PeBH — p=BHoplog PV (B) _ ,—B(Ho—p~"log PV (B)) (A15)
and H = Hy — B~ !log PV (B), which along with Equation (A12) leads to Equation (12). [

Appendix C. Eigenprojector Expansion
Lemma A1l. The following formula holds

/ Pap . / P g e T B
0 0
1 1 e B @i

_ + Z(_l)p . (Al6)
k
[T Li—1wj  p=1 (HZzzl Zf:m “’i) (lecl:pﬂ Z;'{:PH wf)
Proof. Let us denote
ﬁ ﬁn— _yn (0
I (B w1, - .- On) :/ dpy . / "o TPl (A17)
0 0

then, by direct computation, we have
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B
hn+1 (,3, Wi, ... ,wn+1) = /0 dﬁleiwlﬁlhn(ﬁ; wo,... ,(Un+1) =

1

P
n k / eiwhgldﬁl
[Tj=1 Lj—y wj1 /0

1 1 p
+ Z (—1)F e~ W1P1e=P1lin Witigg,
k
p=1 (H -1 Zl - wz+1> (H;z:pﬂ Zj:erl wj+1) 0
1 1—ewibi i( 1y 1 1—e ﬁZ”lwl
n+1 o +1 —p+1 X p+
H Z w1 p=1 (HP Zf’ b ) (le{1+;+2 Zj=p+2 (,uj) ):Z 1 w,
1 1 — e—wip Vil( 1y 1 1_ e BLl wi
n+1 N N 1 k Pws
H Z —wj W1 p=2 (l_[f;1 Dy ) (HZ+p+1 Yipi1 wj) Liq Wi
1 1 n+1 1
hhoe BV Mmoo =
p=2 (Hm:1 Zi:m wi) (Hk:p+1 Z] p+1 w;j )
- n+1
+1 ! - Z(—l)p ! e_ﬂzf;l“’f
n k
H Z —wj @1 p=2 (Hizl D wi) (HZI:,H Yi—pi1 wj)
n+1 1
==L Py T p—
p=1 (Hm:l Lizm wi) (Hk:p+1 Lij=p+1 w,-)
TE( P 1 BLL
+ -1) e Prim i, (A18)
1 k
p=1 (an 1 “’i) (HZ:p-i-l Li—pt1 “’J’)
Using
ha(0; w1, ..., wp) =0 (A19)
we have
L 1 1
Y (1P = — (A20)
p=1 (Hizl lezm wi) (HI}Z:p+1 Z;(:erl wj) [Tk Zfil @j
then
n+1
LD 1 +1
n
p=1 (Hm 11X wi) (Hk p+1Z =p+1 w])
1 1 1 1
_ 2(_1 4 +(_1 n+1
k n+1 .
i (0 B ) (T i ) B (I o )
1 1 1 1 1
= —1)"H . P — (A21)
ITi—y Ty wj Wt =1 Uiz Wi + Wnt1) Wyt H T @

Substituting it in Equation (A18), we obtain Equation (A16).

O
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Lemma A2. The following formula holds

/5 /Sn—l _yn=lg. .. . n—1 . 1 n—1 1
/0 dﬁl.../o dBne ~i=1 Biwithnkjy wj _ <'3_ Y I >

n—1 vk
[T=; Zj:l wj

—1
" (=17 e PELwi (A2D)

p=1 (Hizz ZzP:m wi) (Zle wr)z (HZ;;H Z}(:erl “’J’)

Proof. From Lemma A1, we have

1
hn(Bwn, ..., wy) = —
Y1 @ T Tim @
n-1 gf.B ZF:] w; gfﬁ E:‘:] wi
+ Y (-17* +(-1)" . (A23)
?El (HZ:1 B wi) (ngpﬂ T wj) Yo @il[Tn— T i)
Taking the limit
n
Y w0 (A24)
i=1
we obtain Equation (A22). O
Proof of Proposition 2. Using expansion (16) and (17), we have
H(B) = P Hie o = Y~ e~ D, (A25)
w
Then
PH(B1) - Hi(Br) = Y, e Prr="F%p(Dy, ... Dy,). (A26)
W1,...,Wg
Let us calculate
N N L —iHyt
P(Day -+ Doy) = lim = /0 dte™o!D,, . Dy, e o
. LT i —iH, iH —iH,
= Tli?oo T /0 dt ¢ Otlee tHot ¢t 0tDwke 1Hot
R O
:Tli?wf A dte Dy, -+ D,
= le to Dwk_lD—wl—...—wk_15w1+~+wk,0- (A27)
Substituting it in Equation (A26), we have
PH(B1) -~ - Hi(Br)
- 2 37(.317ﬁk)w1*~~-*(.5k—1*15k)wk71le -+ Dy Do —ap_y- (A28)
W1,eee, Wi
Then, by Equation (13) and Lemma A2, we have Equation (18). O
Several first operators My (B) are
Mi(B) = —BDo, (A29)
w+ePv_1 w+ePv—1
My(B) = Z‘B—2DMD,W = Z ﬁ—ZDwDL + éDg, (A30)
w w w#0 w 2

Ms(B) =

1 1 _ _
B ‘B T W T Wit e Bawn e Blwr+wz)
w1,02

— Dw; D, D—_to; —,- (A31)
w1 (w1 + w2) w%wz wz(w1+w2)2) Wi e
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This leads to

1 w+ePv—1
Ma(p) — S (B2 = X BT 1
w?
w#0
Substituting this expression and M () in Equation (15) leads to Equation (20).
Similarly, higher-order cumulants could be calculated, e.g.,

Ms(B) — 3 Ma(B) My (B) — 2 M (B)MalB) + 3 (Mi (B))®
=y (’3—1— oy e Pt eBlentwr)

w1 w1+wy -
Wi wi(wi + wy) w%wz wy(wy + wy)

2) leDsz*aM*wz

1 w4ePv_1
DuD-wDo+B5 ¥ ﬁT
w

1 BwtePo—1
+'B§;T

Appendix D. Average of Second Correction with Respect to Gibbs State for
Free Hamiltonian

Let us express (D] D,,)o in terms of (D,,D],)q as

(D! D)o = Tr DI D,z te PHo = 771 Tr DI ¢~ PHoePHo D e =FHo
=7 'Tr D} e=PHoe=PD,, = e P Tr D, D} Z~te PHo = e=P(D, D} ).

Taking into account Equation (23), we have

—(H®) gof ) (DuDl)o = § L (F(8e) (DuDL)o + F(~p) (DLD)o)
— ¢ Bw
=B Y S(f(pw) + e P f(—pw)) (DDl = ¥ 1= (DD
w>0 w>0

Similarly, taking into account Equation (25), we have

—(9pH®) ;Ofl Bw)(DwD})o = Zoi(fl(ﬁw)+€_ﬁwf1(—ﬁw))<DwDI;>o
S 1_e 5 DDy = L (DY,
w>0 IB

Appendix E. Perturbative Expansion of Mean Force Hamiltonian for Effective
Gibbs State

Proof of Proposition 3. Taking into account Equation (A13), we have

Trg Pe PH = Trg e PPV (B)
= ¢ PHs Trp e PPV (B) = e PHs Trg PV (B)ePHE.

Due to Equation (A14), it can also be written as
Trg Pe P = Trg PV(B)e PHo = (Trg PV (B)e PHB)ePHs,

so
[Trg PV (B)e PHe,e=PHs| = 0.

1
DoDwD—_( — §ﬁ3D8.

(A32)

(A33)

(A34)

(A35)

(A36)

(A37)

(A38)

(A39)
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By Equation (A8), we have

o0

Trg PV(B)e P8 = Trge PHs ( AkPMk(ﬁ)>

k=0

=7z (1 + i A Trg zBleﬁHBMk(/s)> =75 i M(M(B))B. (A40)
k=1 k=1

Taking into account Equation (A37), we have

Zg e Pt — 71 Trp PePH — ¢ FHs kz AR (M (B)) B (A41)
=1

Then, the proof follows the proof of Proposition 1 (see Appendix B), replacing My (B) with
<Mk(ﬁ)>3 and Hyp with Hg. O

Similarly to Equation (15), the first several terms are
~ _ _ 1
Fing = Hs = 26" M (B)a — 6702 ((Ma())a — 5((M1(B)0)?) +00°)  (a42)
or using Proposition 2, similarly to Equation (20), we have Equation (49).

Appendix F. Calculation of Mean Force Hamiltonian
Due to Equation (50), we have

D, :ZAW,CU1 ® By, :ZAI“?M@BW] :ZALl ® By +w» (A43)
w1 w1 w1
then
DuDY, = Y Al Aw, ® Buy+wBl, i (A44)
w1,W2

The second equation of Equation (50) also leads to ePHB B, e PHE — oP [Hg, - ]Bw = e PvB,,
then B,e PHB = e=Pwe=PHsB . Applying trace to both sides of this equation, we have
(1 — e=P«) Trg Bye PHE = 0. Thus, we have
(Bw)s = (Bo)Bdw,0s
<Bw1 BZ72>B = <Bw1 BZ}] >B§(‘-7] 2 (A45)

Then, Equations (A43) and (A44) take the form

(Do) =), A—w; (Buw,)B = Ao(Bo)B (Ad6)

w1

and

<DWDIJ>B = Z AL]Aw2<B(‘J1+wBL2+aJ>B - ZAZMAUH <Bwl+wBZJ1+w>B
w1, w1
= Y Al A (Bu+wBh 10)B + AG(BwBL) 5. (A47)
wlaéO



Entropy 2022, 24, 1144 18 of 22

Hence, after substituting these formulae into Equation (49), we have
Hpg = Hg + A(Bo) Ao — Azg (( Yo f(Bw)(Buw+wBh, 1) + (Buwy Bl )B) AL, Aw,
W#O,wl 750

+f%<§;f<&vawBL>B+«Bé>—<Bw%))-+CKA%- (A48)
w#0

Assuming by continuity f(0) = 1, this equation reduces to Equation (51).

Appendix G. Calculations for the Examples

We provide fewer details for the second and third examples because they are fully
analogous to the first one.

Appendix G.1. Two Two-Level Systems

(1) For the off-resonance case, we have

Hy = wao, 0y +wpoy 0, Hp= (0, +0,)(g 0, +g0;)). (A49)

As [wio; 07,07 = —(Fw;)oi* fori = a,b, then
Das—wy, = Dlyy—w, = 8950y, Duwgtw, = DY 10y =870 0, (A50)

Asn;=0;"0; =1—o0; o fori =a,b, then

Dy, Dby oy = I81705 0 0 0 = |82 (1 = na)my, (A51)
D, w,Das—aw, = 80 oy 0 off = |gPna(1—my), (A52)
Day+anDigra, = 181700 0 0 0 = I8 (1 = ma) (1 = my), (A53)
D w,-w, DT, = 181704 04 07 0y = |gPnamy. (A54)

Substituting it in Equation (20), we obtain Equation (53).
As P
_ TrneP@iti 1
i) = P = e +1 (A35)

for i = a, b, then by Equation (A35), we have

— ¢ Blwa—wy) 1 — e Blwatwy)
C(H®Y = o (e T g e ™™g _
(1) = g (P2 (o) o + e (1= (o)1 (o)
|2wa tanh ﬁ;"“ — wy tanh@
2

2
wi — Wy

(A56)

=g

Thus, by Equation (36), we obtain Equation (54).
(2) For the resonance case, we have

Ho = wa(o) o, +070,),  Hi= (o +0,)(& 0, +g0;7) + bwaf o, (A57)
Now, the terms analogous to D, —w, and D, —w, contribute to Dy
Dy =D{ = (g0, 0f +8*0 0, ) +6wo0;,  Deytaw, = Di(wﬁwh) =g'0,; 0, . (A58)

Substituting it in Equation (20), we obtain Equation (55).
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we have

—(H®)o = |g] (1= (na)o) (1 = (10)0) = g

Thus, by Equation (36), we obtain Equation (56).

Appendix G.2. Two Oscillators
(1) For the off-resonance case, we have

Hy = waa'a + wyb'b, Hy = (a+a")(g"b + gb"),

De,—w, = D} = qab', D+, = DY

Wy—Wg —(watwy)

= g*ab
and

D, —w, D, —, = I817aa"b"b = |g|*(n + 1)y,
Dw“+wbDZ)u+wh |g\2aa+bb+ |g| (g +1)(np + 1),
D, —w, Djub—wﬂ g[2atabb® = |g[*na(ny, + 1),

D—(wa+wb)D+—(wﬂ+wb) = |g‘2a+ab+b = |g|2nﬁnb'

Substituting it in Equation (20), we obtain Equation (59).
As 1

(ni)o = o 1

for i = a, b, then by Equation (A35), we have

)y = 1o (L2 e mado + S 4 4 o)1+ (o)
(«Ua 7wb a Wa‘I“Wb “
» Wy coth@ —wy coth@

w3 — wj

By Equation (36), we obtain Equation (60).
(2) For resonance case (52), we have

Hy = wy(ata +b'b), H; = (a+a")(g*b+ gb") + dwb'D,

Dy = D{ = (gab" + g*a’b) + 6wb's, Duytw, = Di(wﬁwb) = g*ab.
Substituting it in Equation (20), we obtain Equation (61).
As 1
(nido = g7
we have
2 1 — p—2Bwa 2 coth w”ﬁ

—(H®)o=1g (14 (na)o) (1 + (mp)o) = Ig

a

Thus, by Equation (36), we obtain Equation (62).

21— e—2ﬁ‘*’a 2tanh wip

(A59)

(A60)

(A61)

(A62)

(A63)
(A64)
(A65)
(A66)

(A67)

(A68)

(A69)

(A70)

(A71)

(A72)
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Appendix G.3. Two-Level System and Oscillator

(1) For the off-resonance case, we have

Hy = wao 10— + wyb'b, Hy = (a+a")(g"b+gb"), (A73)
Duw,-w, = Db, —w, = g0-b", Dty = D’L(wd ey = 80D (A74)

and
Dwa—wbDI;a—wb = |gPo oy btb = |g|2(1 — na)my, (A75)
Doty Dbty = I8170- 0 bbT = g2 (1 — ) (n, + 1), (A76)
Deoy—, Dby —o, = 181704006 = [g[*na(my, + 1), (A77)
D*(qurwb)Di(waerb) = |gPoyro_btb = |g|Pnamy. (A78)

As
(o= s o= g (A79)
ePwa +1 ePwor —1

for i = a, b, then by Equation (A35), we have

—(H®@)y = |g[? M(l_ (1a)o) (1) +M(1_ (112)0) (1 + (1))
0 Wa — Wy a/0 b/0 Wa + Wy a/0 b/0
_ |g|2 w, tanh /STw; cothz@ —wy . (AS0)
wi — Wy
By Equation (36), we obtain Equation (66).
(2) For resonance case (52), we have
Hy = wa(oyo_ +b'b),  Hy= (0 +0.)(g"b+gb") +owb'p, (A81)
Dy = D§ = (g0-b" +g*0::b) +6wb'b, Da,tw, = DT, 10,y = & 0-0. (A82)
As
(Yo = —1 (Mo = 5 — (A83)
a0 ghwa 117 bI0 = Bws 1’
we have 26 )
1— e =Pwa
—(H®) = [gP A (1= o)+ (o) = B qasy

Thus, by Equation (36), we obtain Equation (68).
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