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Abstract: Entropies are useful measures of variation. However, explicit expressions for entropies
available in the literature are limited. In this paper, we provide a comprehensive collection of explicit
expressions for four of the most common entropies for over sixty continuous univariate distributions.
Most of the derived expressions are new. The explicit expressions involve known special functions.
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1. Introduction

Let X denote a continuous random variable with probability density and cumulative
distribution functions specified by fx(-) and Fx(+), respectively. Four of the most popular
entropies are the geometric mean [1,2], Shannon entropy ([3], pp. 379-423; [3], pp. 623-656),
Rényi entropy [4] and the cumulative residual entropy [5], defined by

GM(X) = / log x fx (x)dx, (1)
S(X) =~ [ 1og fu(x) fu(x)ax, @
RO = 7= tog{ [ f)]"dx ®
and
CE(X) = — [ [1 = Fx(x)] log[1 — Fx(x))dx, )

respectively, for v > 0 and ¢ # 1.

There have been several papers giving explicit expressions for entropies. Ref. [6]
derived expressions for S(X) for twenty univariate distributions. Ref. [7] derived expres-
sions for S(X) for five multivariate distributions. Ref. [8] derived expressions for S(X)
and mutual information for eight multivariate distributions. Ref. [9] derived expressions
for S(X) and R(X) for fifteen bivariate distributions. Ref. [10] derived expressions for
S(X) and R(X) for fifteen multivariate distributions. Ref. [11] derived expressions for
S(X), R(X) and the g-entropy for the Dagum distribution. Ref. [12] derived expressions
for S(X) for certain binomial type distributions. Ref. [13] derived expressions for GM(X)
and CE(X) for three Lindley type distributions.

All of these and other papers are restrictive in terms of the entropies considered and
the number of distributions considered. In this paper, we derive expressions for (1)—(4)
for more than sixty continuous univariate distributions, see Section 3. Most of the derived
expressions are new. Some technicalities used in the derivations are given in Section 2. The
derivations themselves are not given and can be obtained from the corresponding author.
Some conclusions and future work are noted in Section 4.
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The calculations of this paper involve several special functions, including the the

exponential integral defined by

the gamma function defined by
a) = /Ooo " Lexp(—t)dt;
the lower incomplete gamma function defined by
I'(a,x)= /xoo "~ Lexp(—t)dt;

the upper incomplete gamma function defined by

X
v(a,x) = / t"Lexp(—t)dt;
0
the digamma function defined by

pla) = BT,

the standard normal distribution function defined by

x 2
D(a) = L exp(—tz)dt;
the error function defined by

erf(a exp d t;

-k

the complementary error function defined by

erfc(a exp d t;

L
the beta function defined by
1
B(a,b) = / #1711 — )bl
0

the incomplete beta function defined by

X
By(a,b) = / 11— 1)
0
the incomplete beta function ratio defined by

By(a,b)
B(a,b)’

the modified Bessel function of the first kind of order v defined by

e 2k
9=% rrvrme(s)

Li(a,b) =
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the modified Bessel function of the second kind defined by

ZSTTM)[I_V(JC) ~L(x), ifvez,
Ky (x) =

the confluent hypergeometric function defined by

—~
T‘S

11:1 a; b x = Z
where (a) =a(a+1)---(a+k—1) denotes the ascending factorial; the Kummer function
defined by

T(1-b)
I'(1+a—0)

I(b—1) 1 b1 B
() P 1R(14+a—-b;1-0bx);

the Gauss hypergeometric function defined by

Y¥(a;b;x) = 1F1(a; b; x) +

© (g o
2Fi(a,bic;x) =) (a)k(b)k x*

k=0 (C)k k!’

the degenerate hypergeometric series of two variables defined by

®1(a,b,c,x,y) = sz%—n"y,

m+nm'n'

the degenerate hypergeometric function of two variables defined by

Fi(a,b,c;d; x,y) = ii ()"xmyn.

m+nm'n'
The properties of these special functions can be found in [14,15].

2. Technical Lemmas

The derivations in Section 3 use the following two lemmas.

Lemma 1. The geometric mean defined by (1) can be calculated using

GM(X) = iE(X“)

I , ©)

a=0

where E(-) denotes the expectation defined by

E(X*) = /x“fx(x)dx

Proof. Note that

GM(X) = /%x“

fuloydx = 5| [ 2 ey

a=0 a=0

Hence, the result. O
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Lemma 2. The cumulative residual entropy defined by (4) can be calculated using
w1 k — 1 k+1
=) ¢ [[Ex()fdx =} o [ [Ex(x)]" dx. (6)
k=1 k k=1 k

Proof. Using the Taylor series expansion for log(1 — z), we can write

[e9)

CE(X) = [[1 - Fx(x) 2 dx—/z x)]Fdax —/Z )] dx,

Hence, the result. O

3. The Tabulation

In this section, we give expressions for fx(x) (the probability density function), Fx(x)
(the cumulative distribution function), GM(X) (the geometric mean), S(X) (Shannon
entropy), R(X) (Rényi entropy), and CE(X) (the cumulative residual entropy) for over
sixty continuous univariate distributions.
1. Gauss hypergeometric beta distribution [16]: for this distribution,

_ RxH(1—x)b !

fX(x) - (1+dx>c ’
a
Fx(x) = Kx (a,c,1—=b,a+1;—dx,x),
B ' (a) 1 ) _T'(a+b)
GM(X) = exp T(a) + (e aa+b;—d) on oFi(c,a+a;0+a+b;—d) o Taxn |
T 1 )
S(X) = @)  SE(caath—d o 2F(c,a+aa+a+b; d)a:O
+zr’(a +b) T(b)
T'(a+D) I'(b)
- ! 9 Fi(c,a;a +a+b;—d)
JFi(c,a;a+b;—d)oa 2 1Y ’ H=0

1 d
ToR(Gaatb;—d) da 2Fi(c —a,a;a 4+ b; —d) —log B(a,b)

—log 2Fi(c —w,a;a+ b; —d),

1
R(X) = _vlogB(a'y—'y—i—l,by—v—i—l)

1
_,Ylog oFi(cy,ay— v+ 1ay+by—2y+2,—4d)

Z,y log B(a, b) — ’—Y'y log 2Fy(c,a;a + b; —d)

and

(a,e,1—b,a+1; fdx,x)} log{ (a,c,1—b,a+1;,—dx,x)|dx
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for0 < x<1l,a>00b>0 —0c0<c¢c<ooandd > —1,wherel"/(x) = 5

) and

v = B(a,b) 2Fi(c,a;a + b; —d).
2. g Weibull distribution [17]: for this distribution,

GM(X)

fX(x) = (2 — q)abx”*1[1 — (1 _ q)bxa] =

if1<g<2,

ifl<g<?2,

— , ifg <1,

)1 S
log[(z q)Ta" b B

17)}, ifl<g<2,

ifg<1

(g =17
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and
2-g _T(3) (1)
W=D iq-ne T(H
oy ) ME-E)
a(q=1) (g —1)p]* r(%)r ’ ’
CE(X) =
29 (i) T(E+
W=D [ —qp (3 +1+1)
2y T(H) r(EeYr(E+d) N
@ =1 (1 - g r(%’+1+5)}2 o

fora>0,b>0,0<x<o0ifl <q<2and0<x<[(1—q)b]7ifq<1.
3. g exponential distribution [17]: for this distribution,

1

fx(x) = (2—g)b[1 — (1 —q)bx]™7,

+ 2y (1)—2;’710g[(q—1)b], if1<q<2,

"(3=2q
_M + 1“'(1) —log[(1 — q)b], ifg<1,

S(X) =~ logl(2 ~ )] - T4 o T

—qa)7Y
R(X) = —logh+ ——log A2—4)
I-9 "9y+1-9g

and
2—9q

X = e

forb>0,0<x<o0ifl <g<2and0<x < (1—¢g)bifg<1.
4. Weighted exponential distribution: for this distribution,

_a+1
T

fx(x) bexp(—bx)[1 — exp(—abx)],

Fx(x) = %exp(—bx)[exp(—abx) —a—1],
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GM(X) = al' (1) —alogb + (a +1)log(a + 1),

/ r'(l42
S(X):_logw+a+1_L_r(2)+ (‘1 >,
a+1 r(% + 2)
_ 1+ 94 1 Y
R(X) = —logb 7 _Wloga—i— 7 _vlog(zﬁ—l) +1 —7logB<a'7+1
and
_a+1 1 (a+1)loga 1
CE(X) = ab {1 (1 +a)3} + ab 1 (14 a)?
forx >0,a>0and b > 0.
5. Teissier distribution [18]: for this distribution,
fx(x) = [exp(ax) — 1] exp[ax — exp(ax) +1],
Fx(x) =1—explax —exp(ax) +1],
a —u i o
CM(X) = e [a~* [ (logy)*(v = Dexp(-y)dy||
1 a=0

a 00
S(X) = —loga—ae 3= [ y(y—1)"*" exp(y)dy

a=0 0

R(X)=a"T(y+1)¥(y+2,27+ 1)

and

CE(X) = =< [Ei(1) — exp(~1)]

forx >0anda > 0.

6. Maxwell distribution [19,

20]: for this distribution,

fx(x) = iljixz exp(—axz),

Fy(x) = \/ZEv(i,axZ),

~ 1—1loga

GM(X) TR

S(X) _ _r(%) k:i;_‘_r/(g) ,

*8%[r(ﬂé+2,l) —TI'(a+1,1)]
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R(X)

log2 vlog 1\ logy 1 1
log(2v/a) + = T 2= <’y+2)1_7+1_710gf T3
and

CE(X) = _\/ZE ; [logZ —log /7 + logl"(i,ax2>} F(B,ax2> dx

2
forx >0anda > 0.

7. Inverse Maxwell distribution: for this distribution

fx(x) = f}éx‘l exp (—axfz),

og —— lo 4+ 1lol"(2—1>
C1—y g\/E 1—1 gaﬁ 1—9 & 773

and

CE(X) = Z\\fg og—n \F/ ( 2) log’y(i,ax2>dx

forx >0anda > 0.
8. Power Maxwell distribution [21]: for this distribution

3
fx(x) = 4\{1/1%2 301 exp(—bxz”’),

Fx(x) = jﬁv(jbxzﬂ),

o = LB,

S(X):i_logb_i_la?/ia () o g\ﬁ

_ L log 2 vlogm 3y 1—vy
R(X)f—log{ZabZ]+1_7—2(1_7)— > o

log v 1 3y 1—v
logT( —
Ty T1-,°8 ( T



Entropy 2023, 25, 534 9 of 38

and

CE(X) = —\/;gﬂlog<¢2%>r<21a+2> \F/ ( bx2”> 1ogr<3 bx2”>dx

forx >0,a>0and b > 0.
9. Inverse power Maxwell distribution [22]: for this distribution,

4ab%

fx(x) = NG x 31 exp(—bx_z”‘),

Fele) = = (3.0,

)logb —T'(3)
a\/7 ’

4a 1 3a+1 /(3
X) = —log( =L ) 4 —logb— 22 0r(2
S(X) Og(\/rc)JrZa ogb a\/m (2)’

1 2b3 v 4a 1 3y -1
log\/> 71°gb\/ﬁ+1—71°gr<2 + o

GM(X) = I3

R(X) =
and

CE(X):\/ZEbzlalog<\/2E>I’(2 211) \F/ ( _2“>10g'y( b_2”>dx

forx >0,a>0and b > 0.
10. Omega distribution [23]: for this distribution,

a

abxt=1 (140 2
fX(x)_l—x2b<1—xh ’

1420\ ?
Fx(x) =1-— (1—xb> ,

GM(X):a%[B(%—i—l,%)zFl(% 1,2 +1b+1+2 -1)]

7

a=0

S(X)z—log(ab)ﬂ(l—b)ai[ (b+1 )zFl(%+1,g+1;%+1+%;—1)]

a=0

+1;—1)

0 a u
+(a+2)$2131<1,§+1—a;§
a=0

1

—a(a—-2) - [a —5- 2k (1,

a a
2+1,a+1+2,—1)]

7

a=0
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_ 1—v ay 1—9 va ay 11—«
_ =1y _ Zr g7 el .
R(X)—l_,ylog[a bB(’er = 2)2F1(7+ sty 1)}
and
a o a a a
E(X)=——|B(b,=+1)2F (b= —a;b+=-+1;,—-1
CE(X) = 35 5 |B(0:5 1) 2Fi (b5 —wb 5+ )hzo
a d a a a
*E?[B(b,“+§+1) 2F1(b,§,b+(x+§+1,—l)] o

forx >0,a>0and b > 0.
11. Colak et al.’s distribution [24]: for this distribution,

Calb+1)(1—x)*!
fx(x) = (1+ bx)rr1 ,

Fx(x) = (f;;;)tz,

J [B(a+1,a) sF(a+1,a+ 1,0+ 1+ a;,—b)]

GM(X) = a(b+1) =

a=0

S(X) = —logla(b+1)] +a(1 —a) (b +1) a[

oy 2F1(1,u+1;vc+a+1;—b)]

a+a

a=0
d
+a+1)(b+1)=—F(a,a+1—wa+1;,-b)|
du 40
1 (lab+1)
= 1 F((1 ;ya — 2;—b
R(X) 1_70g{w_7+1z W(Lya+yya—9+ )
and
CE(X)—Li F(1l,a—wa;a+2;-D) N Fi(1,a;a+a+2;-b)
_a+1aa21 7 4 7 0 aDC ﬂ+0(+121 7%y 7 0

forx >0,a>0and b > 0.
12. Bimodal beta distribution [25]: for this distribution,

_ 2
ful) = g

_ x)ﬂ_ll

Bx(ae+1,B) +523x(“+2/,3):|,

Fx(x) = % [(1 + ) Lx(a, B) — 26 By (2, B) Bx(a, B)

Cr(a) &=\ Ta+p+i) [C(a+B+i)]

GM(X):Mi { I (a+i) _T(a+i)1“/(zx+,8+i)}’
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cpto s UM & f P T
§(X) = log[CB(w, B)] + ZE) T(a+p+i) [T+ B +i)) }
+<15>F<w+ﬁ>§c{ Mot )T (p) r<a+i>r<5>r’<a+ﬁ+i>}

Cra) A\ Tatpti) [C(a+ B+1))
3| (1+p) ! . .0 J
- T1—"1<o¢,fafl,fafl,oé+l3,mz1_i\/‘5)

R(X) = B(m_7+C%53’zajg);l)(l+p)y (“’Y R N N 1+61f 1_51\[)

and

ce0) = - [{1- [+ pnap) - 2Pt Py 2Bt 2

)
.10g{1 - [(1 +p)L(a, B) — 26 B"éf(;};f )12 Bxéf(:,?)ﬁ)] }d"

for0<x<1,a>0,8>0,p>0and —oc0 <6 < oo,wherei=+/—1,c0 =1+4+p,c; = =26,

_ 52 _ 2 a(atl)
=d¢~and C = 1+p 2(5 ﬁ+§ W.

13. Confluent hypergeometnc beta distribution [26]: for this distribution,

C xH(1—x)b Texp(—cx)
fx(x) = B(a,b) 1F (a;a+b;—c) ’

x* ®Pq1(a,1—b,a+1;x,cx)

FX(x): aB(a’b) 1F1(a,ﬂ+b,fc) ’
____Tl+bh) 9 Tty | -
GM(X)_F(Q) 1Fi(a;a+b; —c) 9 [r(ﬂ+b+a) 1F(a+waa+b+a;—c) “:0,
— (1*[/1) a+b i a+0¢ . u
S(X)_F( VE(Gath—0) oa |Tatbra @t @atbta—c) y
(1-p)T(@a+b) 3 [ T(b+a) . 3
I'(b)1Fi(a;a+ b; —c) o Ta+bta )1F1(a,a+b—|—zx, c) .

ca 1F(a+1La+b+1,—c)
a+b  1F(a;a+b;—c)

+ +log B(a,b) +1log 1F(a;a + b; —c),

R(X) = — 1o {B(ﬂ’r—’ﬁ'l/b’Y—’Y‘H)1F1(ﬂ’7—’Y+1;a'y+b'y—2'y+2;—c7)}
=% [B(a, )] 11 (a0 + b )]

and

B 1 x* ®q(a,1—b,a+1;x,cx) x* ®1(a,1—b,a+1;x,cx)
CE(X>__/0 {1_ aB(a,b) 1Fi(a;a + b; —c) ]10 [1_ aB(a,b) 1Fi(a;a +b; —c) }d

forO<x<1l,a>0,b>0andc > 0.
14. Libby and Novick’s beta distribution [27]: for this distribution,

Cuxafl (1 o x)bfl

fx(x) = Bla, )1 — (1o
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Fx(x) =1 1« (b,ll)/

T+cx—x

7

a=0

GM(X) = —[B(a+a,b)2F1(a+a,a+b;a+a+b;1—c)]

(1 _a)ca i . -1 —
B(a,b) aa[B(zx—O—u,b) 2Fi(a+a,a+b;a+a+b;1—c)
(1-b)c* 9

B(a,b) oa

5(X) = —alogc+

a=0

[B(a,b+uw) 2F(a,a+b;a+a+b1—c)

a=0

—I—c”(zH—b)% oF(a,a+b—wa+b;1—c)

a=0

1 c"Blay—y+1,by—v+1) ) ]
R(X):l, log{ Bl b)) 2Fi(ay—vy+1la+bay+by—2y+21—c¢)
and

1
CE(X) = — A [oex (a,b)logIHgH (a,b)dx

forO<x<1,a>0,b>0,andc > 0.
15. Generalized beta distribution [28]: for this distribution,

B la | x®P-1 {1 Q1 _C)(E)a]qfl
P

fx(x) = d
b B(p,g)[1+c(3)"]

B = s (1 - e raps 0 -0(G) ~<(5)),

ST

_ 0 |[b*B(p+5.49)
GM(X)_EM[ B(p,q)

(24 o
2Fl(p+a'a'p+q+a'c>] .
K=

S(X) = —log|a|+aplogb+logB(p,q)

o |b"B(p+5%,9) noa o
9 {B(P,qﬂ) ]
~(1-q) = |—%—="2h(pa;p+q+ac
=05 | "B 2DPwptatmol)

P)
+(p+9) 5 2B (p,a;p+q;c) .
h—

bB(py + 5 gy — v+ 1)
[B(p,9)]"

~2F1<m+ 1;7, (Hl)a(l7);m+qv+(1—v)(i+1);c)}

R(X) = 1i710g{




Entropy 2023, 25, 534 13 of 38

and

e = [ [1- b (p1-aptaprua-a (5 —(2))]

ap

:
g1 g (p -0 () —<(5)") ax

for0 < x* < %,b>0,0<c<1,p>0andq>0.
16. Log-logistic distribution: for this distribution,

babxb_l
fx(x) = ———,
(ab + xb)?
b
X
F = —,
X(x) ab—l—xb

GM(X) = loga,

S(X) =loga —logh+2,

R(X) =loga —logb +

2byloga 1 v—1 1—7v
log B
1—y +1_,Yog <’y+ b ;Y T+ b

CE(X) = _ZFG) [r’ (1 - ;) - r'(l)r(l - 2)}

forx >0,a>0and b > 0.
17. Inverse Gaussian distribution [29]: for this distribution,

SR R

and

GM(X) 2ﬂfbgbex ()Kpexe(p) + % () 5K 109 (5) a0
S(X) —%—%log(%) +3 ”Zlfrgbb (%)K 1e><p(g>
+3\/gexp<2)aa a1l eXP(% o
R(X) = 2(11 118 53 T 1 log\/li—f- (1 —av)b " 1i7Kl‘37(%)
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cr9 == [[[o({30-5) ~2(/3G ) oo(¥)]
walo(30-8) o (VG +0)oe(F)]e

forx >0,a>0and b > 0.
18. Gompertz distribution [30]: for this distribution,

SR

fx(x) = abexpla + bx — aexp(bx)],

Fx(x) =1 —expla —aexp(bx)],
GM(X) = —logb +aexp(a) /100 loglogyexp(—ay)dy,
S(X) = —a — log(ab) — Ei(—a) exp(a) + a? exp(a) /1 “ texp(at)dt,

rlogy | _av +10gf(%a7)
[ R O 1—7

R(X) = —logb —

and

_ 1—aexp(a)Ei(—a)

CE(X) ;

forx >0,a>0and b > 0.
19. Exponential distribution: for this distribution,

fx(x) = aexp(—ax),

Fx(x) =1—exp(—ax),

/

GM(X) =T (1) —loga,

S5(X) =1-1loga,

and

forx >0anda > 0.
20. Inverse exponential distribution: for this distribution,

fx(x) = bx 2exp (—b) ,

X
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1-2 logI'(2y — 1
R(X) zlogb—l—lr;ylog'y%—og(v)

and

CE(X) = — /ODO {1 - exp<—i>] log {1 - exp(—Z)]dx

forx >0and b > 0.
21. Exponentiated exponential distribution [31]: for this distribution,

fX(x> =ab exp(—bx)[l _ eXp(—bx)]aill

Fx(x) = [1 —exp(—bx)]",

1

GM(X) = a/o (1—y)* log(—logy)dy — logb,

and

131 1&
E;E (0,ak +1) — E; B(0,ak +a+1)

>v‘\>—‘

forx >0anda > 0.
22. Gamma distribution: for this distribution,

uxufl xp(—bx
filx) = T B,
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S(X) :a—ulogb+log1"(a)+(1_a){ T'(a) _logb}/

[[(a)?  T(a)
_ y—ay—1 1 _ L
R(X) =logb+ = 10g’y+1_rylogl"(a'y rY+1) 1_rylogl“(a)
and
_ © TI'(a,bx) I'(a, bx)
CE(X) = /0 I(a) log I(a) dx
forx >0,a>0and b > 0.
23. Chisquare distribution: for this distribution,
k1 X
x2 exp(—3%
fX(x): . pk( 2)/
(i)
v(43)
Fx(x) = N
')
(&) +r(k log2
GM(X) = (%) (22 ,
;
r
(%
ﬂx>;§+§kg2+my1§>+§ C)2+k€2 ,
k K
ROINY
R(X)=—-1lo 2+¢10 + logT( 2y —y4+1) - logr( =
8 T—o 8717 gL\37 =7 1 ghis

and

forx > 0and k > 0.
24. Chi distribution: for this distribution,

fx(x) 22*1F<§) ,
(5%)
Fx(x) = 1_(%) p
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and

forx > 0and k > 0.
25. Inverse gamma distribution: for this distribution,

a —a—lex _ b
) = r(a)p( ),

logh —T'(a)

cm(x) = 1@ g1,

logh —T'(1)

(@) +a+logT(a),

S(X) = —alogh+ (a+1)

logT(ay+v—1)
I—o

1—y—
R(X) =logb+ #log’y — %logr(a) +

and

o b o b
CE(X) = _/0 7§(g3‘> log 7g(a’)f)dx

forx >0,a>0and b > 0.
26. Inverse chisquare distribution: for this distribution,
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00—+ 5 gy 2 (5) 20
and
CE(X) = — /0°° 71(?( %> log Yglé(’kic) dx
2

forx > 0and k > 0.
27. Inverse chi distribution: for this distribution,

and
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forx > 0and k > 0.
28. Rayleigh distribution: for this distribution,

Fx(x) = 26%x exp [—(bx)ﬂ,
Fx(x) =1—exp {—(bx)z},
GM(X) = %F'(l) —logh,

S(X) = 1 — log(2b) — %r (1),

R(X) = —log(2b) — logy — 7logy + ! log<1+’y>

2 1—1v 1—1v 2
and
NG
X) = ~—
CE(X) 1

forx >0and b > 0.
29. Weibull distribution [32]: for this distribution,

fx(x) = ab®x1 exp[—(bx)"],
Fx(x) =1 —exp[—(bx)*],
GM(X) = %1‘,(1) —logh,

1 —ﬂr/(l)’

S(X) = 1 — log(ab) +

lo lo 1 1-—
R(X) = —log(ab) — ‘;;7 — ’Yl_g77 + 1_,Ylog< p r —l—'y)

and

CE(X) = albr<1 + i)

forx >0,a>0and b > 0.
30. Inverse Rayleigh distribution: for this distribution,

fx(x) = 2ax 3 exp (—ax*2> ,

Fx(x) = exp (—axfz) ,
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b 7
1 _ v —1logvy 1 3y—1
R(X)—zloga log2 + 5 1—’y+1 (ylgl" 5
and

forx >0anda > 0.

31. Inverse Weibull distribution: for this distribution,
fx(x) =abx1 exp(—ax*b>,
Fx(x) = exp(—ax*b),

GM(X) = loga —T'(1)

and

forx >0,a>0and b > 0.

32. Gumbel distribution [33]: for this distribution,
1 x—b
fil) = pexp

S exp| e (220,
Fx(x) :exp[—exp(—xab)},
GM(X) = i/j:ologxexp(x;b

S(X) =1+loga—T (1),
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I'(7) ]

R(X) = T log Lﬂ_l’ﬂ

and

)~ [~ -onf-on(-252) o552 o

for —co < x < 00,2 >0and —oo < b < oo.
33. Generalized extreme value distribution [34]: for this distribution,

fx<x>=i(1+ax;”)_é?expl(1+c"g”)_é],

GM(X) = %/ logx(l —l—Cxa_b) exp

S(X) =14loga— (E+1)I (1),

_ 1 I(v¢—C+7)
R(X) = 1—1v og{ aY—1yr6—¢+r }
and
00 o0 &+1
CE(X) = ar(—¢) Y K —ar(—¢) ¥ %
k=1 k=1

forb—g <x<ooif >0, —0o<x<b—2iff<0,—0<b<ooanda > 0.
34. Generalized gamma distribution [35]: for this distribution,

o) — patx?1 exp[—(ax)?]
fx(x) F(%) ,
ot = 1)

p
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R(X) = 710:52 “loga— d?—p7+1io§'r: B 17710gr<z> n 11710g1_<d7—p7+1>

forx >0,a>0,d >0and p > 0.
35. Pareto distribution of type I [36]: for this distribution,

ak*
fx(x) = a1

Fx(x) =1- <1;>“,

GM(X) =logK+ %,

1
S(X) :l—a+5+logK,

vloga log(ay+7—1)
1—7 1—7

R(X) =1logK+

and

Ka
(a—1)°

CE(X) = —

forx > K,K>0anda > 0.
36. Pareto distribution of type II [37]: for this distribution,

b
fX(x) = (X—Eb)wrl'

bll
Fx(x) =1- m,

GM(X) =logh+T (1) —

S(X) = —loga—alogb+ (a+1)(alogb+1),

vloga log(ay+v—1)

R(X)zlogb+1iry 1—




Entropy 2023, 25, 534

23 of 38

and

forx >0,a>0and b > 0.
37. Generalized Pareto distribution [38]: for this distribution,

&1

fx(x)=(1+¢x) ¢,

Fx(x) =1- (1+x)F,

1og§+r’(1)(;(1(i)é), if&>0,
GM(X) =
(11
—log(—&) +T'(1) - ;(<11 - ?) if& <o,

S(X)=¢+1,
1
RN =TETn 2
and
1
CE(X) =
%) (&—1)°

for0 < x < oif > 0and 0 < x < —Lif & <O0.
38. Uniform distribution: for this distribution,

blogb —aloga —b+a
GM(x) = 82108 ,

S(X) = log(b —a),

R(X) =log(b—a)

and

fora < x<bandoco >b>a> —co.



Entropy 2023, 25, 534

24 of 38

39. Power function distribution of type I: for this distribution,

and

forO0<x<landa > 0.

fx(x) =ax""1,

Fx(x) = x°,
1
GM(X) = —

S(X)=1- % —loga,

loga log(ay —v+1
R(X>:71_g7_ g(;r_; )

ce0) = (3 +2) - v@)

40. Power function distribution of type II: for this distribution,

and

forO<x<1landa > 0.

fx(x) = a(l—x)",

Fx(x)=1-—(1-x)%

5(X)=1- % —loga,

loga log(ay—y+1

41. Arcsine distribution: for this distribution,

1

Ty/x(1 — x)
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S(X) = log 7T + ﬁ —T'(1),

N3
1 B(¥—7v+13—-v+1)
R(X) = T log p—

and

i 2 ) 2 .

CE(X) = —/ {1 - narcsm(ﬁ)] log {1 — ;arcsm(ﬁ) dx

0

for0 < x < 1.

42. Beta distribution: for this distribution,

xa—l (1 _ x)b—l

fx(x) = W,

CMX) = Ty ~ Taxb)’
S(X) = log B(a,b) + (1 — a)I;((Z)) +(1- b)rr((:)) —(2-a- b)rr((:::))r
R(X) = 7 i ; log Blay - TBj;alllbb)’}yv_ 1+l

and
CE(X) = — / I+ (b,a) log I (b, a)dx
0

forO<x<1l,a>0andb > 0.
43. Inverted beta distribution: for this distribution,

a—1 —a—Db
fle) = —

Fx(x) =1=x (a,b),

T+x

~I'(a) T(a+b)
GM(X) = T(a) T(a+b)’
S(X) =logB(a,b) + (1 — uﬁ((;)) ot b)m i b)rf((:;’
R(X) = ——log 2OY =7 F LU £y 2 1)

1—9 [B(a,b)]”
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and

CE(X) = — /0 11 (ba)logl 1 (b,a)dx

forO<x<1,a>0andb > 0.
44. Kumaraswamy distribution [39]: for this distribution,

fx(x) = abx""1(1 - x“)b_l,

Fx(x) =1—(1—x%)",

—b ! bf(l—‘—%)

GM(X) =T’ (1) — r(1+§)'
S(X)=1-— L log(ab) 4 (1 —a)bI’ (1) — (1 — a)blw
b r(t+1)’

_ vlogh 1 1—7 B
R(X) = log(ab)+1_7+1_710gB Tt by +1—7

and

CE(X) = ZB(i,bH) {1p(b+l) _‘P(i +b+1)}

forO<x<1,a>0and?b > 0.
45. Inverted Kumaraswamy distribution [40]: for this distribution,

fx(x) = ab(1+x) " [1— (1+2)7]""",

Fx(x) = [1- (147",

1
GM(X) = b/o log<y*% — 1) (1+y)" 'y,

1
1- =
+ b’

r'ib+1)
s LW

S(X) = —log(ab) + (1 + le)

vlogb
1—v +1—’y

R(X) = —loga + logB('M—’Y;l,b'y—erl)

and

B(—Z,kb+b+1>

| =

1&1 1 1 &
k=1

forx >0,a>0and b > 0.
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46. Normal distribution: for this distribution,

1 © x —b)?
GM(X) = o /_oologxexp[( 2a2) }dx,

S5(X) = log(\/ﬁa> + %,

R(X) = log(\/ZTm) — 2(1;)g_’77)

and

2 e8]
CE(X) = _\Za/ erfc(x) loglerfe(x)]dx
for —co < x < 00,a>0and —co < b < oo.
47. Lognormal distribution: for this distribution,

1o ~ (logx —b)*
V27ax P 2a? ’

fx(x) =

Fx(x) = CD(IOgXb)

a

S5(X) = log(\/ZT'm) +b+ %,

_ (1—7)a®  logy
R(X) = V2maexp(b) + 2y 21—

and

CE(X) = — /Oooq>(b_1;gx> log {cp(b_l;’gxﬂdx

forx >0,a>0and —oco < b < oo,
48. Half normal distribution: for this distribution,

e = L~ 23),
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Fx(x) = erf<x2a),

log2 1 /1

1 1 2
S(X) = E—Elog%—f—logﬂ,
2 1lo
RO =/ =510,

CE(X) = —V2a / erf(x) loglerf(x)]dx

geel
—00

and

forx > 0anda > 0.
49. Student’s ¢ distribution [41]: for this distribution,

L

N

Vanr (4 r(4) rg
S F(r;gf;) | Vala+1) Fé;; - r((zz))]

and

o1 ar(og) 1a+13 22 poar(e5t) 1a+13 2
E X — _ _ - e _ . L
CEX) /700 [2 + VanT (%) 2Fl<2' 2’2" a ) log 2" VanT (%) 2Fl<2' 2’2" a > dx

for —co < x < coanda > 0.
50. Cauchy distribution: for this distribution,

Fx6) = Zay
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1 1
Fx(x) = 5 + ;arctan(x),

1 r*® logx
M) = [ 7

and

CE(X) = — /_O:o (; - iarctan(x)) log B - iarctan(x)} dx

for —oo < x < o0.
51. Laplace distribution [42]: for this distribution,

ful) = gew (-2,

GM(X) = 1/Oologxexp<—| x;b |)dX,
S(X) =1+1og(2a),

R(X) =log(2a) — 10:5’;:

and

_a

CE(X) = 3

a %]
+ Elog?.—aaB%(O,Z—l—zx) »

for —co < x < o00,a>0and —oco < b < oo.
52. Logistic distribution of type I: for this distribution,

acexp(—cx)
[1+ exp(—cx)]

fx(x) =

a+1’
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o exp(—cx)
GM(X :ac/ log x dx,
(X) = ac | o8 e

!/

S(X) = —loga—logc+ (a+1)p(a+1) —ayp(a) —T (1),

R(X) = —logc+

Y
— logla"B(ay,7)]

and

=~ [ {1~ Treprer ) ! Treprer )

for —co < x < o0,a>0and c > 0.
53. Logistic distribution of type II: for this distribution,

_acexp(—acx)
fx(x) = 1+ exp(—cx)]"™’

1
B =1- o o
CM(X) =ac [ Jlogr f:f;(_”f;)r“ dx,

S(X) = —loga—logc+ (a+1)p(a+1) —T (1) — ap(a),

1

R(X) = flogchl_v

log[a"B(y,av)]

and
o0

CE(X) = a/ [1+exp(—cx)] "log[l + exp(—cx)]dx

—00

for —co < x < o00,a>0andc > 0.
54. Logistic distribution of type III: for this distribution,

cexp(—acx)

= B 1+ expl e

. o . exp(—acx) X
GM(X) = B(a,a) /_wlog 1 +eXP(_Cx>]2ad /

S(X) = log B(a,a) —logc + 2ay(2a) — 2ap(a),
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1 B(avy,avy)
R(X) = -1 1
(X) OgCJrl—'y og Ba,a)]"
and
CE(X) = — I exp(ocr) (a,8)1081 exp(—cx) (a,a)dx
—00  14exp(—cx) 1+exp(—cx)

for —co < x < 00,a>0andc > 0.
55. Logistic distribution of type IV [43]: for this distribution,

cexp(—bcx)
(a,b)[1+ exp(—cx)]

fx(x) = B

a+b’

Fx(x)=1_1 (a/b),

14+exp(—cx)

o o exp(—bcx)
GM(X) = B(a,b) /—oo o8 1+ exp(—cx)]""? o

S(X) =logB(a,b) —logc+ (a+Db)yp(a+b) —ayp(a) — byp(b),

1 B(ay, by)
R(X) = —1 I
(X) ogc+ = og Ba,b)]"

and

CE(X) = — / I opicn (5,0)108 1 o ey (b, a)dx

—00  14exp(—cx) 1+exp(—cx)

for —oco < x < o0,a>0,b>0andc > 0.
56. Burr distribution [44]: for this distribution,

fx(x) = ckx" (14297,

Fx(x) =1— (1+x°) 7,

S(X) =1+ 1 ~log(ck) + Clr(kc) [T e -r' k),

_ 7log(ck) 1

y—1 1—o
R(X) — —I—l_rylogB<k’y+ . ;Y + )

and

forx >0,k >0andc > 0.
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57. Dagum distribution [45]: for this distribution,

Fx(x) = apx™1(1 + x“)_p_l,

Fx(x) = (1+x%)77,

and

forx > 0,a>0and p > 0.
58. ] shaped distribution [46]: for this distribution,

fx(x) = 2a(1 = x)[x(2 = x)]"",

Fx(x) = [x(2—x)]",

7

GM(X) = a2" 9 {
0 a=0

1
" a+lx2F1<a+a,1—a;a+a+l;2>}

S(X) =~ log(2a) + a(1 ~ 2" 5 |- ohy (a4 a1 - ma bt 13 )|

a+o a=0

d 1
_ana . .
a2 3 {B(a,zx+2) 2F1<a,1 aGa+a+2; )]

27(1—a) 9 [,, ] 1
+71+a 806{2 2F a,l—zx—a,a—i—l,i

a=0

7

a=0

1 1
_,Y10g[a”2‘”3(a7—7+1,7+1)zFl(av—wrl,'r—m;awZ;zﬂ

and

[} k 1
=) ———— i k—|—1 oF (ak—i—l,—ak,ak—l—Z,z)

k=1
)
- X

k=1

oa(k+1)

1
k(ﬂk+a+]) 2F1<ﬂk+a+1,—€lk—a,gk+a+2/2>

forO<x<1landa > 0.
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59. Nadarajah-Haghighi distribution [47]: for this distribution,

fx(x) = ab(1+ bx)* Lexp[l — (1 +bx)"],

Fx(x) =1—exp[l— (1+bx)"],
GM(X) = —elogb+ e/oOQ log(y% — 1) exp(—y)dy,

+1,

S(X) = — log(ab) + (1 — a)e ir(g +1,1)
a a=0

du

o _log(ab)_ 1—7Y logy 1 1—7

and

1 e/1 1
EX)==-4+—-(--1)|T{=-+1,1
ce =5 +5(3-1)r(3+11)
forx >0,a>0and b > 0.
60. Two-sided power distribution [48]: for this distribution,
X

a(a)ail, if0<x <9,

a—1
a(i_g) , ife<x<l1,

e(f)a, 0 <x<6,

_ a
1(19)(1_0>, ifo<x<1,

1 a”
o
ay—vy+1

and

k (_1)m (1 _9)m+1 B 00 9k+2
am+1 = k(k + k+1)

k+1 (1—9)"“rl
m am+1
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fora > 0.
61. Power Lindley distribution [49]: for this distribution,

ab?
fx(x) = b+1(1+x )x? exp(—bx“),

a

b
Fy(x)=1— <1 +5 j 1) exp(—bx"),

bI'(1)+T'(2) logh
a(b+1) a’

GM(X) =

ab logb . b(1—a)

o B / 1 b+2 exp(b) 9
SX) =—log g5 — =~ v {r(l)err(z)}er—i—l b+1 aal BT2Y)|
_ Y
R(X) = —loga— 1_,)/log(b—l—l)
1 1—1 1—7 1-v
log|T — ¥ 1;
g oslr (e e (o S )
and
1 1 1 1
CE(X) = [r(a+1>+ +1r(a+2>]
r(i b)a 5
- (”) ( ot b+1>
=0
forx >0,a>0and b > 0.
62. Modified slash Lindley-Weibull distribution [50]: for this distribution,
2a3%x"1 (a4 2)x" + 2b°
ful) = 2004202
a+ (ax® +2b7)
2,4 a a
Fy(x) = x* (a+1)x +22b /
a+1 (gx242b9)
(a+2)log2 (a+2)loga (a+2)logb s a+2
GM(X) = — r(2) - r(1
(X) 4(a+1) 4(a+1) 2(a+1) 2) a(a+1) (1)

1—a 2 7 1—a 2 u
() 1) 2 D 1)
22(a+1) a a Za—*(a_’_l> a a
1—a 1—a 1—5 ,
S (1)) S (o )
2ia+1) \a ) 2t \a a

1—a,1-1
a 1\ ./ 1
22(a+1) \4 a



Entropy 2023, 25, 534

35 of 38

2a3p° 4 (1—a)(a+2)log2 (1—a)(a+2)loga

S(X) = ~log 7 4(a+1) a 4(a+1)
(1—a)(a+2)logh s (1—a)(a+2)_
2(a +l) re- a(a+1) ra

o e () B
i
<£2:11§r<i>r/<sz>
2abt 9 (a:zy“ /Ow(y+;»f;)”‘“(y+2ba)3d4

a+1 oa
{2 ()] - 7521 2]

a=0

21aN\ 7V . 0
() s v () 20

1
a

20\ 2
CE(X) = 710g<a+1)

(o) G)r0-3)

L lmers (e ) (et}
2a+11b10g2 \r 21 2a+1bllogbr ofo 1
+2"Hb+rl()r<’a(>2 <l> Zﬁlbr(aa)r(z(ul))r(/(ﬂ a>

ai a a 1 \a a

e ()

in
2 b(a—l—Z)logb <1+1)1’(171>
ua(a—l—l) a a

E+1 ’
(M e (; 1)
aEH(aJrl) a a

WrC)r(zl)F/(Z)

H(a+1) a a

a=0

forx >0,a>0and b > 0.
63. Reciprocal distribution: for this distribution,

1

fxlx) = x(logb —loga)’
_ logx —loga

Fx(x) = logb —loga’

GM(X) = logb +loga

2 4
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S(X) = —log[logb —loga] + w,

1 bl=7 —al=7 5
R(X) = 1,)/log{ T [logb —loga| }

and

b —2a)logllogb — loga b %)
CE(X) = ( l?)gbg[—l%)ga ) _logb—loga%7(a+2'logb_loga)

a=0

for0<a<x<b<oo.

4. Conclusions

We have derived the most comprehensive collection of explicit expressions for the
geometric mean, Shannon entropy, Rényi entropy and the cumulative residual entropy for
the following continuous univariate distributions: 1. Gauss hypergeometric beta distri-
bution, 2. g Weibull distribution, 3. g exponential distribution, 4. Weighted exponential
distribution, 5. Teissier distribution, 6. Maxwell distribution, 7. Inverse Maxwell distribu-
tion, 8. Power Maxwell distribution, 9. Inverse power Maxwell distribution, 10. Omega
distribution, 11. Colak et al.’s distribution, 12. Bimodal beta distribution, 13. Confluent
hypergeometric beta distribution, 14. Libby and Novick’s beta distribution, 15. Gener-
alized beta distribution, 16. Log-logistic distribution, 17. Inverse Gaussian distribution,
18. Gompertz distribution, 19. Exponential distribution, 20. Inverse exponential distribu-
tion, 21. Exponentiated exponential distribution, 22. Gamma distribution, 23. Chisquare
distribution, 24. Chi distribution, 25. Inverse gamma distribution, 26. Inverse chisquare
distribution, 27. Inverse chi distribution, 28. Rayleigh distribution, 29. Weibull distribution,
30. Inverse Rayleigh distribution, 31. Inverse Weibull distribution, 32. Gumbel distribution,
33. Generalized extreme value distribution, 34. Generalized gamma distribution, 35. Pareto
distribution of type I, 36. Pareto distribution of type II, 37. Generalized Pareto distribution,
38. Uniform distribution, 39. Power function distribution of type I, 40. Power function
distribution of type II, 41. Arcsine distribution, 42. Beta distribution, 43. Inverted beta
distribution, 44. Kumaraswamy distribution, 45. Inverted Kumaraswamy distribution,
46. Normal distribution, 47. Lognormal distribution, 48. Half normal distribution, 49.
Student’s t distribution, 50. Cauchy distribution, 51. Laplace distribution, 52. Logistic
distribution of type I, 53. Logistic distribution of type II, 54. Logistic distribution of type
III, 55. Logistic distribution of type IV, 56. Burr distribution, 57. Dagum distribution, 58. |
shaped distribution, 59. Nadarajah—-Haghighi distribution, 60. Two-sided power distribu-
tion, 61. Power Lindley distribution, 62. Modified slash Lindley—-Weibull distribution, 63.
Reciprocal distribution. This collection could be a useful reference for both theoreticians
and practitioners of entropies. Future work will be to derive similar collections of explicit
expressions for entropies of discrete univariate distributions, continuous bivariate distri-
butions, discrete bivariate distributions, continuous multivariate distributions, discrete
multivariate distributions, continuous matrix variate distributions, discrete matrix vari-
ate distributions, continuous complex variate distributions, and discrete complex variate
distributions.
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