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Abstract: Gwet’s first-order agreement coefficient (AC;) is widely used to assess the agreement
between raters. This paper proposes several asymptotic statistics for a homogeneity test of stratified
AC; in large sample sizes. These statistics may have unsatisfactory performance, especially for small
samples and a high value of AC;. Furthermore, we propose three exact methods for small pieces.
A likelihood ratio statistic is recommended in large sample sizes based on the numerical results.
The exact E approaches under likelihood ratio and score statistics are more robust in the case of
small sample scenarios. Moreover, the exact E method is effective to a high value of AC;. We apply
two real examples to illustrate the proposed methods.
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1. Introduction

In the medical field, it is necessary to judge the accuracy and the interchangeability
of different diagnostics. Inter-rater agreement is widely used to quantify the closeness of
ratings for subjects by two raters. The recommendation of an efficient and economical
method should guarantee a high degree of agreement between its result and the gold-
standard method. A simple example is that independent raters A and B assess each subject
with binary outcomes (e.g., +/—, and Yes/No). Let n;;(i,j = 1,2) be the numbers of
independent subjects judged by two raters as (+,+), (—, +), (+,—), and (—, —), and
P;i(i,j = 1,2) be the corresponding probabilities, respectively. Denote n = ny, +ny; =
Ny1+n4p = 212:1 2]2-21 n;j. The data can be arranged into a 2 x 2 original table (Table 1).

Table 1. A 2 x 2 original table.

Rater A
Rater Total
+ i
+ n11(Pr1) n12(P12) n1+(Pp)
Rater B - 1191 (P1) 122(Pa2) na4 (1— Pg)
Total n+1(PA) 71+2(1 - PA) n

Researchers have developed several indices by which to measure the degree of agreement
between raters on a nominal scale category, where the unordered categories are independent, mu-
tually exclusive, and exhaustive. Denote P; = Pr(the probability is classified as “4” by Rater i),
i = A,B. Wecall P(i = A,B) as the marginal probability. Cohen [1] showed that the x?
test was indefensible because of the null hypothesis with independence, not agreement. Fur-
thermore, he presented the kappa coefficient to compute the extent of agreement between
raters. For the problem of nominal scale agreement between raters A and B in Table 1,
there are only two relevant quantities: the overall agreement probability p,, and the chance—
agreement probability p.. Cohen’s kappa coefficient is defined by x = (ps — pc)/ (1 — pe),
where p, = Py + Pn, pc = PyPp+ (1 — P4)(1 — Pg). That is to say, the coefficient « is the
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proportion of agreement after the removal of chance agreement. Suppose that the distribution
of proportions over the categories for the population is known and is taken to be equal for
the judges. Thus, Scott [2] proposed 7t coefficient 7 = (ps — pr)/ (1 — pr), where py is the
percent agreement to be expected on the basis of chance, and p, = (@ P +(1- @)2_
Despite the wide range of applications, the limitations of these coefficients have two main
aspects: (i) it highly depends on marginal probabilities [3], and (ii) it is often affected by
the composition of the population for subjects easy or difficult to agree upon [4]. For exam-
ple, Cicchetti and Feinstein [3] illustrated one of the limitations by an example: ny; = 118,
nyp = 5, npy1 = 2, and nyp = 0. Through simple calculation, p, = 118/125 + 0/125 = 0.944,
pe = (123/125) x (120/125) + (5/125) x (2/125) = 0.9453. Thus, the estimator
& = (0944 —0.9456)/(1 — 0.9456) = —0.0234 < 0. For Scott’s 7t coefficient, we have
7t = —0.0288 because p; = 0.9456. It is unreasonable that a high agreement has low x
and 7t coefficients. To solve the problem, some alternative indices have been derived to measure
the consistency, such as Holley and Guilford’s G index [5], Aickin’s & agreement parameter [6],
Andrés and Marzo’s delta measure [7]. Gwet [8] revealed the origin of these limitations and
proposed the first-order agreement coefficient (AC;) as an alternative index. The definition
of this coefficient is based on two premises: (a) chance agreement occurs when at least one
rater rates an individual randomly, and (b) only an unknown portion of observed ratings is
subjected to randomness. Define two events

G = {both raters agree}, R = {at least one rater performs random rating}.

Thus, the probability of agreement expected by chance can be defined by
pe = P(GNR) = P(R)P(G|R). Generally, a random rating may classify an individual
into either category with the same probability of 1/2. Since agreement may occur in either
type, we have P(G|R) = 2 x (1/2)? = 1/2. As for the probability of random rating P(R),
a normalized measure of randomness (¥) is used to approximate it as follows,

P(R) ~ ¥ = S =7

= m :47'[+(1 — 7T+),

where 7, represents the probability that a random rater classifies a randomly chosen
individual into the “+” category. That is to say, p. can be quantified by p; = P(G|R)Y =
27t (1 — ty). Then, the ACy coefficient can be expressed as v = (pa — pi) /(1 — p),

where p, denotes the agreement probability. In the above example, 71, = (123/125 +
120/125)/2 = 0.9720 and p} = 0.0544. By the definition of AC;, we have 7y = 0.9408. Thus,
the AC; coefficient is more consistent with the observed extent of agreement than Cohen’s x
and Scott’s 7t coefficients. There have been quite a few pieces of literature about agreement
coefficients [9-11].

As with Scott’s 7t coefficient, Ohyama [12] assumed that two raters have a common
marginal probability, that is, P4 = Pg £ 71,.. Thus, Pj» = P»;, and Table 1 can be simplified
as Table 2. Define

X — 1, if rater i classifies the subject j into category +,
gl 0, otherwise

fori = A,B,j = 1,2,...,n. Suppose that the underlying probability of classifying a
subject depends not on raters but subjects, which is P(X;; = 1[j) = p;. We can obtain
the overall agreement probability (p,) based on the idea of Vanbelle and Albert [13]. The
agreement can occur in “(+,+)"” and “(—, —)”, and the corresponding probabilities for jth
subject are Pyj; = p]2 and Pp; = (1 - pj)z, respectively. Thus, the agreement probability
of two raters for the jth subject is p,; = p]2 +(1- p]-)Z. We denote the mean of positive

classification probability as E(p;) = Z}Ll pi/n £ 74, and the corresponding variance

as Var(p;) = Lj_4(pj — n4+)%/n = 0%, where n is the size of the population. Then, the

probabilities of “(+,+)"” and “(—, —)” ratings over the population are P;; = E (p]2) =
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Var(pj) + (E(p;))* = 0* + 74 and Py = E((1 — pj)?) = 1 — 27y + 0% + 7% Finally, the
agreement probability over the population is p, = P11 + Pp = 1 +2(0? — 14 (1 — 714)).
The AC; coefficient (7y) for a binary outcome judged by two raters is rewritten by

o Pa—PZ o 1+20’2—47T+(1—7T+)

L S Y Gy ) @

Up until now, the application [14,15] and the statistical inference [12] of the AC; have been
concentrated at the situation without stratification. However, the ignorance of confounding
variables or covariates may lead to a biased conclusion. Researchers often stratify the
data into multiple strata to control the influence of these factors. A stratified analysis is
applied to evaluate the relationship between the nontreatment factors of a clinical trial (age,
gender, or severity of disease, etc.) and agreement. A test of homogeneity is the first step
of the stratified analysis. It is essential to analyze the factors that lead to heterogeneity
when we reject the homogeneity hypothesis. Suppose K levels of the subject covariates are
introduced into Table 2 for two raters with binary outcome, and the data can be arranged
in a 3 x K table of observed cell counts. Generally speaking, a sample can be classified as a
large or small sample by the sample size. Hannah et al. [16] analyzed the data about the
alcohol-drinking status of twins. A subject is categorised as nondrinker if he/she consumes
less than 30 gm alcohol per week, and otherwise is a drinker. Thus, the binary outcome is
the drinking status (drinker or nondrinker). A number of same-sex twins are stratified by
zygosity, including monozygotic (MZ), and dizygotic (DZ). Nam [17] used the kappa index
to investigate the agreement of alcohol-drinking status between twins. The data structure
of male twins is shown in Table 3. The large-sample inference has been performed for
the data type, including score, likelihood ratio, and Wald-type statistics [18]. Honda and
Ohyama [19] proposed score and goodness-of-fit tests for the homogeneity test of stratified
AC;. Unfortunately, both tests performed poorly due to the conservative or liberal type
I error rates, especially for small sample sizes. Meanwhile, a high AC; may lead to
conservative type I error rates for small and moderate sample sizes.

Table 2. A 2 x 2 table under P4 = Pg.

Category Ratings Frequency Probability
1 (++) ni Py
2 (+,—)or (= +) i + nay 2P
3 (=-) n Py
Total n 1

Table 3. Agreement of alcohol drinking status between male twins stratified by zygosity.

Zygosit
Alcohol Drinking ygosity
MZ DZ
One 14 16
Neither 19 7
Total 50 31

Note: Both: (twin 1, twin 2) = (drinker, drinker); One: (twin 1, twin 2) = (drinker, nondrinker) or (nondrinker,
drinker); neither: (twin 1, twin 2) = (nondrinker, nondrinker).

In practice, we often encounter small sample cases of agreement data, for example,
a clinical trial about coronavirus disease 2019 (COVID-19) [20]. In this trial, the enzyme-
linked immunosorbent assay (ELISA) and gold-standard methods are used to detect the
novel coronavirus IgG and IgM antibodies, classifying each of them as either positive (+)
or negative (—). ELISA positive criterion is that the sample’s optical density (OD) value
is greater than or equal to the critical value. The positive criterion of the gold-standard
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method is the appearance of two colored bands. Table 4 lists the data stratified by the IgG
and the IgM antibodies (K = 2), 17 patients in each group. Similar to Table 3, “One” entry

”

corresponds to the number of “(+, —)” and “(—, +)".

Table 4. Agreement between ELISA and gold-standard methods stratified by antibody type.

Antibody Type
Number of Agreement
IgG IgM
Both 9 7
One 3 7
Neither 5 3
Total 17 17

Note: Both: (ELISA, gold-standard) = (+, +); One: (ELISA, gold-standard) = (+, —) or (—, +); neither: (ELISA,
gold-standard) = (—, —).

Unfortunately, asymptotic test statistics do not apply to small data. Exact approaches
are effective for small samples, such as Fisher’s exact test [21-23], and its
extensions [24-26]. A conservative performance of Fisher’s exact method supported the
appearance of other exact approaches. We note that there exist nuisance parameters in
the model of AC; coefficient. Significant progress has been achieved in the elimination of
nuisance parameters for decades [27-31]. By fixing the marginal totals in the contingency
table, Mehta [27] extensively used the conditional test (referred to as the C approach) to
analyze various classical categorical data. Liddell [28] derived a test based on the ex-
act distribution of the difference in sample proportions. As an alternative, Storer and
Kim [29] modified Liddell’s exact test, abbreviated as the E approach. Basu [30] provided
a new procedure by maximizing the tail probability over the whole range of parameters,
called the M approach. The global maximum is a challenge when the parameter space is
not finite. Lloyd [31] pointed out the weakness of the M approach, and he suggested a
so-called E+M approach by defining the tail area with the E approach and maximizing
the tail probability over the parameter space. Generally, E, M, and E+M approaches are
called unconditional tests. Tang et al. [32] showed that the exact conditional approach
was generally inferior to the exact unconditional approach for small samples. Shan and
Wilding [33] compared asymptotic and exact procedures for the kappa coefficient in a
2 x 2 table. However, little work has been carried out in extending the exact approaches to
test the homogeneity of the AC; coefficients across several independent strata.

This paper aims to propose asymptotic and exact methods for the homogeneity test
of stratified AC;. The novelty and contribution are shown by three main aspects as
follows. (i) For large sample sizes, we propose two asymptotic statistics, including like-
lihood ratio and Wald-type tests, to extend the study of homogeneity test in Honda and
Ohyama [19] under large sample sizes. Our results show that the likelihood ratio test is
more robust than other tests regarding type I error rates. The powers of these tests are close
to each other. Thus, we recommend the likelihood ratio test for large samples” homogeneity
test of stratified AC;. (ii) Based on the asymptotic statistics, we derive three exact ap-
proaches (E, M, and E+M methods) to investigate the small sample cases (n = 10, 25). These
exact methods can effectively improve the performance of the homogeneity test concerning
type I error rates. Among these methods, the exact E approaches based on likelihood
ratio and score tests are more robust in small samples. (iii) We investigate the strengths
and weaknesses of asymptotic and exact methods through plentiful numerical analyses,
respectively. Some beneficial conclusions are obtained from the analyses of actual examples.
The rest of this paper is organized as follows. In Section 2, we review the AC; coeffi-
cient in a stratified condition and establish a probability model. The maximum likelihood
method and iterative algorithm are used to estimate the unknown parameters. We further
review the score statistic and derive two asymptotic test statistics for large samples in
Section 3. Based on these statistics, several exact methods are used for small sample sizes
in Section 4. In Section 5, we conduct numerical studies to investigate the performance of
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all the derived methods regarding type I error rates and powers. In Section 6, we study
the aforementioned real examples of large and small samples to illustrate these methods.
Finally, a brief conclusion is given in Section 7.

2. A Probability Model and Homogeneity Test

Following Ohyama [12], we introduce K covariates into Table 2 and establish a prob-
ability model. Suppose that N subjects are divided into K independent strata. In the kth
(k=1,2,...,K) stratum, there are ny, 11y, and ng; subjects in the three categories. Denote

3
ny = Y, ny as the total number of subjects in the kth stratum. Table 5 shows the data

1=1
structure across the strata.

Table 5. Frequencies and probabilities of ratings in K strata.

Frequency of Subjects

Category Ratings Stratum 1 Stratum 2 e Stratum K Total
1 (++) n1 (Pr1(v1,m)) ma (Pia(v2,m2)) mik (Pix(7x, 7k)) 51
2 (J(rij )Or 11 (Po1(71,711)) 122 (Pra(72, 712)) e naox (Pak (vk, 7k)) )
3 (=-) nz1 (Ps1(71, 7)) n32 (Paa(r2, 7m2)) E nak (Pak (7k, 7k ) S3
Total m 1y e ng N

For the stratified analysis, we need to construct AC; for each stratum. Let Xj;; be an
indicator of the ith (i = 1,2) rater’s judgement for the jth (j = 1,2,..., ng) subject in the
kth (k=1,2,...,K) stratum. If there is a positive “(+)” classification, then Xiij =1, and
otherwise 0. Ohyama [12] assumed that the underlying probability of classifying a subject
does not depend on raters but on subjects; that is, Pr(Xy;; = 1|j) = pxj- The N subjects are
classified into K strata based on covariates, and every stratum has different subjects. Thus,

the data of every stratum is independent of each other. Denote E(py;) = Z?i 1 Pxj/ nk 2 m,

and Var(py;) = Z?il(ij — 7tx)?/ng £ 0. Then, ACy of the kth stratum is

1 +2[0? — 2 (1 — )]

e AT , k=12,...,K

Suppose that Py (vk, 7% ), Pox(7vk, 7k ), and Psy(7yk, 7tx) are the corresponding probabilities in
the kth stratum, where 77, and <y are the common positive classification probability and the
AC; coefficient, respectively. As the AC; coefficient in the kth stratum, 7y includes the in-
formation of 71, and 0. It is obvious that there is no one-to-one correspondence between v
and 71 Denote ny = (11, ok, n3) ', and Pe = (Pyye(vk, 7tk), Pok (Vs ), Pa (i, 7)) . For
the kth stratum, n(k = 1,2, ..., K) follows a trinomial distribution. Thus, the probability
density of ny is expressed as follows:

1
- Mk phizk plisk

i Pre Py Py )

Pny) = ————
f( | ) nlk!nzk!i’lg,k.

Through calculation, the probabilities Py (I =1,2,3,k =1,2,...,K) are obtained by
Piye( e, i) = (2 — i) = 1/2 + (1 = 2me (1 — 7)) /2,
Py (v, ) = (1= 27m(1 — 1) ) (1 — mk), ®)
Py (v, ) = (1= ) (1 + 1) = 1/2+ (1= 2me (1 — 7¢)) /2,

where 0 < Py (v, 7tx) < 1and Y-2_; Py(7x, 7tx) = 1. Figure 1 shows the admissible range
of 7y, satisfying
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(1— 11 —2m|)(3 4|1 — 271)

2 —
2 —

(1= 1 =27 ) (1 +[1 = 27])

Figure 1. The range of 4.

Our work is interested in testing whether the AC; coefficients v (k = 1,2, ...,K) are
homogeneous among the K independent strata, that is,

Ho:v1= =9k 29 vs. H : 9 is not all the same,

Denote 7t = (7rq,...,7x) and ¥y = (71, ..., 7k)- First, we calculate the unknown parame-
ters under the alternative hypothesis H,;. The corresponding log-likelihood function of the
observed data N = (ny,ny,...,ng) is

K

K !
_ _ Nj: n n N3)
l(')’/ 71’|N) - log(klzllf(Pk|nk)) - log(k|:|1 nlk!n2k!n3k! PlklkPZkaP3k3 )

I
=

(11 10g Py (k, k) + 12 10g Poe (i, i) + nax log Pax(7k, 7k) ] + C

x-
Il
—

[I>
agks

Le(vie i lmg) + C,

»
Il
—_

K

where C = log( []
k=1
of the kth stratum under H,. Let 4 and 7; (k = 1,2,...,K) be the unconstrained maximum

likelihood estimates (MLEs) of v, and 7i; under H,. By solving the following equations,

m) is a constant, and i (y, 7| ny) is the log-likelihood function

Ol 2my(2me—1)  2nge(yi + 27 — 27 vk) 2mp(2 =2 — e+ 207)
o7ty 27'[]%—27'Ck~|-1 1—27T]%+’)’k(2777]%—27'[k+1) 47Tk+’)’k(27'[]%—271’k+1) —27'(]%—1 ’
dly ) n nlk(ZTC% — 2 + 1) 1’l3k(27'[]% — 27 + 1)
o m—1 Ame+yQr?—2m+1)—2mr -1 1-2m + 3 (2m —2m+1)
we have
2 2
ﬁkzm, =1-— Mok S, k=12,.. K
2n e + (nq — nzy)

Next, we estimate the parameters y and 7 = (713, ..., 71g) under the null hypothesis
Hy:yi=7=--=9k 2 7. The log-likelihood function is rewritten by
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K

(. eIN) = 1 {malog [mc(2 = ) = 5 + 31~ 274(1 = )]+ nalog [(1— 27(1 - m0)(1 - 7)]
1

+ nglog [(1 — ) (1 + 71y) — 5 + %(1 —2m (1 — nk))]} +C

K
£ Y Iok (7, melmi) + C,
=1

where o (7y, 7t |ng ) is the log-likelihood function of the kth stratum under Hy. Let 7 and
i (k = 1,2,...,K) be the constrained MLEs of 7 and 7t under Hy. Similarly, we can
differentiate Iy(vy, 7r|N) to y and 71;, and set them to zero as follows:

olp  2ny(2m —1)  2mg(y +2m — 2myy) (2 —2m —y +2my)
oy 2mf —2m+1 121 +y(Q2ng —2m+1)  4me+y(Q2me —2me+1) —2m2 -1 7
oy n (272 — 2 4+ 1) na (272 — 2 4+ 1)

Mok
%0 _ =0.
oy k;l =1 4dm+yQ2nt-2m+1)—2n2 -1 1-2m+y(2n2 —2m + 1)

However, there are no closed-form solutions for the above equations. The Fisher scoring
algorithm is used to obtain the constrained MLEs. Three steps describe the iteration process
as follows.

(i) Given the initial values 7(©) = 0.5, and 71,({0) = (2n1x + nok) / (2ng) in the kth stratum.
(ii) The (t+ 1)-th approximates of ¢ and 7t can be updated by

(1) B A()
) N (|

where 7 = (r11,...,mg)T, 8L = (2L, .., 2T and I is the (K +1) x (K 4 1) Fisher

rar = \am ok
information matrix (Appendix A.1).

(iii) Repeat the processes (i)—(ii) until the results converge.

7

al
I () x|
OL | | (), =0

o

3. Asymptotic Methods
3.1. Likelihood Ratio Statistic Ty,

The unconstrained and constrained MLEs construct a likelihood ratio test statistic. It
is defined by

=

Ty = 2[I(§, Z|IN) = Io(7, AIN)| = 2 ) [k (T Ftklmi) — Lok (7, 7k |mx)],

k=1
where N = (ny,ny,...,ng) is the observed data, ¥ = (§1,%2,---,9) and
ft = (71, Ap, ..., ) are the unconstrained MLEs, ¥ and & = (71, 7y, ..., fix) are the

constrained MLEs.

3.2. Score Statistic Tgc
Honda and Ohyama [19] proposed the score statistic. Denote

(alllalzl.'.,wlolol,_‘,(J) ‘
a,)/l 872 a’YK 1x2K

Under Hy, the score test statistic can be represented as

— 71197 3
TSC - UIz U |71:'YZ:"':7K:'7/7T:7T’
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where ¥ and & = (711, 71p, . . -, f[K)T are the constrained MLEs. The 2K x 2K Fisher infor-
mation matrix I, is given in Appendix A.2. Through calculation, its simplified form is

T B K r,%dk
SC_Zn(bd—cz) s
k=1 "k\TkEk ™ O ) =y, me=7
where
o= — Mk 219k N3k
Pic(veo ) Por(vio i) Pa(vies )
R . S —
TP ) | Pu(veo ) | Pa(ve )
1 1
= - +(1- 1 — 27 )by,
Pi(ver ) Par(ves 1) (=7 )bk
1 1 1 1
dy = + + (1 — 7k 1—271’k< — —I—Ck)
Pi(ver i) Pk (ves k) ( ) ) Piye(veo i) Par(7k k)

fork=1,2,...,K.

3.3. Wald-Type Statistic Tyy

Denote ﬁ = (’)’1,’)/2, e YK T, T2, e, nK)lsz/ and

1 -1 0 0 0 0

0o 1 -1 0 0 0
C=

0O -+« -+~ 0 1 =10 -+ --- 0

(K—=1)x2K

The null hypothesis Hy is equivalent to CBT = 0, where 0 is a zero vector. Thus, we define
the Wald-type statistic as

Ty = (BCT)(CL'CT)H(CBD) Iy =m0

where 4 and 77 are the unconstrained MLEs. The Fisher information matrix I3 is the same
as that of the score test. We obtain the simplified form of Ty as

||
|\M|

2 —Fit1)( §j+1)(CI§1CT);j1-

Appendix A.3 provides the detailed process.

Under Hy, these three statistics 17, Tsc, and Ty are asymptotically distributed as a
chi-square distribution with K — 1 degrees of freedom [34]. Given a significance level «,
Hj would be rejected if Ty > x%K_l),(l_a), 6 = L,SC,W, where x%K_l),(l_“) is the 100(1 — &)
percentile of the chi-square distribution with K — 1 degrees of freedom. For a special
observed data N* = (n1,ny, ..., ng), the p-values of these statistics are defined as

where Ty(N*) is the value of the statistic for the observed data N*. For convenience,
p, p-, and pi} are called asymptotic (A) approaches. Generally, asymptotic tests work
well for large sample scenarios. However, they are conservative or liberal in the case of
small sample sizes. Thus, we propose several exact methods based on the above statistics.

4. Exact Methods

Researchers often use the p-value to summarise the evidence against a null hypothesis.
Thus, the key to the exact method is the calculation of the exact p-value. We uniformly
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denote the aforementioned test statistics 17, Tsc, and Ty as Ty (6 = L,SC,W). Instead of
relying on the chi-square distribution, the exact test can use the true sampling distribution
of Ty and compute an exact p-value. The calculation process is as follows. First, we
need to generate all possible tables. For a given observed data N*, the column margins
ni,ny,..., ng are fixed. We enumerate all possible tables by varying the cell values. The
detailed process is described as follows.

(i) Produce all possible values of each stratum, which is formed by all combinations
(n1x, nog, nzy) such that ny + ny, + n3 = ng(k =1, ...,K), and ny is fixed. We take K =2
and n7 = np = 2 as an example. There are six combinations in the kth stratum, including
(0,0,2),(0,1,1),(0,2,0),(1,0,1),(1,1,0), (2,0,0).

(ii) Enumerate all possible tables determined by the combination of all strata. For
K =2 and ny = np = 2, we can obtain 36 possible tables in Table 6.

Note that each column corresponds to a categorical table with K strata.

Through steps (i)—(ii), we can enumerate all possible tables for any observed data
N* = (n1,ny,...,ng). Then we identify the tail area from this reference set. The tail area
includes all the tables whose statistic values equal or exceed the statistics of the observed
data N*. Finally, the exact p-value is calculated by summing the probabilities of all the
tables in the tail area. The calculation of the exact p-value needs to eliminate the unknown
parameters shown in the previous section. The following exact methods use different ways
for the elimination of the unknown parameters.

4.1. E Approach

The E approach eliminates the unknown parameters by replacing them with the
constrained MLEs. We first generate all possible tables. Define the tail area Qp(N*) = {N :
To(N) > Tp(N*)} based on the test statistic Ty. The exact p-value of the observed data N*
is expressed by

po(N*) = P(Ty(N) > Ty(N) |5, &) = )}, L(7,7"IN), 8 =L,SC,W,
NGQE(N*)
where ¥* and * = (7}, 73, . .., 7Ty ) are the constrained MLEs of y and 7w = (711, 71, . . ., 7Tk ).

Meanwhile, the probability of a table in the tail area is L(§*, #*|N) = exp{lo(§*, A*|N)},
which is the likelihood function under the null hypothesis. For convenience, pf , pEC, and
pL are collectively called the E approach.

4.2. M Approach

In Basu [30], the size of a test is always understood as the maximum probability of the
type I error rate. Thus, the elimination of the unknown parameters for the M approach is to
find the values of parameters over the whole range of -y and 7, which can maximize the
sum of probabilities of all the tables in the tail area. This maximum is the p-value of the M
approach. Denote ® = {7t : m; € [0,1],k =1,2,...,K} and

B .2—(1—|1—27'c D3+ |1 —27m|)
A{ T 2 (L 1= 2]

S’Ykﬁl},

where 7w = (711, 712, ..., i) and v = (1,72, .., Yk)- Similar to the E approach, the tail
area can be calculated by Qp(N*) = {N : To(N) > Ty(N*)}. Under these conditions, the
exact p-value of the M approach can be defined as

YEN,TEO NeQu(N*)

pQA(N*): sup { Z L('y,rrN)}, 0=1L,SC,W,

where L(v, w|N) = exp{l(+y, t|N)} is the likelihood function under H,. M approaches
based on the three statistics are denoted as pM, pé/é, and pil.
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4.3. E+M Approach

The E approach is not always effective because of unsatisfactory type I error rates.
Lloyd [31] used an additional maximization step to improve it, which is called the E+M
approach. First, the p-value of the E approach is used as a test statistic to define the tail
area. Then, we maximize the sum of probabilities of all the tables in the tail area as the
exact p-value. Based on the above procedures, the tail area of the E+M approach is defined
as Qe m(N*) = {N : p5(N) < p5(N*)}. The exact p-value of the E+M approach is
expressed as

ng(N*): sup Z L(v,|N) 3, 6 =L,SC,W,
YEATED | NeQp, i (N*)

where L(vy, 7t|N) is the same as the likelihood function in the M approach. The E+M

approach includes ptM, pEéA, and pEM.

5. Numerical Simulation

This section investigates the performance of asymptotic and exact methods in terms
of type I error rates and powers. Given a significance level of 0.05, the type I error rate
is the probability of rejecting Hy when Hj) is true. According to Tang et al. [35], a test is
considered liberal when the type I error rate is larger than 0.06, and conservative if it is less
than 0.04; otherwise, it is robust. In several tables of this paper, we put the robust region of
type I error rate (0.04-0.06) in bold to illustrate the performance of statistics. The power is
defined by

power =1 — B =1— P(Hy is accepted|Hy is false).

A test is optimal if it is robust and has more significant power.

5.1. Simulations of Asymptotic Methods

In the simulation, we first compare the performance of test statistics Ty, Tsc, and
Tw in terms of empirical type I error rates under different parameter settings. Under
Hp: v =72 = 0.1, wetake K = 2, ny = np = 50, and 71y = mp = 0.3 as an example to
describe the detailed calculation process of empirical type I error rates.
(i) Bring the given values of 7y, ng, and 7 (k = 1,2) into (3). Let F be the cumulative

distribution for the three types of ratings (I = 1,2,3) of the two strata. Through
calculation, we have

Py Py 0.0390 0.0390 0.0390 0.0390
Py Pp | = 0520 05220 |,F=(F)=| 05610 05610
Py Py 0.4390  0.4390 1.0000 1.0000

(ii) We produce an 17 x K pseudorandom matrix drawn from the standard uniform
distribution on the open interval (0,1), denoted by r = (ry)(i = 1,2,...,n1,k =
1,2,...,K). Define

1 11
M = Z Lyp<ryyr Mo = Z Lry>Eyds k=12,..., K
i=1 i=1

Then, ny = ny —ny —ngg fork =1,2,...,K. When K = 2, we can obtain a sample
(or table) with two strata as follows:

ny o N2 2 2
np1 N = 23 26
ni1 Mnsp 25 22
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When 10, 000 pseudorandom matrices are given, 10,000 samples are randomly pro-
duced under the null hypothesis Hy : v; = 72 = 0.1.

(iii) For each sample, we calculate the corresponding MLEs and construct three statistics
Tr, Tsc, and Tyy. Given a significance level &, Hy would be rejected if Ty > X%K—l),(l—a)'
6 =L,SC,W, where x%K_l),(l_a) is the 100(1 — a) percentile of the chi-square distribu-
tion with K — 1 degrees of freedom.

(iv) The empirical type I error rate is calculated by the proportion of rejecting Hy, which is
the number of rejections /10, 000.

Through steps (i)-(iv), we can calculate the empirical type I error rates of asymptotic
test statistics Ty, Tsc, and Ty under different parameter settings. In practice, the ACy
coefficient is usually positive. Under Hy : y1 = ... = 7k £ «, Table 7 shows the empirical
type I error rates of asymptotic statistics for K = 2 under the balanced and unbalanced
7t settings. The corresponding results of K = 3,4 are shown in Tables A1 and A2 of the
Appendix A.4. The tables show that the type I error rates of all the statistics are closer to
the significance level of 0.05 with the increasing sample size. When the sample sizes are
relatively small, the type I error rates of the likelihood ratio and score statistics are smaller
than 0.05. The Wald-type test has a few liberal type I error rates. These three test statistics
have conservative type I error rates for small and moderate samples when 7 is close to 1.
As the number of strata increases, Ty becomes more liberal. For the unbalanced 7r, some
type I error rates under y = 0.1 are more significant than 0.06 under K = 3 and K = 4.
Overall, Ty, should be recommended because of the more robust type I error rates among
the three statistics.

We use three-dimensional figures to investigate the asymptotic methods’ type I error
rates. For convenience, the sample sizes are givenas 1y = np = --- = ng £ 1 = 10,50, 100.
Parameters are selected from 7ty = wand v, = v (k=1,2,...,K, K= 2,3,4). For each
sample size, 7t increases from 0.1 to 0.9 by 0.04, and -y increases from —0.9 to 0.9 by 0.04.
Figure 2 shows the distribution surfaces of type I error rates for all tests under K = 2.
Similarly, the cases of K = 3,4 are displayed in Figures Al and A2 of the Appendix A.4.
From these figures, we observe that the type I error rates of these statistics are smaller
than 0.05 when the value of +y is close to —1 or 1. The type I error rates of Wald-type
statistics tend to be larger for the same sample size with the increasing number of strata.
Thus, it is more liberal than the other two statistics. The empirical type I error rates of
the likelihood ratio and score statistics are closer to 0.05 as the sample size increases. For
large sample scenarios, 11, Tsc, and Ty are usually robust, the type I error rates of Tj, are
more concentrated at 0.05. Overall, the likelihood ratio statistic performs better under all
configurations. However, when the sample sizes are small, most type I error rates of Ty,
and Tsc are smaller than 0.04, and those of Tyy are greater than 0.06.

Next, we analyze the powers of the proposed tests, which are similar to the calcula-
tion of empirical type I error rate when the samples are generated from the alternative
hypothesis H,. Take ny = n, = --- = ng = n = 10,50,100. The following param-
eter settings are considered for each sample size: (i) K = 2, m = (0.5,0.5), 71 = 0.1,
Y2 = —0.9:0.05:0.95, (ii)) K = 3, 7 = (0.5,0.5,0.5), 71 = y3 = 0.1,72 = —0.9 : 0.05 : 0.95,
(iii) K =4, 7 = (0.5,0.5,0.5,0.5), 71 = y3 = 74 = 0.1,92 = —0.9: 0.05: 0.95. Here,a : b : ¢
means increasing from a to ¢ by b. Under the alternative hypothesis H,, we randomly gener-
ate 10,000 samples for each design. The empirical power equals the proportion of rejecting
Hy in all samples. Figure 3 shows the empirical powers of the three asymptotic tests. The
Wald-type test has higher empirical powers than the other two statistics, especially in small
samples. The powers of test statistics become higher if there exists a more considerable
difference between 7, and 1 (y3). Among these statistics, the values of powers are closer
as the sample size becomes larger.

Above all, Ty, is recommended for the homogeneity test of stratified AC; in large
sample sizes because of the robust type I error rates and satisfactory powers.
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Figure 2. The surfaces of empirical type I error rates for asymptotic tests under K = 2.
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Figure 3. Empirical power curves of asymptotic tests for K = 2,3, 4.
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Table 7. Empirical type I error rates of asymptotic statistics for K = 2 (balanced sample sizes).
Balanced 7t Conditions Unbalanced 7t Conditions
ny =mny Y T =102 T Tsc Tw ny = n Y T T Tr Tsc Tw
0.1 0.0536 0.0456 0.0789 0.1 0.0526 0.0425 0.0787
0.3 0.0562  0.0483  0.0753 0.3 0.0506  0.0403  0.0702
0.5 0.3 0.0434  0.0363  0.0540 05 03 05 0.0445 0.0326 0.0541
0.7 0.0233  0.0186  0.0228 0.7 0.0192  0.0129  0.0225
0.9 0.0018  0.0016  0.0018 0.9 0.0014  0.0007  0.0013
0.1 0.0522 0.0452 0.0764 0.1 0.0521 0.0431 0.0750
0.3 0.0515  0.0397  0.0697 0.3 0.0490 0.0362  0.0645
10 0.5 0.6 0.0384  0.0264  0.0461 10 05 06 04 0.0440 0.0271  0.0513
0.7 0.0189  0.0110  0.0227 0.7 0.0215  0.0127  0.0250
0.9 0.0005  0.0002  0.0006 0.9 0.0009  0.0005  0.0013
0.1 0.0483  0.0386  0.0727 0.1 0.0504  0.0422  0.0770
0.3 0.0513  0.0335  0.0653 0.3 0.0504 0.0342  0.0670
0.5 0.5 0.0424  0.0238  0.0496 05 05 04 0.0453 0.0276  0.0530
0.7 0.0161  0.0080  0.0194 0.7 0.0140  0.0071  0.0173
0.9 0.0006  0.0003  0.0012 0.9 0.0011  0.0005  0.0013
0.1 0.0496 0.0480 0.0558 0.1 0.0539 0.0526 0.0601
0.3 0.0525  0.0515  0.0554 0.3 0.0544  0.0528  0.0576
0.5 0.3 0.0524 0.0512 0.0542 0.5 0.3 0.5 0.0547 0.0537 0.0565
0.7 0.0531 0.0493 0.0500 0.7 0.0529 0.0489 0.0515
0.9 0.0394  0.0309  0.0280 0.9 0.0330  0.0219  0.0221
0.1 0.0511 0.0504 0.0567 0.1 0.0498 0.0495 0.0549
0.3 0.0480 0.0470 0.0521 0.3 0.0539 0.0525 0.0572
50 0.5 0.6 0.0512  0.0490  0.0533 50 05 06 04 0.0518 0.0503 0.0544
0.7 0.0552 0.0515 0.0545 0.7 0.0550 0.0505 0.0539
0.9 0.0366  0.0269  0.0310 0.9 0.0375  0.0297  0.0330
0.1 0.0493  0.0482  0.0517 0.1 0.0500  0.0491  0.0539
0.3 0.0472 0.0464 0.0508 0.3 0.0516 0.0500 0.0540
0.5 0.5 0.0506 0.0490 0.0532 0.5 0.5 0.4 0.0506 0.0487 0.0531
0.7 0.0516  0.0471  0.0519 0.7 0.0535  0.0485  0.0531
0.9 0.0326  0.0256  0.0310 0.9 0.0345  0.0248  0.0291
0.1 0.0493  0.0484  0.0520 0.1 0.0514  0.0508  0.0545
0.3 0.0494 0.0492 0.0506 0.3 0.0473 0.0466 0.0490
0.5 0.3 0.0516 0.0512 0.0524 0.5 0.3 0.5 0.0507 0.0499 0.0520
0.7 0.0489  0.0476  0.0478 0.7 0.0527  0.0504  0.0523
0.9 0.0547 0.0463 0.0440 0.9 0.0564 0.0493 0.0503
0.1 0.0521 0.0518 0.0541 0.1 0.0483 0.0482 0.0514
0.3 0.0493  0.0486  0.0518 0.3 0.0499 0.0495 0.0514
100 0.5 0.6 0.0522 0.0514 0.0528 100 0.5 0.6 0.4 0.0509 0.0498 0.0520
0.7 0.0530 0.0505 0.0522 0.7 0.0517 0.0496 0.0514
0.9 0.0576  0.0463  0.0476 0.9 0.0568  0.0455  0.0466
0.1 0.0473 0.0472 0.0489 0.1 0.0512 0.0510 0.0536
0.3 0.0463 0.0461 0.0475 0.3 0.0552 0.0544 0.0568
0.5 0.5 0.0523  0.0513  0.0533 05 05 04 0.0513 0.0503 0.0520
0.7 0.0510 0.0489 0.0508 0.7 0.0568 0.0539 0.0568
0.9 0.0579 0.0407 0.0457 0.9 0.0583 0.0478 0.0494

Note: The type I error rates of robust region (0.04-0.06) are shown in bold.

5.2. Exact Methods Results

Considering the unsatisfactory performance of asymptotic methods in small sample
sizes, we introduce the exact E, M, and E+M methods to improve effectiveness. The type I
error rates and powers of these three methods are compared with asymptotic approaches
to investigate the advantages of exact methods. The algorithm for exact p-value is usually
computationally intensive, time consuming, and sometimes exceeds the memory limits of
the computer. Thus, running time is an important determinant for the appropriate numbers
of strata and sample size in the numerical study of exact methods. For simplicity, we only
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focusonny = --- = ng 2 n, 1 = 0.5,and 9, = 0.1 (k = 1,2,...,K,). The average of
100 running times is used as the running time of the exact p-value. We study the running
times in the case of the following parameter settings: (i) K =2,n =2,...,11, and (ii) n = 3,

K =2,3,4,5. The running times of different methods are shown in Table 8. From the results,
it is obvious that running time will increase exponentially for the growth of the number
of strata K and the marginal numbers #. It is challenging for a computer’s megabytes of
storage and clock speed. Thus, the cases n = 10 and K = 2, 3 are considered in our work.
Take iy =7, o = v (k=1,2,...,K,),where t =0:0.02:1,and vy = —1:0.02 : 1.
Figure 4 shows the surfaces of type I error rates for K = 2. In the Appendix A .4, we provide
the case of K = 3 in Figure A3. The small diagrams in the upper right corner reflect the
curves of the type I error rates under 7 = 0.5 and v = —1: 0.02 : 1. For the large diagrams,
pt and p{} have liberal type I error rates, while the type I error rates of p4- are smaller
than 0.05. The M and E+M approaches produce conservative type I error rates. The E
approaches under the likelihood ratio and score statistics are better than that under the
Wald-type test when K = 2. For K = 3, the surfaces of E approaches under three statistics
are closer to the significance level in the case of positive . From small diagrams, the curves
of type I error rates have bimodal shapes. To reveal the reason, we consider the case of
K =2,v =, and my = 0.5. As a part of tail probability,

K
LL = eXp<Z (I (7er 7Tk)|”k)>

k=1

has the same value for each 7 under the fixed sum of 5. Table 9 reflects the changes of LL
as the increases of vy and (121 + 127). The table shows that the increase of < can affect the
peak change with the given sum of 75;. The peak also occurs when the sum of n;; increases
for a given y. Meanwhile, each method’s tail area determines the bimodal shape’s location
and values. Next, we compare the type I error rates of exact and asymptotic methods under
several parameters. Let K = 2 and n; = np = 10,25. From Table 10, the type I error rates of
pE and pE_ are closer to 0.05 than those of p&,. The E approach works better as the sample
size increases in the range of small sample sizes. The type I error rates of E approaches
are close to 0.05 when n; = ny = 25. It reveals that the E approach is more effective than
asymptotic methods for high .

According to the relationship between -y, and 71y, the parameter settings are considered
under H, as follows: (i) ny = n =10,K =2, 77 = (0.5,0.5),71 = 0.1, = —0.9: 0.05 : 0.9;
(ii)) ny =n =10, K = 3,7t = (0.5, 0.5, 0.5), 71 = 73 = 0.1, 7 = —0.9 : 0.05 : 0.9,
(k =1,2,...,K). Figure 5 provides the power curves of the exact methods. For the A
approach, p{}v has higher powers under different parameter settings. The power becomes
larger as the absolute value of v, — 71 (73) becomes larger. On the contrary, the powers
of each method tend to be 0.05 as 7y, becomes closer to 0.1. The power curves of the E+M
approaches are close to each other. Then, we compare the powers of asymptotic and exact
methods under different parameter settings. For K =2 and ny = np = - - - = ng = 10, the
values of 7 are taken as (i) 1 = 0.1, = 0.5: 0.1 : 0.9; (ii) 71 = 0.3, = 0.6 : 0.1 : 0.9;
and (iii) y; = 0.5,72 = 0.8,0.9. When K = 3, let y; = 3 and other settings be the same. In
Table 11, we provide the power comparisons of K = 2 under the balanced 7 conditions.
Tables A3-A5 show the comparisons of these methods under other settings. The powers of
exact methods are generally smaller than those of asymptotic methods. However, p%. has
higher powers than péc. For exact methods, the E approach has higher power than the other
two methods, in which the E approach under the Wald-type statistic has higher power.
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Table 8. Running times (seconds) for y = 0.1 and 7t = 0.5.
n K
Value
3 4 5 6 7 8 9 10 11 2 3 4 5
pE 0.0088 0.0278 0.0540 0.1416 0.3046 0.6356 1.1910 2.2842 3.9241 7.6825 0.0278 1.0149 33.7988 3743.0157
p%c 0.0115 0.0324 0.0692 0.1778 0.3651 0.7224 1.2988 24110 4.3842 8.4029 0.0324 0.9989 37.1695 3814.3481
p% 0.0125 0.0364 0.0837 0.2092 0.4009 0.8020 1.4019 2.5217 4.5078 8.4676 0.0364 0.8794 39.2842 3797.6383
Py 0.2946 0.4833 0.8561 1.7686 4.1932 8.1121 11.5237 16.2005 22.9323 34.0228 0.4833 5.9487 86.4241 1584.3279
p%ﬂg 0.2867 0.5865 0.9794 2.1689 4.5669 7.8500 11.4646 17.1822 23.6388 42.0095 0.5865 5.3177 58.3290 1237.8588
pI:: 0.2608 0.5477 0.9320 2.2620 41170 6.6121 10.8523 14.0822 24.4280 37.1586 0.5477 6.4484 109.0489 990.4258
pg 0.3457 0.7130 1.1282 2.3653 4.3037 8.1787 13.6343 18.7686 30.1321 49.2284 0.7130 7.9202 159.2139 5696.1438
p%% 0.3446 0.6777 1.0412 2.2872 4.3691 8.0231 12.8295 20.0811 30.1819 45.1356 0.6777 6.2942 131.3634 4930.5572
Pw 0.3745 0.7553 1.1046 2.6653 4.6391 8.3511 12.5336 17.4634 29.6501 47.6976 0.7553 6.9710 186.0982 6903.8451
Table 9. The values of LL in different settings for K = 2.
v
ny1 + 12
—09 —08 —0.7 —0.6 —05 —04 —03 —02 —01 0 01 0.2 03 04 05 0.6 07 08 0.9
2 131x1072  309x1072% 407 x1072 640 x 10719 312x 10717 724x10710  100x 107 944 x107%  661x 10713 364x10712  1eax107 620x 1071 200x 10710 559% 10710 134x10797  275x 1079 460 x 10700 573x 10709 379 x 1070
3 499 x 10728 556x 10723 462x10720  512x10718  187x 10716 338x 10715 372x10714  283x10713  162x10712  728x10712  268x 10711 827x1071  216x10710 479 x 10710 896x 10710 137x10799  1.63x1079 127 x10709 399 x 10710
4 190x 10726 100x 10721 523 x 10719 410x 1077 112x 10715 158x 10714 138 x 10713 849 x 10713 395x 10712 146x 10711 439x 107 110x10710  232x 10710 411x 10710 597x10710 687 x 10710 57410710 28310710 420 x 10711
5 72110725 180x 10720 593 x10718  328x10710  674x 10715  736x 10714 513x10713  255x10712  965x 10712 201 x 10711 718x 10711 147x10710  250x 10710 352 x 10710 398x 10710  344x 10710 202x10710 628 x 10711 442 x 10712
6 274x 10723 324%x10719  672x10717  262x10715  405x 107 343x 10713 191x10712  7eax 10712 236 x 1071 582 x 1071 117x 10710 196 x 10710 270x 10710 302x 10710 266 x 10710 172x 10710 714x 107 140 x 1071 465 x 10713
7 1.04x 10721 584x10718  762x10716  210x 10714 243x 10713 160x10712  708x 10712 229x 10711 577x 10711 116x 10710 192x 10710 261 x10710 200 x 10710 250x 10710 177x10710 859 x 1071 25 x 10711 310x 10712 490 x 10714
8 395x 10720 105x 10716 863x 10715 168x 10713 146 x 10712 748x 10712 263x 10711 688 x 107 141x10710  233x 10710 315%x 10710  348x 10710  313x 10710 222 x 10710 118x 10710 430x 10711 890x 10712 690 x 10713  515x 10715
9 150 x 10718 189 x 10715 978 x 10714 134x 10712 874 x 10712 349x10711 976 x1071 206 x 10710 345x 10710 466x 10710 515x10710 464 x10710  337x 10710 190x 10710  7s7x 10711 215x107M  314x10712  153x 10713 542x 10716
10 571x 10717 34110714 111x10712  107x 1071 52410711 163x 10710 363x 10710 619x 10710 842x 10710 931x 10710 842x 10710 619x10710  363x10710  163x10710 52410711 107x1071 111x 10712 341 x 107 57110717
11 217 x 10715 613x 10713 126 x 10711 859 x 1071 315x 10710 760x 10710 135%x 10709 186 x 10799 206 x10799 186 x 10709  138x 10709  826x10710  391x10710 140x 10710 350 x 10711 537x10712  391x1071  757x10715 601 x 10718
12 82510714 110x 10711 142x10710 687 x 10710 189 x 107 355x 1070 500%x107%  557x1079 503 x107%  373x10700  226x 107  110x107% 421 x 10710 120 x 10710 23310711 268x 10712  138x 10713 168x10715 633 x 10719
13 313x 10712 199%x 10710 161x1079  550x 1079 113x 10708 166x 10708  186x 10708  167x1070  123x10708  745x 10709  369x 1070  147x1079  453x 10710 103x10710 15510711 134x 10712 487 x 107 374x 10716 666 x 10720
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Table 10. Empirical type I error rates of exact and asymptotic methods for K = 2.
Exact Methods Asymptotic Methods
= v ™ =T E E E M M M EM EM EM A A A
PL Psc Pw PL Psc Pw PL Psc Pw PL Psc Pw
0.1 0.0485 0.0497 0.0514 0.0366 0.0483 0.0404 0.0413 0.0327 0.0419 0.0569 0.0506 0.0855
0.3 0.0482 0.0511 0.0528 0.0358 0.0491 0.0334 0.0405 0.0351 0.0425 0.0584 0.0514 0.0752
0.5 0.0528 0.0544 0.0586 0.0428 0.0478 0.0267 0.0455 0.0394 0.0464 0.0686 0.0502 0.0632
0.7 03 0.0580 0.0523 0.0546 0.0435 0.0354 0.0156 0.0481 0.0365 0.0414 0.0765 0.0383 0.0427
0.8 0.0434 0.0371 0.0366 0.0290 0.0204 0.0073 0.0341 0.0243 0.0266 0.0582 0.0224 0.0256
0.9 0.0149 0.0125 0.0106 0.0079 0.0048 0.0011 0.0105 0.0071 0.0072 0.0203 0.0055 0.0069
0.1 0.0404 0.0425 0.0457 0.0340 0.0371 0.0354 0.0358 0.0332 0.0381 0.0485 0.0383 0.0749
0.3 0.0445 0.0481 0.0559 0.0363 0.0379 0.0341 0.0383 0.0357 0.0431 0.0600 0.0389 0.0726
0.5 05 0.0553 0.0550 0.0649 0.0399 0.0359 0.0301 0.0449 0.0371 0.0476 0.0751 0.0380 0.0694
10 0.7 : 0.0549 0.0473 0.0542 0.0316 0.0222 0.0170 0.0404 0.0282 0.0372 0.0716 0.0243 0.0525
0.8 0.0358 0.0292 0.0331 0.0177 0.0106 0.0072 0.0246 0.0157 0.0212 0.0469 0.0116 0.0314
0.9 0.0099 0.0078 0.0086 0.0040 0.0019 0.0010 0.0062 0.0036 0.0050 0.0132 0.0021 0.0080
0.1 0.0433 0.0451 0.0466 0.0334 0.0404 0.0366 0.0367 0.0327 0.0385 0.0506 0.0423 0.0783
0.3 0.0458 0.0494 0.0537 0.0365 0.0414 0.0342 0.0387 0.0362 0.0427 0.0584 0.0426 0.0732
0.5 06 0.0542 0.0556 0.0618 0.0420 0.0398 0.0295 0.0449 0.0387 0.0471 0.0727 0.0420 0.0671
0.7 . 0.0547 0.0495 0.0528 0.0362 0.0261 0.0168 0.0418 0.0316 0.0379 0.0727 0.0285 0.0497
0.8 0.0370 0.0319 0.0330 0.0214 0.0133 0.0074 0.0262 0.0186 0.0222 0.0496 0.0146 0.0300
0.9 0.0109 0.0092 0.0088 0.0051 0.0026 0.0010 0.0068 0.0046 0.0054 0.0149 0.0029 0.0078
0.1 0.0493 0.0493 0.0493 0.0358 0.0358 0.0358 0.0409 0.0416 0.0393 0.0527 0.0516 0.0516
0.3 0.0496 0.0496 0.0496 0.0344 0.0344 0.0344 0.0417 0.0430 0.0399 0.0523 0.0502 0.0501
0.5 03 0.0494 0.0494 0.0494 0.0353 0.0353 0.0353 0.0408 0.0424 0.0395 0.0546 0.0514 0.0507
0.7 ) 0.0484 0.0483 0.0483 0.0400 0.0400 0.0400 0.0408 0.0442 0.0407 0.0599 0.0511 0.0477
0.8 0.0562 0.0556 0.0556 0.0478 0.0478 0.0478 0.0483 0.0488 0.0440 0.0726 0.0481 0.0431
0.9 0.0503 0.0497 0.0497 0.0370 0.0370 0.0370 0.0411 0.0378 0.0277 0.0702 0.0259 0.0207
0.1 0.0495 0.0495 0.0495 0.0303 0.0303 0.0303 0.0389 0.0398 0.0358 0.0502 0.0477 0.0477
0.3 0.0484 0.0484 0.0484 0.0312 0.0312 0.0312 0.0399 0.0412 0.0376 0.0496 0.0477 0.0477
0.5 05 0.0486 0.0486 0.0486 0.0346 0.0346 0.0346 0.0392 0.0409 0.0386 0.0513 0.0492 0.0491
25 0.7 - 0.0521 0.0521 0.0521 0.0401 0.0401 0.0401 0.0419 0.0451 0.0437 0.0612 0.0507 0.0507
0.8 0.0593 0.0593 0.0593 0.0431 0.0431 0.0431 0.0467 0.0482 0.0487 0.0795 0.0457 0.0455
0.9 0.0414 0.0414 0.0414 0.0223 0.0223 0.0223 0.0280 0.0276 0.0295 0.0690 0.0188 0.0186
0.1 0.0493 0.0493 0.0493 0.0325 0.0325 0.0325 0.0404 0.0417 0.0386 0.0505 0.0481 0.0481
0.3 0.0492 0.0492 0.0492 0.0328 0.0328 0.0328 0.0404 0.0417 0.0388 0.0509 0.0486 0.0486
0.5 06 0.0486 0.0486 0.0486 0.0348 0.0348 0.0348 0.0399 0.0416 0.0392 0.0525 0.0498 0.0497
0.7 : 0.0503 0.0502 0.0502 0.0408 0.0408 0.0408 0.0425 0.0448 0.0428 0.0607 0.0502 0.0496
0.8 0.0584 0.0581 0.0581 0.0463 0.0463 0.0463 0.0495 0.0495 0.0473 0.0769 0.0454 0.0443
0.9 0.0438 0.0436 0.0436 0.0280 0.0280 0.0280 0.0339 0.0324 0.0290 0.0685 0.0201 0.0187

Note: The type I error rates of robust region (0.04-0.06) are shown in bold.
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Table 11. Powers of exact and asymptotic methods for K = 2 (balanced 7t conditions).
Exact Methods Asymptotic Methods

n 72 ™= E E E M M M EM EM EM A A A

PL Psc Pw PL Psc Pw PL Psc Pw PL Psc Pw
0.5 0.1403 0.1437 0.1549 0.1268 0.1368 0.1209 0.1323 0.1325 0.1334 0.1719 0.1593 0.1929
0.6 0.2108 0.2130 0.2281 0.1945 0.2041 0.1747 0.2006 0.2003 0.1996 0.2472 0.2304 0.2641
0.1 0.7 0.3114 0.3106 0.3317 0.2924 0.2990 0.2489 0.2979 0.2956 0.2943 0.3518 0.3276 0.3572
0.8 0.4509 0.4439 0.4723 0.4301 0.4283 0.3478 0.4336 0.4253 0.4265 0.4932 0.4556 0.4772
0.9 0.6408 0.6217 0.6570 0.6192 0.5991 04761 0.6201 0.5968 0.6076 0.6812 0.6180 0.6308
0.6 0.3 0.1149 0.1187 0.1284 0.1019 0.1072 0.0781 0.1048 0.1042 0.1069 0.1389 0.1217 0.1378
03 0.7 0.1852 0.1869 0.2016 0.1683 0.1698 0.1208 0.1709 0.1671 0.1716 0.2173 0.1863 0.2040
’ 0.8 0.2976 0.2937 0.3151 0.2764 0.2671 0.1859 0.2779 0.2655 0.2750 0.3409 0.2840 0.3029
0.9 0.4727 0.4555 0.4846 0.4470 0.4132 0.2824 0.4474 0.4142 0.4357 0.5307 0.4261 0.4461
05 0.8 0.1614 0.1570 0.1680 0.1456 0.1290 0.0703 0.1463 0.1333 0.1401 0.2000 0.1372 0.1444
’ 0.9 0.2818 0.2656 0.2828 0.2568 0.2176 0.1181 0.2581 0.2282 0.2423 0.3453 0.2255 0.2342
0.5 0.1442 0.1533 0.1684 0.1186 0.1331 0.1142 0.1273 0.1310 0.1367 0.1671 0.1463 0.1852
0.6 0.2137 0.2265 0.2465 0.1830 0.1986 0.1711 0.1917 0.1967 0.2052 0.2455 0.2144 0.2647
0.1 0.7 0.3115 0.3277 0.3521 0.2761 0.2904 0.2511 0.2843 0.2899 0.3021 0.3532 0.3078 0.3696
0.8 0.4462 0.4631 0.4894 0.4071 0.4148 0.3607 0.4151 0.4186 0.4350 0.4969 0.4322 0.5015
0.9 0.6288 0.6382 0.6611 0.5876 0.5786 0.5076 0.5971 0.5922 0.6126 0.6835 0.5927 0.6587
0.6 0.5 0.1124 0.1210 0.1340 0.0946 0.0969 0.0777 0.0991 0.0999 0.1076 0.1383 0.1058 0.1413
03 0.7 0.1797 0.1895 0.2065 0.1547 0.1533 0.1233 0.1609 0.1603 0.1717 0.2167 0.1643 0.2113
’ 0.8 0.2861 0.2942 0.3147 0.2507 0.2400 0.1936 0.2602 0.2554 0.2718 0.3376 0.2529 0.3119
0.9 0.4501 0.4483 0.4700 0.3996 0.3690 0.2992 0.4153 0.4002 0.4229 0.5181 0.3823 0.4488
05 0.8 0.1535 0.1508 0.1627 0.1232 0.1038 0.0754 0.1334 0.1249 0.1361 0.1950 0.1113 0.1476
’ 0.9 0.2589 0.2471 0.2623 0.2089 0.1717 0.1252 0.2267 0.2100 0.2266 0.3219 0.1813 0.2295
0.5 0.1478 0.1549 0.1678 0.1210 0.1378 0.1163 0.1307 0.1341 0.1413 0.1679 0.1531 0.1878
0.6 0.2183 0.2279 0.2453 0.1865 0.2048 0.1721 0.1960 0.2006 0.2109 0.2458 0.2227 0.2650
0.1 0.7 0.3169 0.3287 0.3504 0.2813 0.2983 0.2500 0.2896 0.2942 0.3088 0.3529 0.3177 0.3672
0.8 0.4516 0.4633 0.4876 0.4150 0.4244 0.3560 0.4212 0.4223 0.4425 0.4959 0.4430 0.4970
0.9 0.6323 0.6376 0.6602 0.5992 0.5891 0.4975 0.6040 0.5929 0.6197 0.6827 0.6029 0.6544
0.6 0.6 0.1139 0.1218 0.1337 0.0971 0.1014 0.0771 0.1008 0.1016 0.1114 0.1373 0.1119 0.1407
03 0.7 0.1814 0.1905 0.2066 0.1595 0.1599 0.1217 0.1638 0.1626 0.1770 0.2158 0.1726 0.2101
’ 0.8 0.2881 0.2959 0.3161 0.2598 0.2500 0.1906 0.2653 0.2582 0.2792 0.3377 0.2642 0.3108
0.9 0.4521 0.4515 0.4741 0.4160 0.3839 0.2940 0.4243 0.4033 0.4329 0.5212 0.3973 0.4495
0.8 0.1536 0.1529 0.1648 0.1313 0.1116 0.0739 0.1373 0.1275 0.1410 0.1960 0.1199 0.1468
05 0.9 0.2608 0.2521 0.2681 0.2248 0.1853 0.1235 0.2357 0.2150 0.2357 0.3281 0.1952 0.2305
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Figure 4. The surfaces and curves of type I error rates for exact methods under K = 2.

In summary, the exact E method can effectively improve the effectiveness of the homo-
geneity test of stratified AC; under small sample sizes and high -y. The E approaches under
the likelihood ratio and score statistics perform better than that under the Wald-type statistic.
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Figure 5. Power curves of exact methods for K = 2,3.

6. Applications

We review the two real examples in the introduction. Table 3 shows the data structure
among 83 twins. For the large sample size, the hypotheses of the homogeneity test for ACy
across two strata are

Ho:v1 =7 29 vs H,:v;isnotall thesame, i=1,2.

By computation, the unconstrained MLEs of 4 and 7t are § = (0.4615,—0.0312) and
A=(0.5000,0.5161). The constrained MLEs of y and 7t are 4 = 0.2788 and 7z=(0.5000, 0.5351).
Table 12 provides the results of statistics and p-values. Given a significance level « = 0.05,
the values of test statistics 17, Tsc, Ty are all larger than )(%,0‘95 = 3.8415. All the p-values
of these three tests are smaller than 0.05. Thus, the null hypothesis Hj is rejected at the
significance level 0.05. There is a significant difference between two AC; coefficients,
and we cannot merge the data of two strata to compute a common coefficient. Then, we

need to investigate how zygosity affects the consistency of the alcohol-drinking status of
male twins.
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Table 12. Values of test statistics and p-value.

Test Statistics

Value
Ty Tsc Tw
Statistic value 5.0377 5.0762 5.1107
p-value 0.0248 0.0243 0.0238

Table 4 shows the small data structure for the clinical COVID-19 trial. The A, E,
M, and E+M methods are applied to test Hy : 1 = 72 L2 vs Hy:v1 # 7. By
calculation, the unconstrained MLEs of parameters 7 and 7t are 4 = (0.6656,0.2197) and
7t = (0.6176,0.6176). The constrained MLEs are 4 = 0.4537 and & = (0.5882,0.6666).
The values of statistics are Ty (N*) = 2.0150, Tsc(N*) = 1.9674, and Ty (N*) = 2.0805.
Table 13 shows the corresponding p-values of asymptotic and exact methods. The running
time is about 8 min because of two strata and n; = np = 17, referred to Table 8. There is no
significant difference in stratified AC; for any approaches. Thus, we can merge the data in

these two strata and estimate the value of common AC; by MLEs, which is 0.4537.

Table 13. Comparison of asymptotic and exact p-value.

A Approach E Approach M Approach E + M Approach
Method
ri Psc P ri Psc Piv rr' psc P ri"  pt P!
p-value 0.1558 0.1607 0.1492 0.1953 0.1952 0.0854 0.2194 0.2076 0.2039 0.1989 0.1999 0.2127

7. Concluding Remarks

This article defines the stratified AC; coefficients as the object of study and constructs
the likelihood function of the observed data. The primary purpose is to derive various
statistics for testing the homogeneity of stratified AC; in the case of two raters with a binary
outcome. We constructed asymptotic and exact methods for large and small sample sizes.
Two asymptotic test statistics and their explicit expressions are derived for large sample
sizes, including the likelihood ratio statistic (T1) and Wald-type statistic (Tjy). Meanwhile,
the score statistic (Tsc) proposed by Honda and Ohyama [19] is also reviewed. Asymptotic
p-values pg“ (6 = L,SC,W) under the statistics mentioned above are denoted as the A
approach. Three exact methods (E, M, and E+M) are proposed based on Ty, Tsc, and Ty
for small sample sizes.

We conduct numerical studies to compare the performance of the above methods by
type I error rates and powers. For large samples, the type I error rates of the likelihood
ratio statistic are closer to the predetermined significance level of 0.05. The powers of
statistics are better as the sample size increases. Overall, the likelihood ratio statistic is
optimal among these three statistics in large sample sizes. However, asymptotic tests
may generate unsatisfactory type I error rates at small sample scenarios and high . For
small sample sizes in K = 2, p! and py{}; are liberal, and pZ- has the conservative type I
error rates under different parameter settings. The type I error rates of the E approach
are closer to the significance level of 0.05. The M and E+M approaches have conservative
type I error rates. Moreover, pf and pE . are more robust than p%,. When K = 3, and 7 is
positive, the E approach has the robust type I error rates among three methods, in which
pE and pE. perform better. The type I error rates of the exact E method are closer to 0.05 as
the sample size increases. The E approach can improve the effectiveness of homogeneity
tests at high . In the case of powers, the A approach has larger powers than these exact
methods. Under the Wald-type statistic, each exact method has a higher power. Thus, the E
approaches based on the likelihood ratio and score statistics have a robust performance for
small sample sizes.

The proposed methods can be used not only in medical research but also in biometrics
and psychological measurements. Meanwhile, exact methods can be applied to other data
types, such as binary outcomes on multiple raters. This work focuses on constructing



Entropy 2023, 25, 536

22 of 30

parametric statistics through unconstrained and constrained MLEs. However, there are still
many problems that need to be solved. For example, how to construct optimal tests? How
to improve exact methods effectively for a larger K or sample size 1;,? How to simplify the
heavy computations caused by the consideration of all the tables? More studies should be
conducted on these problems and be extended in the future.
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Abbreviations

The following abbreviations are used in this manuscript:

MLEs: maximum likelihood estimates.  Ty: likelihood ratio statistic.
Tsc: score statistic. Tw: Wald-type statistic.

A: asymptotic approach. E: E approach.

M: M approach. E+M: E+M approach.

PVR: proliferative vitreoretinopathy.

Appendix A. Appendix
Appendix A.1. The Fisher Information Matrix of MLEs under Hy
Let I be the (K+ 1) x (K + 1) Fisher information matrix, and
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where

aj = 1- 27Tk(1 — Tfk),

by = ! + 4 + !
T Pilr ) Pu(ym) | Py, )
1 1
Cr = — + (1 — 1—27m)by,
S Pl Py T
1 1 1
dy = + + (1 —9)(1 —2m) x < — —|—c>
TPyl m) | Py, ) ( ! © Pu(v,m) Pl m)

fork=1,2,...,K.

Appendix A.2. The Fisher Information Matrix Ip of the Score Statistic

For the observed data N = (ny,ny,...,nk), the Fisher information matrix of score
statistic is

r 1 1 b
E(faT%) E(—gogs) -
.821 . . .aZI
Ly D . E(_ﬁ) E(_a’”(algn()
12_ = 221 K 21 ’
Iyy Iy E(_a%alm) E(_ﬁ)
1
.821 ' . 'aZI
I E(_awakn,() E(_ﬁ)_

Since E(ny) = mePy (v ) (I = 1,2,3), we can obtain E( — &k ) = by E(—- 2k )=
Ik kPric (Yi 70k ,2,3), 7 ik e

2
%% and E( — 2% ) = nydy. Thus, the Fisher information matrix I, is simplified as
2 o

_nla%bl analcl

I 1| -+ - ngagbg -+ - 2ngagcg
2 4 znlalcl... 4nld1 :

L “ e ..ZnKaKCK I PN 4anK_

Appendix A.3. The Simplification of Ty

To obtain the simplification of Ty, we calculate CI; 1CT and obtain

&$itg & 0 0 .- 0
—8& & t8& & 0 - 0
Cl'ch=| P : S
0 0 - —8k2 8k2 T8 1 —8ka
0 0 e 0 —&8k-1 8x-1 18«

where g, = %. Obviously, (CI; ' CT)~! is a symmetric matrix, in which
nkak(bkdk )

h., . h
—1,T\-1 __ j+17K-1 . .
(CI3 c )i,]' = 81§ 8 Sg_q Vi >,
h. . h
—1,~T\-1 __ 17K-1 H
(CI3 c )i,i = Slit'SK,l ’ Vi,

where
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By computation, the simplified form of Ty is given as

he =1h, , =
h, = (8 + 8
$p =& 188

gK—l + gK’

2

i+1

= (8 +8.)

8
s
i

8 .
LY, i =1,2,...

Li=2,...

K—1K-1
Tw= ) Y (% —Fi+1)(F — ’AY/+1)(CI§1CT)Z]-1-
i=1 =

Appendix A.4. Other Tables and Figures

Table A1l. Empirical type I error rates of asymptotic statistics for K = 3 (balanced sample sizes).

Balanced 7t Conditions

Unbalanced 7t Conditions

n=mny=mnz 7y I1=7 =T Ty Tsc Tw nm=mny=mn3 7y M T2 T3 TL Tsc Tw
0.1 0.0527 0.0454 0.1192 0.1 0.0515 0.0420 0.1030
0.3 0.0576  0.0462 0.1069 0.3 0.0510 0.0393 0.0958
0.5 0.3 0.0421 0.0337 0.0655 05 03 05 05 0.0338 0.0259 0.0627
0.7 0.0152 0.0138 0.0167 0.7 0.0124 0.0114 0.0147
0.9 0.0014 0.0014 0.0000 0.9 0.0005 0.0007 0.0001
0.1 0.0512 0.0443 0.1015 0.1 0.0525 0.0439 0.1115
0.3 0.0444 0.0341 0.0890 0.3 0.0529 0.0406 0.0974
10 0.5 0.6 0.0307 0.0241 0.0574 10 05 06 04 0.2 0.0412 0.0315 0.0671
0.7 0.0129 0.0118 0.0157 0.7 0.0161 0.0144 0.0204
0.9 0.0006 0.0008 0.0001 0.9 0.0005 0.0008 0.0000
0.1 0.0508 0.0413 0.0990 0.1 0.0578 0.0472 0.1078
0.3 0.0437 0.0317 0.0857 0.3 0.0524 0.0416 0.0992
0.5 0.5 0.0313 0.0223 0.0574 05 05 04 03 0.0379 0.0290 0.0662
0.7 0.0086 0.0082 0.0127 0.7 0.0122 0.0115 0.0145
0.9 0.0002 0.0003 0.0002 0.9 0.0004 0.0004 0.0001
0.1 0.0547 0.0528 0.0681 0.1 0.0494 0.0480 0.0600
0.3 0.0498 0.0482 0.0600 0.3 0.0507 0.0477 0.0602
0.5 0.3 0.0533 0.0514 0.0632 05 03 05 05 0.0513 0.0471 0.0586
0.7 0.0548 0.0495 0.0606 0.7 0.0537 0.0479 0.0634
0.9 0.0338 0.0289 0.0266 0.9 0.0272 0.0242 0.0221
0.1 0.0480 0.0464 0.0583 0.1 0.0655 0.0646 0.0823
0.3 0.0470 0.0450 0.0563 0.3 0.0563 0.0541 0.0671
50 0.5 0.6 0.0517 0.0489 0.0590 50 05 06 04 02 0.0510 0.0480 0.0600
0.7 0.0528 0.0457 0.0613 0.7 0.0577 0.0505 0.0628
0.9 0.0237 0.0216 0.0211 0.9 0.0318 0.0286 0.0249
0.1 0.0502 0.0476 0.0588 0.1 0.0485 0.0468 0.0598
0.3 0.0483 0.0455 0.0586 0.3 0.0528 0.0499 0.0627
0.5 0.5 0.0514 0.0477 0.0622 05 05 04 03 0.0531 0.0489 0.0601
0.7 0.0526  0.0456 0.0588 0.7 0.0538 0.0470 0.0609
0.9 0.0229  0.0220 0.0236 0.9 0.0281 0.0269 0.0248
0.1 0.0520 0.0515 0.0588 0.1 0.0509 0.0506 0.0562
0.3 0.0518 0.0507 0.0571 0.3 0.0501 0.0491 0.0545
0.5 0.3 0.0487 0.0480 0.0530 05 03 05 05 0.0495 0.0470 0.0531
0.7 0.0523  0.0503 0.0542 0.7 0.0481 0.0455 0.0550
0.9 0.0563 0.0473 0.0605 0.9 0.0524 0.0402 0.0618
0.1 0.0492 0.0489 0.0543 0.1 0.0774 0.0772 0.0877
0.3 0.0500 0.0484 0.0551 0.3 0.0542 0.0528 0.0619
100 0.5 0.6 0.0579 0.0559 0.0631 100 05 06 04 0.2 0.0520 0.0509 0.0565
0.7 0.0514 0.0499 0.0569 0.7 0.0529 0.0513 0.0539
0.9 0.0529 0.0431 0.0610 0.9 0.0529 0.0430 0.0578
0.1 0.0499 0.0487 0.0545 0.1 0.0497 0.0479 0.0546
0.3 0.0475 0.0469 0.0519 0.3 0.0466 0.0461 0.0511
0.5 0.5 0.0518 0.0496 0.0555 05 05 04 03 0.0478 0.0470 0.0513
0.7 0.0525 0.0496 0.0581 0.7 0.0506 0.0478 0.0568
0.9 0.0563 0.0428 0.0653 0.9 0.0555 0.0471 0.0617

Note: The type I error rates of robust region (0.04—0.06) are shown in bold.
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Table A2. Empirical type I error rates of homogeneity tests for K = 4 (balanced sample sizes).

Balanced 7t Conditions

Unbalanced 7t Conditions

m=mnp=n3=n 7y Mm=m=m3=7m 1L Tsc Tw m=mnp=n3=mn 7y m w2 13 m¢ I Ts¢c Tw
0.1 0.0559 0.0437 0.1519 0.1 0.0541 0.0429 0.1287
0.3 0.0595 0.0465 0.1349 0.3 0.0466 0.0349 0.1166
0.5 0.3 0.0408 0.0325 0.0857 05 03 05 05 0.2 0.0353 0.0277 0.0763
0.7 0.0126 0.0137 0.0159 0.7 0.0104 0.0114 0.0147
0.9 0.0005 0.0015 0.0001 0.9 0.0005 0.0016 0.0001
0.1 0.0543 0.0455 0.1281 0.1 0.0594 0.0482 0.1387
0.3 0.0462 0.0345 0.1206 0.3 0.0495 0.0376 0.1175
10 0.5 0.6 0.0265 0.0204 0.0671 10 05 06 04 02 04 0.0375 0.0290 0.0783
0.7 0.0084 0.0096 0.0120 0.7 0.0108 0.0122 0.0150
0.9 0.0002 0.0006 0.0001 0.9 0.0001 0.0005 0.0000
0.1 0.0491 0.0404 0.1158 0.1 0.0583 0.0475 0.1433
0.3 0.0436 0.0340 0.1049 0.3 0.0533 0.0396 0.1233
0.5 0.5 0.0234 0.0193 0.0572 05 05 04 03 0.3 0.0328 0.0250 0.0768
0.7 0.0073 0.0093 0.0109 0.7 0.0095 0.0112 0.0145
0.9 0.0002 0.0008 0.0000 0.9 0.0005 0.0011 0.0002
0.1 0.0531 0.0515 0.0694 0.1 0.0638 0.0617 0.0831
0.3 0.0504 0.0485 0.0659 0.3 0.0525 0.0501 0.0671
0.5 0.3 0.0532 0.0499 0.0691 05 03 05 05 0.2 0.0508 0.0472 0.0633
0.7 0.0577 0.0497 0.0682 0.7 0.0537 0.0466 0.0705
0.9 0.0304 0.0301 0.0256 0.9 0.0264 0.0265 0.0239
0.1 0.0511 0.0477 0.0662 0.1 0.0621 0.0608 0.0810
0.3 0.0525 0.0495 0.0660 0.3 0.0523 0.0497 0.0692
50 0.5 0.6 0.0566 0.0513 0.0688 50 05 06 04 0.2 04 0.0525 0.0485 0.0658
0.7 0.0549 0.0475 0.0726 0.7 0.0532 0.0457 0.0674
0.9 0.0191 0.0208 0.0185 0.9 0.0263 0.0260 0.0236
0.1 0.0433 0.0416 0.0578 0.1 0.0486 0.0461 0.0633
0.3 0.0477 0.0444 0.0593 0.3 0.0499 0.0473 0.0651
0.5 0.5 0.0502 0.0458 0.0601 05 05 04 03 0.3 0.0519 0.0472 0.0631
0.7 0.0549 0.0452 0.0739 0.7 0.0549 0.0476 0.0688
0.9 0.0223 0.0244 0.0206 0.9 0.0287 0.0288 0.0256
0.1 0.0508 0.0499 0.0585 0.1 0.0805 0.0794 0.0921
0.3 0.0494 0.0481 0.0571 0.3 0.0551 0.0551 0.0631
0.5 0.3 0.0498 0.0485 0.0568 0.5 03 05 05 0.2 0.0471 0.0457 0.0531
0.7 0.0504 0.0488 0.0556 0.7 0.0531 0.0505 0.0595
0.9 0.0568 0.0464 0.0712 0.9 0.0513 0.0408 0.0743
0.1 0.0462 0.0454 0.0523 0.1 0.0794 0.0789 0.0960
0.3 0.0484 0.0473 0.0547 0.3 0.0551 0.0535 0.0647
100 0.5 0.6 0.0493 0.0479 0.0556 100 05 06 04 02 0.4 0.0498 0.0473 0.0566
0.7 0.0498 0.0472 0.0599 0.7 0.0484 0.0465 0.0548
0.9 0.0494 0.0401 0.0737 0.9 0.0586 0.0482 0.0804
0.1 0.0476 0.0464 0.0531 0.1 0.0499 0.0491 0.0579
0.3 0.0493 0.0469 0.0561 0.3 0.0499 0.0486 0.0582
0.5 0.5 0.0484 0.0459 0.0571 05 05 04 03 0.3 0.0495 0.0476 0.0577
0.7 0.0536 0.0471 0.0620 0.7 0.0523 0.0493 0.0584
0.9 0.0482 0.0407 0.0717 0.9 0.0587 0.0467 0.0783

Note: The type I error rates of robust region (0.04-0.06) are shown in bold.
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Figure A2. The surfaces of empirical type I error rates for asymptotic tests under K = 4.
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Figure A3. The surfaces and curves of type I error rates for exact methods under K = 3.

Table A3. Powers of exact and asymptotic methods for K = 2 (unbalanced 7t conditions).

Exact Methods Asymptotic Methods
T T

nm T e bR ' Pt P A PL P Pw
0.5 0.1668 0.1656  0.1769 0.1466  0.1618 0.1341 0.1523 0.1383  0.1565 0.1808 0.1679  0.1945
0.6 0.2400 02374 0.2520 0.2156  0.2318  0.1894 0.2208 0.2032  0.2263 0.2579  0.2386  0.2660

01 07 0.3394 0.3341 0.3526 0.3110 0.3254 0.2629 0.3151 0.2937  0.3217 0.3619 0.3327  0.3599
0.8 0.4720 0.4612 0.4844 0.4408 0.4469 0.3585 0.4431 0.4169 0.4493 0.4998 0.4540 0.4807
0.9 0.6459  0.6253  0.6541 0.6146  0.6008 0.4816 0.6152  0.5807 0.6167 0.6807 0.6061  0.6341
06 03 05 01310 0.1310 0.1429 0.1112  0.1202  0.0850 0.1141 0.1038 0.1207 0.1496 0.1240 0.1483
03 0.7 0.2027 0.2001  0.2161 0.1776  0.1819  0.1292 0.1799  0.1627  0.1879 0.2297 0.1862 0.2181
’ 0.8 0.3110 0.3030 0.3242 0.2806 0.2722  0.1946 0.2821 0.2528  0.2899 0.3508 0.2766  0.3186
0.9 04707 0.4519 0.4792 0.4366  0.4001  0.2890 0.4374 0.3868  0.4402 0.5298 0.4038  0.4584
05 0.8 0.1636 0.1564  0.1692 0.1421  0.1228 0.0764 0.1440 0.1208  0.1462 0.2086 0.1255 0.1583

0.9 0.2690 0.2518  0.2703 0.2378 0.1958  0.1233 0.2406  0.1987  0.2400 0.3427 0.1987  0.2456
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Table A3. Cont.
Exact Methods Asymptotic Methods
1 2 T2
n Pt Péc  Pw rtt e W i s e Pt Psc  Pw
0.5 0.1399 0.1501 0.1629 0.1143 0.1382 0.1110 0.1236  0.1209 0.1335 0.1612  0.1455 0.1823
0.6 0.2089 0.2231  0.2406 0.1782  0.2056  0.1668 0.1875 0.1845 0.2013 0.2386  0.2140 0.2604
01 0.7 0.3068 0.3248 0.3471 0.2718 0.2992  0.2462 0.2803 0.2763  0.2978 0.3462 0.3086 0.3645
0.8 0.4428 0.4619 0.4868 0.4049 0.4249 0.3558 0.4125 0.4056 0.4312 0.4910 0.4349 0.4967
0.9 0.6287 0.6403 0.6624 0.5899 0.5886  0.5042 0.5980 0.5836 0.6109 0.6803 0.5983 0.6557
06 05 04 01097 01194 0.1309 0.0927 0.1015 0.0747 0.0967 0.0943 0.1049 0.1332 0.1069 0.1373
03 0.7 0.1768 0.1882 0.2036 0.1533 0.1594 0.1194 0.1585 0.1535 0.1682 0.2106 0.1664 0.2062
’ 0.8 0.2845 0.2947 0.3137 0.2517 0.2481 0.1895 0.2593 0.2485 0.2685 0.3316  0.2573  0.3066
0.9 0.4527 0.4532 0.4734 0.4062 0.3795 0.2959 0.4189 0.3961 0.4218 0.5144 0.3908 0.4450
05 0.8 0.1542 0.1532  0.1633 0.1268 0.1094 0.0732 0.1348 0.1227 0.1344 0.1908 0.1160 0.1438
’ 0.9 0.2642  0.2540 0.2668 0.2182 0.1804 0.1232 0.2326  0.2092  0.2269 0.3195 0.1902 0.2265
0.5 0.1478 0.1552 0.1678 0.1210 0.1453 0.1163 0.1307  0.1255 0.1391 0.1679  0.1531 0.1878
0.6 0.2184 0.2283 0.2453 0.1865 0.2141 0.1721 0.1961 0.1894 0.2076 0.2458 0.2227  0.2650
01 0.7 0.3170 0.3294 0.3504 0.2813  0.3085  0.2500 0.2896 0.2807  0.3041 0.3529 0.3177 0.3672
0.8 0.4517 0.4645 0.4876 0.4150 0.4338 0.3560 04212 04078 0.4364 0.4959 0.4430 0.4970
0.9 0.6325 0.6398  0.6602 0.5992 0.5950 0.4975 0.6040 0.5808 0.6130 0.6827 0.6029 0.6544
06 06 04 01140 01225 0.1337 0.0971 0.1065 0.0771 0.1008  0.0969  0.1079 0.1373  0.1119  0.1407
03 0.7 0.1816  0.1918  0.2066 0.1595 0.1659 0.1217 0.1639 0.1562 0.1718 0.2158 0.1726  0.2101
’ 0.8 0.2884 0.2982 0.3161 0.2598 0.2562  0.1906 0.2654 0.2502 0.2719 0.3377 0.2642 0.3108
0.9 0.4527 0.4555 0.4741 0.4160 0.3885 0.2940 0.4245 0.3948 0.4236 0.5212 0.3973  0.4495
0.8 0.1541 0.1556 0.1648 0.1313  0.1142 0.0739 0.1374 0.1234 0.1349 0.1960 0.1199 0.1468
05 09 0.2618 0.2568 0.2681 0.2248 0.1873 0.1235 0.2360 0.2089  0.2266 0.3281 0.1952  0.2305
Table A4. Powers of exact and asymptotic methods for K = 3 (balanced 7 conditions).
Exact Methods Asymptotic Methods
= 2 TT1 = Tl =TT
G B e P PR PR vt b
0.5 0.1351  0.1389  0.1421 0.1049  0.0929  0.1089 0.1216  0.1274  0.1150 0.1596  0.1318  0.2366
0.6 0.1983 02002  0.2089 0.1606  0.1383  0.1583 01803 0.1845 0.1735 02316  0.1901  0.3167
0.1 0.7 02905 0.2860  0.3075 0.2460  0.2047  0.2328 0.2677  0.2661  0.2635 0.3342  0.2729  0.4258
0.8 04222  0.4028 0.4504 0.3737  0.2991  0.3433 0.3959  0.3799  0.3994 04762 03872  0.5682
0.9 0.6067  0.5572  0.6533 0.5607  0.4296  0.5051 0.5807  0.5349  0.6011 0.6684 0.5407  0.7462
0.6 03 0.1055 0.1044  0.1183 0.0862 0.0662  0.0686 0.0951  0.0959  0.0949 0.1328  0.0967 0.1829
03 07 0.1642  0.1548  0.1858 01391 0.1008  0.1081 01499 0.1436  0.1534 0.2035 0.1439  0.2632
08 02602 02319  0.2989 02275 0.1543  0.1744 02404 02174 02531 03171 02166  0.3880
0.9 04124 03459  0.4827 03707 02345 0.2822 03859 03282 04177 04943 03252 05742
05 0.8 0.1351  0.1169  0.1550 0.1087  0.0666  0.0565 0.1205 0.1085 0.1177 0.1799  0.1006  0.2119
0.9 02198  0.1787  0.2595 01785 0.1027  0.0951 01970  0.1670  0.1991 0.2897 0.1538  0.3369
05 0.1241  0.1273  0.1355 0.1002  0.0855  0.1008 01131 0.1186 0.1119 0.1470  0.1146  0.2295
0.6 0.1851  0.1847  0.2035 01549 0.1270  0.1544 01710  0.1735  0.1729 02164 0.1675 0.3148
0.1 0.7 0.2748  0.2656  0.3035 0.2377  0.1864  0.2352 0.2573  0.2515  0.2655 0.3166  0.2430  0.4281
0.8 04032 0.3762  0.4466 0.3600 0.2691  0.3535 0.3822  0.3590  0.4022 04569 0.3476  0.5725
0.9 0.5829 0.5231  0.6462 0.5366  0.3809  0.5230 0.5588  0.5033  0.5995 0.6483  0.4888  0.7493
0.6 05 0.1004 0.0956  0.1207 0.0808 0.0535  0.0723 0.0904 0.0878  0.0981 0.1298  0.0808  0.1884
03 07 0.1546  0.1408  0.1877 0.1274  0.0800  0.1138 01407 0.1302  0.1556 0.1969 0.1202  0.2698
0.8 0.2406  0.2083  0.2960 02026  0.1198  0.1810 0.2210  0.1938  0.2498 0.3026  0.1798  0.3930
0.9 0.3727  0.3057  0.4650 0.3201 0.1777  0.2861 0.3451 0.2866  0.3993 04634 0.2675 0.5732
05 0.8 0.1185 0.1056  0.1532 0.0862 0.0481  0.0577 0.1051  0.0954  0.1079 0.1634 0.0801  0.2225
0.9 0.1841 0.1566  0.2393 01352  0.0722  0.0910 01643 0.1426  0.1710 02517  0.1202  0.3353
05 0.1278  0.1307  0.1389 01021  0.0892  0.1028 01156 0.1214  0.1128 0.1502  0.1200 0.2328
0.6 0.1895 0.1891  0.2066 0.1580  0.1329  0.1560 0.1743  0.1771  0.1738 0.2201  0.1746  0.3180
0.1 0.7 0.2802  0.2713  0.3063 0.2427  0.1958  0.2361 0.2615  0.2565  0.2664 0.3208 0.2523  0.4312
0.8 0.4101  0.3837  0.4492 0.3678 0.2835  0.3534 0.3882  0.3662  0.4036 04616 0.3598  0.5753
0.9 05917 05329  0.6489 05486  0.4025  0.5213 05676 05136  0.6019 0.6536  0.5043  0.7510
0.6 06 0.1023 0.0984 0.1197 0.0833 0.0583 0.0711 0.0922  0.0903  0.0973 0.1300 0.0853  0.1879
03 0.7 0.1583  0.1452  0.1868 0.1324  0.0876  0.1126 0.1442  0.1345 0.1556 0.1983  0.1269  0.2695
0.8 0.2478  0.2156  0.2964 0.2123  0.1320 0.1804 0.2280 0.2014 0.2523 0.3063  0.1901  0.3933
0.9 0.3865 0.3180  0.4692 0.3381 0.1970  0.2873 0.3585  0.2995  0.4069 04721 0.2831 0.5745
0.8 0.1247  0.1088  0.1537 0.0936  0.0542  0.0580 01104 0.0996 0.1125 0.1677  0.0850  0.2203
0.5 0.9 0.1958  0.1627  0.2446 0.1484  0.0819  0.0932 01744 0.1499  0.1813 02616  0.1280  0.3366
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Table A5. Powers of exact and asymptotic methods for K = 3 (unbalanced 7t conditions).

Exact Methods Asymptotic Methods
M=7 72 T T2 T3
PL Pse  Pw pr psc W rit pse W rL Psc Pw

05 01668 01656  0.1769 01466 0.1618  0.1341 0.1523  0.1383  0.1565 01620  0.1278  0.2409

0.6 02400 02374  0.2520 02156 02318  0.1894 02208 02032 0.2263 02333  0.1832  0.3249

0.1 07 03394 03341  0.3526 03110 03254  0.2629 03151 02937  0.3217 03341 02607 04357
0.8 0.4720 04612  0.4844 0.4408 0.4469  0.3585 0.4431  0.4169  0.4493 0.4729 0.3662 0.5766

0.9 0.6459  0.6253  0.6541 0.6146  0.6008  0.4816 0.6152  0.5807  0.6167 0.6598 0.5064 0.7498

06 03 05 05 01310 01310 0.1429 01112 01202  0.0850 0.1141 0.1038  0.1207 01373 00892  0.1970

03 07 02027 02001 0.2161 01776 01819  0.1292 01799 01627 0.1879 02067 01309  0.2800
’ 0.8 0.3110  0.3030  0.3242 02806  0.2722  0.1946 0.2821  0.2528  0.2899 0.3144 0.1931 0.4037
0.9 0.4707 04519  0.4792 0.4366  0.4001  0.2890 0.4374  0.3868  0.4402 0.4767 0.2831 0.5823

05 0.8 0.1636  0.1564  0.1692 0.1421  0.1228  0.0764 0.1440  0.1208  0.1462 0.1712 0.0853 0.2283
. 0.9 02690 02518  0.2703 02378 01958  0.1233 02406  0.1987  0.2400 02631 01266 03448
05 01399 01501  0.1629 01143 01382 0.1110 0.1236  0.1209 0.1335 01576 01252 02352

0.6 0.2089  0.2231  0.2406 0.1782  0.2056  0.1668 0.1875 0.1845  0.2013 0.2282 0.1806 0.3183

0.1 0.7 0.3068 0.3248  0.3471 02718  0.2992  0.2462 0.2803  0.2763  0.2978 0.3288 0.2588 0.4292
0.8 0.4428 0.4619  0.4868 0.4049 04249  0.3558 0.4125 0.4056  0.4312 0.4686 0.3665 0.5713

0.9 0.6287  0.6403  0.6624 0.5899  0.5886  0.5042 0.5980 0.5836  0.6109 0.6583 0.5107 0.7468

06 05 04 03 01097 01194 0.1309 0.0927 01015 0.0747 0.0967  0.0943  0.1049 01337  0.0889  0.1911

03 07 01768 01882  0.2036 01533 01594  0.1194 0.1585 0.1535  0.1682 02027 01314 02729
’ 0.8 0.2845 0.2947  0.3137 0.2517  0.2481  0.1895 0.2593  0.2485  0.2685 0.3113 0.1954 0.3966
0.9 0.4527  0.4532  0.4734 0.4062  0.3795  0.2959 0.4189  0.3961  0.4218 0.4771 0.2891 0.5771

05 08 01542 01532  0.1633 01268 01094  0.0732 01348 01227 0.1344 01709  0.0872  0.2225
: 0.9 02642 02540  0.2668 02182 01804 0.1232 02326 02092  0.2269 02660 01307  0.3400
05 01478 01552  0.1678 01210 01453  0.1163 0.1307 0.1255  0.1391 01616 01292  0.2398

0.6 02184 02283  0.2453 01865 02141  0.1721 01961 0.1894  0.2076 02330 01853 03234

0.1 0.7 0.3170  0.3294  0.3504 0.2813  0.3085  0.2500 0.2896  0.2807  0.3041 0.3342 0.2642 0.4344
0.8 0.4517  0.4645 0.4876 0.4150  0.4338  0.3560 04212 0.4078  0.4364 0.4740 0.3722 0.5760

0.9 0.6325 0.6398  0.6602 05992 05950  0.4975 0.6040  0.5808 0.6130 06624 05161  0.7501

06 06 04 03 01140 01225 0.1337 0.0971 01065 0.0771 0.1008  0.0969  0.1079 01358  0.0914  0.1931

03 0.7 0.1816  0.1918  0.2066 0.1595 0.1659  0.1217 0.1639  0.1562  0.1718 0.2057 0.1347 0.2757
’ 0.8 02884 0.2982  0.3161 0.2598  0.2562  0.1906 0.2654  0.2502  0.2719 0.3151 0.1998 0.4000
0.9 0.4527  0.4555  0.4741 0.4160  0.3885  0.2940 04245 03948  0.4236 0.4817 0.2947 0.5806

08 01541 01556  0.1648 01313 01142  0.0739 0.1374 01234 0.1349 01737  0.0893  0.2241

0.5 0.9 0.2618  0.2568  0.2681 02248 0.1873  0.1235 0.2360  0.2089  0.2266 0.2704 0.1335 0.3431
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