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Abstract: A thermodynamic process is a solution of the balance equations fulfilling the second
law of thermodynamics. This implies restrictions on the constitutive relations. The most general
way to exploit these restrictions is the method introduced by Liu. This method is applied here,
in contrast to most of the literature on relativistic thermodynamic constitutive theory, which goes
back to a relativistic extension of the Thermodynamics of Irreversible Processes. In the present
work, the balance equations and the entropy inequality are formulated in the special relativistic four-
dimensional form for an observer with four-velocity parallel to the particle current. The restrictions
on constitutive functions are exploited in the relativistic formulation. The domain of the constitutive
functions, the state space, is chosen to include the particle number density, the internal energy
density, the space derivatives of these quantities, and the space derivative of the material velocity
for a chosen observer. The resulting restrictions on constitutive functions, as well as the resulting
entropy production are investigated in the non-relativistic limit, and relativistic correction terms of
the lowest order are derived. The restrictions on constitutive functions and the entropy production
in the low energy limit are compared to the results of an exploitation of the non-relativistic balance
equations and entropy inequality. In the next order of approximation our results are compared to the
Thermodynamics of Irreversible Processes.

Keywords: special relativity; constitutive theory; dissipation inequality; relativistic continuum theory;
relativistic balance equations; low energy limit; Liu procedure

1. Introduction

The thermodynamic constitutive theory of special relativistic fluids started with the
relativistic Theory of Irreversible Processes (TIP) in a paper by Eckart [1]. Relativistic TIP
was generalized to mixtures of different chemical components [2—4] and to systems with
polarization and magnetization [5]. For a review of the problems and possible solutions
of special- and general-relativistic TIP see [6] and for an overview over the literature on
relativistic TIP [7,8].

The most general method to exploit the implications of the Second Law of Thermo-
dynamics on constitutive functions is the method of Liu [9]. A thermodynamic process
is a solution of the balance equations fulfilling the dissipation inequality. This imposes
constraints on the constitutive functions [10]. The result of this exploitation depends on the
set of variables the constitutive functions are defined on, the state space. The choice of the
state space is always the first step in the procedure. Here, the state space is a first order
gradient one.

In relativistic continuum theory, the method of Liu is mostly applied in the context of
Extended Thermodynamics [11], which is often motivated by kinetic theory, see f.i. [12].
Relativistic kinetic theory is based on the Boltzmann—-Chernikov equation for the statistical
distribution function, the balance equations being the moment equations. They have been
derived for monatomic as well as polyatomic gases, see f.i. [12,13]. In this approach, there
is always the necessity of a closure relation, for example, maximum entropy closure. The
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fact that the Boltzmann—Chernikov equation is valid for dilute gases only is a limitation of
this kinetic theory. The kinetic theory of dense gases or even liquids requires two-particle or
many-particle distribution functions and assumptions about particle-particle interactions.
In non-relativistic theory it leads to the BBGKY hierarchy. Instead of particle-particle
interactions, continuum theory introduces constitutive functions.

In [14], the Liu procedure with the energy—momentum balance as a constraint led to
the conclusion that in the relativistic case it is not possible to have local Lagrange—Farkas
multipliers, a local entropy, and no additional term in the entropy flux (the assumptions of
relativistic TIP) simultaneously. This observation coincides with our observation here with
respect to the relativistic correction terms (the order }5).

We will apply here method of Liu to exploit the implications of the Second Law of
Thermodynamics on constitutive functions. In the non-relativistic context this exploitation
of the dissipation inequality with a first order gradient state space leads exactly to the
assumptions (local equilibrium and the special form of the entropy flux) and results (the
entropy production) of TIP. This non-relativistic example is summarized in Section 2. In
Section 3, the balance equations of special relativistic continuum theory are formulated in
Lorentz covariant form and in the decomposition for an observer with four-velocity # with
Eckarts choice of the four-velocity. To prepare the low energy approximation, the kinematic
quantities are expanded in a series of Z. In Section 4, the Second Law of Thermodynamics
is exploited with the balance equations for an observer as constraints. In lowest non-trivial
order C% the non-relativistic TIP is recovered. In the order of approximation C% it cannot be
concluded, in general, that the entropy flux is heat flux divided by temperature; however,
there may be an extra entropy flux. Local equilibrium # (e, n) still implies that the extra
entropy flux vanishes. Finally, the entropy production with relativistic correction terms
is derived.

Throughout this paper, we will deal with a one-component system (no mixture of
chemical components), which is a simple fluid (no internal angular momentum and no
antisymmetric part of the stress tensor). We will restrict ourselves to special relativity with
the convention for the Minkowski tensor diag(—1,1,1,1). For the indices of four-vectors
and tensors, we will use capital Latin letters to denote components from 0 to 3 (i.e., time
and space components) and Greek letters to denote components from 1 to 3 (i.e., space
components only).

2. Non-Relativistic Continuum Thermodynamics: Example of a Simple, Viscous, Heat
Conducting Fluid

2.1. Balance Equations

We have the following set of balance equations for the wanted fields of mass density o,
material velocity v, and specific internal energy e:

. de _
Mass: E—Q—QV%J—O
do
Momentum: ¢— — V-t —of =0 (1)

dt
de
Internal energy: 07 +V.-q—t:Vo=0

with a symmetric stress tensor t, because the fluid is not micro-polar. g is the heat flux and
% = % -+ v - V denotes the material time derivative.

In addition, we have the balance of entropy with a non-negative production o

Entropy inequality QZ—Z +V-p=02>0 )

with specific entropy 7 and entropy flux ¢.
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Stress tensor, heat flux, entropy, and entropy flux are constitutive quantities. Constitu-
tive functions depend on the state space, here a first order gradient one

Z ={o0,e,Vo,Ve,Vv} (3)

2.2. Exploitation of the Dissipation Inequality

The space and time derivatives of constitutive functions in the balance equations are
carried according to the chain rule. The balance equations are considered as constraints,
and the following inequality is exploited:

Balance of Entropy + A¢(Balance of mass) + A°(Balance of internal energy) +
+A?(Balance of momentum ) > 0 4)

The prefactors in front of the higher derivatives lead to the Liu equations:

0 A = 3L ®

e o = o2 ©)

v: oA"Y = 0, @)

(Vo) : 0 = Qaavﬂg' ®)
(Vey: 0 = o, ©)
(Vo): 0 — ga(avﬂv), (10)
VVeo: -— eaquQ = 88;)1 (11)
VVe: —Afaa—vqe = aa—g:, (12)
VVo: - “aav% = 887% (13)

From Equations (8)—(10), it follows that # = #(o, e), i.e., local equilibrium.
Consequently,

A =A%0,e), A°=A%g,€)=— (14)

Sl =

Temperature T has been introduced by the equilibrium relation 4 = 3—2 = —A°
The extra entropy flux
®+Aqg=k(oe)=0

in an isotropic material, because it is a function of scalar variables only. We have the

classical relation of TIP ® = %
With the definition

t=—p(o,e)1+tm (15)
the entropy production reads
1 dyn sym 1
szty 2 (Vo) + q-VT (16)
—_— ~——

viscous flow heat conduction
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3. Relativistic Balance Equations

The balance equations of particle number (replacing the balance of mass of the classical
theory), energy-momentum, and entropy are formulated in terms of the four-vector of
particle number N, the symmetric energy-momentum tensor T?4 and the four-vector of
entropy S4. For an observer at rest (i.e., in the non-relativistic limit) the 0-component of
this entropy-four-vector is the entropy density. For this observer, the 1,2,3-components of
S4 are the components of the entropy flux.

The conservation of particle number, conservation of energy, and momentum are
formulated as

Particle number: N4, =0 A=0,1,2,3 (17)
Energy-momentum: T8 A’ 1+=0 AB=01223 (18)

For energy-momentum it is supposed, that there is no supply. The
Entropy inequality SfL‘ =02>0 (19)

expresses the Second Law of Thermodynamics. The entropy production ¢ is a Minkowski-
scalar, i.e., observer independent.

Decomposition for an Observer

The four-velocity of an observer is introduced parallel to the particle current N4 = nu“

(Eckarts choice of the four-velocity u) [1] with particle density n. This choice is motivated
by the analogy to the classical theory, where the material velocity is defined by streamlines
of particles.

For an observer with four-velocity u, we have the decomposition

NA = nut (20)
T4 = C%(EuAuB +qBu? + unB) — 4B 1)
SA = nputt 4 o4 (22)

with E: total energy density, ¢: heat flux, t: stress tensor, n#: entropy density, (1: entropy
per particle), and ®: entropy flux. Details about the relativistic balance equations and the
decomposition for an observer can be found, for example, in [2,15].

With the aid of the projector h§ = 6§ + Cizucu B, the energy—-momentum balance is
decomposed into

upTh A, 4 = 0 balance of energy (23)
W§TE A/ a4 = 0 balance of momentum (24)
with A, B,C = 0,1,2,3. The components {* and t* (x = 1,2, 3) are eliminated by use of the

relations t4Bup = +4% + tAISM/g = 0. Analogously, we have g%u, = 0, i.e., (%up = —%u,.
Explicitly the set of balance equations for an observer with four-velocity

1
ul = y(c, o), v:i= — (25)
V2

reads in three-dimensional notation (Greek indices run from 1, ..., 3):
Balance of particle number

1 /dn 1
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where a;, = ddﬁ.
From total energy density the ‘rest-mass-energy’ mgnc? with rest mass per particle g
is subtracted
ne = E — monc® (27)

e: internal energy per particle. By the aid of the balance of particle number (26), the balance
of energy (23) results in the balance of internal energy

1 (one 1
3 <at + 9y (nev’) + §aqu - t”"ayvv> +

1/, 19 3
+C—5 <'y nev'ay + vq'ay + ;a(q”vv) — t”vvvatvy> =0 (28)

From the balance of momentum (24) we obtain
1
e TGO

10 1 1
ap i Z gt Z g okg? —) =
+t*Py aﬁva—i—vatq +7q1,8 v > +O(C6) 0 (29)

1 1 d
C—Z(na" —out") + a (nea” +9y*na"v, ot — Py

For v, 'yz, and %, the following series of expansions are inserted:

C2
R S TCATE. 1
Y —Z = +c7+ (CT;) (31)
C2
1 v? v? 1
—=y1-Z =1 - 2

Finally, the balance equations are written in a more compact form in terms of the
specific quantities (quantities per particle) and the material time derivative % (see the
analogy in the case of the non-relativistic balance equations). All partial time derivatives
are replaced by material time derivatives by % = % — v#dy,. The final form of the balance
equations up to order %5 reads

Particle number:

1/dn 1 v?
- <dt + nE),,v”) +3 <1 — C2>na,ﬂ)“ =0 (33)

Internal energy:

1/ de 102
(i (1= 20 -0 ) +

1 dgh
+C—5 ( T _ v, 0" 9uq" +2q"ay, — g"v,0,0" + t"v,a, + t’”vyv“aavv> =0 (34)

ST
Momentum:
1 M nv 1 v M I 2 Hv Hv dtr
—Z(na — oyt )—1——4 na’v,o* + neat + v, t" — a, " — v, +
c c dt
dagt
+0,0%0, " + v "9, vy — v”tmaﬁvy + % + g0 0" + qya“v’f) =0 (35)

Entropy
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1/ dy "
(dt-i-aq))—l—

1
S>>0
c3a

1 2 A1
+65<—v nE

+ d¥ay + aor D%,y — 01 0,0, DY
Ay + Oy — v uVx — 01040y
The non-relativistic balance equations (see Section 2.1) are recovered in order

case that a, 0" = 0, as was noticed in [16].

4. Exploitation of the Second Law of Thermodynamics

The state space is chosen in analogy to the non-relativistic example
Z = {n,e,0yn,0,e,9,0"}

The balance equations with multipliers are added to the balance of entropy:

balance of entropy (36) + A" ( balance of particle number (33))+
+A°(balance of internal energy (34)) + A - ( balance of momentum (24)) > 0.

(36)

in the

(37)

(38)

The resulting expression is linear in the higher derivatives, not included in the state
space. The factors in front of the higher derivatives lead to the following restrictions on

constitutive functions:

i o) v (G o) -
+C4A§i<vva§f * af)
O(c%) A" = —ng—z
% P 0= ! (g’Z(l7(32)+AE)+C150“<8§Z+A€8£)+
+§4AZ(— et )
O%) : A= —n%’g
d?{;n 0= c13 agnn (1_:;) 5 <$+Aea%ian> +
+at (-0 )
0(613) : 82;771 =0
v a5 e (G )
(ot )

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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OF) ¢ 5= (46)
B2+ 0=l (1- %) + o g 050 ) +
+614Ag<z;v;a’:;3 + aSZZﬂ> (47)
OF) gy =0 8)
at 0 A;’,Clz + A= ! (m)yv —b—neé“—t"‘) +

+ <1 2) q>y + AC(29, + vyt )) (49)
O(3) + A=0 50)
0(3—3) AL = %A% ) 13 SZ (51)
0102 0—— ! g(g;iz—clzmvaggiz—i%l;)

+ c13<§§;+[\eaaafz> +

+ 615(—07006 giii - Aev"Yvaaaai; - Aev;;(,j:z> (52)
o) A o

where z is the abbreviation for the variables z € {n,e,v°}. In the equations of lowest order

in 1, ie., keeping the terms up to order C%, it has been made use of the fact that A” is of the

order C% and, therefore, leads to higher order correction terms.
In the residual inequality, the terms without higher derivatives are combined:

14
o= BE;I) aanJragz due +
44 44
+Cl2 <—v”8ﬂvad>”‘ — vty (aaq)ayn + a(;lzaye>) + CZA"nayv” +
gl ogh
) ) )
V
ot othv otHv ot
v - v -
+Ayc( o ——dyn aea >—|—A < (an dyn + 5 a,,e>+
uv uv
+’UU’U“ (aatnaan a(.); aae> + vaaavvt}ﬂ/ -

— o't 9,0y + g0 0" + gHo,v" )

4.1. Results of the Exploitation of the Dissipation Inequality up to Order C%

The results of the Liu procedure in the lowest non-trivial order are presented after
each of the Liu equations. Equations (44), (46) and (48) show that in this approximation
the entropy does not depend on the gradients, i.e., 7(n, e) as in the non-relativisitic theory.
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Consequently, A® and A" also do not depend on the gradients. Together with the fact, that
C%A” is a higher order correction term, Equation (52) result in

(DT + A°q7)

e 0. (55)

As in the non-relativistic theory, the extra entropy flux is a function of the scalar equilibrium
variables only: k(n,e), and consequently k = 0. The constitutive equation for the entropy

flux ® = % is the classical one of the Thermodynamics of Irreversible Processes.
The entropy production (54) reduces to

oP* oP*

2
g = Waan + yaae + C A”I’layvﬂ +
H I3
+A° (aa”;aﬂn + aaieaye — twayvu> (56)

Because @ + A°q is a function of e and # only in this approximation,

o0d* 0d” e 0g" ogt
Waan + Waae + A (anayn + aeay€>
= 0, (P* + A°g") — 04 A = —g" 0, A° = g" 04 (ng;?). (57)
The entropy production can be rewritten as
317 o1 291
_ oan N uv — 220y o
o =g (n ae> —|—naet vy — 1 ana},v (58)

Identifying naa—z with % as in equilibrium, the entropy production has the classical form as
in Irreversible Thermodynamics
1 1 201

_ﬁq“aaT + Tﬂ“’ayvv —n %a,ﬂﬂ* (59)

o=

4.2. Results of the Exploitation of the Dissipation Inequality up to Order C%
4.2.1. Restrictions on Constitutive Functions

In Equations (43), (45) and (47), the multipliers A° and A” are inserted and terms of
order higher than C% are neglected. Due to Equation (51), A” is of the order C%, and the
terms C%Az (...) in the Liu Equations (43)—(47), are higher order correction terms, neglected
in this approximation.

The result is the following restrictions

2 o o
0= 1,91 (1 - 7’2> + 15%(8@ n 1 90" ) (60)
C C

T 3799,z 9z de ddyz
or
1 ok* on v? 1 0%y
= — 1— 2 ) — —0,g% 1
2 00,z "aayz ( c? ) 2 0200,z (61)

with z € {n,e,v°} and k = ® + A°q. This extra entropy flux is not necessarily zero, and
the constitutive law of relativistic Irreversible Thermodynamics is an assumption. On the
other hand, if %Zz = 0, i.e., the entropy depends on the equilibrium variables only, then the
right hand side of Equation (61) is zero, and the extra entropy flux vanishes. In this order
of approximation, the constitutive equation for the entropy flux as heat flux divided by
temperature is a consequence of the local equilibrium assumption for the entropy density.
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Inserting the multipliers in Equation (52) and neglecting terms of a higher order than
C% leads to the restrictions

11ay othY 1(aq>7 L AC 8q7>+

Snon Pad,z 30,z 90,z
1 oP* on aq" on v2 9g"
iy Y ' & - —
s ( Vs T T G,z T e 2 90,2 ) — (62)

In the special case that ® + A°q = 0, this reduces to

ULt L L
' Paoz " de 2 00,2

(63)

z € {n,e,v°}. The gradient-dependent stress tensor and heat flux are not independent of
each other but are related by Equation (63).

4.2.2. Entropy Production

Because AY = — C%% gZ va, terms with the factor 1 AU are higher order terms and are
neglected.
0P o
g = Waan + ?aae +
1 o oo
=2 (—v"ayvacb”‘ — ko, (Mayn + aeaye>> + czA”na},vl‘
I M

+AE((1 - 2C2) (aaq dun + a;;e aye) - t%“fayvv) (64)

K
+Aecl2 (—vyv“ (%‘La,m + aaqeaae) —q'v" 90y + t””vw"‘%w) +

ot ot
—|—A§jc (—an&m — aeave)

Equation (52)-c3 is added to Equation (64). After some rearrangement, this results in the
following expression for the entropy production in three-dimensional notation

o \va krel
——
relativistic correction to the entropy flux
—q-VA°  +(V-v) —aj-l—lw(d)-i-/\eq)
on 2

H,—/
heat conduction

volume viscosity
1109y

—_— e —_—— . . —_— — e —_— .
A (5 C2).(t Vo) 22AV g+ 5500 (V-1) (65)
shear viscosity purely relativistic correction terms
where we introduced the abbreviation
kel = (5 - 7) (@ + Aq). (66)

The volume viscosity term defines the relativistic dynamic pressure

9 1 A°
aZ + v (®+ Aq) — tmce(t)? = pg"yln (67)
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References

In the special case of local equilibrium, the specific entropy depends on the equilib-
rium variables only 7 (1, e). In this case Equation (60) reduces to

09" dydg"\ _ 0 e 0 W\ _
o (E)ayz " e aayz) 00z (U”‘ (q) et =0, (68)

i.e., vy (CD"‘ - naa—Zq"‘) (e,n) is a function of the equilibrium variables. Because v is inde-

pendent of ¢ and 7, the vector ® — naa—Zq is zero, and the entropy flux is the classical one
of TIP.
In this special case, the entropy production reduces to

2 2
T nay - (1-Z s wne (0.
o= Zsz (Aq) (1 2C2>q VA* —(V v)an—i-
Ae(é— E) (¢ Vo) + L1, (v (69)
2] 2non ’

The first term is the relativistic correction term of the entropy flux. The contributions to
the entropy production of heat flux and viscous flow are of the classical form of TIP with
relativistic corrections as prefactors. The last term is a relativistic correction term, also
related to viscous flow.

5. Conclusions

The restrictions on constitutive functions by the Second Law of Thermodynamics
have been exploited by the method of Liu, taking into account the relativistic balance
equations for an observer up to the order of C% To the lowest non-trivial order of C%, the
results of the non-relativistic exploitation of the entropy inequality are recovered. These
are the assumptions of TIP—local equilibrium and entropy flux as heat flux divided by

temperature—as well the same expression for the entropy production as in TIP. In the
q

next order Cls, an extra entropy flux ® — + is not necessarily zero and the entropy may
depend on gradients. Here, the assumptions of TIP cannot be derived from the more
general method of Liu. However, if the entropy density is local, i.e., depends on particle
number and internal energy only, it follows that ® = % Even in this case, there appears to
be a relativistic correction term in the entropy production, which is not of the form of the

classical TIP.
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