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1 Introduction

In conformal field theory, people look at a Riemann surface > with boundary 9%, and the set of
maps from ¥ into a Riemannian manifold M. The case which will be of interest for us in this
present work is when the genus of the Riemann surface is 0. This corresponds to a punctured
sphere. We suppose that there are one input loop and n output loop. The map from ¥ into M
are chosen at random, with the formal probability law:

dp(y) = 1/Z exp[=1(¢)]dD()) (1)

where dD is the formal Lebesgue measure, I(¢)) the energy of the map and Z a normalizing
constant called the partition function destinated to get a probability law. Segal [46] has given
a series of axioms which should be satisfied by this theory. In particular, conformal field theory
predicts the existence of an Hilbert space Z associated to each loop space such that the surface
Y realizes a map from Z®" into Z, if we consider the case of the (n + 1)-punctured sphere.
Hom(Z®",=2) is the archetype of an operad. Namely, if we consider n elements of Hom(=Z®" =)
and an element of Hom(Z®", =), we deduce by composition an element of Hom(Z®%" =). This
composition operation will correspond to the operation of glueing n 1 + n; punctured spheres in
a sphere with (14 > n;) punctured points. For the literature about this statement, we refer to
[22], [24], [21], [49]. For material about operads, we refer to the proceedings of Loday, Stasheff
and Voronov ([39]).

The problem of the measure dyu is that it is purely hypothetical: in the case when the manifold
M is replaced by R, it is a Gaussian measure, which gives random distributions (See [42], [48],
[19]). But it is difficult to say what are distributions that live on a manifolds.

Our statement is the following:

-)Define a measure over the space of spheres with 1 + n punctured points.

-)Define an Hilbert space E associated to each loop space given the punctured points on the
sphere.

-)Define associated to the sphere with 14 n punctured points an element of Hom(Z%", =), such
that the application is compatible with the action of sewing spheres along their boundary.

For that, we use the theory of infinite dimensional process, especially the theory of Brownian
motion over a loop group of Airault-Malliavin [1] and Brzezniak-Elworthy [7]. Let us recall that
the theory of infinite dimensional processes over infinite dimensional manifolds has a lot of aspects.
The first who have studied Brownian motion over infinite dimensional manifolds is Kuo [27]. The
Russian school has its own version [4], [11], [5]. The theory of Dirichlet forms allows to study
Ornstein-Uhlenbeck processes over some loop spaces [12], [2]. Our study is related to the theory
of Airault-Malliavin, but in order to produce random cylinders, Airault-Malliavin consider a 1+1
dimensional theory: the first 1 is related to the dimension of the propagation time of the dynamics
and the second 1 is involved with the internal time of the theory (The loop space). Our theory is
142 dimensional, because the internal time of the theory is 2 dimensional.

142 dimensional theories were already studied by Léandre in [31] in order to study the Wess-
Zumino-Novikov-Witten model on the torus, in [32] in order to study Brownian cylinders attached
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to branes and in [35] in order to study one of the concretisation of Segal’s axiom by using C*
random fields. In [30] and in [31], stochastic line bundles are used. In [29], we give a general
construction of 1 + n dimensional theory, and we perform a theory of large deviation, in order to
compute the action of the theory. In [33], we study stochastic cohomology of the space of random
spheres, related to operads (For the aspect of operads related to n-fold loop space, we refer to
the proceeding of Loday-Stasheff-Voronov [39]). The problem in [35] is that there is no Markov
property of the random field, such that we cannot realize an operad by sewing punctured spheres.

Our goal is to construct a 1+ 2 dimensional Wess-Zumino-Novikov-Witten model on the punc-
tured sphere, which is Markovian on the boundary on the sphere. This Markov property allow us
to realize an operad, by sewing random spheres along their boundary. For the material of sewing
surfaces, by using the formal measure of physicist, we refer to the surveys of Gawedzki ([19], [16],
17)).

We thank the warm hospitality of Maphysto, department of Mathematics, of the University of
Aarhus, where this work was done.

2  Punctured random spheres and markov property

In order to construct a sphere with 1 + n punctured points, we define first a sphere with 1 + 2
punctured points (a pant), and we sew the pants along their boundary.

We consider a compact connected Lie group G of dimension d, equipped with its bi-invariant
metric. We can imbedd it isometrically in a special orthogonal group.

We consider the Hilbert space H of maps from S* x [0, 1] into the real line R endowed with the
following Hilbert structure:

Ao = [ H(S)Pds+

S1x[0,1] @)
/ 10/0sh(S)[2dS + / 10/0th(S)|2dS+ / 102/ 050th(S)[2dS
S1x10,1] S1tx[0,1]

S1x10,1]

where S = (s,t) belongs to S* x [0,1] We can consider the free loop space of maps from S* into
R with the Hilbert structure:

1 1
Il = [ s Pas+ [ woas 3
0 0
We can find an element e(s) of this Hilbert space such that
h(0) =< h,e > (4)

where e(s) = Aexp[—s] + pexp[s] for 0 < s < 1 such that e(0) = e(1) but €'(0) # €/(1).
We add in (2) the Neumann boundary condition:

9/0th(s,0) = 0/dth(s,1) = 0 (5)
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Let us recall that the Green kernel over [0, 1] associated to the Hilbert space of functions from
[0,1] into R with Neumann boundary condition, associated to the Hilbert structure:

/0 Ih(O)[2dt + / W (0) Pt (6)

satisfies to
er(t') = (g exp[—t'] + A explt]) <t + (1 exp[—t] + A exp[t']) Lisy (7)

where 1, , A\, , p, A depend smoothly on ¢. The Green kernel associated to the Hilbert structure
(2) are the product of the one dimensional Green kernel e4(s")e; (') = E,4(s',t').

We would like to consider the same Hilbert space with the constraint h(s',1) = h(s* 1) = 0 for
two given times s!' < s* (We can choose another condition, but we choose the simplest condition
for the sake of simplicity). When we add this condition, we get another Hilbert space H' which
is a finite codimensional subspace of the initial Hilbert space H.

We can find an orthonormal basis of the orthogonal complement of H' constituted from two
maps h'(s,t) and h?(s,t) which are smooth in (s,t). Let us consider the Brownian motion with
values in H. It is a 3 dimensional Gaussian process B,(s,t) where u denotes the propagation
time and (s, ) the internal time. The covariance between B (s,t) and B (s',t') is E,.(s',t"). The
Brownian motion with values in H' can be seen as

Biu(s,t) = a'B,(s,t) + B'BLh' (s,t) + v B2h*(s, ) (8)

where (!, 3!,7') are deterministic constants and B! and B? are two R-valued independent Brown-
ian motion. In the sequel, we will choose this procedure in order to construct the Brownian motion
B ,(S) with values in H'.

Let us consider the time ¢ = 1 where the loop splits in two loops given by s; and s;. We get
after this splitting two circles. We consider the Hilbert space H? of maps from S! x [0,1] into R
submitted to the boundary conditions h(s,0) = h(s, 1) = 0 with the Hilbert structure:

/ 102/050th(S)|2dS + / 10/0th(S)[2dS ()
S1x[0,1] S1x1[0,1]

In fact we should introduce some normalizing constant due to the fact that we do not consider
the normalized Lebesgue measure over each circles given by splitting the circle into 2 circles. The
Green kernel associated to this problem is the product of the Green kernel associated to (3) and
the Green kernel associated to the Hilbert space of functions from [0, 1] into R equal to 0 in ¢t =0
and ¢t = 1 associated to the Hilbert structure fol |I/(t)|?dt. The Green kernel associated to this
Hilbert space are of the type

6?@/) = Gttlltzt/ + bt<t/ — 1)1t<t’ (10)

where a; and b, are smooth. Therefore the Green kernel, EZ (s, '), associated to the Hilbert space
H? satisfy to
By (s, 1) = es(s)ef () (11)
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We consider an analogous Hilbert space H® with the Hilbert structure (9) and the boundary
condition h(s,0) = 0 (without the boundary condition h(s,1) = 0). The Green kernel in ¢ are of
the type

ed(t) = at A (12)

and the global Green kernel satisfy to
B (1) = es(s)ej (1) (13)

Over each Hilbert space, we consider the Brownian motion B; (.,.). Let ¥ be a pant (The
elementary surface). Its boundary is constituted of circles, and we get tubes near the output
boundary S* x [0,1/2] and tube near the input boundary S x [1/2,1]. Near the boundary,
we consider the Brownian motion with values in H?3, by taking care that the starting condition
h(s,0) = 0 is inside ¥ for an output boundary and this condition is outside ¥ for an input
boundary. We choose 3 independent Brownian motion B?(.) over H®. We multiply these Brownian
motions by a deterministic function g(¢) equal to 0 only at 0 and 1 such that g(1/2)B3(.,1/2)
corresponds to a normalized circle of length 1. Outside these boundary tubes, we consider over
the cylinder with constraint h(s;, 1) = h(sz,1) = 0, a Brownian motion with values in H', chosen
independently of the others Brownian motions, but which intersect the input boundary tube on
the cylinder S* x [1 — ¢,1]: we multiply by a smooth function g(¢) > 0 which is 0 only in 1 — e.
When the loop s — h(s,t) splits in two loops, we get two loops: we add the Brownian motion
with values in H? over each (Two independent one modulo some normalizing constants), and we
get two cylinders which intersect the exit tube S* x [0,1/2] over the tube S! x [0, €]. We mutiply
these Brownian motion by a smooth function g(t) > 0, and which is 0 on e.

After performing all these glueing operations, we get an infinite dimensional Gaussian process
parametrized by [0,1] X ¥ u — By ,(.), Which is an infinite dimensional Brownian motion with
values in a suitable Hilbert space of functions on ¥ which satisfies to the following properties:

-)For all S € ¥, u — By (5) is a Gaussian martingale.

)(u,S) — Biotw(S) is almost surely Hoélder, and if <,> denotes the right bracket of the
martingale theory, we get for u <1

< Btot,.(s)a Btot,.(S,) >< C0d(S, Sl)l/Q (14)

over each elementary parts of the pant ¥ where the construction is done. Moreover, over the pant
Y, (4, S) — Biotu(S) is almost surely continuous.

c¢)Over each boundary of the pant, u — By, (S) are independent.

In order to curve these Gaussian processes, we use the theory of Brownian motion over a loop
group of Airault-Malliavin [1] and Brzezniak-Elworthy [7].

Let e; be a basis of the Lie algebra of G. Lert B§0t7_(.) be d independent copies of By, (S). We
write d, Biotu(S) = Y €;d, Bl ,(S). We consider the equation in Stratonovitch sense:

tot,u
duQu(‘S) = gu(S)duBtot,u(S> (15)

starting from e, the unit element in the group G..
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We get (See [29], [31]) for proof in a closed context.

Theorem 2.1: Over each elementary part of the pant where the leading Brownian motion is
constructed, the random field S — ¢1(95) is almost surely 1/2 — ¢ Holder. Moreover, the random
field on X: S — ¢1(9) is almost surely continous, and its restriction on each circle on the boundary
are independent.

In order to get a general (1 + n) punctured sphere, we sew successively pants, which are
independent, except on the boundary, with a glueing condition. This glueing condition is, when
we sew an exit loop of a pant to an input loop of another pant, we choose the same Brownian
motion on H3. We can do that, because the restriction to S x {1/2} are the same. We get by
that a tree or a punctured sphere ¥(1,n). We get:

Theorem 2.2: Over each punctured sphere ¥(1,n), the random field S — ¢;(S) got after this
sewing procedure is almost surely continuous.

By using this procedure, if we consider a (1 + n) punctured spheres (1,n) and n punctured
spheres (1, n;), we can glue the input loop to each 3(1,n;) to the output loop of ¥(1,n) and we
get a sphere (1, Xn;). We suppose that all the data in this sewing procedure are independents,
except for the Brownian motion in H® when we sew an output boundary in ¥(1,n) to an input
boundary in 3(1,n;). Let us suppose that the random fields are sewed on the loops (9%);.

We get some thing like a Markov property along the sewing boundary:

Theorem 2.3: The random field S — ¢1(S) over X(1,> n;) are conditionally independent
over each ¥(1,n;) and over ¥(1,n) conditionally to each (9%);.

Proof: We remark that for H?

< B3(s,t+1/2) — B*(s,1/2),B*(s',1/2) >=0 (16)
and that
< B*(s,t +1/2) — B3(s,1/2),B3(s',1/2 —t') — B3(s',1/2) >=0 (17)

because in the t direction in H? , we have the covariance of a Brownian motion. This shows that
the process B3(.,t + 1/2) — B3(.,t) and B3(.,1/2 —t') — B3(.,1/2) are independent. The only
problem in establishing the Markov property lies near the boundary. But if we we write

g1(S) = 1d+ Z/o ) dBiotu, (5)..dBiotu,, (S) (18)
<up..<un<

we get that, after imbedding the group G in a matrix algebra

0(S) —gu(sh =Y /0 (@Bt () B (8) = B8 ABcso(5)) (1)
<ur<..<unp<

and we write dByor(S") = dBiotu(S") — dBtotu(S) + dBiotu(s) and we distribute in (18). Let us
choose two points on the same component of the boundary 51, .S, in the boundary, and two points
S’ and S” not on the side of the boundary. We get that g,(S") — ¢1(S1) and ¢1(S”) — ¢1(S2)
are conditionnally independent when we suppose given the random field ¢;(S) on the boundary.
Therefore the result.

o
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3 Line integrals

When we consider the random punctured sphere ¥(1,n), we get vertical loops given by s —
g1(s,t). Since X(1,n) is built from elementary pants ¥(1,2), it is enough to look each vertical
loop s — g1(s,t) over each elementary pants.

They are of 4 types:

-)The loop near the input boundary (Hilbert space H! & H?).

-)The loops in the body of the pants (Hilbert space H*).

-)The two loops which are created from a big loop (Hilbert space H' & H?).

-)The loops near the exit boundary (Hilbert space H? & H?).

Let us consider a one form w over G. We would like to define for each type of this loop the
stochastic Stratonovitch integral:

A < w(gu(5. 1), dun (s, 1) > (20)

We extend conveniently the one form w in a smooth form bounded as well as all its derivatives
over the matrix algebra where the matrix group is imbeddded. The technics are very similar to
the technics of [31], part III.

Let dB, be a Brownian motion with values in the Lie algebra of G. We consider the solution of
the stochastic differential equation which gives the Brownian motion from e in the Lie group G:

dugu = Gudy By (21)

The equation of the differential of the differential of the stochastic flow associated to (21) is given
(See [23], [26], [6]) by
dydu = udy By (22)
and the inverse of the differential of the the flow is given by an analoguous equation. It can be
identified to g,.
Let us consider a finite dimensional family B, («) of Brownian motion in the Lie algebra of G
depending smoothly of a finite dimensional parameter o where « lives in a finite dimensional family
of Brownian motion. We consider the stochastic differential equation depending on a parameter:

dgu(a) = gu(a)d, By (@) (23)

The solution of the equation (15) has a smooth version in the finite dimensional parameter .
0/0ag,(«) is for instance the solution of the linear stochastic differential equation with second
member:

d,0/0,(a) = 0/0ag,(a)dy By () + gu(a)d,0/0aBy, () (24)

This equation can be solved by the method of variation of the constant. We get:

Snla) = 0u(@) [ 67 @) Bu(e) (%)
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We will write s — Byt (s,t) = B.(s), and in order to define stochastic line integrals, we will
follow the method of [30] and [31], but in this case, it is much more simpler, because there is no
conditioning. By using the properties of the Hilbert structure given H', H? and H?, the covariance
between B (s) and B, (s') is given by e(s—s'). Let us suppose that 0 < s < s+As <t < t4+At < 1,
and let us compute the covariance of B (s + As) — B.(s) and of B (t + At) — B.(t). It is given by

e(s+As—t—At) —e(s—t—At) —e(s—t+ As) +e(s—t) =

26
Ce’ (s — t)AtAs + O(At + As)? (26)

because e is smooth over [—1,0] ~ [0, 1]( We use the periodicity assumption over e(.). The only
singularity in e(.) comes from 0 identified to 1 in the circle).

This shows us that we can diagonalize the four non independent Brownian motions B (s), B.(s+
As), B(t), B(t + At). We find 2 couples of independent Brownian motions (w (1), w (2)) and
(w.(3),w.(4)) such that:

B(s) =w. (1)
B (s + As) = a(s, As)w (1) + (s, As)w.(2)
B(t) =w.(3)
B.(t+ At) = at, At)w.(3) + B(t, At)w.(4)

Moreover ¢ does not belong to [s, s + As], such that the covariance of B (s+ As) — B.(s) and B.(t)
behaves as As because e(s + As —t) —e(s —t). = /(s — t)As + O(As)>.

(27)

Moreover,
a(s,As) = C + CAs + O(As)?/? (28)
B(s,As) = CVAs + CAs + O(As)?/? (29)

because e(s+As—s)—e(0) = ¢/, (0)As = +O(As)? because e has semi-derivatives in 0 and As > 0
and B.(s + As) has a constant variance. From (26), we deduce that < w (1), w.(4) >= O(V/At),
< w (3) w.(2) >= O(v/As) and that the correlator < w,(2),w.(4) >= O(v/AsAt). We remark
that F a(s, As)as=o = 0.

We imbed G isometrically in a space of linear matrices. It follows from the previous consider-
ations that in law

9.(s + As) = g.(s) + VAsg!(s) + Asg?(s) + o(As)*? (30)

where g'(s) = ¢.(w.(1)) [ (bu(w.(l))_la\?ﬂﬁ(s, 0)dw,(2). We don’t write the analoguous expres-
sion for g*(s). There is a double integral in dw (2) where the simple derivative of 3(s, A) in VAs
appear and a simple integral where the second derivative in v/ As of a(s, As) and (s, As) appear.
(.) is the time of the differential equation (15). Moreover, in law:

g.(t + At) = g.(t) + VALg (t) + Atg*(t) + O(A)*? (31)

Let f and h be 2 smooth functions over the matrix space. We suppose they are bounded as well
as their derivatives of all orders. We have the estimate which follows from the properties listed
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after (27), (28) (29):
E[f(9(3))9u($)h(90 (1) 95(8)] = C(s, )V AsAL + O(VAs + VAL (32)

where C(s,t) is continuous. Namely, we conditionate by w (2) and w (4). There are terms which
are w (1) and w (3) measurables in the expression we want to estimate. When we conditionate
by w (2) and w (4), the expressions which are got belong to all the Sobolev spaces of Malliavin
Calculus in w (2) and w (4). We can apply Clark-Ocone fortmula ([43]) to these expressions. We
deduce since < w (3),w.(2) >= O(vAs)and < w (1), w.(4) >= O(v/At) that the Ito integral
which appears in the Clark-Ocone formula are in O(v/As)dw (2) and in O(v/At)dw.(4). These
leads to expressions of the type,

O(VAs) " (s, S2, 83)dw,, (2)dw,, (2)dw,, (4) (33)
0,1
where we used either [t0 integral or Stratonovitch integral. We convert it in Skorokhod integral
(whose expectation is 0) and we find a counterterm in O(As) (We can suppose that As = At as
we will do in the sequel). For that we used the following result: let f a smooth functional with
bounded derivatives of all orders in a finite number of g,(s) or in g,(t). Let F' the associated
Wiener cylindrical functional. Let F' = E[F|w (2),w.(4)]. It is a smooth functional in the sense of
Malliavin Calculus in w (2), w.(4) and its derivatives D¥F(ty, .., t;;) have an estimate in O(v/As)*
We consider a smooth 1-form w, in the spaces of matrices with bounded derivatives of all orders
which depends smoothly from a finite dimensional parameter v. We suppose that the derivatives
in the parameter v are bounded.
We consider 2V, N being a big integer, and the dyadic subdivision of [0,1] associated to 2.
We call it s; with s; < s;,; such that s; 11 —s; = 27V, If s € [s4, 8;41], we call

S —S;

9u (5) = gulsi) + (Gu(sit1) = gulsi)) (34)

Si+1 — Si

s — gV (s) is piecewise differentiable. We consider the random variable:

AN = / < w(g(s), dug () > (35)

Let us give the following decomposition of AY:

| < (g () —lg (s2)), dug (5) >

(36)
i+1

S [ <l .4l ) =AY (<2 + AY0)
The Tt6 term is AN () and the Stratonovitch counterterm is AY(<,>). The It6 term can be
divided into two pieces: the first one is when in (30) we take the term in g'(s) and the second
one is when we take in (31) the term in g*(s). We get the decomposition, of the Itd term in
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AN(81) + AN (82). The term which diverges "a priori” is AY(5;). But we can use (32), and show
that when N — oo,
E[AN(6))%] — C(s,t)dsdt —|—/ C(s)ds (37)
S1x 81 S1
where C(s,t) is continuous.
Moreover, the second part in the Ito term checks clearly:

E[AY(6,)%] — o C’l(s,t)dsdt—i-/s Ci(s)ds (38)

Since the counterterm which is due to the Stratonovitch correction is a ”a priori” less diverging,
we can see in an analoguous way that:

E[AY (<,>)Y] — Cg(s,t)dsdt+/ Cy(s)ds (39)
S1 XSt S1
These remarks justify but not prove the following proposition:

Proposition 3.1: When N — oo, the sequence of random variables AY tends in L? to a limit
random variable called [o < wy(g1(s)),dsg1(s) >= A,. Moreover, there exists a smooth version
of the line integral A, in v.

Proof: Let us forget for the moment the parameter v. Let us write:

A= [ <l o) () >= 3+ ) (40)

where BY is the Bracket term

BN = /[ el )~ ea () dgl(5) > (41)
and CZ-N is the It0 term:
CN =< w(gi(s:), Asgr(si) > (42)
We write
¢ = DY + EY + 027 (43)
where
DY = /si:1 — 5 <wl(g1(s:)), g1 (i) > (44)
and
EN = (si1 — 51) < w(gi(s0)). g (s) > (45)

First step: convergence of > EV.

In g3 (s;) whose writing is derived from (24) by taking another derivative, there is a linear integral
which comes from the second derivative of a(s; + As;), from a second derivative in 3(s, As) in
v/As and a double integral which comes from taking only one derivative in 3 (s, As). The term in
the linear integral can be treated in the following way: we get > ElN1 IftM>N

Q_BYN-Y EN’=0Q_( >  EN-EN) (46)

t [s5,84+1]Csi,8541]
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IEAI

,85+1]1C[si,8i+1] EZE 7,1
can write the sum to estimate

Yo (s )< wlgi(si) Gilsi) > = < w(anls;): dals;) >) (47)

[55,55+1]C[s6,5i+1]

In order to compute Z[S]_ we write S;+1 — $; = »_ ;41 — s; such that we

g1(s;) is the term in the simple integral where we take the second derivatives in VAs of a(s, As) and
B(s,As). The terms which are integrated depend continuously from s. Therefore the contribution
where we take two derivatives of a(s, As) vanish. It remains to consider the contribution where
we take two derivatives of (s, As). We can replace the terms considered by

Yoo > <wl@ls))mls) > = <wlails))),gulsy) > (48)

t o [s5,85+1]C[s4,8i+1]

where we have replaced the term in two derivatives by \/As;B.(s; + As;) — B.(s;). We write
B (s+ As;) — B(s;) =Y, B(sj+ As;) — B (s;) and we see that < B (s; + As;) — B (s;), B.(sj +
Asjy) — B(sj) >= O(As;Asy) if j # j' and equal to O(As;)) if j = j'. This shows that the L?
norm of

S (< wln(s)ds) > — < wlgrls)ails) >) (49)

[s5:55+1]Csis5i+1]

behaves as O(1/N)As; because w(gy(s)) depends continuously of s and after using the desinte-
gration argument used after (32).

The problem arises when we take the double integral. In order to study the behaviour of
its sum, we can replace w (2) in (27) by B.(s; + As;) — B.(s;) and take the double stochastic
integral which is associated by taking the derivative of the flow ¢,(s;) associted to the equation
dgy(si) = gu(s;)dBy(s;). Namely, we consider a double integral of the type

/ Asib dwn (2)\/ B dwy(2) (50)
O<u<v<1

which behaves modulo an error term in O(As;)%? as

/ b7 As, Bu(51)07 As, Bu(s:) (51)
O<u<v<1

For the convergence of EY | we can assimilate (s;1 — s;)g2(s;) with the double integral ay,(s;) after
performing these replacements. Let N’ > N and s; be the dyadic subdivision which is associated.
We sum over [s;, sj+1] C [s;, Sit1]. We get:

w<gt(82) at Sz Z <w gt 8] at(S]) -

Z(< w(ge(si) —w(ge(sy)), cul(s;) >+ < w(ge(si)), culsi) Zat 51)) (52)
=0 + e
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The sum of the first term tends to 0 in L2. The difficult term is to estimate the term in ¢V¥. In

i

the double integral which compose ay(s;), we write

B (s; + As;) — B(s;) = > B(s;+As;) - B(s;) (53)

[55,5j+1]C[s6,5i+1]

We distribute the integrands. Over each dB.(s; + As;) — dB.(s;), there is in the double integral
a term which B (s;) measurable, which is adapted and which depends on a continuous way of
s;. Since it depends on a continuous way from s;, we can replace it when we distibute by the
corresponding term in s; in oy(s;). After distributing in oy (s;) — > au(s;), the diagonal term are
substracting, and it remains to study the process

51{\[ = Z < w(gt(si)),
Z /0< <v<t ru(Sj)duAsjBU(SJ)TU(Sj’)dvAsj/Bv(Sj’) > (54)

[85,8j+11C[83,8i+1],[557,8 57 111 C[s4,8i+1]5 75

We decompose the semi martingale 6 into a finite variational part which converges by using
(26) to 0 and a martingale part M}¥. Namely, we can convert the double Stratonovitch integral
which appears in (54) in an It6 integral. The boring term arises when we replace the double
Stratonovitch integral by an It6 integral in (54). We would like to show that this martingale tends
to 0. For that, we compute its quadratic variation. We get a sum over all quadruple [s;,, s;,41],
[Sjw 8j2+1]7 [Sj37 Sj3+1] and [8j47 Sj4+1]'

-First case: let us suppose that all the elements of the quadruple are different. The contri-
bution of each quadruple is in 27*Y" by the properties listed after (27), (28), (29) which express
that the covariance of B (s; + As;) — B (s;) and of B (sj11) — B.(sj) in term of As;jAs; and the
covariance of (B (s; + As;) — B (s;) and of B (t) in As; if ¢ does not belong to [s;, s;41]. Namely,
if the intervals [sj,, S;,+1], [Sjs, Sjo+1] do not intersect and if s;, and s;, do not belong to these
intervals, we have only to show by using the It6 formula that

BU[  rlsiddido, Bulss) [ s, )b, Buls)ra(sn)rds)
o<u<v o<u<v

= O(Asj,Asy, )

(55)

because the right Bracket between Ay, B(sj, and Ag; B(sj,) is in O(Asj,As;,) We take the con-
ditional expectation of r,(s;,) and r,(s;,) along the Gaussian space spanned by B (s;,), B.(sj,),
Ay, B(sj,) and Ay, B (sj,). We can suppose that r,(sj,) and r,(sj;) are measurable over this
Gaussian space. But 7, is solution of the stochastic differential equation giving the flow of the
Brownian motion over the Lie group, and is therefore a stochastic integral. We use the following
rules for calculating different conditional expectation for the solution of this flow. We consider
the solution of the stochastic differential equation starting from the identity:
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where B; and Bt are two independent Brownian motions. We can write A; = W, V; where dV; =
VidB, and dW; = Wt‘/}dét‘/;_l. after using this remark in order to calculate the conditional
expectation, we desintegrate along Ay, B.(s;,) and Ay, B (sj,) as in (32), and we conclude by
using the consideration following (27), (28), (29).

22N94(N'=N) such possibilities. The total contribution is 272 which tends to

They are at most
0 when N — oc.

-)Second case: there are 3 different intervals [s;, s;41]. This can come from a concatenation
of two times d, for u < v in the stochastic integral (54) after converting it in a double It6 integral
or a concatenation of the same term d, in the stochastic integral (54). The contribution of each
term is 273" by doing as in the first case.. They are at most 22N ~N)92(N'=N) — 93N'9=2N gy;ch
possibilities. The total contribution behaves in 272" which tends to 0 when N — oo.

-)Third case: there are 2 different intervals [s;, s;41]. The contribution of each element which
appears is in 272V by doing as in the first case. There are at most 2V22(N'=N) such terms. The
total contribution is in 27% which converges to 0 when N — oo.

This shows us that > EY is a Cauchy sequence in L.

Second Step: convergence of the Ito term > DV,

We write

ol = DN — > DY (57)
[sj,85+11C[s0:8041]
and we would like to show that >« — 0 in L?.
They are two terms to study:

-)The contribution of E[a)Nalf] for i #i'. By (32),

Z Ela) o] / Cy(s,t)dsdt — 2/ Cy(s,t)dsdt =0 (58)
Slx st

1#£4/ Slx st

-) The contribution of Y, E[(«}N)?]. By using the consideration of the first step, we can write
modulo a term which vanish that

al =< w(gi(s:)), As,gi(ss) > — Z <w(g1(s5)), As;91(s5) >

[s5,85+1] (59)
= > <w(gi(si) —w(gi(s)), Ayan(sy) >= Y BY
[s5,8j+1]Clsi,8i+1] J
To study its convergence, we write:
B.(si) =w.(1)
B.(s;) = alsi, s;)w.(1) + 5(si, 5;)w.(2)
B (sj = Asj) = a(si, sj, Asj)w (1) + B(si, 5,48;)w.(2) + (s, 55, Asj)w.(3) (60)

B(sj) = alsi, sy )w.(1) + B(si, s )w.(4)
B.(sj+ Asjr) = asi, sy, Asjo)w. (1) + B(si, 550, A8 )w.(4) + (s, 7, Asj)w.(5)

We have (s, t, At) = C(s,t)V/At + O(At), B(s,t, At) — B(s,t) = CO(s,t)At + O(At)*? and
a(s, t, At) — a(s,t) = C'(s,t)At + O(At)*2. We deduce that < w (5),w (3) >= o(As;), <
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w (5),w(2) >= O(y/As;) and < w (5),w (1) >= O(y/As;). In a similar way, we have <
w.(3),w.(1) >= O(y/As;), < w.(3),w.(4) >= O(As;) (We used the fact that As; = As;). With
this decomposition, we write the analoguous of (30) and (3 1) for ¢ (s; + As;) by doing the condi-
tional expectation along the Gaussian processes w (5), w (4),w.(2), w (3) and for g (s; +Asj). We
find if j # j' E[BN 3] = o(I/N)272N" and in the other cases E[|3N[*] = o(1/N)27"". Therefore,
EICP) = o(1/N)2™ and 3, E[[CYF] 0.

Third step: study of the convergence of Y BY.

We write
w(gh(s)) — w(gi(s:) = %gﬂs»a(gﬂsm +0(s — ;) (61)
and
dug¥ (5) = ——2g3(50) + dsg(s5) + dsO(s:41 — 52) (62)

VSi+1 — Si

The more singular singular tem in BY is

Si+1
N S5 1 1
o = —— < gy(8;),a(g1(s;), g7 (s;) > ds =
/81 Sie1 — 51 91(s:), (g1(si), g1 (i) (63)

(siv1 — i) < g1(si)a(g1(s:)), g1 (s5) >

There is in the previous contribution a quadratic expression in g (s;). These expressions can be
treated exactly as in the first step of the convergence of >_ EN. by writing < g1 (s;), gi(s;) > as a
double integral and relpacing (s;y1 — i) < gi(s;), g1(s;) > by a double stochastic integral where
we have removed As;w (1) by Ag, B.(s;). The sum of the others terms tends clearly to 0.

In order to show that [, < w,(g1(s)),dsg1(s) > has a smooth version, we show that the system
of derivatives of AY in v converges in L?. We conclude by using the embedding Sobolev theorem

as in [23].
&
We consider a more intrinsic approximation of the line integral. We use if ¢1(s;,t), g1(Siy1,1)
are close,
S —8; _
Fn(s,91(54,1), 91(8i41,t)) = eXP[&l—S log(g1(Si+1,t)g1(si, 1) 1)]9(%75) (64)
i+1 7 91

conveniently extended over the set of all matrices. We put:

91 (s,t) = Fn(s, g1(si, 1), g1(si41, 1)) (65)

We consider flf)\’ as in (35) with this new approximation. If we look the asymptotic expansion of
Fy, we see that the more singular term in d,gY (s,t) and d,gd(s,t) coincides. This justify the
following theorem:

Theorem 3.2: flfjv tends in L? for the C* topology over each compact of the parameter set to
the Stratonovitch integral [, < wy(g(s,t)),dsg(s,t) > which has a smooth version in v.

Remark: We don’t know if the Stratonovitch integrals of Theorem III.2 and of Proposition
III.1 coincide. In the sequel, we will use the version of Theorem III.1, because it is a geometrical
version.

Remark: Instead of integrating over a circle, we can integrate over a segment.
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4 Integral of a two form

We decompose the pant (1, 2) in elementary cylinders S* x [0,1] = D. Let B.(s,t) = B, (s,t) be
the Brownian motion parametrized by these elementary cylinders. Each correlators check all the
properties listed in the part IV of [31] such that each correlator is smooth outside the diagonals
and its derivative has half limits on the diagonals, such that we can apply the technics of the
part IV of [31]. The requested properties which come from the properties of the correlator are for
elementary cylinders which constitute the pant:
Property H1
< B(s+ As,t) — B(s,t), B(u,v) >= O(As) (66)

if u does not belong to |s, s + As[ and the symmetric property.
Property H2

< B(s+ As),t) — B(s,t), B(u,v + Av) — B (u,v) >= O(AsAv) (67)

if u does not belong to |s, s + As| and ¢ does not belong to v, v 4+ Avl.
Property H3

< B.(s+ As,t) — B(s,t), B(s'+ As',u) — B(s',u) = O(AsAs') (68)

if |s', s + As'[N]s, s + As[= 0 and the symmetric property.
Property H4: If t’ > t,

< B(s+ As,t') — B(s,t'),B(s+ As,t) — B(s,t) >= C(t,t')As (69)

where C(t,t') is continuous, the same being true for the symmetric case.

We imbedd G into a matrix algebra isometrically. Let g(s,t) be the random field parametrized
by the torus with values in G. Let 2V be an integer, and s; be the associated dyadic subdivision
of ST and t; be the associated dyadic subdivision of a copy of [0,1]. We consider the polygonal
approximation of ¢(s,t), if (s,t) € [s;, si+1] X [t,t;41] = T35

S — 8;

t—1;
gV (s,t) = g(si,t;) + (9(si+1.t5)—9(si, 1)) + ——"-(9(si, tj1) — 9(si,t5))
Si+1 — S tiy1 —t;

n t—1; s—s; (70)

tiv1 —tj Siy1 — S,(9(3i+1,tj+1) = g(si,tjr1) — 9(sit1,t5) + g(si; 15))
J jSi i

= g(si, t;) + a7’ (s) + b’ () + b (s, )

Let us consider a two form w over (G, conveniently extended in a two form w over the matrix
algebra bounded with bounded derivatives of all orders. We suppose that the two form depends
on a finite dimensional parameter v. We consider

A,UN = / (gN)*Wy :/ < wv(gN(S7t))adsgN(S7t)7dth(S’t) > (71)
D S1x10,1]
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Let us denote by Ay, g(s;,t;) the quantity g(s;, tj41)—g(si, t;), by As,g(s4,t;) the quantity g(s;i1,;)—
g(si,t;) where we have imbedded the group G in a linear space. If i # ', j # j', we will see later
that

E[Ag9(s6,t5)Ar9(85, 1) As, g(sir, tj/)Atj,g(Si/, ti)] = O(As;At;AsyAtj) (72)

where we take a quadratic expression homogeneous in each term in each increment. The most
diverging term in the quantity AY is

Z < wy(g(sits)), As,9(si,t5), Ay, g(s4,t5) > (73)
When the length of the subdivision tends to zero, the L?-norm of this expression tends to
/ C(s,t, ¢, t')dsds'dtdt’—l—/ C(s,t,t")dsdtdt’
DxD SixD
—l—/ C(s, s’,t)dsds’dt—i—/ C(s,t)dsdt
Dx[0,1] D

This justifies without to prove the following proposition:
Proposition 4.1: When N — oo, the traditional integral AY tends for the C* topology over
each compact of the parameter space in L? to the stochastic integral in Stratonovich sense:

/ G, = / < wlg(s.8)), dug(s.,), dug(s,t) > (75)
D 51x[0,1]

where the stochastic integral [ p 9w, has a smooth version in v.
Proof: We suppose first that there is no auxiliary parameter. We can write:

A= [ <wlg¥(5.0).dal (), dia (1) >
+/D < w(gN(s,1)),dsal (s),dial (s,t) >
+/D < w(gN(s,t)),dsal (s,1), dad (t) >
—|—/D <w(gV(s,1), dsad (s,1),dyas (s,t) >= AN + AN + AN + AY

STEP I: convergence of AY. We repeat the considerations of the part III for s — B (s, ;) and
t — B(s;,t). If we fix t;, we get by (30) an asymptotic expansion in order 3. We get expressions
in the asymptotic expansion in g% (s;,t;), g% (s;;t;) and ¢*(s;, t;). If we fix s;, we go in (30) to
an asymptotic expansion at order 3. We get derivatives in law g-!(s;, t;), g7%(si, t;) and g-(s;, t;).
We get:

Ay = Z < w(g(si, t5)), 9(sit1,t5) — 9(si, t5).9(si tj1) — g(si, t5) >

(77)
+Z/T < w(gN (s, 1)) —w(g(si, t;)), dsay (s),dpay (t) >= By + B2
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BY is the It6 term, which is apparently the most diverging when N — oco. BY is the Stratonovitch
counterterm.

Step I.1: convergence of the It6 term Bi.

We write as in (30)

9(siv1,t5) — g(sisty) = V/Six1 — 519" (50, t5)+

. (78)
(sit1 — 597 (50 15) + (siv1 — 5:)*29% (si,45) + O(si11 — 1)’
and we write as in (30)
9(sistinn) = g(sisty) =\t — 1597 (50, )) (79)

+(tj+1 - tj)g Q(Sut ) + (tg+1 —t; )3/29';3(3@ tj) + O(Sz‘+1 - Si)2

This will lead to stochastic integrals in /s;11 — s;9% (si,t;) and in /41 — £;97(s;,t;) which
apparently do not converge and to integrals in (s;11 — $;)g% (s, t;) as in (tj41 —t;)g7%(si, t;) which

will lead to classical integrals. We deduce the following decomposition of the Ito term B:
BN =CY +CY +CY +CY + CY + error (80)
-)C¥N is the double stochastic integral in the time direction s and in the time direction ¢:

CF = VAsi/At; < w(glsi,ty), g% (sirty), g7 (si, 1) > (81)
i

-)C¥ is a stochastic integral in the direction s and a classical integral in the direction ¢:

CyY = VAsiAt; < wlg(si b)), g" (sisty), g2 (siity) > (82)
i,J

-)C¥ is a vanishing term:

ON = Z \Z ASZAt§/2 < w(g(si’tj))vgl;.(siatj)vg.;g(sivtj) >
1,7

| (83)
+Z(A3i)3/2 Aty <w(g(sity), g% (sity), g7 (i, t5) >
%

-)CY is a classical integral in the time direction s and a stochastic integral in the time direction
CY =) Asi\/At; <w(g(sity), g% (sity), g7 (si,t;) > (84)
.3
-)CY is a classical integral in the time direction s and in the time direction ¢.
oN = Z Asi Aty < w(g(sity), g% (sit), g% (i, t5) > (85)
1,J

C}Y is the more "a priori” divergent term when N tends to oo and C¥ will lead to a double
classical integral on the torus.
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Step I.1.1: For integers N, N’ such that N' > N, we consider C\Y = 3, - C[Y ;.
We consider a bigger integer N/ than N and we consider

DN =cN ool (86)

z?j?]‘ Z?j)]‘ -
Ti’,j’ QTM

Let us consider first the case where 0 < s+As < s’ < §'4+As’' <land 0 <t+At < ¢ <{+AY < 1.
We get if f and g are smooth functions with bounded derivatives of all orders:

E[f(g(s, t)h(g(s', 1) g" (s, t)g" (s, 8)g" (s, ) g7 (s, 1)) =

C(s,t, s )V AsVANASVAL + error (87)
In order to see that, we begin by diagonalizing B (s,t) and B.(s',t).
B.(s,t) =w.(1) (88)
We write:
B (s+ As,t) = a(s, t, As)w (1)+0(s, t, As)w.(3) (89)

B (s,t+ At) = a(s,t, A)w (1) + B(s,t, At)w (4)

and the analoguous formulas for B (s’ 4+ As’,t') and B.(s',t + At’) with some other new auxiliary
Brownian motions w (5) and w (6). Moreover

afs,t,As) = C + CVAs + CAs*? 4 O(As)? (90)
and
B(s,t,As) = CVAs + CAs + C(As)*? + O(As)? (91)

the same asymptotic results being true when we reverse the role of s, t.
The main result is the following:

< B(s+ As,t) — B(s,t), B(u,v) >= O(As) (92)

if u does not belong to |s, s + As[, the same equality being true if we reverse the role of s and ¢.

We use the fact that the Green kernel associated to the two dimensional problem is the product

of the Green kernels associated to the one dimensional problem by the remark following (6).
Moreover

< B(s+ As,t) — B(s,t), B(u,v + Av) — B (u,v) >= O(AsAv) (93)
It is equal namely to

e(s+As—u)e(t —v—Av) —e(s —u)(t—v — Av) + e(s + As — u)e(t —v)—

(94)
e(syle(t —v) = (e(s+ As —u) —e(s —u))(e(t —v— Av) —e(t,))

if u does not belong to |s, s + As[ and ¢ does not belong to v, v + Av[. Moreover,

< B.(s+ As,t) — B.(s,t), B(s' + As',u) — B(s',u) >= O(AsAs") (95)



Entropy 2004, 6 198

if 18, 8" + As'[N]s, s + As[= () by analoguous reasons, and using the fact that the Green kernel
associated to B.(s,t) is the products of the one dimensional Green kernels.

In order to simplify the exposure, we writte At = At' = As = As’. We conditionate B (s, t)
and B (s',t') by w.(3),, w.(4), w(5), w(6). We use the formula (56) in order to compute this
conditionating for g(s,t) and g(s',t'), and after the Clark-Ocone formula (See [43]) in order to
compute the conditional of h(g(s,t)) as an It6 integral in w (3), w.(4), w (5) and w (5) with term
bounded by vAs by (92). We get to take the expectation of the product of four It6 integral
or 5 or 6. We can estimate its expectation by using the It6 formula and (93), (94) by applying
iteratively the Ito formula and the Clark-Ocone formula. We reduce iteratively the length of the
iterated integral we have to compute. The same result holds by the same arguments for:

E[f(g(s,#)h(g(s',1))g" (5,8) g7 (5,8)g" (', )g ' (', 1)]
= C(s,t, 8, t’)\/E\/E\/E\/_t’ + error

if we suppose that As = As’ = At = At'.
We deduce from the previous considerations that:

(96)

E[ Y DY,D);,]—2 / C(s,t, s t')dsdtds'dt’ — 2 / C(s,t, s t')dsdtds'dt' =0  (97)
il bz bz

Let us now study the behaviour of
B[ D5iDil (98)
b,J 75’

when N’ — oo.

By the previous considerations, the contributions of the T} ; strictly interior to 7; ; and of the
Ty strictly interior to 7T; j» vanish. Therefore, it is enough to study the contribution of

Czljj\{/ Y AS% V At]u < w 827 791;.(Siatj)7g.;1(si;tj) >
/ . g 99
_Z Asi’ At] <w g Sity ]))79 7 (Si’vtj>7g’1<si’7tj> > ( )

for [si, sip1] C [si,8i41]. We would like to show that E[}~, . 011]1\{ C’ZIJJ,Vl] tends to 0 when
N’ — oo. We will see later (See Step 1.1.2 , Step 1.1.3 and Step 1.1.4) that we can replace
VASs;i g (si,t;) by Ag (s, t;) and \/At;g(si, t;) by Ay, g(si,t;). it is enough therefore to consider

the behaviour of

CHY =< wlg(sity)), Dag(si ty), A g(sint)) >

,5,1

- Z < w(g(si’a tj))a Asi/g(SiU tj)a Atjg(si’a t]) > (100)

and to show that E[>
But

2N’ ~2,N’
ij2i Cia Ciy il tends to 0.

ZAS/Q Sty t; Aszg(sw ) (101)
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Therefore

,], Z < W 527 - w(g(si/,tj)),Asi,g(si/,t') At-g(siat') >

, (102)
—i—Z < w(g(si,t; ,Asi,g(sl, i) Ay, g(sit5) — Ay, g(si, ty) > C’SJI —I—C4N

By using the technics of the next steps, we can replace A, g(sy,t;) by vAsyg"(sy,t;) and
Ay, g(si,t;) by /At;g! (sz 2t ;) and At g(sir ty) by \/ALig (s, t;) and Ay, g(s;,t;) by \/At;g7 (s, ;).
We get two quantities C i1 and coN i3

We compute ), i E[(C Ui CE’ )] There are two contributions. The first one is when we
consider twice the same s;. There are 4 types of increments which appear (s;,t;), (si,1;), (st
and (s}, t;5'). We take the conditional expectation along Ay, B.(sy),t;), Ay, B.(s4,t5), Ag, B(sy, ty)
and Atj, (s4,t;7) or more precisely along the Brownian motion which arise from the d1agonahsa—
tion (89) of the Brownian motions B (s;, t;), B.(si,t;), B.(s;,t;) and B (sy,t;/). The Stratonovitch
integrals g'*(s,t) and g+'(s,t) are in fact It6 integrals. Moreover we can compute the conditional
law of g(s;,t;), g(si,t;), 9(si,t;) g(si,t;) by using (56) and the Clark -Ocone formula to express
the quantities which appear in this way as stochastic integral which are martingales and whose
bracket with the others tems can be estimated by (89). There is a product of Martingale It6
integrals, whose expectation can be estimated by using succesivly the It6 formula and the Clark
Ocone formula. We conclude by using (4.27), (4.28) and (4.30). We get that the contribution when
there is one coincidence leads to a term in O(1/N)As;yAt;At;. When there is no coincidence,
we condition by Ay, B (s, t;), Ay, B.(si,t5), A, B.(si,t;) and Ay, B (s4,t;), or more precisely by
the Brownian motions arising from the dlagonahsatlon (89). We proceed as before, and we get a

e 5,N’ ~5,N’
contribution in o(1/N)Ag, Ay, Ay A, Therefore B[y, .. C;5 CFy] — 0.
By the same type of trick and performing the conditional expectation along the increment
A¢B (s,t) and A;B (s,t) or more precisley by conditioning along the Brownian motions which
appears in the diagonalisation (89) in C’ C’6 o1 and after using the Clark-Ocone formula, we

see that the quantity > E[CEN' ¢ v ] — 0. The same holds for E[> o N o6

575" ,3,1 ~4,57,1 1,375 651 g, 1]

Let us study the behaviour of £ [Z (D%’l)ﬂ. By the considerations which will follow in the

next step, it is enough to study the behav1our of

81, ZAS/Q 517 )7ZAtj/g<Si7tj') >
_Z <w(g(si, tj), As, g(sir ), A, g(sir L) >=

{Z<W(9<Si:tj A, g(sintyr), Ay, g(sitye) > (103)

_Z < w(g<817tj AS/g(Sl ) ) At /g(sl at ) >}

+Z <w(g(5i’7tj’> _w(g<5i7tj)) AS/g<SZ7 ) At/g<sza ) szl"i_G?),]],V
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where we do the summation over [s;, si41] C [si, Si1] and [tr, tj 1] C [tj,t41]. In Gm 1, We write:

As./g(sz ) )At/< (817 ) As~/g(3i”t")At~/g(3i’7tj’>
= (As,9(sitj) — Ds,g(sist; ))At L 9(sity) (104)
+Asi,g(sz ) )(At/g(su ) — At/g(sz i)

2,N’ 1,N/
and we deduce a decomposition of G” , into G” 1 +G” 1 InGiy, G” , and G” |, We can replace

As,g(l, i), At/g(sz, /) by VAsygh (s, t ;). We can replace /At g° Lg(si,t ;) and As,g(sZ )
by VAsigh (si, ty) and A, (s ty) by \/Atygi(si,ty) by \/At g Ysu, tj). We get G” " and

4,N
il
We have 6 terms to estimate' E[Z (G1 M2 ED. (GQJJ\;) I, B> (Gf’]Nl) I, B> G1 N G2 M,

?.]?
B G N G M G” Gy 3N, We can do the multlphcatlon term by term in each product

which apI;]éar. Ijn each term, we distribute another time. There are 4 terms where two expressions
in g and ¢! appear. We condition by the set of increments in the leading Brownian motion
which appears in these expressions, or more precisely of the terms which appear after the diago-
nalisation (89) in A B(s,t) and A;B(s,t). We use (57) and the Clark-Ocone formula (See [43]).
We use (89), and (93). When we develop, there is the possibility that we get exactly 4 times
sir, Sp, ty and tj, which lead to a contribution in O(1/N) >, jisi AsiAsp Aty Aty There
is a contribution when there are 3 different s;,¢;/,t;» or sy, s;»,t; which lead to a contribution in
dijzp O/N)As Aty Aty or 32y O(1/N)AsyAsy Al and a contribution where we get only
two times s; and ¢; which leads to a contribution in }_, ; O(1/N)As;At;. Therefore, >, G?’J]’V/
tends to 0 in L2

By the same argument, »_, , G

;i1 and ijN/ tend to 0 in L2. By using this type of argument,

we can get the requested hmlts.

Step 1.1.2 Study of the convergence of the terms C2 and C} where we mix stochastic integral
and classical integral.

This term is simpler to treat than the double stochastic integral, which is most diverging, which
appears. But it leads to some complications, because in g+2(s, t), there are some double stochastic
integral in the dynamical time u which appears. We write

cﬂV__jzjc7J2 (105)

We consider a bigger integer N’ and we write:

DY, =Cly— Y CViy (106)

i\
T",j’ QTM
We have the following behaviour:

E[f(g(s, t)h(g(s', 1) g" (s, 8)g (s, 8)g" (s, ) g7 (s, 1)) =

vV AsV 107
C(S,t,S,t) AsV As + error ( )



Entropy 2004, 6 201

fAs=Atandif 0<s<s+As<d<d+Ad<TlTand0<t<t+At <t <t +AY <1
C(s,t, s, ') is continuous. Namely, g+*(s,t) and g+?(s’,t') are given by double stochastic integrals
in the term w (3) or w (4) which appear in (89). It is the far most complicated term, the terms
in simple stochastic integrals can be treated as before. We condition after by the increments
AyB(s,t), ApB.(s,t"), AsB.(s,t) and Ay B (s',t') or more precisely by the terms which arise
from the diagonalisation in (89). We write the double Stratonovitch integral which appears in
g+3(s,t) or g+2(s',t') as double Ito integral and a simple integral. After using the Clark-Ocone
formula, the expectation of the product of at most 8 term and at least 2 Ito integrals hasto be
computed. We use It6 formula successivly and Clark-Ocone formula successivly in order to get
our estimate.
We have analoguous formulas we don’t write. Therefore:
Z DJ’\;/QDfV;, N C(s,t, s t")dsds dtdt’
i# 5 #g T4 (108)
C(s,t, s t")dsds'dtdt’ =0

T4

Let us study now the behaviour of

E[Y_ D},DY,,] (109)
4,577’
By the considerations which will follow, it is enough to study
cl 32 = At; <w(g(si, t;), A g(si, t;), g7 (si, ;) >
_ZAtj’ < w(g(si ty), As,g(si,ty), g2 (si,ty) > (110)

But we can write:
g(sity) = Ag,g(sit (111)
such that:
0”2 At; < w(g(si,t; ZAs,g sinstj), g% (si,t;) >
- Z At]’ < w(g(si’v t]’))a Asi/g(silv tj’)) g’ (Si’a t]’) >

= {Z Atj/ < w<g<8i>tj)>7Asi/g<3i/7tj)ag.z(siatj) >
o (112)
_Atjl < w(g(517t])7 As,-/g(si’7t")7g (Sz s ) >}

+ D Aty {< wlg(sity) = wglsinty), Asg(sity), g2 (s, 1)) >}

Z'/7j/
= Cijy + Ciga™'
In C1Y P9 " and C’QJ 5 » we can replace, by the considerations which will follow, A, (g(si,t;) by the

quantlty VAsygh(sy,ty) and A, (g(sv,t;) by \/AsZ g1 (s ,t]'). We get expressions C 2/ and

o o - We distribute the term which appear in S (et C’4 "o, there are 4 terms with 1ncrements
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Asigh(sin tyr) VAspg(sp,tp) and Atyg?(sy,ty) and Atjpg2(sp,t») which appear. We
condition by the Brownian motions which are got after diagonalising the increments of the leadings
Brownian motions which appear in these formulas and we get as before a norm in L? which tends
to 0.

We have to study 3 terms: E[> i,j5 # j'C ”2 N/] E[Zi’j# C’f]]\; C’4 ] and the last one
B iz o3 o i 2] The behaviour of E[3_, . c? o C3 ] is the most complicated to treat.

%,5,2 1 A
We write:

?j]]\; - {Z V AS’L At < w 827 ))791,.(81"7tj)vg.z(siutj) > =
Z \/Asi/Atj/ < w(g(si, 1)), 9" (s, ), g7 (s, 5) >}
‘l‘{z VAs ALy < w(g(siyty), g% (s, 150),02 (50, 15) — g2 (sw,t5) >} (113)
,i/,j/
D VBsi Aty < w(gl(sinty) g% (sv 7). g2 (50, 15) = g2 (s, 1) >}
i/7j/
5,N 7N’
—Cﬂ + Oy 2N +Cia

By the previous considerations, we have only to estimate E[_, ;. C’%JJ’VCf ]],VZ] B iz ,CY JA; c i N
and E[, . c’ jg C’Z ]],\72] as well as the sum where there exist other commdences of mdlces
i,7,7,7. We have to estimate the analoguous quantities where we mix 6’5 2 and CG g, the
term where we mix C’ 2/ and % Iy , and C’7 s o and the term where we mix C’ o " and C’7N We
will omit to write the deta1ls of the convergence of these mixed term to 0. Clearly,

ED i) —0 (114)

,3,2 ~i,57,2
.57

Namely, if we do the multiplication of each term in the sum, there are 6 increments which appear
Asi’l B(SZ/I s tj1)7 Asz’l B(SZ/I s tﬁ), Atjl .B(Sz17 Jl) As i B(SZ/ , t32) Aszé .B(SZ/2 s t]é) and Atjg B(SiQ, t”)
Their mutual covariances satisfy to (92), (93) and (95) because j; # j» and because we don’t
have to consider when we do the multiplication term by term to consider the interaction between
Asi,l (sir,t5,) and Asi,lB(si/I, t;;) and the interaction between Asi,QB(sZ-/Q, tj;) and Asi,QB(si/Q, tj,). We
conclude after conditioning along these increments, or more precisely the Brownian motions which
appear when we use the diagonalization (89). This allows us to show (114).

E[Y ClnCiphl — (115)

575"

Moreover,

Namely, when we do the product term by term in (115), there are 6 increments which ap-
pear Asi’IB<Si/1’tjl)7 At B(sitg), Ay B(si,ty), Ay B(sist), AS,B(sll,t ), and the terms
Ay, B(siyitjy) Ary, B(sy, tj,). We can apply (92), (93) and (95) to these increments because we
don’t have to take the covariance between A; B(s;,t;,) and Ay B(sy,t;,) and the covariance

between Ay, B(si,, tj,) and Ay (s, 15,).
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Let us consider the most complicated term C7) P2 " because in g*2(sp,t;) and in g*%(sy,t;) in
(114), it is not the same subdivision in ¢;. But since we consider

TN’ AT N’
E[Y_ cliclhl) (116)
.75’
there are 6 increments to see. They are Asi,l B(si tjr), Ay B(si, ty,), Atii B(si, ty), A% B(si, ty),
Ay, B(si, t;,) and Ay, B(si, ;) and we don’t have to consider the correlation between A, B(sy,t;,)
2 2 A 27 7J2 J1 1
and Atii B(sy,t;;) and the correlation A, B(si, t;,) and Atjé (s, t5).We can apply (92), (93), (95)
for the correlations we consider, and we can conclude as previously.
By the same reason

S EICEYC 0 1
i#£i g
N’ ~6,N’
S IS C — 0 (119
i#£i 5
The same arguments arise when we consider:
> EICT% Ol (119)
£,

It remains to treat the case where there are two coincidences, that is to treat the case of
S E[(CPNY?), ST E[(CP 0o N2 and 3 E[(CT iia N')2], after doing the same restriction about the mixed

1 J7
terms. But as a matter of fact, we can show simply that

Z Bl(CZY)] — 0 (120)

We have namely the correlators between the following increments to consider: A, B(si, t;), Ayi, B(si,t51),
"1
Ay, B(si,tj), Asié (si,,t;) and AS;2B(si/2,tji). But we have tj; > t; and tj; > t;. Therefore:

< Asz’lB(Szll’t]i)’AsllB(Sll ,tj >=

(121)
e(ty —t;)(e(—Asy) +e(Asy) —2e(0)) = CAsge(ty —t;)

because t;; > t; and because e has half derivatives in 0. This remark allows us to repeat the
previous considerations as well as to use (92), (93) and (95).
Moreover

> E[CHY) =0 (122)
We have no difficulty to show that because we don’t have to consider the covariance of a g**(s;, t;)

and a ¢"%(sy,t;) and because < g (sy,t;), g% (sp, t;) >= CO(/AsyAs..).
The difficult part is to show that ) E [(CZ jg')Q] — 0, because two different subdivision [t;/, ¢;/41]
and [t;,t;41] appear and because t; € [tj,t;41]. We write the details of this limit, because it is



Entropy 2004, 6 204

the most complicated, the others limits are simpler. We write:

CIN =" VosuAty < w(glsi ). g% (57,97 (s, 1) — g (s0.17) >
+Z VAsy Aty < w(g si,t)),gl;'(si/,tj/) — " (sir,5), g7 (s, 15) >
=3 < VBsALy < wlglsi ), g (s ty) = 9" (50 15), s ty) >

8,N 9,N N’
_032 +O]2 _’_07]2107

(123)

By the previous considerations, the terms E[>(C7 o 2] and E[>(C} %V )?] tend to 0. The main
difficulty is to show that
ED (€Y =0 (124)
i,J
10

If these results are true, the term where we mix CY 0932 and C; %

04,2 can be treated by

Cauchy-Schwartz inequality. We proceed for that as it was done in the previous part. We remark,
by the same considerations as in the first part, that it is enough to replace At;g-?(sy, t;) by a double
stochastic iterated integral [,_, . ou(sy,t;)(dBu(si,tjp1) —dBu(si,t;))an(sy)(dBy(si, tjt1) —
dB,(sy,t;)) where o, and «, are B(sy,t;) measurable. By the same argument, we replace
Atyg?(sy,ty) by a double stochastic integral [,_, . (s, ty)(dBu(sy,tj1) — dBy(se,ty))
iy (Sir, t )(dB (sir,tjr41) — dBy(si, tj) where ay(sy,t;) and oy (s, tj) are B (sy,t;) measurable.
To study the behaviour when N’ — oo, we can replace without difficulty in this last expression
ay(sir, tjr) by (s, t;). We write:

dB (si,tj41) — dB (sy,t;) = Y dB (s, ty1) — dB.(sy, 1) (125)

and we distribute in the first term of (124). The diagonal terms cancel, and we have to estimate
when N — oo the behaviour of

Ciin =Y N Asy <wl(glsity)),g" (s ty), Z/
O<u<v<1

tpFty

(l(u)(dlgu(sﬂatk+l)‘_'dlgu(sﬂ>tk))OKQO(dlgv(Sﬂvtk“+l)'_ dlgv<877tk0 >

(126)

where we sum over [tg, tg1] C [t;,t;41] and [ty te1] C [t;,t;41] for the sharper dyadic subdivision
associated to 2V’ Instead of taking the following expression in time 1, let us take it in time r. We
get a process », C ]27» (We replace g(si,t;) by g,(si,t;), g% (s, t;) by g} (sw,t;) and the double
integral between 0 and 1 by a double integral between 0 and 7° Let us consider the finite variational
part VN =3 VN, and the martingale part M = 3" M,

Let us begin to study the finite variational part of this process V¥ ". This can come from a
contraction between w(g(s;,t;)) and g*(s!, ;) which leads to a term in /As}, which is multiplied
by a term in \/A_s; But the L? norm of the sum thétk/ can be estimated. We decompose first
>t 4, 0 a martingale term and a finite variational term. There is first a contraction between

” ) . associated to this process.

a, and dB, (s}, tp11) — dB,(s,, t;/) which leads to a term in ¢y, — t;» The stochastic integral in
u can be estimated. We see the martingale term. By Ito formula [|>°, , | Iy (0B (s}, trs1) —
OBy (s}, ty)||22 can be estimated in Y (tgr1— b ) (b1 —trr )+ 9 (Eep1 — k) = (Ej1— )2+ (i1 —1;5).
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Therefore the L? norm of this term behaves in /f;11 —{;. But since there is (tp41 — tp) in
time u, we have a behaviour of this contribution in As;(t;;, — t;)*? whose sum vanish when
N — o0o. The second term comes from a contraction between dB, (s}, txy1) — dByu(s},tx) and
dB, (s}, ti+1) — dBy(s), ty) which leads to a term in (tg11 — tx)(ti41 — tx) and therefore to a
contribution in (¢;41 — t;)®. Therefore the total contribution is in As;(tj41 — t;)?, whose sum
vanish when N — oo, because < g% (s'¢',t;), g% (si, t;) >= AsyAsp

There is a contraction between w(g(s;, t;)) and dB, (s}, tk/H) dB, (s}, ty) which isin (tg 41—tk ).
This term cancel, because when we take the square of the L? norm of the sum, it behaves in
Z, o A, Agpp Iy o, where Iy where Iy » is a sum of quadruple #, tkw tis, tia which behaves in
O(tHl —t;)% and a sum Y, As;I; where I;; has a bound in (¢;,, —t;)*/%2. The sum of these terms
vanish, when N — oo (See part III for analoguous considerations).

Let us estimate the martingale term MZJ\J’ 2, Let us estimate the L? norm of M. We use Ito
formula. Tt behaves as ), » AspAsyliy + 3, Asyly where Iy has a bound in (t;1 — t;)32
and I the same. Therefore the L? norm of MY vanish when N — oc.

Step 1.1.3: study of the behaviour of the double classical integral C2.

We writte
CY = "CNs=Y AsiAt; <w(g(sity), g% (si 1)), g7 (si,t5) > (127)
We consider N > N and study:
N N N
D,], = Cw, Z Cz",j’,S (128)
Tr/,jngm-
We write
’ N
Dzj\;5_012]5+0,j5 (129)
with
CEN = ST AsuAty <wlglsity) = wlglsety). g% (s 1)) g2 (s0,t;) > (130)
Tilyj/ng-
and
C'J’ Z AszzAt A< w(g(siti), g% (si t;), g7 (si, ) >
Ty #CTi (131)

— < w(g(si/7tj/>7g (Swt]) g;2<si/7tj/) >

It is clear that > C’fjj\g — 0 in L? because g%*(s;,t;) is bounded in L.

In order to estimate C'Y R

by a double stochastic integral in the dynamical time u I% (s, ;) as it was done in (126) and do

we can replace w(g(si, tjr) by w(g(si, t;)). We can replace Asy g% (si, )

the same transformation for the other g% and g2 which appear in C’ i, 5/ such that we have only

to show that S7 — 0 in L? where

%,7,5
CL% =< wlglsin ). 7% (sity). T 2(s0,15) > =
Z < w(g(si,tj)),12;'(81",%”):]':2(5z”7tj’) > (132)

Ti/,j/QTM
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We write
dA, B (s, t; ZdAS,B s, 5) (133)

and

dAtj Slv Z dAt v 827 ) (]‘34)

and we distribute in 1% (s;,t;) and I+*(s;,t;). We get that the expression % (s;,t;) is equal
I%(sh,s%,t;) and that [+? = Zt;“t?/e[tj,tﬁl]l 2(si,t5,15) after

distributing in these stochastic integral. Only the contribution where s, = s7 and tj, = t3, do

to the expression Zsl 2 elssiga]
not vanish when N’ — oo, by the same considerations than in (54). These terms are nothing

else, modulo some small error terms than % (sy,t;) and I?(s;,t;). We have only to show that
> >N — 0 in L2 where

%,7,5
CoY = Y (<wlglsuty), I (s ty), (s, ty) >
Ty 4CTij (135)

— < w(g(sz, )) % (327 )71.;2(Si7tj’) >
But we can show that the L? norm of I*(sy,t;) — I**(sy,t}) is O(4/N')Asy because the right
bracket of B‘(Siq_l, tj) — B_(Si/,tj) - B (Sz’—‘rh ) + B(SZ s ]/) is in O((Siu,_l — Si/)(tj — tj/)).
Step 1.1.4: study of the vanishing term C’N

We write C = ZZV]B where the L* norm of C}Y; is in O(AszAt ?). But we have if s; # sy,
by using the previous technics

El< W(Q(Si,tj))agl;'(si,tj),g';g(si,tj) >< W(Q(Si’,tj’)),gl"(siutj')ag"3($z‘>tj') >

136
= O(v/Asi\/Asyr) (136)
Therefore E[(CY)?] — 0.
Step 1.2: convergence of BY.
We write in probability:
w(g" (s, ) = wlg(si, ;) = Vwlg(si, ;) (g™ (s.1)) = g(si.t5) (137)

+V20(g(si, 1)) (g™ (5,1) — g(si,17))? + O(AL(+0(As]?)

The residual term converges to 0 by the previous arguments. It remains to treat the main term.
We recall:

g (s,t) = g(si.ty)
S — S t— tj

= " (g(sis1,t;) — glsi,t;) +
e ) = gl ) +

t—tj S —S;

(g(sistia) = g(sis t5) (138)

T (9(sit1, tj1) = 9(si, tja) = 9(sian, 1) + 9(si t5))
J jSi i

Moreover
Si+1 S — SZ
———ds = Sj11 — S; (139)
s Si+1 — S

%
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The integral of the first term of (138) leads to the convergence of the sum of random quanti-
ties of a type analoguous to already considered quantities, which contains some ”brackets” of
the type < Vw(g(si,t;)).As9(5i,15), As,9(54,15), Ay, 9(s4,t;) > which converges by the methods
used before. We can treat by the same method the convergence of < Vw(g(s;,t;))(g9(si,tj+1) —
9(si,t5)), As,9(56,t5), Ay, 9(s5,t;) > which converge by the same methods as before. The term in
% lead to analoguous terms. If we consider the term where the square of g™ (s, t) — g(s;, t;)
appear, there is a term where the quantity < VZw(g(s;,t;)); As,g(si, ;)% As9(si,t5), Ay, g(si, t5) >
appears whose sum vanishes in L? by the same considerations as in Step 1.1.4. The only problem
comes when we take sum corresponding more and less to the double bracket of (s,t) — ¢1(s,t) of
the type D7, . < VZw(g(si t5))-As,9(5i, 1) Ar,g(sis 1), As,9(si,t5), Ar,g(si, ;) > whose treatment
is similar to step 1.1.3 by expanding a product of integrals into iterated integrals of length 2.

Step II: convergence of AY and AY.

The treatment for AY and ALY are similar. So we will treat only the case of ALY.

We write:
Aév—z<w (si,t5)), dsad (s,1), dycvy () >

(140)
= Z/ <w(gV(s,1)) — w(g(sit;), dsad (s, 1), da (t) >= BN + BY
ij 7T

Step IL.1: convergence of Bi.

[ <wlotsity) drads.0.dad 0,= [ B LT

y 7., Sit1 — Si (L1 — 1;)? (141)
< w(g(8i:t5))s 9(Siv1:tir1) — 9(Sistizr) — g(si+ 1,45) + g(si t5), 9(si, tiv1) — g(si,t5) >

The integral over T; ; is constant. We write:

9(siv1,tj41) — 9(Sir tjs1) — 9(Sit1:t5) + 9(sis ;)

(142)
= {g(sis1,tir1) — 9(si tie)} — {9(sivn, t5) — g(sisty)} = viy — 77,

The term in %ZJ- can be treated as in step [.1. The term in %l,j can be treated as in step L.1,
because the increments between Ay, B(s;,t;) and Ay, B(s;,tj41) > satisfy to (121), and we can do
as in the treatment of (121)

Step II.2: convergence of BY.

We use (137) and we conclude as in step 1.2.

Step III: convergence of AY.

We write:

AN = Z/ < w(g(si,t;), dsa (s, 1), dyad (s, 1) >
— JTy;

(143)

+Z/ < w(gV(s,1)) — w(g(si,t;)), dsad (s,t),drad (5,t) >= B + By’
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Step IIIL.1: convergence of B .
We write with the notations of (142):

/ < w(g(si,tj)),dsaév(s,t),dtaév(s,t)) >
. (144)

(t—t;)dt ds 1 9 1 9
—2/ : <w(g(si,t5)), Yiyj + Yigs Vi T Vig >

X
The integral over T;; is constant. In order to treat the sum, we write the second ”y}’j + %-QJ as
51-17j + 51‘2,3' where
0i5 = 9(sit1,ti1) — g(Siv1,t5) (145)
and
0pj = —9(sitivn) +g(si.t)) (146)
and we perform the limit as in the previous considerations.

Step I1I.2: convergence of BY.
We write

/ o (s,t) < w(gN(s,t)) — w(g(s,t)),%{j + %‘2,1" 537j + 51»20- > dsdt (147)
TZ,]
and we use (137) for o™ (s,t) a suitable function of (s,t).

When the form depends on a finite dimensional parameter, we show that the approximation of
the stochastic integrals converge for all the derivatives of w and we conclude by using the Sobolev
imbedding theorem as in [23]. That is we consider the integrals

[ < Viulg® 6.1 g (5,0) dig” () > (148)

which converge in L? for all multiindices «.. <

We would like to get the same theorem with a more intrinsic approximation gV (s,t) of the
random field ¢(s,t). As in the part III, the finite dimensional approximations of the integral
Sz 9w will converge in L?, but we don’t know if they will converge to the same limit integral

of sz gVrw.
For that if ¢(s,t;) and g(s,t;41) are close, we use the functions:
t—1t; _
FYN(t,9(s,t5), 9(s,tj11) = exp[tl—jt log(g(s, tj41)97" (s,)]g(s, ;) (149)
J+l T Y

conveniently extended to the whole sets of matrices.
We approximate ¢(s,t;+1), g(s,t;) as follows:

S — S _
Fn(s,9(sistj1), 9(Sip1,tj41)) = eXP[Sl—S 10g(g(sis1, tj+1)g (53, tj41))]g(si tj41)  (150)
+1 = 91

conveniently extended over the whole matrix algebras as well as its inverse. Moreover,

2 tog(glsinnt)g (s t)lgsity) (15

FN(S?Q(Siatj)ag(SiJrlatj)] = exp[
Si+1 — Si
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conveniently extended as well as its inverse to the set of all matrices.
We take as approximation:
e dog(FN (s, (s ty1, 951, £11))
T, 1og S, g\Sis Lj+1, G\Si+1, Ui+
tiv1 — 1 ’ ’ (152)
(FN)_1(37 g(siv tj)? g(si+1> tj)))]FN(Sag(Siv tj)v g(si—i-la t]))

gN(Sv t) = exp[

We have the asymptotic expansion:

FN(tag<S7tj>’g(S7tj+1) - g(satj)

t—t; t—t;
——(9(s,tj41) — 9(s,1;))+O((———
ti+1 — tiv1 —t

. (153)

)2(g(s, tj1 — g(s,1;))?)
We imbed in this expression the approximation of g(s,t;+1) and of g(s,¢;). This shows that, in
the expansion of g™ (s,t), the more singular term is the same in (70), modulo some more regular
terms which converge. The main Ito integral is the same, but we don’t know if the correcting
terms are the same.

We get the main result of this part:

Theorem 4.2: when N — oo, the traditional integral AY = [ ,(3")*w, converges in L? to
the stochastic Stratonovitch integral:

/ g wy = / <w(g(s,t)),dsg(s,t),dig(s,t) > (154)
D S1x[0,1]

Moreover, [ p 9w, has a smooth version in v.
Remark: we ignore if the stochastic integral of Theorem IV.2 is equal to the stochastic integral
of Proposition IV.1. In the rest of this paper, we will use the version of Theorem IV.2.
Remark: we can consider in the previous theorem a 2-tensor which is not necessarily a 2-form.

5 Stochastic W.Z.N.W. model on the punctured sphere

Let us consider the 3-form closed Z-valued w over GG which is supposed simple simply connected,
which at the level of the Lie algebra of G is equal to

wX,Y,2)=K < [X,Y],Z > (155)

We extend w in a 3-form over the whole matrix algebra bounded with bounded derivatives of all
orders. We can suppose that w is Z-valued on G.

Let X(1,n) be a (1 + n) punctured sphere. We deduce a family of loops s — g¢(s,t). Let
s — g(s,t) such a loop. We repeat the considerations of [28] and [31] in order to define over such
loop group Li(G) the stochastic 2-form:

rule) = [ <ol ). das. ). > (156)
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We can define for that the following poor stochastic diffeology (see [10], [46] for the introduction
of this notion in the deterministic case). Let €2 be the probability space where the random (14 n)
punctured sphere is defined:

Definition 5.1: A stochastic plot of dimension m of L(G) is given by a countable family
(O, ¢i, ;) where O is an open subset of R™ such that:

i)The Q; constitute a measurable partition of 2.

ii) ¢;(u)(.) = {s — Fi(u,s,g(s,t))} where F; is a smooth function over O x S! x RY with
bounded derivatives of all orders (RY is the matrix algebra where we have imbedded G).

iii)Over €, for all u € U, ¢;(u)(.) belongs to the loop group L(G).

We identify two stochastic plots (O, ¢;, Q) and (O, ¢, 03) if ¢} = ¢ almost surely over Q}NQ3.

If ¢;(u) is a stochastic plot,

Ot (W)(X,Y) = /S1 < w(F(u,s,g(s,t)) (157)

ydsFi(u,s,9(s,1)), Ox Fi(u, s,9(s, 1)), Oy Fi(u, s, 9(s,t)) >

which defines a random smooth form over O by the rules of the Part III.

We can look at the apparatus of [28], [30], [31] to define a stochastic line bundle & over Li(G),
with curvature 2my/—1k7,(w) for k an integer. Let us recall how to do (See [28], p 463-464): let
g; be a countable system of finite energy loops in the group such that the ball of radius § and
center g; for the uniform norm O; determine an open cover of L(G). We can suppose that 0 is
small. The loop g¢; constitutes a distinguished point in O;. We construct if g belongs to O; a
distinguished curve joining g to g;, called I(g;, g): since § is small, g;(s) and g(s) are joined by a
unique geodesic for the group structure. l,(gi, g) is the loop s — exp,, 4, [u(g(s) — gi(s))] where
g(s) — gi(s) is the vector over the unique geodesic joining g;(s) to g(s) and exp the exponential of
the Lie group associated to the canonical Riemannian structure over the Lie group. This allows to
define over O; a distinguished path joining g(.) to g;(.). We choose a deterministic path joining the
unit loop e(.) to g;(.) li(e(.), gi(.)), and by concatenation of the two paths, we get a distinguished
path joining g(.) to e(.) l;(g(.), g:(.)) over O;.

The second step is to specify a distinguished surface bounded by I;(e(.), g(.)) and [;(e(.), g(.)),
where g(.) belongs to O; N O;. Since ¢ is small, there is a path u — exp,, )[u(g;(.) — gi(.))] joining
gi(.) to g;(.). Because L(G) is simply connected, because G is two-connected, the loop constituted
of the path joining e(.) to g;(.), the path joining g;(.) to g;(.) and the path joining g;(.) to e(.)
can be filled by a deterministic surface in the smooth loop group. We can moreover fill the small
stochastic triangle constituted of [ (¢:(.), g(.)), {.(g;(.),g(.)) and the the exponential curve joining
gi(.) to g;(.) by a small stochastic surface (See [28] for analoguous statements). We get a surface
Bj ;(g(.)) which satisfies to our request and which is a stochastic plot. By pulling back (See [28],
[30], [31]), we can consider the stochastic Z-valued form 7y (w) and integrate it over the surface
B (9(.)). We put

oo = eplvTT2nk [ o) (158)
i,5 9\

(See [30]).
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Definition 5.2: a measurable setion ¢' of the line bundle & associated to the stochastic
transgression 7y (27w) over Li(G) is a collection of random variable a;’z Li(G@) measurables over
O, submitted to the rules

Oz;’f = a”pzj (159)
almost surely over O; N O;. The Hilbert space of section Zf of the line bundle & is the space of

measurable sections of £ such that

E[l¢'*] < o0 (160)
where [|¢f|| = |a§z| over Oj, definition which is consistent, because pf ;, is almost surely of modulus
1 in (159).

Let us work in a loop space where the loop splits in two loops. We get a splitting map
tot

9" — (g¢,97). Moreover,
Tﬁft = Tslt(w) + TSQt(w) (161)

If we consider a couple of stochastic sections (¢'*) and ¢! over the two small loop groups, this gives
therefore a stochastic section ¢ over the big loop group (See [30] for analoguous considerations),
and the different operations are consistent with the glueing property of two loops, especially the
notion of stochastic connection, we will define now [28]).

Over O;, the stochastic 1-form associated to the bundle £ (we omitt to writte we work over
Li(G) by writting only L(G)), is given by:

Ai(g() = 27T’€/0 Tat(lie(e(-), 9())) (W) (d/dtli1(e(.), 9(.)), Olii(e(.), 9(.)) (162)

This gives the double integral:

27rk:/ / < w(liule(), 9(1))(s)), (163)
dslia(e(.), 9(.)) (), duliu(e(.),g(.))(s), i ule(.), g(.))(s) >

Let us consider a stochastic plot (O, ¢;,€2;) of dimension m. ¢;A; is a random one form over O
given if u € O by:

ok / / ie(e(), Fy(tty o, g())()), dulia(e(.), Fy (s -, 9())(5),
dtlli’t(e(_)7Fj(u,.,g(.))(s)7 3Xli,t(€(‘)qu(Ua 59())(s) >= ¢;Az‘(X)

where X is a vector field over the parameter space O whose generic element is u. By the results

(164)

of part II, this give a random smooth one form on O. This connection form are compatible with
the application ¢g'* — (¢!, g*) when the big loop splits in two small loops.

Let be an elementary cylinder in the (14 n) punctured sphere. Let €;, [t;, ;1] where ©; C Q is
a set of probability strictly positive and such over Q; t — {s — g(s,t)} belongs to O;. We suppose
tix1 > t; with the natural order which is inherited from the fact we consider over the (1 + n)
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punctured sphere n exit loop groups and one input loop group. We can define the stochastic
parallel transport from &' to &'+ over €; along the path ¢t — {s — ¢(s,¢)} by the formula

exp| 27”]{/1“/ / Lia(e(.),g(,0))(8)), dliw(e(.), g(-, 1)) (s), duliu(e(.)
(). il (e(.), () (s) > = 7o

(See Part IV for the definition of the double stochastic integral). Let ¥(1,n) be a (1+n) punctured
sphere. Let L
by iterating, a generalization of the stochastic parallel transport, which applies a tensor product

(165)

¢ +(G) the n output loop groups and L}, (G) the input loop group. We can define,
of sections ¢’ , over the output loop spaces to an element over the input loop space, because
the different operations are compatible with the notion of glueing loops. We call this generalized
parallel transport 71", It is not measurable with respect of the o-algebras given by the restriction
to the random 1 4+ n punctured to its boundary. Moreover, over each boundary, the laws of the
loops are identical, and the Hilbert space of section of the bundle ¢! , and &, are identical. We
denote it by Z. We consider the map 71" which associates to an element &, of the the tensor
product of the Hilbert spaces of section at the exit boudary the section conditional expectation
of 71", with respect to the o-algebra spanned by the input boudary. We get.

Theorem 5.3: 71" associated to the 1+n punctured sphere defines an element of Hom(Z%" Z).

Moreover, when we give n random punctured spheres (1, n;), and a punctured sphere ¥(1,n),
we can glue then in order to get a sphere ¥(14 " n;) according the rules of Part II. We get 712"
which is got by Markov property of part IT by composing over the input boundary of X(, n;) 71"
and 71" along the output boundary of (1, n).

Let 0; be elements of Hom(Z%™ =). We deduce by composition an element of Hom (=% 2" Z).
Moreover, it is naturally equivariant under the action of the symmetric groups over the n elements
o;. We say that the collection of vector spaces Hom(Z%" =) constitutes an operad (See [40], [38],
[39])

We deduce form the Markov property of the random field parametrized by (1, n;) along
the sewing boundary that:

Theorem 5.4: 71" realizes a morphism from the topological operad X(1,n) got by sewing
1 + n punctured spheres along their boundary into the operad Hom(Z%" Z).

We refer to [21] and [22] for the motivation of this part.
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