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Abstract: We consider the problem of inference on one of the two parameters of a probability
distribution when we have some prior information on a nuisance parameter. When a prior prob-
ability distribution on this nuisance parameter is given, the marginal distribution is the classical
tool to account for it. If the prior distribution is not given, but we have partial knowledge such
as a fixed number of moments, we can use the maximum entropy principle to assign a prior law
and thus go back to the previous case. In this work, we consider the case where we only know
the median of the prior and propose a new tool for this case. This new inference tool looks like
a marginal distribution. It is obtained by first remarking that the marginal distribution can be
considered as the mean value of the original distribution with respect to the prior probability law
of the nuisance parameter, and then, by using the median in place of the mean.
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1 Introduction

We consider the problem of inference on a parameter of interest 6 of a probability distribution
when we have some prior information on a nuisance parameter v from a finite number of samples
of this probability distribution. Assume that we know the expressions of either the cumulative
distribution function (cdf) Fxyy ¢(x|v, ) or its corresponding probability density function (pdf)
Ixo(x|v,0), where X = (X4, -, X,) andx = (21, -+ ,2,). Visarandom parameter on which
we have an a priori information and 6 is a fixed unknown parameter. This prior information can
either be of the form of a prior cdf F),(v) (or a pdf fy,(v)) or, for example, only the knowledge of
a finite number of its moments. In the first case, the marginal cdf

+00
Fxplzl0) — /_ Fxpa(a|v,0) fo(v) dv

o0

= Ev(FX‘Vﬂ(w‘V,H)), (1)

is the classical tool for doing any inference on 6. For example the Maximum Likelihood (ML)
estimate, 0,7, of 0 is defined as

Ori1 = arg max {fxp(|0)},

where fxg(x|f) is the pdf corresponding to the cdf Fxo(x|0).

In the second case the Maximum Entropy (ME) principle ([4, 5]), can be used for assigning the
probability law fy,(v) and thus go back to the previous case, e.g. [1] page 90.

In this paper we consider the case where we only know the median of the nuisance parameter V.
If we had a complementary knowledge about the finite support of pdf of V), then we could again
use the ME principle to assign a prior and go back to the previous case, e.g. [3]. But if we are
given the median of V and if the support is not finite, then in our knowledge, there is not any
solution for this case. The main object of this paper is to propose a solution for it. For this aim,
in place of Fixjg(x|0) in (1), we propose a new inference tool ﬁ’Xw(w\H) which can be used to infer
on 0 (we will show that F x|o(x]0) is a cdf under a few conditions). For example we can define

= arg max {fx\e(ﬂ@}v

where fX|9(a:|9) is the pdf corresponding to the cdf ﬁx|g(a:|6’).

This new tool is deduced from the interpretation of Fxjg(x|f) as the mean value of the random
variable T' = T'(V; ) =Fx v ¢(x|V,0) as given by (1). Now, if in place of the mean value, we take
the median, we obtain this new inference tool F x|o(x|0) which is defined as

Fxolx|0) - P(wa,g(ww,e) < FXW(mw)) —1/2,
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and can be used in the same way to infer on 6.

As far as the authors know, there is no work on this subject except recently presented conference
papers by the authors, [9, 8, 7]. In the first article we introduced an alternative inference tool to
total probability formula, which is called a new inference tool in this paper. We calculated directly
this new inference tool (such as Example A in Section 2) and a numerical method suggested for its
approximation. In the second one, we used this new tool for parameter estimation. Finally, in the
last one, we reviewed the content of two previous papers and mentioned its use for the estimation
of a parameter with incomplete knowledge on a nuisance parameter in the one dimensional case.
In this paper we give more details and more results with proofs using weaker conditions, with a new
overlook on the problem. We also extend the idea to the multivariate case. In the following, first
we give more precise definition of F x|o(x]0). Then we present some of its properties. For example,
we show that under some conditions, ﬁx‘g(.’BW) has all the properties of a cdf, its calculation is
very easy and depends only on the median of prior distribution. Then, we give a few examples and
finally, we compare the relative performances of these two tools for the inference on 6. Extensions
and conclusion are given in the last two sections.

2 A New Inference Tool

Hereafter in this section to simplify the notations we omit the parameter #, and we assume that
the random variables X;, ¢ = 1,--- ,n and random parameter ) are continuous and real. We also
use increasing and decreasing instead of non-decreasing and non-increasing respectively.

Definition 1 Let X = (Xy,---,X,,)" have a cdf Fxp(x|v) depending on a random parameter V
with pdf fy(v), and let the random variable T = T(V;x) = Fxp(x|V) have a unique median for
each fized . The new inference tool, Fx(x), is defined as the median of T':

%, or P(FXW(wW) < ﬁX(w)) = % (2>

Fry @) (Fx(z)) =
To make our point clear we begin with the following simple example, called Fzample A. Let
Fxp(zlv) =1—e7* x> 0, be the cdf of an exponential random variable with scale parameter
v > 0. We assume that the prior pdf of V is known and also is exponential with parameter 1, i.e.
fv(v) = e, v > 0. We define the random variable T = Fyy(z]V) = 1 — e7V*, for any fixed
value x > 0. The random variable 0 < T < 1 has the following cdf

8=

Fr(t) = Pl—e"<t) = 1-(1-t)=, 0<t<1.
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Therefore, pdf of T is fr(t) = 1(1 — £)G=D, 0 <t < 1. Now, we can calculate the mean of the
random variable 7" as follow

1
1 1
E(T):/ t;(l—t)(%—” dt=1— —
0

Let Med(T) be the median of the random variable T', then it can be calculated by
1
FT(Med(T)) = 5 :> Med(T) o 1 — e_mln(2).

Mean value of the random variable T" is a cdf with respect to (wrt) x. This fact is always true;
because E(T') is the marginal cdf of random variable X | i.e. Fx(x). The marginal cdf is well known,
well defined and can also be calculated directly by (1). On the other hand, in this example, it is
obvious that Med(T) is a cdf wrt 2, which is called Fy () in Definition 1, see Figure 1. However,
we have not a short cut for calculating Fi (z) such as Fy(z) in (1).

In the following theorem and remark, first we show that under a few conditions, Fx () has all the
properties of a cdf. Then, in Theorem 2, we drive a simple expression for calculating F x () and
show that, in many cases, the expression of F x () depends only on the median of the prior and
can be calculated simply, see Remark 2. In Theorem 3 we state separability property of F x ()
versus exchangeability of Fix(x).

Theorem 1 Let X have a cdf Fx)y(x|v) depending on a random parameter V with pdf fy(v) and
the real random variable T' = Fx),(x|V) have a unique median for each fized x. Then:

1. Fx(x) is an increasing function in each of its arguments.

2. If Fxpy(z|v) and Fy(v) are continuous cdfs then Fx(x) is a continuous function in each of
its arguments.

3.0 < Fx(x)<1.

Proof:
1. Let y = (y1,- - un)'s 2 = (21, -+, 2), y; < z; for fixed j and y; = 2z, fori # j, 1 <i,j <n
and take

ky=Fx(y), k2 = Fx(z) and Y = Fxp(y|V), Z = Fxp(2]V).

Then using (2) we have

1
P(Y <k)=P(Z<ks) = 5.
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Figure 1: Top: pdf of random variable 7' = T'(V;z) = Fxp(z[V) = 1 — e V", Middle:

random variable T, and Bottom: mean and median of random variable 7" in Example A.

71

cdf of



Entropy 2006, 8/2], 67-87 72

We also have Y < Z, because Fx|y is an increasing function in each of its arguments. Therefore,
P(Y <ky)=P(Z <k, <PY <k,),

k4 is the unique median of Y and so k, < k, or equivalently ﬁx(w) is increasing in its j-th

argument.

/

2. Let @ = (x1,-+- ,x; 1,2, Tit1, - ,x,) and t = (x1, -+ ,x;_1,t,25401, - ,2,). By part 1,
j J+ j j

Fx(x) is an increasing function in each of its arguments. Therefore,

Fx(x_) =limFx(t) and Fx(z,)= lim Fx(t),

tTx; lx;

exist and are finite, e.g. [11].
Further, F'xy(x|v) is continuous wrt x;, and so

P(Fxpy(z_|V) < Fx(z_)) = P(Fxp(z|V) < Fx(z_)),
P(Fxpy(z+|V) < Fx(x4)) = P(Fxp(z|V) < Fx(z4)),
and by (2) we have

P(Fxp(x|V) < Fx(z_)) = P(Fxp(z[V)
= P(Fxp(x|V)

But Fx () is the unique median of Fxp(x|V), therefore by (3),
Fx(x_) = Fx(@) = Fx(a,),

and thus Fix () is continuous.
3. Fx(x) is the median of random variable T', where T" = Fx)y(x|V) and 0 < 7" < 1, and so
0 < Fx(z) < 1. O

Remark 1 By part 1 of Theorem 1, limg; 14 Fx(x) and limg, |~ o Fx(x) exist and are finite,
[11]. Therefore Fx(x) is a continuous cdf if conditions of Theorem 1 hold and

1 limg | oo ﬁx(a:) =0 for any particular j,
2. limx1T+oo,vvv,mnT+oo ﬁx(.’,v) = 1,

3. Apay - ~Abnanﬁx(:c) >0, where a; <b;, i=1,---,n, and

Ab-ajFX(l') = FX((ZEl, T ,Ij—l,bj,xjﬂ, T >$n)/)—FX((I1,"' yLj—1, Ay Ljp1, " " ° >55n)/) > 0.
J
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In this case, we call Fx(x) the marginal cdf of X based on median. When Fy(z) is a one
dimensional cdf, the last condition follows from parts 1 and 3 of Theorem 1.

Theorem 2 If L(v) = Fxp(x|v) is a monotone function wrt v and V has a unique median

Proof: Let

L (u) = inf{v; L(v) > u} if L is an increasing function
| inf{r; L(v) <wu} if L is a decreasing function

be the generalized inverse of L, e.g. [10] page 39. Noting that

: u< L(v)} if L is an increasing function

{(u,v): L™ (u) <v} = { {(u,v) :

{(u,v): w> L(r)} if L is a decreasing function

and by (2) we have,

~ 1
P(LY) < Fx(a)) = &
o PV < L (Fx(z))) = 1 if L is an increasing function
P(V > L~ (Fx(x))) =5 if L is a decreasing function
o Fy(L~ (FX( ) = % if L is an increasing function
1— (L (Fx(x))) =5 if Lis a decreasing function
1
& AL (Fx@) =
~ 1
& L (Fx(x)) = Fv_l(§) by uniqueness of the median of V
~ 4,1
& Fx(@) = LI (3).

where the last expression follows from

{(u,v): L™ (u) =v} C{(u,v): L(v)=u}.
U

Remark 2 If conditions of Theorem 2 hold, then ﬁx(m) belongs to the family of distributions
Fxpy(x|v). Because, Fx(x) = Fx(x|Fy,'(3)). Therefore Fx(x) is a cdf and conditions in
Remark 1 hold.
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Remark 3 ﬁx(w) depends only on the median of prior distribution,

74

Ey;N(3), while the expression

of Fx(x) needs the perfect knowledge of Fy(v). Therefore, Fx(x) is robust relative to prior

distributions with the same median.

Remark 4 If median of T is not unique then Fy(x) may not be a u
(called Example B), assume that V has the following cdf, in Exampl

(0 v <0
v 0< v <%
_ 1 1 3
Fv)=1<¢ 3 ;< v <3
1 3 5
V—Z §§V<Z

(1 i v

Then, T =T(V;z) = Fxy(z|V) =1 — e has the following cdf

(0 t <0

—ln-t) 0< t <1-—
Fr(t)=1 1 l—e2*< ¢t <1-—

—In(1-¢) 1 _3z

L1 l—ei2< ¢

nique cdf wrt x. For example
e A, Figure 2-left:

8

e

8

e

O W N

8

e

Therefore, the median of T is an arbitrary point in the following interval: (see Figure 2-right)
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Figure 2: Left: cdf of random variable V in Example B and its corr
random variable T' = T'(V;z) = Fxjy(z|V) =1 — e V" in Example B

t

esponding pdf. Right: cdf of
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Theorem 3 Let F'xy(x|v) be conditional cdf of X = (X4, -+, X,,) givenV = v and Ly, ... 1,)(v) =
iy o XV @k -, @, [V) be monotone function of v for each {ky,---  k.} C {1, ,n}. Let
also V have a unique median Fy,*(3). If for each {ki,--- k. } C{1,--- ,n},

T
F(Xklv"'vXkr)‘V(xk17 T 7Ikr‘y) = H FinW(xki V)’
i=1

i.e. X |V =v has independent components, then

F(Xkl,"',Xkr)(xklﬁ e Ty,) = H Fin (@,)-
i=1

Proof:

Conditions of Theorem 2 hold and so, for each {ky,--- ,k.} C{1,- - ,n},
~ 1,1
F(Xk17...7xkr)(l’k1, ce ,SL’kT) = L(k17"',kr)(Fv 1(5))

1
= F(Xklv"'vXkr”V(xkl’. o ’xkr|FV1(§))

! 1
= Hkaiw(xki Fv1(§))
=1

- 1
= ELRZFV1(§>

i=1

O

Remark 5 If X | V= v has independent components, then the marginal distribution of X cannot
have independent components. For example, in general case,

[e.9]

Fx(z) = /_ " Fap(alv) dBy(v) # [T Feo =11 /_ " Fep(adv) ARy ().

It can be shown that, if X | V= v has Independent and Identically Distributed (iid) components,
then the marginal distribution of X s exchangeable, see Example 1. We recall that for identically
distributed random variables exchangeability is a weaker condition than independence.

In the following we show that some families of distributions (e.g. [6]) have a monotone distribution
function wrt their parameters and so, calculation of Fix(x) is very easy by using Theorem 2.
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Lemma 1 Let L(v) = Fxp(x|v). If v is a real location parameter then L(v) is decreasing wrt v.

Proof: Let v1 < vy and v be a location parameter. Then

L(n) = Fxp(z[n)
= Fxplx—11), where @ —vy = (1 — vy, 2, — 11)
> Fxp(x —1n), because x; — vy > x; — 1, i=1,--+,n
= Fxp(xlr)
= L(w).

Lemma 2 Let L(v) = Fxy(z|v). If v is a scale parameter then L(v) is monotone wrt v.

Proof: Let vy < vy. If v is a scale parameter, v > 0, then

X

L(v) = FX\V(V_l)
< T ifx <0
S g x
Z X‘V(l/g)’ ifx >0
= L(l/g).

Therefore, L(v) is an increasing function if z < 0 and is a decreasing function if z > 0, i.e. L(v)
is a monotone function wrt v. O

The proof of the following lemma is straightforward.

Lemma 3 Let Xy,---X,, given ¥V = v be uid random wvariables and X = (Xy,---,X,). If
L(v) = Fx,v(x|v) is an increasing (a decreasing) function then L*(v) = Fxp(x|v) is an increasing
(a decreasing) function of v.

In some cases we can show directly that L(.) is a monotone function. For example, in the exponen-
tial family this property can be proved by using differentiation. Let X |n be distributed according
to an exponential family with pdf

fxin(®|n) = h(z) exp (n'T(x) — A(n)),

where = (n1,---,n,) and T = (T,---,T,)". It can be shown that L(n) = Fxj,(x|n) is
a monotone function wrt each of its arguments in many cases by the following method: Let



Entropy 2006, 8/2], 67-87 7

Iycey = 1ify; < 1, ,y, < 2, and 0 elsewhere; and note that the differentiation under the
integral sign is true for exponential family. Then
d o)
L = —F
on; (n) o x|n(|n)
0
= G [ Tusehty) e (' T) ~ Alm) dy

| e hlw) -0 (T ()~ Aln) dy

| e bly) (Tiw) -

)

S An)) exp (' T(y) — Alm) dy

S ) @) - A e (T ()~ Alm) dy
— Exn(Ti(X) — 5 -Alm) = 0.
The last equality follows from Ex,(T;(X)) = %A(n), e.g. [6] page 27.

On the other hand, we can use stochastic ordering property of a family of distributions for showing
that L(.) is a monotone function. A family of cdfs

F ={Fxp(zv), v eV} (4)

where V' is an interval on the real line, is said to have Monotone Likelihood Ratio (MLR) property
if, for every 11 < 15 in V' the likelihood ratio

fxp (@)

Fxp(zlvr)’
is a monotone function of x. The property of MLR defines a very strong ordering of a family of
distributions.

Lemma 4 IfF is an MLR family wrt x then Fxp,(z|v) is an increasing (or a decreasing) function
of v for all x.

Proof: See e.g. [12] page 124. O
A family of cdfs in (4) is said to be stochastically increasing (SI) if v; < v, implies Fiyp(z|vn) >
Fxp(z|vp) for all z. For stochastically decreasing (SD) the inequality is reversed. This definition is
a weaker property than MLR property (by Lemma 4), but is a stronger property than monotonicity
of L(v) = Fxp(x|v) (because L(v) is monotone for each fixed ). Therefore, we have

MLR = Slor SD = L(v) is monotone

It can be shown that the converse of the above relations are not true.
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Remark 6 In Theorem 1, we prove that fX(x) 1s an increasing function. In the proof of this
theorem we do not use the monotonicity property of L(v) = Fxy(x|v) wrt v. For example (called
Example C), assume that

1 o 1 [
Faplal) = 50— ) Ig(a) 45 [ €6 n1) a
be mizture cdf of an exponential and a Cauchy cdf with parameter v > 0. Figure 3-left shows the
graphs of L(v) = Fxy(x|v) for different x. L(v) is not monotone for some of x values in this
figure. If we assume that the prior pdf of V is known and is also exponential with parameter 1,
then, still median of random variable T is a cdf, see Figure 3-right.

° — x=3 - o N ——— Mean
e x=1 o 11 Median IR
---- x=0.3
[ee] [o0]
o ] o
[{e] ©
o ] <3
=
=
< <
o ] o
N N
o o
NS
‘\\‘\\\
o e o
o ] o |
T T T T T T T T T T T T
0 2 4 6 8 10 -10 -5 0 5 10 15
\% X

Figure 3: Left: the graphs of L(v) = Fx)y(x|v) for different x in Example C. Right: the mean
and median of random variable T" in Example C.
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3 Examples

In what follows, we use the following notations and expressions, [2] pages 427-422:

Normal: N (z; p,0?) = (2r02) zexp {—3=@—p?}; o>0
Double Exponential: DE (x; A) = Sexp{—|z|/A}; A>0
Inverse Gamma: G (z; o,B) = %x_(o‘“)exp{—ﬁ/x}; x, a, >0
—(a+1)
Student;: S(z; p,\a) = % (1+2(x—p? 2 ;Xa>0
Cauchy: C(z; p,o) = L1+ (%)2)_1 ; 0>0
Exchangeable Normal: The random vector X = (Xi,---,X,) is said to have an exchangeable

normal distribution, EN (x; u, o2, p), if its distribution is multivariate normal with the following
mean vector and variance-covariance matrix

1 L p P

1 .-
H . o2 p p ,0>0,pel0,1).
H nx1 pp o 1 nxn

It can be shown that EN (z; p, 02, p) =

ku(p, o) exp {_1 (ZL(% —p)° P (i — p)* ) } ’

2\ 2(1=p) P+ (n-1p)(l—p)

where ky(p,0%) = (vV27r0) (1 — p)~ D21+ (n—1)p)"%, and « = (21, -- , )"

3.1 Example 1

The first example we consider is
1 1
fxwo(z|v,0) =N (z; v,0) = (2n0) 2exp {—%(1’ — 1/)2}

where we assume that the mean value v is the nuisance parameter. Let Xy, ---X,, be an iid copy
of X (ie. X|V=r,0)and X = (X4, ---,X,), then:

e Prior pdf case fy(v) =N (v; v, 6):
Then we have

—+00

fxjo(2|0) = fxpo(x|v,0) fu(v) dv =N (23 vo,0 + ),

— 00



Entropy 2006, 8/2], 67-87 80

and
—+oco

0
[xjo(x|0) = fxwo(x|v,0) fu(v) dv = EN <1‘ Vo, 0 + 0, 7 0 )
—00 +90

e Unique median knowledge case Median {V} = vy:
Then, as we could see, by using Lemma 1 and Theorem 2, we have

ﬁxw(ﬂ@) = Fxo(z|1o,0),

or equivalently,

fxo(x]0) =N (x; 1,0).
Now we can use Theorem 3 for calculating ﬁx‘g(wW) (because Fx|yg(x|v,0) is a decreasing
function wrt v by Lemma 1), therefore,

fx|9 :13\(9 HN N 1/0, EN(CC Vo,e O) (5)

Note that, if fy(v) = N (v; v, 0) or fu(v) = C(v; v, 0y) then J?Xw(w\ﬁ) is given by (5),
because the median of these two distributions are equal to v (see Remark 3).

e Moments knowledge case E(|V|) = vo:
Then the ME pdf is given by DE (v; 1p). In this case we cannot obtain an analytical
expression for

featelo) = [ en) b {07} e (- ao

[e.9]

= ex {79_2V0x}<1+ rf{ 9}+€X {Q—I} erfe {V0x+9})
p 21/8 1/0\/7 P Yo Vo\/7

where erf(y) = % Ji exp(—t?) dt and erfe(y) = F J,” exp(—t?) dt. We recall that, if we
know that E(V) = 1 or Median {V} = 1, and the support of V is R the ME pdf does not
exist.

3.2 Example 2

The second example we consider is

Frwolalv,0) = N (23 0,v) = (2m0) exp {_%@ _ 9)2} |

where, this time, we assume that v is the variance and the nuisance parameter. Then:
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e Prior pdf case fy(v) =ZG (v; a,f):
Then, it is easy to show that,

but fxje(x|f) cannot be calculated analytically.

e Unique median knowledge case Median {V} = v:
Then, as we could see, by using Lemma 2 and Theorem 2, we have

fX\e(ZEW) =N (z; 0,1p).

It can be shown that Fxyg(x|v,0) is a monotone function wrt v (by using derivative) and
by Theorem 3 we have

n

fx|9(a}|9) = HN(ZIZ'“ 9, I/()) = g./\/ (ar;, 9, VQ,O) .

1=1

e Moments knowledge case E(1/V) = 1/uvy:
Then, knowing that the variance is a positive quantity, the ME pdf f,(v) is an ZG (v; 1,1p).
In this case we have
fxjo(z]6) = S (z; 0,1/10,2),

and fxjg(x|) cannot be calculated analytically.

3.3 Example 3

In this example we consider is EN (x; v, 02, p), where v is a nuisance parameter. Noting that, we
can write EN (x; v, 02, p), as follows (exponential family),

fx(x) = qn (61,02, 03) exp{61t1 + Oaty + O5t3},

where 01 = p/l, ty = >, @y, 0y = —(14 (n = 2)p)/(20), to = Y2 a7, 05 = (1 = p)v/I,
ts = >0 @, L =0%(1+ (n—1)p)(1 — p), and ¢,(61,62,05) can be determined. This pdf is a
monotone function wrt f3 and so L(v) is a monotone function. Let § = (02, p) and the median of
prior pdf be 1, then

Fxio(x|0) = EN (z; v0,0% p).
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3.4 Comparison of Estimators in Example 1

Suppose we are interested in estimating 6 in Example 1. In the case that n =1
Fxp(z]0) = N (2 16,0 +65) and  fxpp(z|0) = N (25 14,0)
and so the ML estimator (MLE) of § based on these two pdfs are equal to
0 = max{(X —15)> — 6,0} and 6= (X — 1)
respectively. For n > 1 the MLE of 6 based on

0o
fx|9(w‘¢9) :5./\[ €I, 1/0,¢9+¢90,
0+ 6
can be calculated numerically by the following simplified likelihood function,

10) = exp {5 (E =10k Gl = PN oyt 4 )

where we assume that y = 1. The MLE of 6 based on fx‘g(w\ﬁ) = EN (z; 10,0,0), is equal to
0=y, (X —w)/n.

Before comparmg these two estimators (by considering normal prior for v/), one can predict that, 0

is better than 9 because § uses more information (i.e. known normal prior) than 6 which uses only
the median of prior distribution. We may also recall that, fxjo(x|€) is the true pdf of observations
obtained using the full prior knowledge on the nuisance parameter, while fxw(w\ﬁ) is a pseudo
pdf which includes only prior knowledge of the median of nuisance parameter.

The empirical Mean Square Error (MSE) of 4 estimators are plotted in Figure 3.4 for different
sample sizes n. We note by T' the MLE of # when v = vy, and we note by Th/uzEn: the MLE of 6
when the prior mean and variance are known.

In Figure 3.4-left we plot the graphs of MSE of 5, 5, T and Tyjazpne- In Table 1 we classify these
4 estimators and corresponding assumptions for n = 1. We see that, in Figure 3.4-left, 0 is better
than 5 especially for large sample size n, and T is the best.

In Figure 3.4-right we plot the graphs of MSE wrt median, 1. This is useful for checkmg robustness
of estimators wrt false prior information. We see that 0 is more robust than 0 relative to vy, but
both of them dominated by 7. In this case, samples are generated from a normal distribution
with random normal mean (median 1) when 6 = 2, however, we assume that v has a standard
normal prior distribution.

The simulations confirm the following logic: more we have information better will be the estima-
tion. In fact for calculating T" we have not nuisance parameter; for 5, we use all prior distribution
information; for T' 0

MaxEnt
the median value of prior distribution.

we use prior mean and prior variance information; and for 6 we use only
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Table 1: Comparing estimators of variance in four different situations

pdf of X0 based on prior information Simulated data pdf
Assumptions MLE of ¢ MSE() = E(MLE — 6)?
Known parameter N (z; 1vp,0) N (z; 0,0)
v =1 T = (X —1)? 20>
Known prior N (z; vo, 0+ 6)) N (z; 0,60 +1)
HW) =N (v; v, 6) 0 = max{(X — 1p)% — 6,0} E@ —0)?

Known moments N (z; 1,0+ %) N (z; 0,60 +1)
EWV)=v, VV) =2 | Tyapn = max{(X —1p)* — 2,0} E(Tytawpn — 0)?
Known unique median N (z; vy, 0) N (z; 0,60 +1)

Median(V) = 1 0= (X —1p)? 200 +1)2 + 1

4 Extensions

In this section, we show that the suggested new tool can be extended to other functions such as
quantiles instead of median, but not to other functions such as mode. For example, mode of the
random variable T'= T'(V; &) = Fxy(x|V) in Definition 1, i.e.,

Mod(T) = arg max, fr(t), (7)

is not a cdf in Example A. The mode of T is: (see Figure 1 top)

0 0< x <1
Mod(T) =< Vkel[0,1] r =1,
1 x >1

which is not a distribution function. If we assume k& = 1, then Mod(T) is a degenerate cdf. In
Figure 5 we plot the mean, median and mode of the random variable 7. We see that they are
cdfs. However, the cdf based on mode is the extreme case of the two others.

As noted by one of the referees, the mode of prior pdf is useful for introducing a pseudo cdf
similar to our new inference tool, F x(x). That is, instead of using the result of Theorem 2:
ﬁx‘g(w\e) = Fxpg(x|Med(V),0), using ﬁ%gd(m\e) = Fxp(x|Mod(V), ). This method was used
for eliminating the nuisance parameter v. In this case, Theorem 3, i.e. separability property
of pseudo marginal distribution, also holds for F %gd(ﬂe). Note that, the mode of the random

variable T, defined in (7) is not equal to F )J‘(/Ilzd(ad@) and may not be a cdf similar to the above
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——- Mean of T wrt x

00 02 04 06 08 10

X

Figure 5: Mean, median and mode of random variable T' = T'(V; z) = Fxp(z|V) = 1—e V" wrt 2.

illustration. However, it may be a cdf similar to the following example pointed out by the referee.
In Example A, let ¥V — 1 be a binomial distribution with parameters B(2, %), i.e. Vis a discrete
random variable with support {1,2,3}. Then E(T) = 1— (e™*+6e 2 +9¢73%) /16 and Mod(T) =
1 — e73% are cdfs see Figure 6.

—— Mean | of T wrt x
—-—-  Mode

00 02 04 06 08 10

0.0 0.5 1.0 1.5 2.0 2.5 3.0

X

Figure 6: Mean and mode of random variable T' = T'(V;z) = Fxpp(z|V) =1 — eV wrt z.

On the other hand, we may extend the method presented in this paper to the class of quantiles
(e.g., quartiles or percentiles). To make our point clear we consider the first and third quartiles
of random variable 7" in Example A (instead of median, which is the second quartile). We denote
the new inference tools based on first and third quartiles by F )%19(1:) and F %’g(m) respectively.

They can be calculated such as (2) by
~0. 3
and  P(Fxp(z|V) < Fg(x)) = e

It can be shown that, in Example A, ﬁfgl(x) =1— %07 and ﬁg’ () = 1—e*025 In Figure 7

P(Fxp(x|V) < Fg' () =

AN
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we plot them.

---- Qa2 of T wrt x

00 02 04 06 08 10

X

Figure 7: @1, median and Q3 of random variable T' = T'(V; ) = Fyp(z|V) =1 — e7¥* wrt x.

In conclusion, it seems that the method can be extended to any quantiles instead of median, but
its extension to other functions may need more care.

5 Conclusion

In this paper we considered the problem of inference on one set of parameters of a continuous
probability distribution when we have some partial information on a nuisance parameter. We
considered the particular case when this partial information is only the knowledge of the median
of the prior and proposed a new inference tool which looks like the marginal cdf (or pdf) but its
expression needs only the median of the prior. We gave precise definition of this new tool, studied
some of its main properties, compared its application with classical marginal likelihood in a few
examples, and finally gave an example of its usefulness in parameter estimation.
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