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1 An MILP Formulation for Inferring a Target Chemical Graph in
Stage 4

1.1 Constructing Target Chemical Graphs

This section describes how to construct a target chemical graph in Stages 4 and 5.

1.1.1 Formulating an MILP for a prediction function in Stage 4

In Stage 3, we construct a prediction function ny : RX — R. It is known that the computation
process of () from a vector x* € RX can be formulated as an MILP with the following property.

Theorem 1. ([1,2]) Let N be an ANN with a piecewise-linear activation function for an input vector
z € RE, ny denote the number of nodes in the architecture and ng denote the total number of break-
points over all activation functions. Then there is an MILP M(x,y;C1) that consists of variable
vectors x € RE, y € R, and an auziliary variable vector z € RP for some integer p = O(na + np)
and a set C1 of O(na+np) constraints on these variables such that: na(x*) = y* if and only if there
is a vector (x*,y*) feasible to M(x,y;Cy).

Solving this MILP delivers a vector z* € R such that na(2*) = y* for a target value y*. However,
the resulting vector z* may not admit a chemical graph G* such that f(G*) = z*. To ensure that
such chemical graph always exists in Stage 4, we further introduce some more constraints for a set
of new variables in the next section.

1.1.2 Formulating an MILP for a feature vector and a target specification in Stage 4

In this section, we show an outline of formulation of an MILP that represents the computation
process of a feature function f(G) from a chemical graph G and a construction of a target chemical
graph G € G(G, Oint, 0ce). Recall that the number of vertices in a target chemical graph is bounded
by an upper bound n* in a specification (G¢, Oing, 0ce). However, if we introduce a set of (n*)?
variables for all pairs of n* vertices to present all possible graphs for a target chemical graph, then
the resulting MILP formulation is hard to solve for n* > 20 due to a larger number of variables and
constraints. To overcome this, a sparse representation of chemical graphs has been proposed in the
previous applications of the framework for acyclic graphs [3] and p-lean graphs [4]. We also define a
similar sparse representation to formulate an MILP for our two-layered model.
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Scheme Graphs We first regard a given seed graph G¢ as a digraph and then add some more vertices
and edges to construct a digraph, called a scheme graph SG = (V, £) so that any (oint, 0ce )-extension
H of G¢ can be chosen as a subgraph of SG.

For a given target specification (G¢, Oint, 0ce), define integers that determine the size of a scheme
int

graph SG as follows. mc¢ := |E¢|, tc := |Vo|, t1 := ¥ — |V, and tp := n* — niit.
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Figure 1: An illustration of a scheme graph SG: (a) A seed graph G¢; (b) A path Pr of length ¢t —1;
(c) A path Py of length tp — 1.

Formally the scheme graph SG = (V,€) is defined with a vertex set V = Vo U Vi U Vp and an
edge set £ = Ec U ErUEr U Ecr U Erc U Ecr U ETr that consist of the following sets. See Figure 1
for an illustration of these sets.

Construction of a oj-extension H* of Gg: Denote the vertex set Vo and the edge set Ec
in the seed graph Gg¢ by Vo = {v° | i € [1,tc]} and Ec = {a; | i € [1,mc]}, respectively,
where V¢ is always included in H*. For including additional interior-vertices in H*, introduce a
path Pr = (Vp = {vT,0T9, ..., 0T}, Br = {eTa,eTs,. .., €T }) of length t1 — 1 and a set Ect
(resp., Erc) of directed edges e“T; ; = (v%;,vY;) (resp., €€ ; = (v1;,0%)) i € [1,tc], § € [1,t1].
In H*, an edge ap = (v%;,v%) € E(>2) U E(>1) is allowed to be replaced with a pure path Py
from vertex v®; to vertex v®; that visits a set of consecutive vertices vTj,vTjH, e ,vTjH, e Vr
and edge eTCi,j = (vci,vTj) € Ecr, then edges eTj+1,eTj+2,...,eTj+p € FEr and finally edge
eTC jip = (V1 j4p,v%) € Erc. The vertices in Vi selected in the path will be vertices in H*.

Appending leaf paths with additional interior-edges in a (oju, 0cc)-extension H of Gc:
Introduce a path Pr = (Vi = {v71,0%, ..., o5}, BEr = {e¥a,es,...,ef}) of length tp — 1, a
set Ecp of directed edges eCFi,j = (vci,vFj), i € [1,tc], j € [1,tp], and a set Epp of directed edges
et i = (wTi,0F;), i € [L,tr)], j € [1,tr]. In H, a leaf path Q with interior-edges that starts from a
vertex v%; € Vg (resp., ol € V) visits a set of consecutive vertices vFj, vFj+1, el vFj+p € Vg and
edge eCFm = (’UCZ‘,UF]‘) € Ecr (resp., eTF; ij = (UTi,vFj) € Err) and edges eFjH, eFj+2, .. ,eFj+p €
FEr. In H, the edges and the vertices selected in the path @) are regarded as interior-edges and

interior-vertices, respectively.

Construction of p-fringe-trees in a (oin, 0ce)-extension G of G¢: In H, the root of a p-fringe-

tree can be any vertex in Vo U Vp U V. For each vertex v = v, (resp., v = vT; or vFi), we choose a

chemical rooted tree T" from the specified set F(v) (resp., Fg).
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Recall that the dimension K of a feature vector x = f(G) used in constructing a prediction
function nr over a set of chemical graphs G is K = 17+ |A™( D, )|+ |A(Dy)|+|T™ (D, )|+ |F(Dx)|-
For a target specification (G¢, Oint, 0ce), let F* denote the set of chemical rooted trees v in the sets
F(v),v € Vg and Fg and K* := 17+ |A"(D,)|+ |A(D,)| + [T (D,)| + | F*|. Based on the scheme
graph SG, we obtain the following MILP formulation M (z, g;Cs).

Theorem 2. Let (G¢, Oing, 0ce) be a target specification and p* = |[A(Dy)|+|A (D) |41 (D, )|+
|F*| for sets of chemical elements, edge-configurations and fringe-configurations in oee. Then there
is an MILP M(z,g;Co) that consists of variable vectors x € RE™ and g € RY for an integer q =
OIS (|Ec| +n*) + (|Ec| + [V])¢*) and a set Co of O(nis(|Ec| + n*) + |V||¢*) constraints on x
and g such that: (x*,g*) is feasible to M(x,g;Ca) if and only if g* forms a chemical graph G €
G(Gc, oint, 0ce) such that f(G) = z*.

Note that our MILP requires only O(n*) variables and constraints when the branch-parameter
p, integers |Ec|, ni and ¢* are constant. We explain the basic idea of our MILP that satisfies

Theorem 2. The MILP mainly consists of the following three types of constraints.

C1. Constraints for selecting an underlying graph H of a chemical graph G € G(G, Oint, Oce) as a
subgraph of the scheme graph SG;

C2. Constraints for assigning chemical elements to interior-vertices and multiplicity to interior-edges
to determine a chemical graph G = (H, o, 8); and

C3. Constraints for computing descriptors in the feature vector f(G) of the selected chemical
graph G.

In the constraints of C1, more formally we prepare the following.

Variables:

- a binary variable vX(i) € {0,1} for each vertex v®; € Vx, X € {C,T,F} so that vX(i) = 1 <

vertex vX; is used in a graph H selected from SG;

- a binary variable eX(i) € {0,1} (resp., €©(i) € {0,1}) for each edge eX; € Er U Ep (resp.,
eCi=ua; € E>9) U E>1) U E(g/1)) so that eX(i) = 1 < edge €%, is used in a graph H selected
from SG. To save the number of variables in our MILP formulation, we do not prepare a binary
variable eX(i,j) € {0,1} for any edge exm- € Ect U Erc U Ecr U Epc, where we represent a
choice of edges in these sets by a set of O(n*|E¢|) variables (see Supplementary Materials for
the details);

- binary variables 65 (i,v) € {0,1},i € [1,tc],v € F(v),v = v%; € Vi and 6 (i,v) € {0,1},i €
[1,t7],08 (i,4) € {0,1},i € [1,tp],¢) € Fg, where 6% (i,¢)) = 1 (X € {C, T,F}) if and only if
the p-fringe-tree rooted at vertex v=; is r-isomorphic to 1.
Constraints:
X

- linear constraints so that each p-fringe-tree rooted at a vertex v*; in a graph H from SG is
selected from the given set F(v%;) for X=C (or Fg for X € {T,F});

- linear constraints such that each edge e®; = a; € E() is always used as an edge in H and
each edge €©; = a; € E(y/1) is used as an edge in H if necessary;
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- linear constraints such that for each edge a; = (vci, vci/) € E(>9), vertex vC; € V¢ is connected
to vertex v©; € Vo in H by a pure path P, that passes through some vertices in Vi and edges
eCTi’j, eTj+1, eTj+2, .. ,eTj+p, eTCi/,jﬂ, for some integers j and p;

- linear constraints such that for each edge ap = (v%;,v%) € E(>1), either the edge ay is used
as an edge in H or vertex v%; € Vo is connected to vertex vC; € Vo in H by a pure path P
as in the case of edges in E(>g);

- linear constraints for selecting a leaf path @, rooted at a vertex v = v%; (resp., v = vT;) with

p-internal edges eCFm (resp., eTFm), eFj+1, eFj+2, el eFj+p for some integers j and p.

In the constraints of C2, we prepare an integer variable o (i) for each vertex v*; € V, X €
{C, T,F} in the scheme graph that represents the chemical element a(v®;) € Aif v is in a selected
graph H (or a(vX;) = 0 otherwise); integer variables ¢ : Ec — [0,3], 8T : Er — [0,3] and
BY . Ep — [0,3] that represent the bond-multiplicity of edges in Ec U Et U Ep; and integer variables
BT, B : E=9) U E(>1y — [0,3] and B : Vo U Vg — [0,3] that represent the bond-multiplicity of
edges in Ect U Epc U Ecp U Epp. This determines a chemical graph G = (H, a, 3). Also we include
constraints for a selected chemical graph G to satisfy the valence condition at each interior-vertex v
with the edge-configurations ec(e) of the edges e incident to v and the chemical specification .

In the constraints of C3, we introduce a variable for each descriptor and constraints with some
more variables to compute the value of each descriptor in f(G) for a selected chemical graph G.

The details of the MILP can be found in Section 3.

2 A Dynamic Programming Algorithm for Generating Isomers in
Stage 5

Figure 2: An illustration of a chemical graph G, where for p = 2, the exterior-vertices are
w1y, Ws, ..., w19 and the interior-vertices are ui, us, ..., Uss.

This section briefly reviews the method [4] for Stage 5. Let GT be a chemical graph that is a
(Oint, Oce)-extension of a seed graph G¢ = (Vo, Ec), where we denote by E_g the set of the edges
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in E(g/q) that are not used in G'. We define a base-graph Gp = (Vp, Ep) to be the seed graph
(Vo, Ec \ E(—g)) after removing the edges in E(_g). We call a chemical graph G* a chemical isomer
of GTif f(G*) = f(GT) and G* is also a (T, 0ce)-extension of Gp.

U] U] 2 v2 U2 U1
decompose o o0 o OTO
T T T T
Ty, Tay Tv, Tay
a.
= +‘k +* +* **
U1 Q U2 Xv; Xay Xvy Xay
p l l generate l l
GB=Gc-E=) Ta v U () vy vy v
o o—T—0 o (o] O
at A G*
select T combine

* * * * * *
Toe T, TaeTay ToeTv, TareTa > To,Toy Tay, Ta

Figure 3: An illustration of generating a chemical isomer G* of a chemical graph G' with a base-graph
G B = (VB, E B)-

The method generates chemical isomers G* of GT in the following way, where Figure 3 illustrates
the whole process in the case of Vg = {v1,v2} and Ep = {a1,az}.

1. We first decompose a given chemical graph G into a collection of chemical rooted or bi-rooted
trees.

- For each vertex v € Vg, let TJ denote the chemical rooted tree rooted at v in G that is
constructed with a leaf path ), and fringe-trees attached to @),. Possibly TJ consists of a
single vertex v and we call such a tree trivial.

- For each edge a = uv € E>9) U E(>1), let TJ denote the chemical bi-rooted tree rooted
at vertices v and v in G that consists of a pure u, v-path P,, leaf paths rooted at internal
vertices in P, and fringe-trees attached to theses leaf paths. Possibly T, 1 consists of a
single edge a and we call such a tree trivial.

Figure 4 illustrates the non-trivial chemical trees TJ,t € Vi U E} of the (Oint, 0ce)-extension
G' = G in Figure 2.

2. Let V}j (resp., E}) denote the set of vertices v € Vg (resp., a € Ep) such that T (resp., T,I)
is not trivial. For each vertex or edge t € V35 U E%, compute the feature vector zf = f (TJ)
and then generate a set T of all (or a limited number of) chemical acyclic graphs T;* such
that f(T3") = «f and the structure of T}" satisfies the lower and upper bounds in the interior-
specification iy by using the dynamic programming algorithm for chemical acyclic graphs [3].

3. For each combination of chemical trees Ty" € T;,t € V5 U E%, a chemical graph G* such that
f(G*) = f(GT) is obtained from GT by replacing each tree TJ with a new tree T}. The number of
such combinations is Htevgu B |T¢|, where we ignore a possible automorphism of the resulting
graphs G*.

The above method [4] can be used to generate chemical isomers in Stage 5 in our two-layered
model by making a minor modification to the definition of a feature vector f(G).
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Figure 4: The non-trivial chemical rooted trees TJ for v € {us,u12,u23} = V}5 and the non-trivial
chemical bi-rooted trees T;{ for a € {a1 = wiug, a2 = wyus, a3 = uquz, as = wroui1, a5 = upui2} = Ej
for the (oint, 0ce)-extension G' = G in Figure 2, where the gray squares indicate the roots of these
rooted and bi-rooted trees.

3 All Constraints in an MILP Formulation for Chemical Graphs

We define a standard encoding of a finite set A of elements to be a bijection o : A — [1,|A|], where
we denote by [A] the set [1,|A|] of integers and by [e] the encoded element o(e). Let ¢ denote null, a
fictitious chemical element that does not belong to any set of chemical elements, chemical symbols,
adjacency-configurations and edge-configurations in the following formulation. Given a finite set A,
let A. denote the set AU {e} and define a standard encoding of A, to be a bijection o : A — [0, |A]]
such that o(e) = 0, where we denote by [A.] the set [0, | A|] of integers and by [e] the encoded element
o(e), where [¢] = 0.

3.1 Selecting a Cyclical-base
Recall that

E(:l) = {e € E¢ ’ £LB(e) = EUB<6) = 1}; E(O/l) = {6 € E¢ ’ €LB(e) = O,BUB(e) = 1};
E1) ={e€ Ec|lLp(e) = 1,lus(e) > 2}; E(s9) ={e € Ec | l1p(e) > 2};

- Every edge a; € E(_y) is included in G;
- Each edge a; € E(g1) is included in G if necessary;

- For each edge a; € E(>9), edge a; is not included in G and instead a path

_ (,C T T T C
_R;—(U tail(i)7v =1,V 5y, U 444,V hcad(i))

of length at least 2 from vertex vctail(i) to vertex vchead(i) visiting some vertices in V is constructed
in G; and

- For each edge a; € E(>1), either edge a; is directly used in G or the above path P; of length at
least 2 is constructed in G.



Supplementary Materials 7

Let tc £ |Vo| and denote Vo by {v€; | i € [1,tc]}. Regard the seed graph G¢ as a digraph
such that each edge a; with end-vertices vcj and vcj/ is directed from vcj to vcj/ when j < 7.
For each directed edge a; € Eg, let head(i) and tail(i) denote the head and tail of ¢®(i); i.e.,
a; = (’Uctail(i)vvchead(i))-

Assume that Ec = {a; | i € [I,mc]}, Exo) = {ar | k € [L,pl}, By = {ar | k € [p+ 1,4},
Eony={aili€[qg+1,t]} and E_yy = {a; | i € [t +1,mc]} for integers p,q and ¢. Let [(_;) denote
the set of indices ¢ of edges a; € E(—y). Similarly for I(g/1), I(>1) and I(>9).

Define .

ko = B U Bl ko = Byl

To control the construction of such a path P; for each edge ar € E(>2) U E(>1), we regard the index
k € [1, kc] of each edge ay, € E(>2) U E(>1) as the “color” of the edge. To introduce necessary linear
constraints that can construct such a path Py properly in our MILP, we assign the color k£ to the
vertices vTj_l, vTj, el vTj+t in Vr when the above path Py is used in G.

For each index s € [1,tc], let Ic(s) denote the set of edges e € E¢ incident to vertex v,
and E(J;l)(s) (resp., E(_:1)(3)) denote the set of edges a; € E(—;) such that the tail (resp., head)
. C . . + — + —
of a; is vertex v“,. Similarly for E(O/l)(s), E(O/l)(s), E&l)( s), E(>1)( s), E(>2)( s) and E(ZQ)(S).
Let Ic(s) denote the set of indices ¢ of edges a; € Ic(s). Similarly for I(: )( s), 12 )(s), I(Jg/l)(s),
I(B/l)(s), Iél)(s), I(_Zl)(s), I(—EQ)(S) and I(_22)(8)‘ Note that [1, kc] = I(>0) Ul (> and [kc+1,mc| =
Tz Yo Ul=n-

constants:

- tc = [Vol, ko = |Eeal ko = |Esa U Esyl, tr = nil — [Vo|, me = |Ec|. Note that a; €
Ec\ (E(>2) U E(>1)) holds i € [kc + 1,mc];

- lip(k), bus(k) € [1,t1], k € [1, kc]: lower and upper bounds on the length of path Py;

variables:
- eC(i) € [0,1], i € [1,mc): €(i) represents edge a; € Eq, i € [1,m¢] (eC(i) = 1, i € T—yy;
eC(i) =0,i € I>9)) (eC(i) = 1 < edge a; is used in G);

- 0T (i) €]0,1], i € [1,t7]: vT(i) =1 < vertex v"; is used in G;

T(i) represents edge e'; = (v1;_1,v";) € Er, where e

e T
1 & edge eT; is used in G);

- ev(i) e 0,1],i €[, tr+1]: pand ety g

are fictitious edges (eT(4)

- xT(i) € [0,kc], i € [1,t7]: XT(Z> represents the color assigned to vertex v1; (xT(i) =k > 0 <
vertex v'; is assigned color k; xT (i) = 0 means that vertex vT; is not used in G);

- ctT(k) € [tua(k) — 1,Lus(k) — 1], k € [1,kc], clr(0) € [0,¢1]: the number of vertices v*; € Vi
with color c;

- 65 (k) €10,1], k € [0,kc]: 05 (k) =1 & xT(i) = k for some i € [1,t1];
- XY@, k) €[0,1],i € [1,t7], k € [0,kc] (xT(i,k) =1 < xT (i) = k);

C

—
- dege (i) € 10,4], i € [1,tc]: the out-degree of vertex v©; with the used edges e© in Ec;

C

- degg (i) € [0,4], i € [1,tc]: the in-degree of vertex vC; with the used edges e in Ec;
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constraints:
ec(i) =1, ¢ I(:l)v (1)
(i) =0, cr’(i) =1, i€y, (2)
(@) + (i) > 1, (@) <tp-(1—€°(@), i€ Iz, (3)
— —+ .
Z eC(C) = degC (Z)v Z eC(C) = degC (Z)a (= [Ltc]? (4)
€IS ()UI g ) (VI g (3) celél)(i)uI(JB/l)(i)UIZL:I)(i)

XT(iaO) =1- UT(i)v Z XT(ia k) =1, Z k- XT(i7k) = XT(i)v (S [LtT]’ (5)

ke[0,kc] ke€[0,kc]
> x"li k) =T (k) tr-oy (k)= D XT(k) > 6y (k), k € [0, kc], (6)
’iE[l,tT] ’iE[l,tT]

vl —1) > 0T (),
ko (i =1) =€t (@) 2 xT (i = 1) = xT (1) 20" (i = 1) — e (i), i € [2,tr). (7)

3.2 Constraints for Including Leaf Paths

Let t~c denote the number of vertices u € Vi such that blygp(u) = 1 and assume that Vo =
{u1,ug,...,up} so that

blUB(Ui) =1,71€ [1,756] and blUB(Ui) =0,17¢€ [tE + 1,tc].
Define the set of colors for the vertex set {u; | i € [1,£c]} U Vir to be [1, cp] with
cp 2 to+tr = [{ui | i € [1,tc]} U V|

Let each vertex v%;, i € [1,tc] (resp., vT; € Vi) correspond to a color i € [1, cp] (resp., i+tc € [1,cp]).

When a path P = (u,vFj,vFj+1, e ,vFj+t) from a vertex u € Vo U Vi is used in G, we assign the
color i € [1,cp] of the vertex u to the vertices v¥;, v¥j41,..., 0" 44 € Vp.
constants:

- cp: the maximum number of different colors assigned to the vertices in Vg;

- niﬁlf)), niél]% € [2,n*]: lower and upper bounds on the number of interior-vertices in G;

- blpg(i) € [0,1], 7 € [1,tc]): alower bound on the number of leaf p-branches in the leaf path rooted
at a vertex vci;

- blLp(k), blyp(k) € [0,fus(k) — 1], k € [1,kc] = I(>9) U I;>1): lower and upper bounds on the
number of leaf p-branches in the trees rooted at internal vertices of a pure path P for an edge
ar € E1) U E(>9);

variables:
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int int . int J. : : : : .
- n&' € [n’s, njp): the number of interior-vertices in G;

vF (i) € [0,1], i € [1,tp]: vF (i) = 1 < vertex v is used in G

fictitious edges (e (i) = 1 < edge e; is used in G);

ef'(i) € [0,1], i € [I,tp + 1]: €¥(i) represents edge ef'; = v¥;_1vY;, where e

F

1 and eFtFH are

- xF(i) € [0,cp], i € [1,tp]: x¥ (i) represents the color assigned to vertex v¥; (x¥'(i) = ¢ & vertex

vF'; is assigned color c);

- clt¥(e) € [0,tF], ¢ € [0, cp]: the number of vertices vF'; with color ¢;

- 55(0) € [blrp(c), 1], ¢ € [1,tq]: 65(0) =14 xF(i) = ¢ for some i € [1,t5];

- 05 (c)e[0,1], ce [tc +1,cp): 6% (c) =1« x"(i) = c for some i € [1,tg];

- xF(i,¢) €[0,1], 4 € [1,tp], c € [0,cr]: XF(i,¢) =1 & xF'(i) =¢;

- bl(k,i) € [0,1], k € [1,kc] = I(2) U I>1), i € [L,t1]: bl(k,i) = 1 & path P contains vertex v™;
as an internal vertex and the p-fringe-tree rooted at v1; contains a leaf p-branch;

constraints:

XF(ivo) =1- UF(i)v Z XF(i)C) =1, Z ¢ XF(i’C) = XF(i)a

cel0,cr] c€[0,cr]

Y Xy =cf(e), tp-oh(c)>= > x(i,¢) = 5k (c),

iE[l,tF] iE[l,tF]

1) =e(tp +1) =0,

bl(k,i) > &y (tc + ) + x " (i, k) — 1, ke [l,kcli€ [1,tr],

S bk < Y oN(e +1),

ke[l,k‘c],ie[l,t'p] ’iE[LtT]

bli(k) < ) bl(k,i) <blus(k), k€ [1,kc],
1€[1,t7]

tc + Z vl (i) + Z o (4) = nift.

1€[1,t7] 1€[1,tp]

1€ [1,tF],

c € [0, cp],

1€ [2, tF],

(8)

(9)

(12)

(13)

(14)
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3.

3 Constraints for Including Fringe-trees

To express the condition that the p-fringe-tree is chosen from a rooted tree Cj, T; or F;, we introduce
the following set of variables and constraints.

constants:

nLg,n*: lower and upper bounds on n(G), where nyg,n* > ni%;

chyp(i),chyp(i) € [0,n*], i € [1,tr]: lower and upper bounds on ht(7;) of the tree T; rooted at a
vertex UCZ';

chyg(k),chup(k) € [0,n*], k € [1,kc] = I(>2) U I(>1): lower and upper bounds on the maximum
height ht(T") of the tree T' € F(Py) rooted at an internal vertex of a path Py for an edge aj €
By U Ez2);

Let Fa denote the set of chemical rooted trees 1) = ({v}, ) with ht(¢) = 0 and a(v) = a for each
chemical element a € A;

Prepare a coding of the set F(D;) and let [¢)] denote the coded integer of an element 1 in F(D);
Sets F(v) C F(Dg),v € Vo and Fg C F(D;) of chemical rooted trees T' with ht(T) € [1, p|;

Define F* := U,ey, F(v) U Fp, FL = F(0%), i € [1,tc], Fi' := Fp, i € [1,t7] and F} := Fp,
1€ [l,tF];

FX[pl,p € [1,p],X € {C, T,F}: the set of chemical rooted trees T € F* with ht(T) = p;
n([¢]) € 10,3°],¢ € F*: the number of non-root vertices in a chemical rooted tree 1;
ht([¢]) € [0, p], 1 € F*: the height of a chemical rooted tree 1);

deg,([¢]) € [0,4],% € F*: the number of children of the root r of a chemical rooted tree 1;

variables:

ng € [nus,n*]: n(G);
vX(i) € [0,1],3 € [1,tx], X € {T,F}: v*(i) = 1 & vertex v¥; is used in G;
rX(i) € [0,p], i € [1,tx], X € {C,T,F}: the height of the p-fringe-tree rooted at vertex v=; in G;

6% (i, [@]) € [0,1],i € 1,tx]), ¢ € FRUFa, X € {T,F}: 62(i,[¢)]) = 1 & ¢ is the p-fringe-tree at
vertex vX;, where 1) € Fp means that the height of the p-fringe-tree is 0;

deg(i) € [0,3],4 € [1,tx],X € {C,T,F}: the number of children of the root of the p-fringe-tree
rooted at vertex vxi in G;

o(k,i) € [0,1], k € [1,kc] = I(>9) U I(>1),i € [1,t7]: o(k,i) = 1 < the p-fringe-tree T, rooted at
vertex v = vT; with color k has the largest height among such trees;

constraints:
S oogG ) =1, > deg.([¥]) - 55 (i, [1)]) = deg (i), i €[1,tc),
’IZJG.FZ-CU]:A TJJE.FFU.FA

Yo D =080, Y degi([W]) 06, [¥]) = degR (i), i€ [L,tx],X € {T,F}, (16)

YEFXUF, YEFXUF,
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D OhGL[]) = o (0) — €M (i + 1), i€ [Lte] (" (tr +1) = 0),
YEF! o]

> he([]) - 68 G, [W)) = W), i €[1,tx],X € {C,T,F},
peFX

> n([¥]) - 6 (i, [¢]) + > v (i) + tc = na,
peFX i€[l,tx],Xe{T,F}
i€[1,tx],Xe{C,T,F}

hC(i) > chrp(i) — n*ok (i), clr¥(i) + p > chyp(d),
RC (i) < chyp(i), clrf' (i) + p < chyp(i) + n*(1 — (55(2)), i€ [1,tc],

chp(i) < hC(i) < chyg(i), i€ [tc+ 1,tc],

WY (i) < chup(k) +n* (6% (tc + i) + 1 — X" (i, k),
clrF(tE +1i) 4+ p < chyp(k) + n*(2 — (55(% +1i)— XT(z’, k)),
ke [l,kcl,i€[1,tT],

> o(ki) =67 (k), ke[lke]

i€[1,tr]

X" (i k) > o(k, ),
RY (i) > chyp(k) —n (6F(tc +i)+1—o(k,i)),
et (tc +14) + p > chyp(k) — n*(2 — 5F(tc+z)— (k,1)), ke [l,kcl,ie[1,tr]

3.4 Descriptor for the Number of Specified Degree
We include constraints to compute descriptors dg™*(Q), d € [1,4].

variables:

- deg®(i) € ]0,4], i € [1,tx], X € {C, T,F}: the degree deg,(vX;) of vertex v*; in G;

- degep(i) € [0,4], i € [1,tc]): the number of edges from vertex v¥; to vertices vT;, j € [1,¢1];

- degrc(i) € [0,4], 5 € [1,tc]: the number of edges from vertices vT;, j € [1,¢1] to vertex vC;;

11

(17)

(18)

(20)

(21)

(24)
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- 0, (i,d) € [0,1], i€ [l, tc} d e [1,4], 63,(,d) € [0,1), i € [1,tx], d € [0,4], X € {T,F}:
(5ng(i,d) =1 & deg (Z)
dg(d) € [dg1p(d),dgyp(d )] d € [1,4]: the number of interior-vertices v with degq(v) = d;

degi®®(i) € [1,4], i € [1,tc], degl?®(i) € [0,4], i € [1,tx],X € {T,F}: the interior-degree
degyin, Eint)(vxi); i.e., the number of interior-edges incident to vertex v>;;

Sre(id) € 0,1, 4 € [Ltcl, d € [1,4], 65« (i,d) € [0,1], i € [1,¢x], d € [0,4], X € {T,F}:
(i, d) =1 & degl®® (i) = d;

- dg'"(d) € [dg;(d), dgyp(d)], d € [1,4]: the number of interior-vertices v with the interior-degree
deg(vmt Elnt)( ) - d

constraints:
Z 5y (k) = deger (i), Z oy (k) = degr (i), i € [1,tc], (25)
kef&)(i)ulél)(i) K€L 5 (DUI ) (3)

dege (i) + deg: (i) + deger (i) + degre (i) + 6% (1) = degl®(i), ielic],  (26)
dege (i) + deges (i) + degerp (i) + degpo (i) = degi®' (i), i € [tc + 1,tc], (27)
deg®" (i) + deg® (i) = deg® (i), i € [1,tc], (28)
Z 5fr > 2 — deglgt(z) S [LtC]a (29)

YeFLp]

20" (i) + 6y (tc + i) = degt*(i),
degmt( )+deg ( ) — deg (’L), 1€ [1,tT] (eT(l) = eT(tT + 1) = 0)’ (30)

0¥ (i) + € (i + 1) = deglt'(3),
el (i) + degf (i) = des (7). ie Lt (P =+ =0, (]

Z 5dg i,d) =1, Z d- 5dg i,d) = deg™ (i),

def0,4] del1,4]
3o oapcd) =1, Y d-0(i.d) = deg'(i), i€ [Litx),Xe(T,.C.F},  (32)
def0,4] de[1,4]
Yo oGd) + > did)+ > o5,(i,d) = dg(d),
Ze[l tC] Ze[l tT] ZE[I tF]
Yo ooad) + Y S d) + Y (i d) = dg™(d), dell,4.  (33)

1€[1,tc] 1€[1,t7] 1€[1,tr]
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3.5 Assigning Multiplicity

We prepare an integer variable (e) for each edge e in the scheme graph SG to denote the bond-
multiplicity of e in a selected graph GG and include necessary constraints for the variables to satisfy
in G.

constants:

- Be([¢0]): the sum of bond-multiplicities of edges incident to the root of a tree ¢ € F*;

variables:
- BX(i) €]0,3], i € [2,tx], X € {T,F}: the bond-multiplicity of edge eX;;

- BC3) € [0,3], i € [%E + 1,mc] = I1) U L1y U I(=1): the bond-multiplicity of edge a; €
Bz1) Y B/ Y E=);

- BH(k),B7(k) € [0,3], k € [1,kc] = I(>9) U I(>1): the bond-multiplicity of the first (resp., last)
edge of the pure path Py;

- B"(c) € 10,3], ¢ € [1,cp]: the bond-multiplicity of the first edge of the leaf path Q. rooted at
vertex c;

- pL(0) € 10,4],i € [1,tx],X € {C,T,F}: the sum Br,(v) of bond-multiplicities of edges in the
p-fringe-tree T}, rooted at interior-vertex v = v;;

- 85 (i,m) € [0,1], 4 € [2,tx], m € [0,3], X € {T,F}: 05 (i,m) = 1 & B¥(i) = m;
- 05 (i,m) €[0,1],i € ke, me] = Iiz1) U1y Ul =1y, m € [0,3]: 65 (i,m) =1 & (i) = m;

- 5E(k,m),6§(k,m) €[0,1], k € [1,kc] = [(>9) U (1), m € [0, 3]: 5;(k,m) =1 (resp., 65 (k,m) =
1) & BT (k) = m (resp., 87 (k) = m);

- 55 (c,m) € [0,1], ¢ € [1,¢x], m € [0,3]: 63 (c,m) =1 & S™(c) = m;
- bd™(m) € [0,2n18], m € [1,3]: the number of interior-edges with bond-multiplicity m in G;

- bdx(m) € [0,2n}15], X € {C,T,CT, TC}, bdx(m) € [0,2n{%],X € {F,CF,TF}, m € [1,3]: the
number of interior-edges e € Ex with bond-multiplicity m in G;

constraints:

eC(i) < BC(1) < 3¢°(i).i € [kc + 1,mc] = I(s1y U L1y U L), (34)

eX (i) < BX(i) < 3eX(0), i€ [2,tx),X € {T,F}, (35)

oy (k) < BT (k) <367 (k), 6y (k) < B (k)< 3y (k), ke [1,kc], (36)
55(0) < p"(e) < 355(0), c € [1,cr], (37)
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Y ooxm)=1, Y m-65(i,m) = (i), i €[2,tx],X € {T,F},
me[0,3] me[0,3]
S osGm)=1, Y m-653,m) =), i € [ke + 1,mc],
me|0,3] mel0,3]
o odhem)=1, Y m-5f(k,m)=p8%(k), ke [1,kc],
me[0,3] me|0,3]
S odgkm)=1, Y m-55(k,m) =8 (k), ke [1, ke,
mel0,3] me|0,3]
Z 55 c,m) =1, Z m - 5iﬂn(c, m) = £7(c), ce€[l,cr),
me|0,3] mel(0,3)]
Z Be([¥ 6fr (4, [¥]) = é{(i)ﬂ i€[1,tx],X € {C,T,F},
YeFE

> 6§(i,m) =bde(m), > 65(i,m)=bdr(m),

i€lkc+1,mc] i€[2,t1]

> 65 (kym) =bdar(m), Y 65 (k,m) =bdro(m),

ke[l kc] ke[1,kc]
> 65, m) =bdp(m), > F = bdcr(m),
i€[2,tr] ce[1,tc)

> 6§ (c,m) =bdrr(m),

c€ltc+1,cr]

bdc(m) + bdr(m) 4+ bdp(m) + bdcr(m) + bdrc(m) + bdre(m) + bder(m) = bd™(m),
m € [1,3].

3.6 Assigning Chemical Elements and Valence Condition

14

(40)

(41)

(42)

We include constraints so that each vertex w in a selected graph H satisfies the valence condition; i.e.,
> werm) Buv) < val(a(u)). With these constraints, a chemical graph G = (H, «, 3) on a selected

subgraph H will be constructed.

constants:

- Subsets A" A®* C A of chemical elements, where we denote by [e] (resp., [e]™* and [e]®) of a

standard encoding of an element e in the set A (resp., A" and AS¥);

- A valence function: val : A — [1,4];

- A function mass* : A — Z (we let mass(a) denote the observed mass of a chemical element a € A,

and define mass*(a) = |10 - mass(a)|);
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- Subsets A*(i) C A, i € [1,tc];

- narg(a),nayp(a) € [0,n*], a € A: lower and upper bounds on the number of vertices v with
a(v) = a;

- nal(a), nall(a) € [0,n*], a € A™: lower and upper bounds on the number of interior-vertices v

with a(v) = a;
- ap([¢]) € [A®™], € F* U Fp: the chemical element «(r) of the root r of ;

- naZX([¢]) € [0,n*], a € A®*, ¢ € F*: the frequency of chemical element a in the set of non-rooted
vertices in v;

- nu([¢], d) € [0,3°],4 € F* U Fp,d € [0,3]: the number of non-root vertices with degy, q(v) = d in
.

variables:
- B°T(3), BTC() € [0,3],4 € [1,t7]: the bond-multiplicity of edge e“T;; (resp., eTC;;) if one exists;
- BCY (i), BT (4) € [0,3],i € [1,tp]: the bond-multiplicity of e“F;; (resp., eTF;;) if one exists;

- oX(i) € [ARY] 6% (i, [a)'") € [0,1],a € A" € [1,tx],X € {C,T,F}: oX(i) = [a]™ > 1 (resp.,

aX(i) = 0) & 6%(i,[a)™) = 1 (resp., 0X(i,0) = 0) < a(vX;) = a € A (resp., vertex v¥; is not
used in G);

- 0% (i, [a™) € [0,1],4 € [1,tx],a € A, X € {C,T,F}: 63(i,[a]') =1 & a(v;) = 2

- Mass € Zy: 3 ey gy mass™(a(v));

- na([a]) € [narp(a),nayp(a)], a € A: the number of vertices v € V(H) with a(v) = a;

- nal"([a]™) € [nal®(a),nallb(a)], a € A, X € {C,T,F}: the number of interior-vertices v € V(G)
with a(v) = a;

- nag([a]®),na([a]*) € [0,naygp(a)], a € A, X € {C, T, F}: the number of exterior-vertices rooted
at vertices v € Vx and the number of exterior-vertices v such that a(v) = a;

- Opalisd) €[0,1],d € 10,3], X € {C, T, F}: & 4(i,d) < degpyq(v™i) = d;
- hydg(d),d € [0, 3]: the number of vertices v with deghyd(vxi) =d;

constraints:

|
=
=]
=
_|_
—_
IA
=
Q
=

BF (k) = 3(e (i ) ) < B(k) +3(e"(6) — x (i, k) + 1),i € [1,t7]
B(k) =3(e"(i+1) = x"(i,k) + 1) < BTG < B~ (k) +3(e" (i + 1) —x" (4, k) +1),i € [1, 1]
ke [1,kc],
(43)
B (c) = 3(e" (i) = x"(3,¢) + 1) < BT (i) < B™(c) + 3(e" (i) — X" (i,¢) + 1), € [1, tx], c € [1,tc],
B(c) — 3(eF (6) — X" (i, ¢) + 1) < BT (i) < A7 (e) +3(cF (i) — X" (i) +1),i € [Lite], c€ [fe+ Lep),
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> oSG =1, D (o™ 8N [a™) = a%(0), i€ [Ltcl,

acAint acAint

Z 5X 1nt X(i), Z [a]int . 55(1-7[ ]mt) _ Ozx(i), = [th],X S {T,F},

acAint acAint

Y W) - o (i []) = o (), i€ [Lix], X e {C,T,F},

PYEFXUFA

> B%G) + > BE(k) + > B~ (k)

Jjelc(i) keI, (VI () k€I, (VIS4 ()
51n +Bec):< Z d- 5hyd i, d Z Val( )55( 7[ ]int)v (S [1,{&],
deo,3] acAint

Z B°(5) > BY (k) + > B (k)

JEla(i keI;;Q)( )u1(>1)( i) k€IS (VI ()
HBS() + D d- Sl d) = D val(a)ds (i, [a]™), i € [tc +1,tq],
delo,3] acAint

BY(0) + BT (i41) + B (i) + BT (1) + B7(0)
+BM(te +i) + Y d-ba(id) = > val(a)d, (i, [a]™),

de[0,3] acAint

e [Ltr] (BT(1) = BT (tr +1) = 0),

BY (i) + BF (i+1) + BN (i) + BT (0)
HBEG) + > d- Sl d) = Y val(a)sh (i, [a]™),

de[0,3] acAint

e [L,tp] (87(1) = B (tr + 1) = 0),

> 60X (i, [a™) = nax([a]™), ae A" X e {C,T,F},
1€[1,tx]
> naZ([W]) - 6% (4, [1]) = nag([a]™), a €A™, X e {C,T,F},

16

(47)
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nac([a]int) + naT([a]int) + naF([a]int) — naint([a]int)7 ac Aint’
Z nay‘([a]®™) = na®™([a]®), ae A%,
Xe{C,T,F}
na™([a]™) 4+ na®™([a]**) = na([a]), a € AN AT,
naint([a]int) — na([a]), ac Aint \Aex7
na®([a]®) = na([a]), a e A\ AN (53)
Z mass”(a) - na([a]) = Mass, (54)
acA
> balid) =1,i € [1,tc],
de[0,3]
> nalind) = v (i),i € [1,tx],X € {T,F}, (55)
delo,3]

Z 5})1(yd(i’ d) + Z nH([T/}]v d) ’ 5?(27 M) = hydg(d)7 de [07 3]7 (56)

i€[l,tx],Xe{C,T,F} YEFXig(L,tx],Xe{C,T,F}

> oSl ™) =1, i€ [1,tq). (57)

acA* (i)

3.7 Constraints for Bounds on the Number of Bonds

We include constraints for specification of lower and upper bounds bdyg and bdyg.

constants:

- bdp,1B(7), bdym,us(i) € [0, ni[}lfg], i € [1,mc], m € [2,3]: lower and upper bounds on the number of
edges e € E(P;) with bond-multiplicity S(e) = m in the pure path P; for edge e; € Ec;

variables :

- bdr(k,i,m) € [0,1], k € [1,kc], i € [2,tr], m € [2,3]: bdr(k,i,m) = 1 < the pure path P for
edge e;, € Ec contains edge e'; with B(el;) = m;

constraints:

bdp,LB(i) < 65 (i,m) < bdm,us(i),i € Ii—1) U Ig),m € [2,3), (58)

bdr(k,i,m) > 65 (i, m) +x"(i,k) =1, k€ [1,kcl,i€[2,tr],me[2,3], (59)
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SToskGom)> Y. bdr(k,i,m), me[2,3], (60)
je[QvtT] ke[lka]vie[QvtT]

bdpma(k) < Y bdr(k,i,m)+ 6% (k,m)+ 65 (k,m) < b, us(k),
1€[2,t1]

ke[l kc],m e [2,3]. (61)

3.8 Descriptor for the Number of Adjacency-configurations

We call a tuple (a,b,m) € A x A x [1,3] an adjacency-configuration. The adjacency-configuration
of an edge-configuration (u = ad, ' = bd',m) is defined to be (a,b,m). We include constraints to
compute the frequency of each adjacency-configuration in an inferred chemical graph G.

constants:

- A set I'" of edge-configurations v = (u, &, m) with pu < &;

Let 7 of an edge-configuration v = (i, £, m) denote the edge-configuration (&, j1, m);
- Let T2 = {(u,&,m) € I™ | < €}, T2 = {(u,§,m) € I™ [ =€} and T2 = {7 [y € T2},

- Let Fgét < Fgg: and Fgét7> denote the sets of the adjacency-configurations of edge-configurations

in the sets Fié‘t, It and Fi;“, respectively;

- Let 7 of an adjacency-configuration v = (a,b, m) denote the adjacency-configuration (b, a, m);

- Prepare a coding of the set T'%t U Fia‘ét’> and let [v]™ denote the coded integer of an element v in

I‘;Iét U Iunt .

ac,>>

- Choose subsets I'C,, TT 1T TTC TF [CF PTF C pint (j pint . Ty compute the frequency of

ac’acr—-ac ’-ac ’-ac’-ac ac,>"
adjacency-configurations exactly, set I'S, := T'L .= I'CT .= 1'1C¢ .= TF .= 1CF .— TTF .—
int int .
I‘ac L-JFaC,>7

- acil (v), aclih(v) € [0,2085],v = (a,b,m) € I'™: lower and upper bounds on the number of
interior-edges e = uv with a(u) = a, a(v) =b and f(e) = m;

variables:

- ac™([V]In) € [acil (v), acllh (v)], v € T the number of interior-edges with adjacency-configuration
v;

- acc([]™) € [0,mc],v € TS, acp([W]™) € [0, t1], v € TL, acp([v]™) € [0, tr], v € I'E.: the number
of edges e© € E¢ (resp., edges e € Et and edges ef € Er) with adjacency-configuration v;

- acer([v]™) € [0,min{kc, tr}],v € TS, acpe([v]™) € [0, min{ke, tr}],v € TSF, acor([v]™) €

ac

0,tc],v € TSF, acpr([v]™) € [0,tr],v € TLF: the number of edges e“T € Eqr (resp., edges

ac

eTC € Fre and edges e € Ecp and €™F ¢ Err) with adjacency-configuration v;

- 6C (i, ™) € [0,1],i € [ke + 1,mc] = I>1y Uy UlZy),v € rC, 6T (i, []™) € [0,1],i €

acy

[2,t7],v € DL 6F (4, []™) € [0,1],4 € [2,tp],v € TE.: 6X(i, 1)) = 1 < edge ¢X; has adjacency-

ac?
configuration v;



Supplementary Materials 19

- 5SCT(k7 [V]int>75;£:0(ka [V]int) € [Oa 1]7k € [LkC] = I(22) U I(Zl)ay € fgcT: 5SCT(ka [V]int) =1 (resp.,
OLC(k, [V]™) = 1) & edge CCTtaﬂ(k)’j (resp., eTChead(k)’j) for some j € [1,tr]| has adjacency-
configuration v;

- 6CF (¢, [V]™) € [0,1],¢ € [1,tc],v € TSF: 65F (¢, [v]™) = 1 & edge eF..; for some i € [1,§] has
adjacency-configuration v;

- 6TF (i, )™ € [0,1),i € [1,t1),v € TEF: 6TF (i, [v]™) = 1 & edge €TF;; for some j € [1,tp] has
adjacency-configuration v;

- a®T(k),aT™C (k) € [0,|A™]), k € [1,kc]: a(v) of the edge (Uctaﬂ(k)7v) € Ecr (resp., (v,vchead(k)) €
Erc) if any;

- a®F(c) € [0,|A™], ¢ € [1,tc]): a(v) of the edge (vC.,v) € Ecr if any;
- aTF(i) € 0,]AM],i € [1,¢7]: a(v) of the edge (vY;,v) € Erp if any;

- AGH), AST(0), € [0, [AM ], i € [ko+1,me], AL (), A (1) € [0,]A™]]d € [2,t7], ALt (i), Al (i) €
0,JAM i € 2,6 AXF(5) = AX(7) = 0 (resp., AXF(i) = a(u) and A% (i) = a(v)) < edge
eX; = (u,v) € Ex is used in G (resp., eX; € E(G));

- ASCTJr(k)?ASCTi(k) € [07\Amtﬂ7k S [l,kc] - 1(22) U I(El): ASCT+(k) - AgcTi(k) =0 (resp.,
ASTH(E) = a(u) and AST (k) = a(v)) < edge eCTtaﬂ(k-)J = (u,v) € Ect for some j € [1,t7] is
used in G (resp., otherwise);

- AL (k), AL (k) € [0, |[AM]], k € [1,kc] = I(>2)UI(>1): Analogous with AZI (k) and AT~ (k);

- AL () € [0, |A), AL (e) € [0, [AM )], ¢ € [L,tc]: AGFF () = AZE () = 0 (resp., AL (c) =
a(u) and ASF~(c) = a(v)) < edge e“F.; = (u,v) € Ecr for some i € [1,tp] is used in G (resp.,
otherwise);

- ATFH() € [0, |[AMY], ATF=(4) € [0, [A™]],7 € [1,¢7]: Analogous with ACF+(c) and ACF~(c);

ac

constraints:

(™) =0, v e\ TG,
(W]™) =0, v e\ I,
(W]™) =0, v e\ I,
accr([V]™) =0, v e\ IgT,
(W]™) =0, v e\ I
(W]™) =0
(™) =0

C ac

int \ T~CF
) ve \Fac )

int \ "TF
) ve Ty \Fac )

(62)
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> ace(™) =

(a7b,m):U€Fiar(]:t

§ : acT 1nt

(a,b,m)=velint

§ : acF mt

(a,b,m)=velint

Z aCCT mt

(a,b,m)=verint

Z aCTC mt

(a,b,m)=velint

Z aCCF 1r1t

(a,p,m)=vers

> acw(™) =

>

v=(a,b,m)ers,

C(;
Ape (i) +
v=(a,b,m)elS,

> Mo,

v=(a,b,m)el<,

AS (i) +

ac

> ™o,

> 6g,m),

i€lkc+1,mq]

Zéﬂzm

Z€[2 tT}

Z 5Bzm

ZG[Q tF]

Z 5+km

kG[l kc]

Zékm

kG[l kc]

= ) oy

cell, tc]

Z (5}6;“(0, m),

cE[tc+1,cr]

[V]™) = o (head (7)),

AZH(i) + AG (@ ) < 2|A™|(

> g

i€lkc+1,mc]

>

v=(a,b,m)el'L,

A+ Y [

v=(a,b,m)el'L,

A+ 0 ™Mol ™) =

v=(a,b,m)el'L,
AT+( ) —i—AT (

> o

16[2 tT]

= 1_€C(i))7

(i, [V]™*) = acc([v]™),

) < 2|Ai“t\(1 — et (1)),

1nt _ aCT([V]int),

Ogei, [V]™) = B(),

[v]™) = S (tail(i),

Oae (i, V™) = B (1),

(6, [P)™) = o (i - 1),

20

m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],

(63)

€ [kc +1,mc],

velgw, (64)

i€2,tr],

ver,, (65)
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> om0l ™) = 57,
v=(a,b,m)elL,
A@+ Y M M) = af (i - 1),
v=(a,b,m)elL,
A @+ Y M M) = af (),
v=(a,b,m)el'L,

Age (i) + Age (i) < 2JA%[(1 = €"()),
> Gaeli, 1) = acp(V]™),

1€[2,tr)

(i) + [A™ (1= X" (6, k) + €T (6) = a“T (),
a®T(k) > ol (i) = [A™|(1 = X" (i, k
ST me sk ™) = 87 k),
v=(a,b,m)el'CT
AR+ D [0 (R ™) = o (tail(k)),
v=(a,b,m)el'CT
AR+ D Mo (K, [)™) = o (k),
v=(a,b,m)el'CT

AZT (k) + AL (k) < 2[A™ (1 - 67 (K)),
Y e (b, ]™) = acor(™),

ke[l,kc]

~—
_|_
)
—
—~
.
~—
~—

al (i) + [A™ (1= X" (6, k) + €' (i + 1)) > (k)
a(k) > ol (i) = [A™|(1 = X" (i, k) + €T (i + 1)),
S me oLk ™) = 87 (k),
v=(a,b,m)el'LC
AR+ Y [ (k™) = o (R),
v=(a,b,m)el'TC
Ao 4+ Y B0 (ks [V]™) = a(head(k)),
v=(a,b,m)el'LC

AT (k) + AL (k) < 2[A™(1 — 8y (K)),

> G (k[ = acto(V]™),
ke(l,kc)

21
(A= [2atF]>
verlt, (66)
1 E [1,75'1“],
ke [17k0]7
veTCr (67)
1€ [l,tT],
k€ [1,kcl,
v eTrC (68)
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(@) + A (1= X (i ¢) + €7 (@) = (o),
o) = (i) = [A™](1 = xF (i, ¢) + € (i),
Yoo omea (e ™) = 87 (e),
v=(a,b,m)elr'SF
AT O+ Y ™ (e ™) = af(head(e)),
v=(a,b,m)el'SF
AT+ > B (e ™) = o (o),
v=(a,b,m)elrSF

AL () + AL () < 2max{|AM] AT} (1 - 67(0)),
> 0 (e, [V]™) = accr (V]™),

c€[l,tc]

«
«

o () + A (1 = xF (i + o) + €5 (5) > o (i),

a'P (i) = af (§) — [A™|(1 = X" (5,0 + tc) + €7 (4)),

ST me G ) = 87+ o),

v=(a,b,m)el'LF

AL (i) + > ™o (i, ™) = o (i),
v=(a,b,m)el'LF

AL () + > Mo, ™) = o™ (i),

v=(a,b,m)elLF

ALIT() + AL (1) < 2max{[A™ [AM (1 - 67 (i + o)),
> o (i, []™) = acrr([r]™),

ze[lvtT]

> (acx ([V]™) + acx ([7™)) = ac™ ([v]"™),

Xe{C,T,F,CT,TC,CF,TF}

> acx ([V]™) = ac™ ([v]™),

Xe{C,T,F,CT,TC,CF,TF}

3.9 Descriptor for the Number of Chemical Symbols

IS [LtF]’

ce [1,t?;],

veleF

ac ?

j e [1,tF],

1€ [1,tT],

veliF

ac ?

v et

ac,<>

v e ot

ac,="

22

(69)

(70)

(71)

We include constraints for computing the frequency of each chemical symbol in Aq. Let cs(v) denote
the chemical symbol of a vertex v in a chemical graph G to be inferred; i.e., cs(v) = p = ad € Aggq

such that a(v) = a and degg(v) = d.

constants:

- A set Aid“gt of chemical symbols;

- Prepare a coding of each of the two sets Agg and let [u]™ denote the coded integer of an element

pe AR
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- Choose subsets AS , AT Kng C Aid‘g: To compute the frequency of chemical symbols exactly, set

dg’ “*dg’
AC ._ AT ._ AF ._ Aint.
AG, = AT, = AL = Al

variables:
- s ([p]™) € [0, ], p € Aidngt: the number of interior-vertices v with cs(v) = y;

- 0%, ™) €[0,1], i € [1,tx], p € AR, X € {C, T, F};

constraints:
S aXG ™ =1, > [af™ o [W]™) = o™ (i),
ueT\gfgu{e} ,u:adefxé(g
> d-aX (L [p™) = degX (i),
u:adej\(}fg

iel,tx],X € {C,T,F}, (72)

Do Sl ™)+ D o M)+ Y o (W) = us™ (W), e Ady. (T3)

1€[1,tc] 1€[1,t7] 1€[1,tr]

3.10 Descriptor for the Number of Edge-configurations

We include constraints to compute the frequency of each edge-configuration in an inferred chemical
graph G.

constants:
- A set I''" of edge-configurations v = (u, &, m) with pu < &;

- Let T2 = {(n,&,m) € I | p < &}, T2 = {(u,§,;m) € T™ | p = &} and T2 = {(&, p,m) |
(1, €,m) € T2,

- Prepare a coding of the set '™ U Fi;‘t and let [y]""* denote the coded integer of an element v in
Fint U F1>nt
Y

- Choose subsets I 'Y TCT TIC [F [CF fch C Iinty Fiﬁt; To compute the frequency of edge-

ecr-ecr-ec_rTec ) -ecrec ) = ~ ~ ~ . .
configurations exactly, set 'S, := TL := 'Sl :=TEC :=T'F :=TF := TIF .= 1int y 1int;

- ecmt(v),eclib(y) € [0,2nM], v = (u,&,m) € I'™: lower and upper bounds on the number of
interior-edges e = uv with cs(u) = u, cs(v) = £ and B(e) = m;

variables:
- ec™([y]nt) € [eci (), eclih (v)],v € I'™: the number of interior-edges with edge-configuration =;

- eca([y]™) € [0,mc], v € TS, ecp([4]™) € [0,t1],v € TL, ecp([y]™) € [0, tr], v € TE.: the number
of edges e© € E¢ (resp., edges e € Et and edges e € Er) with edge-configuration ~;

- ecor((Y]™) € [0,min{kc, tr}],y € TSE, ecra((9)™) € [0,min{kc, tr}],7 € TSE, eccr([4]™) €
0,tc],y € TSF, ectr([y]™) € [0,t1],y € T'EF: the number of edges e“T € Ecp (resp., edges

eTC € Frc and edges e € Ecp and €™V ¢ Err) with edge-configuration ~;



Supplementary Materials 24

- 681, [y € [0,1),i € ke + 1,mq] = Iz1) U loyyy U I(=1),7 € TS, 05 (i, [y € [0,1],4 €
2,t7],7 € T, 0g(i, (™) € [0,1),i € [2,tr],y € Th: 6%(i,[1]") = 1 & edge €¥; has edge-
configuration ~;

- 553@(’% [’Y]int)75eTc,CC(k7 [’Y]int) € [07 1]7k € [LkC] = 1(22) Ul(zl)afy € fg:T: 6(?(;’71‘0(k7 [V]int) =1

(resp., 55%(1{:, [Y]"*) = 1) < edge eCTtail(k)J‘ (resp., eTChead(k)’j) for some j € [1,t7] has edge-

configuration ~;

- 55}:}:(0, [y € [0,1],¢ € [1, i),y € TSF: 5&%(0, [Y]"*) = 1 < edge e“F; for some i € [1, 1] has
edge-configuration ~;

- 5(}2?11(2', [y]) € [0,1],4 € [1,¢1],~ € DLF: (55:}?11(@', [v]1%) = 1 < edge e, ; for some j € [1,tp] has
edge-configuration ~;

- deg&T (k), degtC(k) € [0,4], k € [1, kc]: degs(v) of an end-vertex v € Vi of the edge (vCait(h)> v) €
Ect (resp., (v,v%ead(r)) € Erc) if any;

- deg&¥(c) € [0,4], ¢ € [1,tc]: degs(v) of an end-vertex v € Vi of the edge (vC.,v) € Egy if any;
- degi¥ (i) € [0,4],i € [1,t7): degy(v) of an end-vertex v € Vi of the edge (v7;,v) € Erp if any;

- AGH(),AS(6),€ [0,4],0 € [ke + Lmc], ALH(), AL () € [0,4),0 € [2,67), ALH(), AL () €
[0,4],i € [2,tp]: AL (i) = AL (i) = 0 (vesp., ALF (i) = degg(u) and AL (i) = degg(v)) <+ edge
eX; = (u,v) € Ex is used in G (resp., eX; € E(Q));

- AT (R), ASE (k) € [0,4],k € [ kc] = I59)Ul>1y: ASTT(R) = AST (k) = 0 (resp., AS (k) =
degg(u) and AGT (k) = degg(v)) < edge e“Tiaiy; = (u,v) € Ecr for some j € [1,t7] is used
in G (resp., otherwise);

- ALOT(R), ALE™ (k) € [0,4],k € [1,kc] = I(39) UI(>1): Analogous with AZTT (k) and AST—(k);

- ASFH(e), ASF=(¢) € [0,4],¢c € [1,tc]: ASFT(c) = ASF~(¢) = 0 (resp., ASF*(¢) = degg(u) and
ASY~(e) = degg(v)) « edge e“F.; = (u,v) € Ecr for some j € [1,tp] is used in G (resp.,
otherwise);

- ATF*(0), ATF=(3) € [0,4],4 € [1,t7]: Analogous with ASF*(c) and ASF=(c);

constraints:

eco([(y]™) =0, vy €M™\ T,
ecp([y]™) =0, y €™\ T,
ecr([y]™) = 0, y € D™\ TE,
ecor([H]™) =0, y e TMA\TET,
ecro([y]™) =0, v €T\ TTC,
eccr ([)™) = 0, v e ™\ TEF,
ecrr([]™) =0, v e\ THF,
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o e = D 65Gm), m € [1,3],
(pp! ;m)=7€int i€[kc+1,mc]
Z ecr([y]™) Z 55 i,m) m € [1,3],
(ot ym)=ry€Tint i€[2,tr]
Z ecp([y]™) Z (55 i,m) m € [1,3],
(st ;m)=ry€Tint i€[2,tF]
Z ecor([y]™) Z (5+ k,m) m € [1,3],
(1o’ ym)=ryelint ke[l,kc]
Z ecrc([y]™) Z o5 (k,m) m € [1,3],
(1! ym)=ryelint ke[l,kc]
Z eccr ([y]™) Z (5 m € [1,3],
(1, ;m)=€nt c€[1,tc]
o e = Y dF(em), m € [1,3],
(popt! ym)=ryelint c€ltc+1,cr]
(75)
> l@bm)™ 686 ™) = D M- s ™),
v=(ad,bd’,m)€ers, vel'S
AT+ Y d- g ™) = deg®(tail(i)),
v=(ad.§,m)€rE,
A @+ Y d-8G (i [™) = deg®(head(i)),
y=(ps,bd,m)€TS,
AC+()+AC (i) <8(1—€%(i)), i€ lhc+1,mal,
> oei, ™) = eca([v™), yeTg, (76)
i€[kc+1,mc]
> labym)™ (i ™) = Y ™ 6a (i, ™),
y=(ad,bd’,m)el'L, vel'T,
AT+ Y deog(i ™) = degT(i - 1),
v=(ad,§,m)erL,
AL+ Y S (i [™) = deg" (i),
v=(p,pd,m)erk,
AT+()+AT (i) < 8(1 — €T (4)), i € [2,t7],
D Gaclis ™) = ecr (™), yeln, ()

16[2 tT]
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Z [(a,b, m)]int . 553(@ h]int) — Z [y]int . 6§c(ia [I/]int),
vy=(ad,bd’ ,m)efgc VGfgc
A£c+(i) + Z d- (SEC(’L, [,Y]int)
y=(ad,&,m)elE,
A @+
v=(p.bd,m)€TE,

A (i) + AL ( ) <8(1—ef(i)),
Z 5 mt _eCF([,y]int>7

16[2 tF]

= degF(l - 1)7

d- 6% (i, [y = deg® (¢),

deg" (i) +4(1 — X" (i, k) + €' (i) > deg®" (k),

degf ' (k) > deg™ (i) — 4(1 — x" (i, k) + €' (i),

> l@b,m)™ 5k, VM) = > 6Lt (ke [,

~=(ad,bd’,m)eTCT vergr

AT R+ Y d-8Ga(k V)™ = deg®(tail(k),
v=(ad,£,m)ersr

AL (k) + > d- 00k V™) = degF T (k),

v=(p1,bd,m)€rST
AT (k) + AZT (k) < 8(1— 8y (k)),
> sk ™) = ecar((V]™),

ke[l,kc}

deg® (i) +4(1 — xT(i, k) + €T (i + 1)) > degrC(k),
degtC(k) > deg” (i) — 4(1 — X" (i, k) + e (i + 1)),
Z [(a,b,m)]™ - 625G (K, [7]™) = Z )t o (k, [V]™),
y=(ad,bd’,m)el'TC vel'TC
AL (k) + Z d - o (K, [Y]™) = deg1®(k),
’y:(ad,é,m)ef;rcc
ALE (k) + Z d - 6o (k, [y]™) = deg®(head(k)),
7:(/"‘7bd’m)€fec
ATCH (k) + ATC‘(k;) < 8(1 -6, (k)),

Z 5ecC mt = eCTC([’V]int)a
k€([l,kc)

26

1 € [2,tF],
veTk,  (18)

€ [1,tT],

ke [1 k‘c]
eICT (79)

ec

1€ [l,tT],

k€ [1, kc],
v E Fec , (80)



Supplementary Materials

deg" (i) +4(1 = X" (i, ¢) + €7(§)) = degf" (),

degl:" (¢) = deg" (i) — 4(1 — X" (i, ¢) + € (i),

Yo labm)™ - oglele, M) = D 6 (e ™),
v=(ad,bd’,m)el'SF vel'CF

AT e+ Y d-oTo(e, ™) = deg(c),
y=(ad,¢,m)elSF

AL () + > d-elele, ™) = degfF (o),
y=(p,bd,m)€TSF
CF CF— F
Aec +( ) A ( ) < 8(1 - 5)((0))7

Y eole, ™) = eccr(I]™),

ce [l,tc]

deg" () +4(1 — X" (G + tc) + €"(j)) > degi" (i),
degg" (i) > deg" (j) — 4(1 = x"(j,i + tc) + €7 (),
Yo labm)™ sl B = Y M6 G ™),
y=(ad,bd’,m)el'LF vel'TF
ALT@ A+ Y dan (™) = deg™(d),
7:(ad,§,m)€f
A;I;:Fi(l) + Z d- 5ec T(‘ h/]int) = degEF(z),
y=(p,bd,m)el'LF

A (@) + Ao (1) < 8(1 =8y (i + te)),
Z 6ecT<. [ ]mt) = eCTF([Py]int)a
1€[1,t7]
> (eex (V™) + eex ([F1™)) = ec™ ([71]™),

Xe{C,T,F,CT,TC,CF,TF}

) ecx([7]™)

Xe{C,T,F,CT,TC,CF,TF}

= ec ([3]),

3.11 Descriptor for the Number of of Fringe-configurations

27

€ [1,151:‘},

ce[l,tq),
v eI, (81)

JE [LtF]a

i € [latT]v
el¥ (82)

ec )

o c Flnt

v € Iint, (83)

We include constraints to compute the frequency of each fringe-configuration in an inferred chemical

graph G.

variables:

fe([¢]) € [0,tc + tr + tr], 9 € F*: the frequency of a chemical rooted tree v

in the set of p-fringe-trees in G;

constraints:
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ST G W) = fe([y]), s (84)
i€[l,tx],Xe{C,T,F}
3.12 Constraints for Normalization of Feature Vectors

By introducing a tolerance € > 0 in the conversion between integers and reals, we include the following
constraints for normalizing of a feature vector f(G) = (z1,x2,...,TK):

(1 - £)(zi — min(dep; Dy))
max(dcp;; D) — min(dep;; Dy)

(14 ¢)(z; — min(dep;; Dr))
max(dcp;; Dy) — min(dep;; Dy)

<Z < ;i€ K] (85)

An example of a tolerance is ¢ = 0.01.
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