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Equilibrium result
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Proof of Lemma 2 Given the profit ,,* showed in Eq 1, we have % = —2., thus m,"¥ is
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strictly concave in pj®. Using the FOC yields pp® (w"k, e"R) = %(1 +w + en). (A1)
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Proof of Lemma 4 Given the profit 75’ showed in Eq., we have = - , Because
A(pEVY’ ~ KkO(1-k6)
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Substituting pEY (w, e,p,) into 7fY(w,e,p,), we have (prbU)Z =—-1+ owo
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dual channel demand constraint are the linear function of w?, efV, nEU(wEY, eEY) are jointly
concave in wEU, eEU, thus the Kuhn-Tucker conditions are necessary and sufficient for solving

problem of optimal profit. The K-T conditions are as follows:
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where 4; = 0, 4, = 0, 43 = 0 and 4, = 0 are the Lagrange multipliers.

According to the K-T conditions, we can get the following situations:
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(4) When A, = —
in this case we can also get 4; < 0, 4, < 0, therefore the solution is not the optimal one.
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Substuting efU#, pEU# and pEU* into constraint .

<pp, <1+p, — kB, We can get

threshold t;, when t > t;, dual channel case exists, it means that manufacturer always chooses
to launch FB products, when t < t;, brand product exit the market, this result tends to be
impossible, so omit it.
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an -

4k2t(1-8)570%(1-k6)?(5(6-k0) (2-k6) ~2(8-kO (5-k6)) )
(kt0(32(1-8)—4k(13—8)(1-8) 0+ 4k2(6-8) (1-8)82—k3 (2—8)263)—2(1-8)nZ (1—k8) (B—kB (5—k8)—8 (4—k8) (2—KO))Z

(kO (48(2 — kB)(6 — kO(6 — kB))(8 — kO(5 — kB)) — 4(1 — kB)(8 — kO(5 — kB))(6 — kO (4 —
k0)) — 52(2 — k0)2(48 — kO(54 — kO(16 — k0)))) — (1 — 8)12(2 — k) (1 — kB)(8 — kO(5 —
k8))(2 = 6(2 — kB)))) <0;

EU
omyp _
at

2k?(1-8)61?60%(1-k0)?(2(8—kO(5-k0))—5(6—k0)(2—k0)) .
(ktB(32(1-8)—4k(13-8)(1-8)0+4k2(6-5)(1-5)02—k3(2-5)2603)—2(1-86)1n2(1-k6O)(8—kO(5-kO)—5(4—kO)(2—kH)))3

(ktO(48(2 — k0)(6 — kO(6 — k0))(8 — kO(5 — kB)) — 4(1 — kO)(8 — kO(5 — kB))(6 — kO (4 —
k6)) — 62(2 — kB)?(48 — kO(54 — kO(16 — k8)))) — (1 — 5)n?(2 — k) (1 — k&) (8 — kO(5 —

k6))(2 — 5(2 — k0)))) < 0.

. . . a2nER -5
Proof of Lemma 6. Given the profit 72X showed in Eq., we have On = 2(1-9) , Because
a(pEY) k6 (1—k0)

0<k6O <1, thus nE’ is strictly concave in pf’ . Using the FOC yields pi’(w, e, p,) =

1 [EOpe—k(ewe—w)9—e(pe—(1—S)n)(l—k9)+k(1—6)9pb]
2 1-8) ’

<



2_ER
Substituting pZR (w, e, p,) into nfR(w,e,py), we have 0 = _1+—L_<0. Thus, we

a(ppER)? ~1+k6

derive the following by using the FOC, pEY (whY, efV) =

2(14W) (1=8)—k(2—(24+W)8)—e(P—(1-8)1) (1—kO)+j (P—kP8)
2(1-8)(2—k6)

. Substituting pfV (wEY, eY) and pER(w,e,py)

. 82nER (1-6)n?(4—k6)%(1-k6) 92nER
into nER we have mo=—t <0 —r =
" ’ a(eER)2 + 8k0(2—-k6)?2 ’ a(WER)Z

—32(1-6)+4k(13-8)(1-8)0—4k?(6—8)(1-8)0%+k3(2—5)%63
8(1-6)(2—k6)2(1-k8)

< 0. Since the dual channel demand constraint

are the linear function of wtR, efR mEV(WER, eER) are jointly concave in wER,eER  thus the

Kuhn-Tucker conditions are necessary and sufficient for solving problem of optimal profit. The

K-T conditions are as follows:

ER_ ._ ER
a(pII;JR_pm (1-k&)ne )

dmmER k6

9eER +4 9eER + 4, =0;
ER_PER-(1-kg)neER

37TmER a\pp - k0

dwER +4 JwEU +4,=0;

ER_ ,_ ER
a(pER_pm (1-k&)ne )

o

=0;

dwEU

a(1+phR-ko-pER
2, (1+pri Ph) _ 0;

OwER

According to the Kuhn-Tucker conditions, we can get the following situations

(1) eER = gER#L \yER — ) ER#, forw <pp <1+p,—kB whenl; =0and 1, = 0.

(2) When A; # 0 and A, # 0, then in this case we can get 4; > 0 however 1, < 0, thus, this
solution is not the optimal one.

(3) When A; = 0 and 4, # 0, in this case 1, < 0, thus, this solution is not the optimal one.

(40 When A4 #0 , A,=0 , in this case 1;,>0 , then efR =R =

(—2+k0) (kO (2(—1+38)(P+n—8N)+k(P(—4+8)(=1+28)+(~1+8)(—4+78)N)0—k? (=2+8) (= 1+8) (P+1)0%)+jP(—8(=1+8)N+2P(~1+k0) (—4+kO (5-25+k (-
2(—1+8)n2(—4+k0)(—2+k0)(—1+kB)(—1+5+k0)—k2t02(—2(1+68)+k(2+8)0)2+2Pn(—2+k0O) (k520 (—2+kO)+28(—2+k0)2 (—1+kO)—2(—4+kO)(—1+4

wER = ER#2Z —

(—1+kO)(PP(=2+ kO)(—4+ 4j(—2+ )+ kB +j(10 = 78)1n)0 + k*(—1+ &) (=1 + 2jn)6?) + (-1 + &) (—((—1-
In this case, we can get D,,,“**? = 0, which means although factory open the online channel, but
there is no factory product in the market, customer can only buy brand products from retailer

channel.



The constant parameters X; to X;, are defined as below to simplify the presentation of

equilibrium results:

P 1 Sub NU ¢ 1d NU _ Areo®+Bieg+Ci _ Lh . 0<8
roposition ubtracting 7}V from nE’ yields nE/—n)) == 5, " p; 8ven <6<
aL1(€0)

> 0. Thus, L; >0when0<08<1,0<k<

land 0 < § < 1 which implies that £’ > ]V is established. Therefore, Part (i) of Proposition

1 holds.

NR Azeoz—Bzeo‘l'Cz

Proposition 2 Subtracting n? from nER yields nf >,

_ Ly o, . .
=0 It is easy to verify

By— /322—4A202

A, >0 and D, > 0 always exist. For tEf—nNR = 0, there are two root ¢yt = —————;

24,
B BZ 44, C
2 2 2 2b2

eo"? = —————; thus in the interval of et < ey < ey"?, TER—ntNR < 0, when e, > ¢, or
2

eo"? < ey, mER—mR > 0 which implies that 7ER > zlR is established.

NU ___NU _ (1—egpe)®t ot
Proposition 3 Subtracting nyV from nhF yields nyf—nlV = p,S + (ot Bz Ls,

% _ pe(l—egpe)t a%L3 _ pet 1 %
we have des — —atipein)? and Yo = aorm? 0, When p, > o de0 > 0 and when 0 < p, <

1 3Lz

7 e the government carbon quota

< 0. Thus when the L3( ) >0, thatisS > §; = ;2,
8pet—2pen
is enough, in this case, for Ve, > 0, L3 = 0 exists, and mhR > nhV.

When L, ( ) < 0, by L; = 0 we can get two root, e,*! and e,*?, now we should compare with

. . 1 ) 1., 1 )
eo*!, ey*? and o respectively. When 0 < p, < —, if e, € (e, 1,p—), L; <0, iR <NV if g, €
e 0 e

* . 1 * .
(0,e0*"), Ly > 0, ¥R > NV Similar, when p, > —, if e, € (p—,e0 2, Ly <0, iR <nhY, ifey €
€o e

1, . . N
(p—,e0 2), Ly < 0, mhR < whV; finally, if ey > e*?, Ly > 0, mhR > nhV.
e

t

In conclusion, when the manufacturer decides not to encroach, if S>S; = P s——
el™ e

R > 7NV Otherwise, there exist the interval of e, that if e, € (ey*,e0*%), TNk <V ;
_ 2 Pet Pe?t(t-8peSt+2pesSn?)
. NR NU . .. %1 (4t=(Pe+m) )(4‘t_(p5+77)2 \/ (45—772)(“—(116*'17)2) )
otherwise, m;;" > myy, . In this proposition, e,™ = e ;
e
4t—(p.+1)2)( |PE 2t(t-8peSt+2peSn?) , Pet
L, e )(] Gt t—pe+n)?) A (perm?)
60 = .

pe?t



Proposition 4 Subtracting nZ! from nZR yields nff—nkl = L,, L, = aey® + bey + ¢,

we have ? = (pe (2(1 —8)((1 = 8)8n2(2 — k6)2(1 — k) + kt0(16 — 208 — 26k6 + 4k(9 —
0

5)86 + k2(4 — 8)(3 — 46)62 — k3(2 — 8)(1 — 6)6%)) + p, (2e0(1 —8)8%2(2 —k6)? +2(1 —

8)6n(2 — k0)2(1 — k(1 — 8)6) — 4e,t(1 — k6)(8 — kO(5 — k) — 5(4 — k6)(2 — ke)))))/

(4p,2(1 — kO) (8 — kO(5 — kB) — 5(4 — k6)(2 — kB)) + 2(—1 + 8)(2(—1 + 8&)n?(1 — k&) (8(1 —
8) — k(5 — 68)0 + k(1 — 5)0%) + ktd(32(1 — &) — 4k(13 — 8)(1 — 6)0 + 4k2(6 — &) (1 —

8)02 — k3(2 — 6)26%)) + 4P(—1 + 85)n(kS20(2 — kB)? + 25 (4 — kO)(2 — kO) (1 — k@) — 2(1 —

k6)(8 — k6(5 — k6)))), and ZZL‘* = (0,2(2(1 — 6)82n2(2 — kB)? — 4t(1 — k6)(8 — kO(5 — kO) —

5(4 — k6)(2 — k6))))/(4p.2(1 — kO)(8 — kO(5 — kB) — 5(4 — k6)(2 — k6)) — 2(1 — 8)(2(1 —
SM2(1 — kB)(B(—1 + 8) + k(5 — 68)0 — k2(1 — 8)02) + kt0(32(1 — 6) — 4k(13 — §)(1 —
8)0 + 4k2(6 — 8)(1 — 6)62 — k3(2 — 6)26%)) — 4p, (1 — 8)n(k520(2 — kO)? + 25(4 — k0) (2 —

9%Ly Ly _
Frcie 2a, 5 2aeq + b, thus by

€o

k0)(1 — k8) — 2(1 — kB)(8 — kO(5 — k0)))), in this case,

) 0Ly 62L4*€
0Ly  0%Ly _ deg deg2 ° _ b . _ .
e, ez TG0 = b, put —W = —,- into L, = 0 by Mathematica 13.0, we can get
deg

b o o .
Ly (— Z) =0,S = S,, similar to proposition 2, when the § > S,, government carbon quota is

enough, and for Ve, > 0, L; = 0 exists, we can get n2F > ]k

When L, (— i) <0, by L, = 0 we can get two root, e,” and e,**, now we should compare
2a
by . . b . b
Ly(eo™®), Ly(eg™) and L,(— --) with 0, respectively. When e, < -, if e, € (ep*3, —-), Ly <0,
. . . b, b,
TR < NV if ey € (0,e,"2), Ly > 0, ¥R > 7NV | Similar, when e, > — o if eg € (=, e 1,

. b, . . .
L, <0, mER < nEV if e, € (=5.€0 "), Ly <0, mER < nfV; finally, if ey > €y**, L, > 0, hF >

A
In conclusion, when the manufacturer decides to encroach, if § = S,, nER > nEU. Otherwise,

there exist the interval of e, that if e, € (e,*3,e,**), TER < nEY; otherwise, mER > nEU.

1-8)n*(1-k6) , _ (P+n-8n)(P+n-5n+jPsn—-k(1-8)(P+n)6) .

b= kO(2—k(2-8)8) " % k0 (2—25+jP5—k(2—8)(1-5)8) ’




£ = (—2+k6)(3P-2P8+31n—38n—k(1-8)(P+n)0)(P+n—8n+jPSn—k(1-8)(P+n)6)
3 7 2Kk(1-6)8(2-2k0—8(2—k6)(3—2k0))+jP(k526(2—k6)2—2(1—kB) (8—k6 (5—kB))+8(2—k8) (8—kO(13—3Kk8)))

A, = k202(4(1 — 8)(5 — 98) — 4k(1 — 8)(6 — 138)0 + k2(4 — (20 — 175)5)62),

B, = 2k(1 — 8)n?6(1 — k6)(7 — 108 — k(9 — 1386)0 + 2k%(1 — 25)62),

C, = (1 - 8)*n*(2 — k0)2(1 — kB)?,

D, = 2(4t — n?)(kt0(32(1 — 8) — 4k(13 — 8)(1 — 8)6 + 4k2(6 — 8)(1 — 8)0% — k3(2 —
8)26%) — 2(1 — 8)n*(1 — k6)(8 — kO(5 — kB) — 5(4 — kB)(2 — k6))).

Az = R2(((1 = 8)8°n*(P. + m)*(2 — 6k)*) — 2t6n(16(1 — §)(P. + 1) — (P.(26 — 4(8 — 6)6) +
(26 — 335 + 662)7)0k + (2P (6 — 5(9 — 28)) + (12 — 5(18 — 56))n) (Bk) — (2 — 8)(1 — 8) (P +
M(0Kk)3) + t2(64(1 — 8) — 8(17 — 226 + 462)0k + 4(25 — (41 — (15 — 6)8)) (0k)? — 4(1 —
8)(8 — (7 —8)8)(6k)® + (2 — 8)*(1 — 8)(6k)*™));

By = 2P,(R3(1 — 8)81(2 — 6k)?(1 — (1 — 8)6k) + P2((1 — 8)6n%(2 — 0k)2(3 — 6 — 3(1 —
8)0k) + t(1 — (1 — 8)0k)(52(2 — 0k)20k — 2(1 — 0k) (8 — (5 — Ok)0k) + 5(2 — Ok)(8 — 3(4 —
0k)0Kk))) + P, (1 — )N(6n2(2 — Bk)2(3 — 28 — 3(1 — 8)0k) — 2t(5%(2 — 0k)20k(1 + 0k) +
2(1 — 6k)%(8 — (5 — k)Bk) — 5(2 — Ok)(1 — Ok) (4 — k(10 — 30k)))) + (1 — &)((—1 +
8)6n*(2 — 0k)2(—1 + Ok) + t20k(—85(—3 + 6k) (2 — 6k)(1 — 6k) + 352(2 — 0k)20k — 4(1 —
0k)(8 — (5 — 0k)0k)) — tn?(2(1 — 0k)2(8 — (5 — 0k)Ok) + 62(2 — Ok)Ok(2 — (6k)?) — 5(1 —
0k) (16 — 0k (26 — Ok(16 — 30k))))));

C, = P*(1 - 8)(2 — 0k)2(1 — (1 — 8)0k)? + 2P,3(1 — 8)n(2 — 0k)2(1 — (1 — 6)0k)(2 — & —
2(1— 8)0k) + (1 — 8)((1 — 8)2n*(2 — 36k + (Bk)?)? + 2t(1 — &)n*(1 — 0k)Ok(7 — (9 —
20k)0k — (2 — 0k)(5 — 40k)) + t2(0k)2(4(5 — Ok) (1 — Ok) — 45(1 — Ok) (14 — 50k) + 52(2 —
0k) (18 — 176k))) + 2P,(—1 + 8)1n(—((—1 + )N2(2 — k)2 (=1 + 0k)(2 — § — 2(1 — 6)0k)) —
t0k(2(1 — 0k)2(7 — 26k) — 28(1 — 0k) (14 — 30k(7 — 20k)) + 62(2 — Ok)(6 — Ok (15 —
80Kk)))) + P2((1 — 8)n2(2 — 0k)2(6 — 65 + 62 — 6(2 — 8)(1 — 8)0k + 6(1 — 8)2(0k)?)) +
2t0k(1 — (1 — 8)0k) (7 — 90k + 2((0k)? + 52(2 — Ok)(3 — 20k) — 5(9 — (11 — 36k)0k))));

D, = P2(((1 = 8)8%n*(P. + n)*(2 — 6k)?) — 2t5n(16(1 — §)(P. + 1) — (P.(26 — 4(8 — 6)6) +
(26 — 335 + 662)7)0k + (2P, (6 — 5(9 — 26)) + (12 — 5(18 — 58))n) (6k)? — (2 — &)(1 —

8)(P +1)(0k)?) + t2(64(1 — &) — 8(17 — 226 + 482)0k + 4(25 — 5(41 — (15 — 6)8))(0k)? —
4(1—8)(8 — (7 — 6)8)(8k)* + (2 — 8)*(1 — 8)(8k)™));



