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Abstract: Pulse width modulation (PWM) technology is widely used in traction converters for
high-speed railways. The harmonic distribution caused by PWM is quite extensive, and increases
the possibility of grid–train coupling resonance in the traction power supply system (TPSS).
This paper first analyzes the mechanism of resonance, when the characteristic harmonic frequency
of a four-quadrant converter (4QC) current that injects into the traction grid matches the resonant
frequency of the traction grid, which may result in resonance in the system. To suppress resonance,
this paper adopts specific harmonic elimination–pulse width modulation (SHE-PWM) technology
combined with a transient direct current control strategy to eliminate the harmonics in the resonant
frequency, which may suppress the grid–train coupling resonance. Due to the fact that the SHE-PWM
process with multiple switching angles contains complex transcendental equations, the initial value
is difficult to provide, and is difficult to solve using ordinary iterative algorithms. In this paper,
an active-set secondary optimization method is used to solve the equation. The algorithm has the
benefits of low dependence on initial values, fast convergence and high solution accuracy. Finally,
the feasibility of the resonant suppression algorithm is verified by means of Matlab simulation.

Keywords: high-speed railway; pulse width modulation (PWM); harmonic resonance suppression;
specific harmonic elimination–pulse width modulation (SHE-PWM); active set

1. Introduction

Sinusoidal pulse width modulation (PWM) technology has been used in electrified railway
systems for more than 20 years. This technology produces high-frequency harmonics, which are
injected into the traction power supply grid through the pantograph [1–6]. The traction power supply
system (TPSS) can be equivalent to a distributed parameter system. When the transformer leakage
inductance matches the traction grid impedance, and the frequency of harmonic current that is injected
into the traction grid is equal to the resonance frequency of the traction grid, a phenomenon of
harmonic amplification will occur, which will result in the distortion of the grid voltage.

At present, there are two main methods by which to suppress grid–train coupling resonance:
changing the traction grid impedance, and improving the harmonic current that is injected into the
TPSS. Changing the impedance characteristics of the traction grid is described in [7,8]. The main
method is to install the resistor on the line. This has been applied on the actual line and achieved
modest effects. However, this method will increase the line cost and alter the original electrical
characteristics of the line. The representation method of improving the current injected into the traction
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grid is adding an active filter [9–12]; this method can be further divided into two types: ground style
and train active filter. However, the existing active filter functions are mostly focused on optimizing
the quality of electrified railway power, not the resonance problem of the traction grid.

In terms of improving the current which injected into traction grid method, [13] altered the
converter switching frequency to avoid the resonant frequency of the power supply line. However,
in actual working conditions, the range of the converter switching frequency cannot change widely,
thus this method cannot be used in practice. Cui et al. [3,14] proposed the use of specific harmonic
elimination pulse width modulation (SHE-PWM) technology to improve the harmonic current of
the traction grid. SHE-PWM technology was first proposed by Patel in 1973 [15]. According to the
different positions of the pulse wave switching angle, the basic component is controlled and the
specific subharmonic is eliminated. Due to its precise control of the harmonics, this method is rapidly
applied in the fields of AC speed control and multi-level converters [16–18]. The difficulty of the
SHE-WPM method is that the challenge of solving the switching angle equation increases greatly with
an increasing number of switching angles. In [3,14], the process of solving the transcendental equation
of SHE-PWM is not described in detail, but these two papers provide valuable ideas for the writing of
the present one.

The SHE-PWM equation consists of a series of transcendental equations composed of
trigonometric functions. The solving process is simple when the number of switching angles is
small, and the number of harmonic elimination is continuous. When the number of switching angles is
increased and the number of elimination harmonics is set to be complicated, the difficulty will increase
significantly. Dahidah et al. [19] introduced the existing methods of solving SHE-PWM equations,
such as Newton iteration, particle swarm optimization, and so on. In the above solving methods,
there are some problems such as serious dependence on the initial values setting and complex solution
process, and thus they are not suitable for the condition of complex switching angle and harmonic
elimination. In this paper, based on the active set algorithm, the SHE-PWM equation is solved by
using the quadratic optimization iterative method, which can eliminate the dependence of the given
initial value, accelerate the iterative convergence speed, and obtain a high-precision solution.

In using the SHE-PWM method, this paper focuses on a train operating at high speed and in
a steady-state process. The current harmonic of the main transformer primary side on the train is
unstable and the modulation index varies greatly during the starting phases of the train. Saponara
et al. [20] described the EMI (Electromagnetic Interference) problem of electric vehicles in the start-up
process, which has significance for the study of the train starting process. In this paper, the train
starting process will not be studied; it will be followed up on in future research.

The second section of this paper will first introduce the transient direct current control strategy of
a four-quadrant converter (4QC), derive a harmonic equation of 4QC, explain the mechanism of the
grid–train coupling resonance, and propose a harmonic suppression strategy based on the specific
harmonic elimination technique. The third section first gives a brief overview of the basic principles
of SHE-PWM, and then introduces in detail the specific harmonic elimination strategy based on the
multiplex 4QC. Next, it presents the solving algorithm of a transcendental equation, and further
explains the block diagram of SHE-PWM combined with transient direct current control. The fourth
section verifies the resonance suppression strategy by means of simulation results and control strategy.
Finally, we provide a summary of the whole paper.

2. Grid–Train Coupling Resonance Mechanism and Suppression Method

A diagram of the traction drive system is shown in Figure 1. In practice, multiple traction
converters run in parallel and only one is shown in Figure 1. As in the middle of the DC (Direct
Current) link, a large capacitor is generally chosen as a support capacitor; the inverter and motor
load on the front four quadrant converter harmonic effects can be ignored. Therefore, in the study of
grid–train coupling systems, the equal power 4QC model is adopted to replace the train model for
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grid–train coupling analysis. Different 4QC modulation algorithms have different harmonic effects on
the grid–train coupling system.

In this paper, the transient direct current control strategy is used as an example to introduce the
4QC harmonic distribution.
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2.1. Introduction of Transient Direct Current Control Strategy for Four-Quadrant Converter

The high-speed railway train single-phase two-level four-quadrant converter topology and control
block diagram are shown in Figure 2. The uN and iN indicate the voltage and current on the grid
side, respectively; Ud is the DC side voltage; L is the filter inductance on the input side, which is
composed of the leakage inductance in the transformer; C is the DC side support capacitor; and RL is
the equivalent DC load.
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The 4QC usually adopts a double closed-loop control mode, which combines a voltage outer loop
and current inner loop. The transient direct current control block diagram is shown in the lower half
of Figure 2.

The mathematical model is as follows:
IN1 = kp(Ud

∗ −Ud) +
1
Ti

∫
(Ud

∗ −Ud)dt
IN2 = IdUd

UN

IN
∗ = IN1 + IN2

uMW(t) = uN(t)−ωmLN IN
∗ cos ωmt− G2[IN

∗ sin ωmt− iN(t)]

(1)

The voltage outer loop adopts PI (Proportional Integral) controller to adjust the actual DC voltage
Ud so that it can track its reference value Ud

∗. Its output is the fluctuation component of the AC
current reference amplitude IN1, and the steady-state component of the AC current reference value is
calculated by the disturbance feed forward IN2, which can be used to reduce the working pressure of
the PI controller and prevent the PI controller from reaching saturation. The principle of calculating
IN2 is that the input power of the grid side and the load consumption power are balanced in the steady
state. The sum of the IN1 and IN2 is the reference amplitude of the AC current IN

∗. The reference value
of the inner loop AC current is obtained by multiplying the current reference amplitude IN

∗ by the grid
voltage phase. This value contains information that enables the DC voltage to follow the given value
and the AC current to track the voltage phase of the grid side. The current loop uses a proportional
controller to regulate the actual AC current so that it can track its reference value. A steady-state
component perturbation uN-uL feed forward is introduced, where uN is the grid voltage, which is
measured directly. The inductance voltage uL is obtained by current reference estimation. In the steady
state, the actual current will track the reference current. The output of the current loop uMW is the
reference value of the AC side voltage of the single-phase 4QC, which is the reference signal of the
PWM modulation section.

2.2. Harmonic Distribution of Four Quadrant Converter

The two-level four-quadrant converter modulation principle is shown in Figure 3. The sinusoidal
modulated wave is compared with the triangular carrier to obtain the control pulse signal of the
bridge arm.

The respective expressions of the phase A and B modulation waves are as follows:{
fma(t) = M cos(ωmt + β)

fmb(t) = −M cos(ωmt + β)
(2)

In the equation, M is the modulation index, which is obtained by comparing the fundamental
amplitude of the modulation wave in Figure 2 with the DC side voltage; ωm is the modulation wave
frequency, and β is the initial phase angle of the modulation waveform.

The carriers of phase A and B are same, and the expression is as follows:

fc(t) =

{
−( 2ωc

π t + 2α
π ) + 1 + 4p t ∈ [ 2pπ

ωc
, (2p+1)π

ωc
]

( 2ωc
π t + 2α

π )− 3− 4p t ∈ [ (2p+1)π
ωc

, (2p+2)π
ωc

]
(3)

where ωc is the carrier frequency, and α is the carrier phase angle, p = 0, 1, 2 ...
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In a modulation wave period, PWM pulse ua(t) Fourier analysis can be performed, after which
the correlation coefficients in the bilateral Fourier equation are obtained. According to the bilateral
Fourier equation, the expression of the voltage ua(t) of the phase A bridge arm can be obtained. As the
phase modulation wave of phase B is reversed with phase A, the phase difference is 180◦. Therefore,
the Fourier equation of ub(t) can be obtained by writing β into β + π. Then the expression of the pulse
voltage uab can be obtained as follows:

uab(t) = ua(t)− ub(t) = MUd cos(ωmt + β)+
∞
∑

m=2,4...

∞
∑

n=±1,±3...

4Ud
mπ sin nπ

2 cos mπ
2 Jn(

mπM
2 ) cos(mωct + nωmt + mα + nβ)

(4)

where Jn is the Bessel function.
From the diagram of the 4QC shown in Figure 1, the voltage vector relationship is as follows:

→
uN =

→
uL +

→
uab (5)

The inductance voltage uL can be expressed as:

uL = L
diN
dt

(6)

The expression of the input current iN of the 4QC can be calculated from the above equation.

iN(t) =
√

M2Ud
2−2UN 2

ωm LN
cos(ωmt + β)+

∞
∑

m=2,4...

∞
∑

n=±1,±3...

4Ud
mπLN(mωc+nωm)

Jn(
mπM

2 ) cos mπ
2 sin nπ

2 sin(mα + nβ + mωct + nωmt)
(7)

From the above equation, it can be seen that the input current contains a large amount of harmonic
components aside from the fundamental component, which has the same frequency as the traction
grid voltage. Ideally, the harmonic components are as summarized below:
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(1) The high-frequency harmonic component in the input current is concentrated in an even number
of times near the switching frequency;

(2) mωc + nωm is odd, which signifies that the harmonics do not contain even harmonics;
(3) The larger the m value in the equation, the smaller the harmonic content and amplitude will be,

which means that the content and amplitude of the harmonics decay rapidly with the increase in
harmonic order;

(4) The harmonic content is affected by the modulation index, magnitude of the DC voltage,
root mean square voltage of the grid side, grid voltage frequency and PWM modulation carrier
frequency, and the amplitude of each harmonic is also related to the inductance of the AC side of
the 4QC.

In actual working conditions, a multi-carrier phase shift strategy is often adopted to control
the multiple 4QC on the transformer secondary side, and each 4QC still uses the transient direct
current control strategy. Therefore, the harmonic characteristics of the transformer primary current
are similar to those described above. Only due to the carrier phase shift strategy will the equivalent
switching frequency be increased, after which the corresponding harmonic band will shift to the right.
The specific equation is not repeated in this paper.

2.3. Grid–Train Coupling Resonance Mechanism

A diagram of a double track AT TPSS is shown in Figure 4. There is a coupling relationship
that has mutual impedance and stray capacitance between the actual line conductors. As shown in
Figure 5, it is an impedance characteristic analysis diagram of a typical TPSS. It can be seen that this is
a multi-impedance peak system. In order to simplify the analysis, Figure 4 can be equivalent to the
schematic diagram of the simplified traction grid shown in Figure 6.

The train model is equivalent to a 4QC to reflect the harmonic characteristics of the entire train to
the traction grid. ZL is the equivalent impedance of the traction grid on the left of the train; ZR is the
equivalent impedance of the traction grid on the right side of the train; Zi is the equivalent impedance
of the entire traction grid seen from the train; LN and RN are the transformer impedance equivalents to
the primary side of the transformer; UN is the traction grid voltage; iN is the current that is injected
into the traction grid by the 4QC; and uab is the pulse voltage of the 4QC.
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When the train runs in different positions on the traction grid, the traction grid equivalent
impedance ZL and ZR values also change. For the harmonic of the 4QC injected into the traction grid,
when the impedance of one side of the train is capacitive and the other side is inductive, the grid–train
coupling model shown in Figure 6 may be equivalent to the parallel impedance resonant analysis
circuit shown in Figure 7.
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In Figure 7, R1 and C1 are the capacitive impedance values of the traction grid on one side of
the train, while R2 and L2 are the inductive impedance values of the traction grid on the other side.
The left and right side impedance parameters of the train, namely R1/C1 and R2/L2, have a specific
resonance frequency that is set as ωrp, at which time the equivalent impedance value of traction grid
Zi is taken as the maximum value, and shows pure resistivity.
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When the resonance occurs, the harmonic voltage in the grid voltage is as follows:

UN(ωrp) = iN(ωrp)Zi(ωrp) (8)

When the characteristic harmonic frequency of the current iN that is injected into the traction
grid is equal to the resonant frequency of the traction grid, such as the resonant frequency shown in
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Figure 5, the harmonic content of the grid voltage UN will rise significantly. The superposition of the
harmonic voltage and fundamental voltage can cause a distortion of the traction grid voltage and
affect the normal operation of the system.

It can be seen from Equation (8) that there are two main factors affecting the resonance. One is
the harmonic current with the same frequency as the resonance, and the other is the traction grid
impedance peak on the resonant frequency. This paper uses SHE-PWM technology to control the 4QC
so as to eliminate the harmonic current with the resonance frequency injected into the traction grid.
Figure 8 shows a flow diagram of the resonance suppression.
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3. Resonance Suppression Strategy and Equation Solution Based on Specific Harmonic
Elimination–Pulse Width Modulation

In the 4QC, the current harmonic distribution at the primary side of the transformer
can be controlled by controlling pulse voltage between the two-phase bridge arms using the
SHE-PWM method.

3.1. Fundamental of Specific Harmonic Elimination–Pulse Width Modulation

First, we consider a simple 4QC topology whose AC side pulse voltage uab can be represented by
a three-level pulse, as shown in Figure 9.
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Among them, α1, α2 . . . αk are the switching angles of the 1/4 switching pulse period. Assuming
that the pulse waveform is 1/4 periodic symmetrical, the Fourier analysis of the pulse voltage in
Figure 9 is shown as follows:

Uab =
∞

∑
n=1

[an cos(nωt) + bn sin(nωt)] (9)


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nπ Ud
k
∑

i=1
(−1)k+1 sin(nαk)

bn = 2
nπ Ud

k
∑

i=1
(−1)k+1 cos(nαk)
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In the equation, n is the harmonic order, and ud is the DC side voltage.
Due to the fact that the pulse voltage is 1/4 periodic symmetrical, the DC component and even

number of times harmonic component are zero, an = 0. It is only necessary to consider the odd number
of times harmonic component values.

The value of the fundamental component of the pulse voltage uab divided by the DC side voltage
is defined as the modulation index M, which is as follows:

M =
b1

Ud
(11)

Considering the 4QC input and output requirements, in addition to making the fundamental
component satisfy the modulation requirements, it also can eliminate up to k − 1 odd number of times
harmonic orders, the expression for which is as follows:

k
∑

i=1
(−1)

i+1
cos(αi) =

π
4 M

k
∑

i=1
(−1)

i+1
cos(nαi) = 0

(12)

The switching angles requirements are: 0 < α1 < α2 < · · · < α2 < π
2 .

In general SHE-PWM problems, the odd number of times harmonic, such as n = 3, 5, 7, ..., 2 (k − 1)
− 1, is selected as the selected harmonic elimination times. Therefore, according to the constraint
conditions and number of selected harmonic eliminations, it is necessary to solve the angle that satisfies
Equation (12), namely the mathematical description of the SHE-PWM method.

3.2. Specific Harmonic Elimination Strategy of Multi—Four-Quadrant Converter

In the existing high-speed railway system, the traction transformer of the train generally contains
a small number of secondary windings, and the 4QC is carried by the secondary windings as a whole,
using multiple strategies to optimize the control. Multiplexing technology has the advantages of
increasing the capacity of the device, increasing the equivalent switching frequency of the converter,
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and reducing the harmonic current of the converter input current. This paper takes a quadruple 4QC
as an example to discuss the control strategy, in which the switching frequency is set to 350 Hz.

For a single 4QC, when the switching frequency is 350 Hz, there are seven controllable switching
angles in the 1/4 switching cycle, and in a quadruple 4QC there are 28 controllable switching angles
in the 1/4 cycle. Assuming that the quadruple 4QC has the same modulation index, according to
Equation (12), for the fundamental of the pulse voltage, the equation is as follows:

[
7
∑

i=1
(−1)i+1 cos αi − π

4 M]
2

+ [
14
∑

i=8
(−1)i cos αi − π

4 M]
2

+

[
21
∑

i=15
(−1)i+1 cos αi − π

4 M]
2

+ [
28
∑

i=22
(−1)i cos αi − π

4 M]
2

= 0
(13)

where M is the modulation index shown in Equation (11), and its value ranges from 0.5 to 1.0.
For the harmonic control, it can be achieved by controlling the synthesis PWM of the

quadruple 4QC:

[
7

∑
i=1

(−1)i+1 cos nαi +
14

∑
i=8

(−1)i cos nαi +
21

∑
i=15

(−1)i+1 cos nαi +
28

∑
i=22

(−1)i cos nαi]

2

= 0 (14)

At this point, each 4QC must satisfy the following constraints of the switching angles:
0 < α1 < α2 < · · · < α7 < π

2
0 < α8 < α9 < · · · < α14 < π

2
0 < α15 < α16 < · · · < α21 < π

2
0 < α22 < α23 < · · · < α28 < π

2

(15)

According to the above analysis, in the 28 controllable switching angles of the quadruple 4QC,
four angles are required to control the fundamental component of the quadruple 4QC, thus there are
at most 24 harmonic orders that can be controlled. In solving the multi-level SHE-PWM equation, it is
necessary to satisfy the elimination of the selected harmonics and control all four 4QC modulation
requirements at the same time. As a result, no switching angle solution may occur at some modulation
index working points. In [21], it was proposed that the freedom degree of the solution can be
increased by reducing the harmonic elimination numbers. In this paper, the range and continuity of
the solution can be improved by reducing two elimination harmonic orders and controlling the 22 odd
harmonic orders.

As the existing grid–train coupling resonance occurs in three bands, i.e., high-, medium- and
low-frequency. Therefore, when choosing the harmonic elimination frequency, it is not advisable to
choose a strategy to select the number of harmonics from the third harmonic; instead it should cover
the different bands of harmonics. Clearly, the low switching frequency (250–550 Hz) in high power
cannot provide enough switching angles to eliminate all potential resonant frequencies. In [14], it was
proposed to use the segmented harmonic elimination method to achieve full band coverage. In this
paper, a similar method is adopted to select harmonic elimination orders.

In order to achieve higher harmonic order coverage, the harmonic elimination orders are divided
into four groups, and each group is divided into two parts: BF 1 (Band Frequency 1) and BF 2.x (Band
Frequency 2.x), as shown in Figure 10. BF 1 eliminates the low-frequency third to 35th harmonics,
and BF 2 is divided into four subintervals. The first subinterval eliminates the 37th to 45th harmonics,
and the fourth subinterval is the 67th to 75th harmonics.
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The harmonic elimination method is as follows:

(1) Select four switching angles by which to control the four fundamental components of the
quadruple 4QC;

(2) Abandon two harmonic order controls, in order to obtain a higher tolerance so as to solve the
transcendental equation;

(3) Among the remaining 22 switching angles, select 17 angles to eliminate the third
to 35th harmonics; the remaining five angles are assigned to BF 2.x to eliminate
high-frequency harmonics.

According to the aforementioned harmonic selection allocation scheme, the problem of solving
the aforementioned transcendental equation can be described as a nonlinear optimization problem
combining Equations (13) and (14). This is shown in Equation (16):

Pmin = [
7
∑

i=1
(−1)i+1 cos αi − π

4 M]
2

+ [
14
∑

i=8
(−1)i cos αi − π

4 M]
2

+ [
21
∑

i=15
(−1)i+1 cos αi − π

4 M]
2

+

[
28
∑

i=22
(−1)i cos αi − π

4 M]
2

+ ∑
n

[
7
∑

i=1
(−1)i+1 cos nαi +

14
∑

i=8
(−1)i cos nαi +

21
∑

i=15
(−1)i+1 cos nαi +

28
∑

i=22
(−1)i cos nαi

]2 (16)

The modulation index 0.5 ≤ M ≤ 1.0, and the constraint condition of the switching angles is the
same as that shown in Equation (15). In Equation (16), the order of elimination harmonic n is selected
as follows:

n1 =

{
3, 5, 7, 9, . . . , 33, 35
37, 39, 41, 43, 45

, n2 =

{
3, 5, 7, 9, . . . , 33, 35
47, 49, 51, 53, 55

n3 =

{
3, 5, 7, 9, . . . , 33, 35
57, 59, 61, 63, 65

, n4 =

{
3, 5, 7, 9, . . . , 33, 35
67, 69, 71, 73, 75

(17)

3.3. Specific Harmonic Elimination–Pulse Width Modulation Transcendental Equation Solving Process

There are many methods for solving nonlinear transcendental equations, most of which involve
numerical iteration. In [19], a solving method of SHE-PWM equation composed of a cosine function
was reviewed. The Newton iteration method, Walsh function method, particle swarm optimization,
and genetic algorithm are also applied to the numerical solution. However, the above method is mainly
used for equations in which the switching angles are relatively small, and there is some difference
between the elimination strategies introduced in Section 3.2. Therefore, this paper presents a numerical
iterative method based on the active set algorithms to obtain the solution of the cosine transcendental
equation with multi-switching angles and intermittent harmonic elimination.

The general constrained optimization problem is expressed in the following equation:{
min P(α)
s.t l ≤ α ≤ u

(18)

In the above equation, P(α) : Rn → R is a real value function, α, l, u ∈ Rn, and l and u are the
known boundary vectors, l ≤ u. Since the constraints of the problem described in Equation (18) are
the upper and lower boundaries of the variables, this can be referred to as a boundary-constrained
optimization problem.
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The active-set method is a very effective method by which to solve the boundary constraint
problem, and its active set at α∗ is defined as:

I(α∗) = L(α∗) ∪U(α∗) (19)

In the above equation:

L(α∗) = {i : αi = li}, U(α∗) = {i : αi = ui} (20)

Clearly, if the active set of Equation (18) is known at the optimal solution, then the problem can
be transformed into an equality-constrained optimization problem. However, the optimal solution
α∗ is unknown, thus the active set I(α∗) at α∗ is unknown, and it is necessary to estimate its active
set. This can be determined using a different active set method with a different active set estimation
method. In [22–30], different active set methods are discussed in detail, not listed here. The present
paper describes the active-set solution method for solving the SHE-PWM equation according to the
optimization problem described in Equation (16).

For general SHE-PWM equation problems, as the value of the modulation index M is continuously
changing, the trend of the switching angle solution is approximately linear in a range. Therefore, when
it is used to solve the optimization problem described in Equation (16), it can find the exact solution at
some specific value of M, then obtain the solution of the different modulation indexes on both sides of
the specific modulation index and determine the solution of the full range through the combination.

Since the numerical iteration method can-not be used to obtain the switching angles with the
continuous change mode of the modulation index M, the M value is taken at every 0.001 points in the
actual solution process. According to the above solution method, it is necessary to first determine the
exact solution of M = 0.550, 0.650, 0.750, 0.850, 0.950, then solve the 0.050 range on both sides of the
five specific modulation indexes. The process is shown in Figure 11.
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When the switching angles of the five specific modulation indexes are calculated, it is difficult to
give the initial values of the switching angles, as the switching angle number of Equation (16) is large.
This paper uses the second optimization method to improve the initial value problem.

The solving process of the active set of the second optimization method is as follows:
Step 1: The initial value of the switching angle. The initial value given in this paper is arranged

by means of permutation and combination. The interval between the two adjacent angles is the same.
For example, when the interval is 1◦, the switching angles from α1 to α7 of the first given are 1, 2, 3, 4,
5, 6, and 7. For the second time, the initial value of the switching angle α1 is incremented by 1, and the
second given initial values are 2, 3, 4, 5, 6, 7, and 8. Under the interval of 1◦, the last switch angle
reaches 89◦, i.e., the interval 1◦ precondition, and the final given values are 83, 84, 85, 86, 87, 88, and 89.
After the adjacent angle interval is 1◦, the interval between the two adjacent angles is increased by
1, i.e., at intervals of 2◦, then the above process is repeated. This is continued so as to increase the
interval angle until it reaches 14◦, which means that the final given values are 5, 19, 33, 47, 61, 75, and
89. For the other three group of switching angles α8 to α14, α15 to α21, and α22 to α28, the given method
of the initial values is same as above.
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Step 2: Use the permutation and combination method to obtain the switching angle initial value
table. After determining the initial values of each switching angle group, it is necessary to arrange the
initial values of the four switching angle groups to obtain the initial value table of the 28 switching
angles in different combinations.

Step 3: The first optimization, in the case of coarse precision, is used to obtain the solution of
the switching angles with a specific modulation index. According to the above description, it can be
seen that there are many combinations of the switching angle initial values. Therefore, if it requires a
large number of iterative algorithms to determine each exact solution, this will greatly increase the
computational complexity. It is also possible to enter the local optimum, fail to satisfy the requirements
of accuracy, and fall into a “vicious circle” phenomenon. Therefore, when the switching angles are
solved under the specific modulation index, this paper uses the second optimization method to solve
the problem. Taking the modulation index 0.550 as an example, first, the switching angle initial values
are given according to the above initial value given method in the range of 0.550 ± 0.010. Then,
the optimal results with each modulation index from 0.560 to 0.570 are obtained by using a small
number of iterations. In the above solving process, the iteration ends when the specified iteration
number is reached. Furthermore, the optimal results obtained in the range above 0.560–0.570 are
filtered, in which the P in the Equation (16) is minimized; this will be the initial value when seeking
the exact solution of Equation (16) with the modulation index 0.550.

Step 4: Second optimization: obtain the exact switching angle values for the specific modulation
index. The initial values obtained in the third step are taken as the initial values of the modulation
index 0.550, and the iterative calculation of Equation (16) is performed using the active set method.
Setting the condition of jumping out of iteration is P ≤ 10 × 10−6. Finally, the accurate switching angle
solution under the modulation index 0.550 can be obtained.

Step 5: Determine the exact solution of the switching angle in the range of ±0.050 on both sides of
the specific modulation index. The exact switching angle in the case of modulation indexes 0.550 is
taken as the initial value, and the solutions of the modulation index in the range of ±0.050 on both
sides of 0.550 are obtained by using the active-set iterative method. When the modulation index is
increasing or decreasing, the initial value of the new modulation index is the exact value of the above
time modulation index. Finally, the solution of the switching angle in the range of 0.500 to 0.600
is obtained;

Step 6: Repeat Steps 3 to 5, and replace the specific modulation index followed by 0.650, 0.750,
0.850, and 0.950, until the solution of the switching angle in the entire modulation index is obtained.

The above process flow chart is shown in Figure 12. The flow chart only enumerates the solution
process when the modulation index is between 0.5 and 0.6. When solving the switching angle solution
of the rest modulation index, it is only necessary to repeat the second optimization process.

In Step 3, first the solution under the coarse precision condition is obtained. This gives the initial
value of Step 4 a certain basis, thus greatly reducing the amount of calculation and speeding up the
calculation process.

According to the above method, the switching angle solution of Equation (16) with the modulation
index M is obtained as shown in Figure 13.
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3.4. Specific Harmonic Elimination–Pulse Width Modulation Resonant Suppression Combined with Transient
Current Control Strategy

According to the above calculation results, it can be seen that the linearity of the switch angle
solution is poor, and the method of curve fitting will lead to greater errors in some modulation indexes.
Therefore, it is more suitable to control quadruple 4QC by off-line calculation and on-line look-up
tables to determine the switching angles. On the basis of Figure 2, the new control block diagram is
obtained according to the above SHE-PWM control strategy, as shown in Figure 14.
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As shown in the above figure, the modulated wave signal is first obtained by the double-loop
transient direct current control of the voltage outer loop and the inner loop of the current, the amplitude
and phase are obtained by a 50 Hz filter, then, according to the amplitude, the switching angle of the
4QC under this modulation index is obtained by the look-up table method. After this, it can generate
pulses to control the quadruple 4QC.

4. Simulation Results

Based on the actual parameters of a 4QC on the train, a simulation model of quadruple 4QC is
built in Matlab to verify the strategy. The simulation parameters are shown in Table 1.

Table 1. Simulation parameters of four quadrant converter.

Parameter Value/Unit

Transformer primary voltage 25 kV
Transformer secondary voltage 1658 V

Number of multiplex 4
DC side support capacitor 8 pF

Switch Frequency 350 Hz
AC side inductance 1.195 mH

DC side voltage 2950 V
Power 1908.4 kW × 4

4.1. Simulation of Quadruple 4QC

Multi 4QC, which adopts carrier phase shifting technology, can obtain better harmonic
performance. From Section 2.2, it can be seen that the harmonics of the 4QC are mainly located
near the two-time switching frequency. When multiplex technology is adopted, the effective switching
frequency is increased several times. In the quadruple 4QC, the primary current harmonics of the
4QC are concentrated near the eight-times switching frequency, i.e., near the 56th harmonic order
(2800 Hz). The carrier phase shift angles at this time are 0, π/2, π/4, and 3π/4. The Fourier analysis
of the primary side current of the transformer is shown in Figure 15.
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Figure 15. Fourier analysis of transformer primary current.

As can be seen from Figure 15, the harmonic distribution is near the 40th to 70th harmonic order,
and only odd harmonics are present. This is consistent with the theoretical analysis of Section 2.2.

4.2. Verification of Specific Harmonic Elimination–Pulse Width Modulation Resonance Suppression Strategy

According to the resonance suppression strategy proposed in Sections 3.3 and 3.4, with the
above simulation conditions, Band 2.2 is selected as an example. The high-frequency elimination
harmonic is selected from the 47th to the 55th harmonic order, and the simulation results are shown in
Figures 16 and 17.

Figure 16 shows the transformer primary current and voltage waveforms, and for the sake of
comparison, the figure reduces the voltage data by 50 times. As can be seen from Figure 16, the voltage
and current phase are the same, and can achieve the unit power factor requirements.
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Figure 17 is a Fourier analysis of the synthetic pulse signal of the quadruple 4QC. As can be seen
from Figure 17, in the pulse signal, the third to 35th and 47th to 55th harmonic contents are almost
zero, which satisfies the requirements of harmonic elimination. The harmonic signal on both sides of
the 47th to 55th harmonic is significantly raised. This is because the elimination harmonic order is 47th
to 55th, thus according to the conservation of energy, the harmonics on both sides of the 47th to 55th
harmonics will be raised.
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Figure 18 is a Fourier analysis of the primary current of the transformer, in which the harmonic
content between the 47th and 55th harmonics is almost zero, which achieves the desired aim of
eliminating high frequency harmonics. This strategy can effectively avoid the occurrence of resonance
in the 47th to 55th harmonics range.
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Upon further observation of Figure 18, it can be seen that the low frequency of the third, fifth, and
seventh harmonic elimination effects is relatively poor, and there is a minor difference from Figure 17.
The reason for this is that, due to the energy conservation between the DC and AC sides of the 4QC in
the simulation, there is a 100 Hz ripple at the DC side voltage. The DC side pulsation reflects to the
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AC side, resulting in the emergence of low-frequency third, fifth, and seventh harmonics. Solving the
second pulsation problem can be achieved by adding a secondary filter on the DC side, or by further
improving the Equation (16) to produce a specific harmonic that is opposite to the existing third, fifth,
and seventh harmonics.

4.3. Simulation Verification of Grid–Train Coupling Resonance Suppression

The five-conductor model is often used to build the traction grid simulation model. However,
there are many parameters in this model, which makes it difficult to control the resonant frequency
precisely by changing the parameters. Therefore, this paper uses the RLC resonance circuit shown in
Figure 19 with a quadruple 4QC to simulate the grid–train coupling circuit. The resonant frequency of
the resonant circuit can be controlled by changing the impedance value of the circuit.
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The simulation parameters of the 4QC are the same as those in Section 4.1. At this point, the
characteristic harmonic currents of the quadruple 4QC are shown in Figure 15, and its characteristic
harmonics are covered from the 40th to 70th harmonic orders. Firstly, the frequency of the resonant
circuit in Figure 19 is set to 2500 Hz, i.e., the 50th harmonic order, which is within the range of the
abovementioned harmonic band. The impedance analysis of the resonant circuit is shown in Figure 20.
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Figure 20. Impedance characteristic diagram of the resonant circuit.

When the quadruple 4QC uses the transient current direct control method, the FFT (Fast Fourier
Transform) analysis of the current that is injected into the grid is as shown in Figure 21, while the train
port grid voltage waveform and its Fourier analysis are shown in Figure 22.
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As can be seen from Figure 21, the current harmonic is concentrated in the range of the 40th
to 70th harmonic order, and is similar to Figure 15. The impedance peak frequency is in the range
above. The grid voltage waveform produced a certain distortion, the THD value increased significantly,
and the grid harmonics are most abundant near the resonant peak of 2500 Hz. Among them, the current
contains many low-frequency harmonics because the grid voltage produced a certain distortion,
affecting the normal operation of the 4QC.

When the SHE method is used for resonance suppression, select Band 2.2 to eliminate the 47th to
55th harmonics; the FFT analysis of the train current is as shown in Figure 23, and the grid voltage
waveform and its FFT analysis are shown in Figure 24.
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As can be seen from Figure 23, the 47th to 55th harmonic order elimination effects of the current
that is injected into the traction grid are apparent. The distortion of the grid voltage is significantly
improved, the voltage THD content is reduced by 66.36%, and the harmonic elimination range is the
same as in the theoretical analysis.

As the resonance frequency is set to 3000 Hz, the impedance analysis of the resonant circuit is
shown in Figure 25.
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The FFT analysis of the current that is injected into the grid is as shown in Figure 26 when the
quadruple 4QC uses the transient current direct control method, while the train port grid voltage
waveform and its FFT analysis are shown in Figure 27.
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As can be seen from Figure 27, the harmonic content of the grid voltage obviously increases at the
resonant frequency.

Select Band 2.3 to eliminate 57th to 65th harmonics, the FFT analysis of the train current is as
shown in Figure 28, and the grid voltage waveform and its FFT analysis are as shown in Figure 29.
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Figure 29. Waveform and FFT analysis of grid voltage with SHE-PWM algorithm.

As can be seen from Figure 28, the 57th to 65th harmonic order elimination effects of the current
that is injected into the traction grid are apparent. The distortion of the grid voltage is improved
significantly; the voltage THD content is reduced by 75.76%. The resonance suppression effect
is remarkable.

The simulation results show that the SHE-PWM strategy is able to suppress the grid–train
coupling resonance.
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5. Conclusions

In this paper, first, the characteristic harmonic distribution of the 4QC in the train and the
mechanism of the grid–train coupling resonance are analyzed in principle. Then, the SHE-PWM
method is combined with the existing transient direct current control, and a special harmonic
group elimination strategy is adopted to cover the high-frequency resonant region and improve
the current harmonics that are injected into the traction grid. This can allow the current to avoid the
resonance frequency of the traction grid, and achieve the purpose of grid–train coupling resonance
suppression. At the same time, the active-set secondary optimization method is proposed to solve
the transcendental equation composed of a cosine function. The method has the advantages of high
precision, fast convergence, and small dependence on initial values. In addition, since the solving
process becomes simpler using the above method, SHE-PWM can be further extended to applications
where more converters are connected in multiple ways.

However, the DC-side voltage pulsation of the 4QC results in low-frequency harmonics in the
primary current of the transformer, and the method of suppressing the low-frequency harmonics
requires further study.
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