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Abstract: In modern wind farms, maximum power point tracking (MPPT) is widely implemented.
Using the MPPT method, each individual wind turbine is controlled by its pitch angle and tip speed
ratio to generate the maximum active power. In a wind farm, the upstream wind turbine may cause
power loss to its downstream wind turbines due to the wake effect. According to the wake model,
downstream power loss is also determined by the pitch angle and tip speed ratio of the upstream
wind turbine. By optimizing the pitch angle and tip speed ratio of each wind turbine, the total active
power of the wind farm can be increased. In this paper, the optimal pitch angle and tip speed ratio are
selected for each wind turbine by the exhausted search. Considering the estimation error of the wake
model, a solution to implement the optimized pitch angle and tip speed ratio is proposed, which is to
generate the optimal control curves for each individual wind turbine off-line. In typical wind farms
with regular layout, based on the detailed analysis of the influence of pitch angle and tip speed ratio
on the total active power of the wind farm by the exhausted search, the optimization is simplified
with the reduced computation complexity. By using the optimized control curves, the annual energy
production (AEP) is increased by 1.03% compared to using the MPPT method in a case-study of
a typical eighty-turbine wind farm.

Keywords: maximum power point tracking (MPPT); optimization; wake effect; wind power
generation; wind farms

1. Introduction

In recent years, wind power has increasingly been integrated into the power system worldwide.
According to the International Energy Agency (IEA) wind report [1], wind energy production provided
close to 4% of the world’s electricity demand in 2015. In many countries, the development of large-scale
wind farms has already been started and tended to move from onshore to offshore. In 2015, the offshore
wind sector had a strong year, with an estimated 3.4 GW connected to the power grid out of a world
total amount of 12 GW. In wind farms, especially large-scale ones, the power loss due to the wake
effect came to be of particular importance.

According to a field investigation from onshore wind farms, the power loss due to the wake effect
is about 5%–10% of overall power generation [2]. Because of the higher investment in offshore wind
farms, the per-unit installation area is lower than for onshore wind farms. Thus, the power loss due
to the wake effect in large-scale offshore wind farms may reach a higher value, up to approximately
15% [3,4]. In modern wind farms, a widely implemented active power control method is maximum
power point tracking (MPPT) [5,6]. Each wind turbine is controlled by the MPPT method to generate
the maximum active power at its current wind speed, without the consideration of the power loss due
to the wake effect in the wind farm.
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Many researchers have focused on the mitigation of power loss in the wind farm due to the wake
effect. By the optimal control of each individual wind turbine, the total active power of the wind farm
can be increased. By developing new active power controllers in [7], using the boundary layer tunnel
experiments in [8], and analyzing the wind turbine load in [9], the authors concluded that the power
loss in the wind farm due to the wake effect can be reduced by optimizing the pitch angle and tip speed
ratio of each wind turbine. In [10,11], optimal pitch angle and tip speed ratio of all the wind turbines
are selected at the same time by the optimization algorithms to maximize the total active power of
the wind farm, where the wind speed of each wind turbine is estimated by the wake model with the
ambient wind speed. The optimized pitch angle and tip speed ratio of each wind turbine are supposed
to be implemented in the wind farm central controller. Thus, each wind turbine is controlled according
to the estimated wind speed. Considering the estimation error of the wake models, there is a difference
between the estimated wind speed and the real wind speed at the position of each wind turbine. In the
case that the estimated wind speed is higher than the real wind speed, the optimized active power
reference can be higher than the available active power. In this case, due to greater output power than
input power, the rotor speed will be automatically decreased. Afterwards, according to aerodynamic
model, due to the rotor speed decrease, the available active power will be further decreased. Then,
the rotor speed will be further decreased. Gradually, the wind turbine will be halted [12]. In [13],
the authors calculated the transient wind speed of each wind turbine by the computational fluid
dynamics (CFD) method, where the computation complexity is the main drawback of this approach.

In [14,15], online model free optimization methods are proposed to increase the total active
power of the wind farm. This method generates the optimal pitch angle and tip speed ratio for each
wind turbine by the comparison of the active power of the wind turbine and of its neighborhood
wind turbines. The problem with this method is that the algorithm has to wait during the transition
of wind conditions, as it takes time for the wind flow to transit from one steady-state condition to
another. As acknowledged by the authors, this method is much more suitable for the steady-state
wind conditions.

In this paper, firstly, the optimal pitch angle and tip speed ratio of each wind turbine to maximize
the total active power of the wind farm are selected by the exhausted search method. Compared with
the particle swarm optimization (PSO)- and genetic algorithm (GA)-based optimization methods as
adopted in [10,11], the advantage of by the exhausted search method is that the total active powers of
the wind farm at all sets of the pitch angle and tip speed ratio of all the wind turbines are calculated.
By the comparison of the total active power of the wind farm at all sets of the pitch angle and tip speed
ratio of all the wind turbines, the implementation of the optimized pitch angle and tip speed ratio
can be simplified. Secondly, considering the estimation error of the wake model, the optimal pitch
angle curve and active power curve in terms of the wind speed are generated for each individual wind
turbine with the optimized pitch angle and tip speed ratio. The optimized control curves are limited
by the maximum rotor speed, the minimum rotor speed and the rated power. With the measurement
of the real wind speed, the optimized pitch angle reference and the optimized active power reference
can be obtained from the optimized control curves. As a consequence, each wind turbine is controlled
according to the real wind speed at the position of the wind turbine. Compared with the method to
implement the optimized pitch angle and tip speed ratio in the wind farm central controller, the active
power reference will not be higher than the available active power. Thus, the wind turbine will not be
halted. By the proposed method, the active power of the wind farm may not be maximized due to the
wake model estimation error. However, the optimized control curves can be implemented at the wind
directions where the wind farm has large power loss due to the wake effect. At these wind directions,
a large amount of active power can be increased. Thus, the estimation error can be neglected.

The remaining part of this paper is organized as follows. The doubly fed induction generator
(DFIG) wind turbine and the MPPT method are addressed and described in Section 2. The wake effect
and the proposed method to generate the optimized control curves are illustrated by case study in a
two-turbine wind farm in Section 3. Afterwards, the case study is extended to a three-turbine wind
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farm with multi-wake in Section 4. The case study is analyzed in a typical Danish eighty-turbine wind
farm with the real wind profile in Section 5. Finally, concluding remarks are drawn in Section 6.

2. DFIG Wind Turbine and MPPT

In this section, the DFIG wind turbine and its active power control method is presented. As shown
in Figure 1, the DFIG wind turbine generates the active power from the stator side of the generator.
Depending on the slip, it also generates or absorbs active power from the rotor side of the generator.
One of the active power control methods of the DFIG wind turbine is based on the active power curve
in terms of the wind speed. By the measurement of the wind speed, the active power reference and the
pitch angle reference can be separately obtained from the active power curve and the pitch angle curve.
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Figure 1. DFIG wind turbine and its active power control method. 
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Figure 1. DFIG wind turbine and its active power control method.

According to the aerodynamic model, the active power P generated by the turbine can be
calculated by:

P =
1
2

ρπR2Cp(β, λ)v3 (1)

where ρ is the air density, R is the radius of the turbine blade, v is the wind speed, and Cp is the power
coefficient, which is related to the pitch angle β and the tip speed ratio λ. The tip speed ratio, defined
as the ratio of the blade tip speed over the speed of the incoming wind, is given by:

λ =
ωrR

v
(2)

where ωr is the rotor speed.
As expressed in Equation (1), at a specific wind speed, the active power generated by the wind

turbine is determined by the power coefficient. By the MPPT method, the wind turbine generates the
active power at the maximum power coefficient. The power coefficients of the National Renewable
Energy Laboratory (NREL) 5 MW wind turbine in terms of the pitch angle and the tip speed ratio are
shown in Figure 2a [16]. It can be observed that the maximum power coefficient is obtained at the
pitch angle of 0◦ and the tip speed ratio of 7.55.

The parameters of the NREL 5 MW DFIG wind turbine are shown in Table 1 [16]. With the MPPT
method implemented, the active power, the pitch angle, the tip speed ratio and the rotor speed in
terms of the wind speed of the NREL 5 MW DFIG wind turbine are shown in Figure 2b. It is noted
that the pitch angle and the tip speed ratio are respectively kept at 0◦ and 7.55 for the wind turbine
to generate the maximum power, at wind speeds from 7 m/s to 10 m/s. At wind speeds lower than
7 m/s, the tip speed ratio is increased due to the minimum rotor speed limit of 6.9 rpm. Similarly,
at wind speeds higher than 10 m/s, the tip speed ratio is decreased due to the maximum rotor speed
limit of 12.1 rpm. When the wind speed is higher than the rated wind speed, the pitch angle controller
is activated to limit the active power no larger than the rated power.
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Figure 2. NREL 5 MW wind turbine with: (a) Power coefficient in respect to the pitch angle and the 

tip speed ratio; (b) active power curve with the maximum power point tracking (MPPT) control. 

Table 1. Parameters of the NREL 5 MW wind turbine [16]. 

Parameter Value 
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Electrical generator efficiency 94.4% 
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Figure 2. NREL 5 MW wind turbine with: (a) Power coefficient in respect to the pitch angle and the tip
speed ratio; (b) active power curve with the maximum power point tracking (MPPT) control.

Table 1. Parameters of the NREL 5 MW wind turbine [16].

Parameter Value

Rated power 5 MW
Rotor diameter 126 m

Cut-in, rated, Cut-out wind speed 3 m/s, 11.4 m/s, 25 m/s
Min. and Max. rotor speed 6.9 rpm, 12.1 rpm

Gearbox ratio 97:1
Number of pole-pairs 3

Synchronous frequency 50 Hz
Electrical generator efficiency 94.4%

3. Wake Effect and Active Power Maximization in a Two-Turbine Wind Farm

In the wind farm, the wind turbine causes the wind speed deficit to a column of its downstream
air flow. This phenomenon is named as the wake effect. The column of air flow is called the wake.
Many wake models have been developed to estimate the wind speed deficit in the wake [17,18].
The Katic wake model [19], which extends the previous work of Jensen [20], is one of the most widely
used wake models. In this paper, the Katic wake model is adopted to estimate the wind speed deficit
at the position of downstream wind turbines.

In this section, the wake effect is addressed and an active power control method to maximize the
total active power of the wind farm is proposed. Case studies are carried out in a two-turbine wind
farm. The two-turbine wind farm is shown in Figure 3, where it is assumed that the two wind turbines
are the NREL 5 MW DFIG wind turbine and the distance between the two wind turbines is 6.5 times
the blade diameter.
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Figure 3. Layout of the wind farm with two NREL wind turbines in a line. XD: distance between the
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3.1. Wake Effect in Two-Turbine Wind Farm

The Katic wake model, as shown in Figure 4a, estimates the downstream wind speed deficit
1−v2/u by Equation (3) [19]:
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1 − v2

u
=

(
1 −

√
1 − Ct_1(β1, λ1)

)(
D

D + 2kXD cos(ϕ)

)2 Aol_12

AR
(3)

where u is the ambient wind speed, v2 is the wind speed of the downstream wind turbine, Ct is the
thrust coefficient of the upstream wind turbine, which is a function of the pitch angle and the tip
speed ratio [16], D is the blade diameter, XD is the distance between the two wind turbines, AR is the
blade sweep area, Aol_12 is the overlap between the wake area of WT1 and the blade sweep area of
WT2, and the decay constant k of 0.075 for the onshore wind farm and 0.04–0.05 for the offshore wind
farms is recommended in the Wind Atlas Analysis and Application Program-WAsP help facility [21].
The thrust coefficients of the NREL 5 MW wind turbine in terms of the pitch angle and the tip speed
ratio are shown in Figure 4b [16].
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Figure 4. (a) Speed relationship between the upstream and downstream wind turbines in Katic wake
model; (b) thrust coefficient of the NREL 5 MW wind turbine.

By assuming that the offshore decay constant is 0.04 and MPPT method is implemented in
WT1 and WT2, the downstream wind speed deficit calculated by Katic model appears in the
four symmetrical wind direction ranges of 258◦–270◦, 270◦–282◦, 78◦–90◦ and 90◦–102◦. The wind
speed of WT2 at the wind directions α of from 270◦ to 282◦ with the resolution of 3◦ is shown in
Figure 5a, where the ambient wind speed from 3 m/s to 25 m/s with the resolution of 1 m/s is taken
into account. At these wind directions, the wind speed of WT1 is the same as the ambient wind speed.
It can be observed in Figure 5a that the wind speed of WT2 has the maximum deficit at the wind
direction of 270◦, because WT2 is totally inside of the wake of WT1, where the overlap area equals to
the blade sweep area of WT2. With the increasing of the wind direction, the overlap area is reduced
and thus the wind speed deficit of WT2 is reduced. At the wind direction of 282◦, there is no wind
speed deficit of WT2, and the wind speed of WT2 is the same as the ambient wind speed. Meanwhile,
the active power of WT1 and WT2 at the wind direction of 270◦ is shown in Figure 5b.
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Figure 4. (a) Speed relationship between the upstream and downstream wind turbines in Katic wake 

model; (b) thrust coefficient of the NREL 5 MW wind turbine. 

By assuming that the offshore decay constant is 0.04 and MPPT method is implemented in WT1 

and WT2, the downstream wind speed deficit calculated by Katic model appears in the four 

symmetrical wind direction ranges of 258°–270°, 270°–282°, 78°–90° and 90°–102°. The wind speed of 

WT2 at the wind directions α of from 270° to 282° with the resolution of 3° is shown in Figure 5a, 

where the ambient wind speed from 3 m/s to 25 m/s with the resolution of 1 m/s is taken into account. 

At these wind directions, the wind speed of WT1 is the same as the ambient wind speed. It can be 

observed in Figure 5a that the wind speed of WT2 has the maximum deficit at the wind direction of 

270°, because WT2 is totally inside of the wake of WT1, where the overlap area equals to the blade 

sweep area of WT2. With the increasing of the wind direction, the overlap area is reduced and thus 

the wind speed deficit of WT2 is reduced. At the wind direction of 282°, there is no wind speed deficit 

of WT2, and the wind speed of WT2 is the same as the ambient wind speed. Meanwhile, the active 

power of WT1 and WT2 at the wind direction of 270° is shown in Figure 5b. 
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Figure 5. (a) Wind speed deficit of WT2, at the wind directions of from 270 to 282 and at the ambient 

wind speeds of from 3 m/s to 25 m/s; (b) active power of WT1 and WT2 at the wind direction of 270°. Figure 5. (a) Wind speed deficit of WT2, at the wind directions of from 270◦ to 282◦ and at the ambient
wind speeds of from 3 m/s to 25 m/s; (b) active power of WT1 and WT2 at the wind direction of 270◦.
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3.2. Active Power Maximization

At the wind direction of 270◦, as expressed by Equation (1), the active power of WT1 is determined
by the pitch angle and tip speed ratio of WT1. Meanwhile, as expressed by Equation (3), the wind
speed of WT2 is also determined by the pitch angle and tip speed ratio of WT1. Compared with the
MPPT method, by changing the pitch angle and tip speed ratio of WT1, the active power of WT1 will
be reduced. However, the wind speed of WT2 can be increased, which results in the increase of the
active power of WT2. In consequence, the total active power of the wind farm can be increased.

At the wind direction of 270◦, the wind speed of WT1 is the same as the ambient wind speed.
The wind speed of WT2 can be calculated by Equation (3). The active power of WT1 and WT2 can
be calculated by Equation (1). By assuming that the pitch angle of WT1 is the same as the MPPT
method and WT2 is controlled by the MPPT method, the active power of WT1, the wind speed of
WT2, the active power of WT2, and the total active power of the wind farm in terms of the tip speed
ratio of WT1 can be calculated. For instance, at the ambient wind speed of 9 m/s, the effect of the tip
speed ratio of WT1 on the total active power generation is shown in Figure 6. In the case that WT1 is
controlled by the MPPT method, where the tip speed ratio of WT1 is 7.55, WT1 generates the maximum
active power, as shown in Figure 6a. The total active power of the wind farm is 0.37 pu, as shown in
Figure 6d. If changing the tip speed ratio of WT1 to 6.5, the active power of WT1 is reduced, as shown
in Figure 6a. The total active power of the wind farm is increased to the maximum value of 0.38 pu,
as shown in Figure 6d. Compared with the MPPT method, 0.01 pu can be increased.

The optimal tip speed ratio of 6.5 can be obtained by the exhausted search method. Firstly, all the
possible total active power of the wind farm in terms of the tip speed ratios of WT1 with the resolution
of 0.1 is calculated. Afterwards, the maximum total active power of the wind farm is selected. Then,
the corresponding optimal tip speed ratio of WT1 can be obtained, which is 6.5.
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Figure 6. Comparison between WT1 operating at the tip speed ratio of 7.55 and 6.5, at the wind
direction of 270◦ and ambient wind speed of 9 m/s: (a) The active power of WT1, where the base value
is 5 MW; (b) the wind speed of WT2; (c) the active power of WT2, where the base value is 5 MW; (d) the
total active power of the wind farm, where the base value is 10 MW.

If the pitch angle of WT1 is considered as well, at the wind direction of 270◦ and ambient wind
speed of 9 m/s, the total active power of the wind farm in terms of the pitch angle and tip speed ratio
of WT1 is shown in Figure 7. As marked by optimal (OPT), the maximum total active power of the
wind farm of 0.39 pu is achieved at the pitch angle of 1.8◦ and the tip speed ratio of 6.9 of the WT1.
Compared with the WT1 controlled by the MPPT method where the total active power of the wind
farm is 0.37 pu, the total active power of the wind farm can be increased by 0.02 pu.

The optimal pitch angle and tip speed ratio of WT1, which are 1.8◦ and 6.9 respectively, can also
be obtained by the exhausted search method. Firstly, all the total active power of the wind farm in
terms of the pitch angle and tip speed ratio of WT1 are calculated with the pitch angle resolution of
0.2◦ and tip speed ratio resolution of 0.1. Afterwards, the maximum total active power of the wind
farm can be selected. Finally, the corresponding optimal pitch angle and tip speed ratio of WT1 can be
obtained, which are 1.8◦ and 6.9, respectively.
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Figure 7. Total active power of the wind farm in terms of the pitch angle and tip speed ratio of WT1,
at 270◦ wind direction and 9 m/s ambient wind speed.

At the wind direction of 270◦, the WT2 will not cause the power loss to the wind farm, as there is
no wind turbine behind WT2 along the wind direction. Therefore, WT2 should be controlled by the
MPPT method to generate the maximum active power of WT2 at its current wind speed. The total
active power of the wind farm can be maximized by optimizing the pitch angle and tip speed ratio
of WT1. It is evident the pitch angle and tip speed ratio of WT1 is optimized at the ambient wind
speeds of 7 m/s to 11 m/s. When the ambient wind speed is lower than 7 m/s and higher than 11 m/s,
the rotor speed is limited by 6.9 rpm and 12.1 rpm. To simplify the problem, the pitch angle and tip
speed ratio of WT1 is just optimized at the ambient wind speeds from 7 m/s to 11 m/s, as shown
in Figure 8a.

Comparing the MPPT method and the optimized method, the active power of WT1, the active
power of WT2 and the total active power of the wind farm at the ambient wind speeds from 7 m/s
to 11 m/s are shown in Figure 8b. It can be seen that the active power of WT1 is reduced. However,
the active power of WT2 is increased. Overall, the active power of the wind farm is increased.

Energies 2017, 10, 395 7 of 19 

 

0.3
6

4
9

82
7

0.35

6
0 5

0.4

0.34

0.345

0.35

0.355

0.36

0.365

0.37

0.375

0.38
OPT: 0.39 pu

MPPT: 0.37 puβ
1  (° )

 1

P
1
+

P
2
 (

p
u
)

 

Figure 7. Total active power of the wind farm in terms of the pitch angle and tip speed ratio of WT1, 

at 270° wind direction and 9 m/s ambient wind speed. 

At the wind direction of 270°, the WT2 will not cause the power loss to the wind farm, as there 

is no wind turbine behind WT2 along the wind direction. Therefore, WT2 should be controlled by the 

MPPT method to generate the maximum active power of WT2 at its current wind speed. The total 

active power of the wind farm can be maximized by optimizing the pitch angle and tip speed ratio 

of WT1. It is evident the pitch angle and tip speed ratio of WT1 is optimized at the ambient wind 

speeds of 7 m/s to 11 m/s. When the ambient wind speed is lower than 7 m/s and higher than 11 m/s, 

the rotor speed is limited by 6.9 rpm and 12.1 rpm. To simplify the problem, the pitch angle and tip 

speed ratio of WT1 is just optimized at the ambient wind speeds from 7 m/s to 11 m/s, as shown in 

Figure 8a. 

Comparing the MPPT method and the optimized method, the active power of WT1, the active 

power of WT2 and the total active power of the wind farm at the ambient wind speeds from 7 m/s to 

11 m/s are shown in Figure 8b. It can be seen that the active power of WT1 is reduced. However, the 

active power of WT2 is increased. Overall, the active power of the wind farm is increased. 

3 5 7 9 11 13 15 17 19 21 23 25
0

0.2

0.4

0.6

0.8

1

1.2

0

5

10

15

20

25

 Wind speed (m/s)

A
c
ti
v
e

 p
o

w
e

r 
(p

u
)

P
it
c
h

 a
n

g
le

 (
° 

),
 t

ip
 s

p
e

e
d

 r
a

ti
o

 

a
n

d
 r

o
to

r 
s
p

e
e

d
 (

rp
m

)

ωr1-MPPT

β1-MPPT

 1-MPPT

P1-MPPT

ωr1-OPT

β1-OPT

 1-OPT

P1-OPT

 

5 6 7 8 9 10 11 12 13
0

2

4

6

8

10

12

A
c
ti
v
e

 p
o

w
e

r 
(M

W
)

 Ambient wind speed(m/s)

WT1-MPPT-270° 

WF-OPT-270°

WT2-MPPT-270°

WF-MPPT-270°

WT1-OPT-270°

WT2-OPT-270°

 
(a) (b) 

Figure 8. (a) Optimized pitch angle, tip speed ratio, blade speed and active power of WT1, at the wind 

direction of 270°; (b) comparison of the active power of WT1, active power of WT2, and the total active 

power of the wind farm between the WT1 controlled by MPPT method and the optimized method, at 

the wind direction of 270°. 

Due to the wind farm layout, as shown in Figure 6, the power loss of the wind farm caused by 

the wake effect appears within the four symmetrical wind direction areas of 258°–270°, 270°–282°, 

78°–90° and 90°–102°. It can be expected that the maximum power loss appears at the wind directions 

of 270° and 90°. The power loss reduces with the wind direction change from 270° to 282°, from 270° 

to 258°, from 90° to 102° and from 90° to 78°. At the wind directions that the wind farm has no power 

loss due to the wake effect, WT1 and WT2 should be controlled by the MPPT method to maximize the 

total active power of the wind farm. 

The optimized pitch angle, tip speed ratio, rotor speed and active power of WT1 at the wind 

directions of 270°, 276° and 282° are shown in Figure 9a. Comparing WT1 controlled by MPPT method 

Figure 8. (a) Optimized pitch angle, tip speed ratio, blade speed and active power of WT1, at the wind
direction of 270◦; (b) comparison of the active power of WT1, active power of WT2, and the total active
power of the wind farm between the WT1 controlled by MPPT method and the optimized method,
at the wind direction of 270◦.

Due to the wind farm layout, as shown in Figure 6, the power loss of the wind farm caused by the
wake effect appears within the four symmetrical wind direction areas of 258◦–270◦, 270◦–282◦, 78◦–90◦

and 90◦–102◦. It can be expected that the maximum power loss appears at the wind directions of 270◦

and 90◦. The power loss reduces with the wind direction change from 270◦ to 282◦, from 270◦ to 258◦,
from 90◦ to 102◦ and from 90◦ to 78◦. At the wind directions that the wind farm has no power loss
due to the wake effect, WT1 and WT2 should be controlled by the MPPT method to maximize the total
active power of the wind farm.
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The optimized pitch angle, tip speed ratio, rotor speed and active power of WT1 at the wind
directions of 270◦, 276◦ and 282◦ are shown in Figure 9a. Comparing WT1 controlled by MPPT method
and the optimized method, the optimized total active power of the wind farm at the wind directions of
270◦, 276◦ and 282◦ are shown in Figure 9b. It is clear that the total active power of the wind farm can
be increased mostly at the wind direction of 270◦. Moreover, the increased amount of the active power
in the wind farm reduces with the increase of wind direction from 270◦ to 282◦.
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Figure 9. (a) Optimized pitch angle, tip speed ratio, blade speed and active power of WT1, at the wind 

directions of 270°, 276° and 282°; (b) comparison of the total active power of the wind farm between 

the MPPT method and the optimization method, to maximize the total active power of the wind farm 

by selecting the optimal pitch angle and tip speed ratio for WT1, at the wind directions of 270°, 276° 

and 282°. 
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Figure 10. Layout of the wind farm with 3 NREL 5 MW DFIG wind turbines. 

4.1. Multi-Wake Effect 

The Katic wake model estimates the wind speed deficit in multiple wakes by summing all the 

wind speed deficits caused by the upstream wind turbines. At the wind direction of 270°, the wind 

speed deficit at the position of WT3 1 − v3/u can be calculated by: 
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where v3 is the wind speed at the position of WT3, β1 and λ1 are the pitch angle and tip speed ratio of 

WT1, and β2 and λ2 are the pitch angle and tip speed ratio of WT2. Referring to Equation (3), the wind 

speed deficit at the position of WT3 caused by WT1 1 − v13(β1,λ1)/u and the wind speed deficit at the 

position of WT3 caused by WT2 1 − v23(β2,λ2)/u can be expressed as: 

Figure 9. (a) Optimized pitch angle, tip speed ratio, blade speed and active power of WT1, at the wind
directions of 270◦, 276◦ and 282◦; (b) comparison of the total active power of the wind farm between
the MPPT method and the optimization method, to maximize the total active power of the wind farm
by selecting the optimal pitch angle and tip speed ratio for WT1, at the wind directions of 270◦, 276◦

and 282◦.

4. Wake Effect and Active Power Maximization in a Three-Turbine Wind Farm

In this section, case studies of the wake effect and the proposed optimization method are carried
out in a three-turbine wind farm. The three-turbine wind farm is shown in Figure 10, where it is
assumed that the two wind turbines are the NREL 5 MW DFIG wind turbine and the distance between
the two adjacent wind turbines is 6.5 times the blade diameter.
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Figure 9. (a) Optimized pitch angle, tip speed ratio, blade speed and active power of WT1, at the wind 

directions of 270°, 276° and 282°; (b) comparison of the total active power of the wind farm between 

the MPPT method and the optimization method, to maximize the total active power of the wind farm 

by selecting the optimal pitch angle and tip speed ratio for WT1, at the wind directions of 270°, 276° 

and 282°. 
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4.1. Multi-Wake Effect

The Katic wake model estimates the wind speed deficit in multiple wakes by summing all the
wind speed deficits caused by the upstream wind turbines. At the wind direction of 270◦, the wind
speed deficit at the position of WT3 1 − v3/u can be calculated by:(

1 − v3

u

)2
=

(
1 − v13(β1, λ1)

u

)2

+

(
1 − v23(β2, λ2)

u

)2

(4)

where v3 is the wind speed at the position of WT3, β1 and λ1 are the pitch angle and tip speed ratio of
WT1, and β2 and λ2 are the pitch angle and tip speed ratio of WT2. Referring to Equation (3), the wind
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speed deficit at the position of WT3 caused by WT1 1 − v13(β1,λ1)/u and the wind speed deficit at the
position of WT3 caused by WT2 1 − v23(β2,λ2)/u can be expressed as:

1 − v13(β1, λ1)

u
=

(
1 −

√
1 − Ct_1(β1, λ1)

)(
D

D + 4kXD cos(ϕ)

)2 Aol_13

AR
(5)

1 − v23(β2, λ2)

u
=

(
1 −

√
1 − Ct_2(β2, λ2)

)(
D

D + 2kXD cos(ϕ)

)2 Aol_23

AR
(6)

where Aol_13, which is the overlap between the wake area of WT1 and the blade sweep area of WT3,

and Aol_23, which is the overlap between the wake area of WT2 and the blade sweep area of WT3,
are shown in Figure 11.
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Figure 12. (a) Wind speed of WT3; (b) active power of WT1, WT2 and WT3, at the wind direction of 270°. 

4.2. Active Power Maximization 

Figure 11. Katic wake model. WT3 is in the multiple wakes of WT1 and WT2.

In Figure 11, it is noted that Aol_13 is smaller than Aol_23, which indicates that the wind direction
range where the WT3 has wind speed deficit caused by WT1 is smaller than the wind direction range
where the WT3 has wind speed deficit caused by WT2. Consequently, the wind direction ranges in
which the three-turbine wind farm has power loss are the same as wind direction ranges in which
the two-turbine wind farm has the power loss, which are four symmetrical wind direction ranges of
258◦–270◦, 270◦–282◦, 78◦–90◦ and 90◦–102◦.

With the MPPT method implemented in WT1, WT2 and WT3, the wind speed of WT3 is shown in
Figure 12a, at the wind directions from 270◦ to 282◦ with the resolution of 3◦. It can be observed in
Figure 12a that the wind speed of WT3 has the maximum deficit at the wind direction of 270◦. There is
no wind speed deficit at the wind direction of 282◦. Moreover, the active power of WT1, WT2 and WT3

at the wind direction of 270◦ is shown in Figure 12b.
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Figure 12. (a) Wind speed of WT3; (b) active power of WT1, WT2 and WT3, at the wind direction of 270°. 

4.2. Active Power Maximization 

Figure 12. (a) Wind speed of WT3; (b) active power of WT1, WT2 and WT3, at the wind direction
of 270◦.
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4.2. Active Power Maximization

At the wind direction of 270◦, as no power loss is caused by WT3 to the wind farm due to its
position, WT3 should be controlled by the MPPT method. The control curves of WT1 and WT2 can
be optimized to maximize the total active power of the wind farm. At the wind direction of 270◦

and at a fixed ambient wind speed u, in the case of m sets of pitch angle and tip speed ratio of WT1

and that m sets of pitch angle and tip speed ratio of WT2 are assumed, m × m possible total active
power of the wind farm are expected, as shown in Figure 13. According to Equations (1), (3) and (5),
the active power of WT1, the wind speed of WT2 and the wind speed deficit caused by WT1 to WT3

are determined by the pitch angle and tip speed ratio of WT1. At a fixed wind speed of WT2, according
to Equations (1) and (6), the active power of WT2 and the wind speed deficit caused by the WT2 to
WT3 are determined by the pitch angle and tip speed ratio of WT2. Then, the wind speed of WT3 is
determined both by the pitch angle and tip speed ratio of WT1 and WT2, as expressed by Equation (4).
Controlled by the MPPT method, the active power of WT3 can be calculated by Equation (1).

In the three-turbine wind farm, the optimal pitch angle and tip speed ratio of WT1 and WT2

can also be selected by the exhausted search method. Firstly, all the total active power of the
wind farm in terms of the pitch angle and tip speed ratio of WT1 and WT2 are calculated with a
resolution. Afterwards, the maximum total active power of the wind farm can be selected. Finally, the
corresponding optimal pitch angle and tip speed ratio of WT1 and WT2 can be obtained.
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At the wind direction of 270◦ and ambient wind speed of 11 m/s, the active power of WT1 and the
wind speed of WT2 in terms of the pitch angle and tip speed ratio of WT1 are shown in Figure 14a,b.
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In the case that WT1 is controlled by the MPPT method, the pitch angle and the tip speed ratio of WT1

are 0◦ and 7.55 respectively. Due to the rotor speed limit of 12.1 rpm, the tip speed ratio of WT1 is
limited at 7.26. When WT1 is operating at the pitch angle of 0◦ and tip speed ratio of 7.26, the active
powers of WT2, the wind speeds of WT3, the active powers of WT3 and the total active powers of the
wind farm in terms of the pitch angle and tip speed ratio of WT2 are respectively shown in Figure 14c–f.
As shown in Figure 14f, the total active power of the wind farm is 0.58 pu.

At the wind direction of 270◦ and ambient wind speed of 11 m/s, selected by the exhausted search
method, the optimal pitch angle and tip speed ratio of WT1 are 2.2◦ and 6.7 respectively. The optimal
pitch angle and tip speed ratio of WT2 are 2.8◦ and 6.5 respectively. When the WT1 is operating at the
optimal pitch angle and tip speed ratio of WT1 as shown in Figure 14a,b marked with OPT, the active
powers of WT2, the wind speeds of WT3, the active powers of WT3 and the total active powers of the
wind farm in terms of the pitch angle and tip speed ratio of WT2 are respectively shown in Figure 14g–j.
As shown in Figure 14j, the total active power of the wind farm is increased to 0.615 pu. Compared
with the MPPT method, the total active power is increased by 0.035 pu.
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Figure 14. (a) Active power of WT1 where the base value is 5 MW; (b) wind speed of WT2, in terms of 
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Figure 14. (a) Active power of WT1 where the base value is 5 MW; (b) wind speed of WT2, in terms
of the pitch angle and tip speed ratio of WT1; (c) active power of WT2 where the base value is 5 MW;
(d) wind speed of WT3; (e) active power of WT3 where the base value is 5 MW; (f) total active power
of the wind farm where the base value is 15 MW, in terms of the pitch angle and tip speed ratio of
WT2,when WT1 is operating at the pitch angle and tip speed ratio of 0◦ and 7.23, respectively; (g) active
power of WT2 where the base value is 5 MW; (h) wind speed of WT3; (i) active power of WT3 where
the base value is 5 MW; (j) total active power of the wind farm where the base value is 15 MW, in terms
of the pitch angle and tip speed ratio of WT2,when WT1 is operating at the pitch angle and tip speed
ratio of 2.2◦ and 6.7.

With the optimized pitch angle and tip speed ratio of WT1 and WT2, the optimized pitch angle
and active power curve of WT1 and WT2, at the wind directions from 270◦ to 282◦, with the resolution
of 6◦, are shown in Figure 15a,b. It can be observed that the pitch angle and tip speed ratio of WT1 and
WT2 are optimized at the wind speeds from 7 m/s to 11 m/s. Comparing the MPPT method and the
proposed active power control method, the active power of WT1, WT2, WT3 and the total active power
of the wind farm at the wind direction of 270◦ are shown in Figure 15c, with the ambient wind speeds
in the range of from 3 m/s to 11 m/s with a resolution of 1 m/s. It can be seen that, at the ambient
wind speed of from 7 m/s to 13 m/s, the active power of WT1 is reduced. However, the active powers
of WT2 and WT3 are increased. Overall, the active power of the wind farm is increased.

As shown in Figure 15a,b, the optimal pitch angle and tip speed ratio of WT1 are 2.0◦ and 6.8,
at the wind speed of 9 m/s at the position of WT2. The optimal pitch angle and tip speed ratio of WT2

are 1.8◦ and 6.9 at the wind speed of 9 m/s at the position of WT2. The optimized pitch angle of WT1 is
larger than the optimized pitch angle of WT2, because of greater power loss caused by WT1 compared
to WT2 to the wind farm. It is evident that the optimized pitch angle of the upstream wind turbine is
larger than the optimized pitch angle of the downstream wind turbine and the optimized tip speed
ratio of the upstream wind turbine is smaller than the optimized tip speed ratio of the downstream
wind turbine. Moreover, as shown in Figure 14j, the total active power of the wind farm has a slight
difference, less than 0.003 pu, when the WT2 is operating in the pitch angle range from 1.5◦ to 4◦ and
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in the tip speed ratio range from 6 to 7. Consequently, to simplify the problem, the optimized control
curves of WT1 and WT2 can be assumed to be the same.

Furthermore, at the wind direction of 270◦, as the optimized control curves of WT1 and WT2

in the three-turbine wind farm is almost the same as the optimized control curves of WT1 in the
two-turbine wind farm, the optimized control curves of WT1 in the two-turbine wind farm can simply
be implemented in WT1 and WT2 in the three-turbine wind farm. Thus, the computation complexity
can be reduced from m × m to m, where m is the number of possible sets of pitch angle and tip speed
ratio of each wind turbine. This simplification can be extended into the wind farms with more wind
turbines in a line, e.g., in the wind farm with ten turbines in a line, the optimized control curves of
WT1 in the two-turbine wind farm at the wind direction of 270◦ can simply be implemented in all the
upstream wind turbines. The computation complexity will be reduced from m10 to m.
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Figure 15. (a) Optimized pitch angle, tip speed ratio, active power and rotor speed of WT1 in the three-

turbine wind farm; (b) optimized pitch angle, tip speed ratio, active power and rotor speed of WT2 in 

the three-turbine wind farm; (c) comparison of the active power of WT1, WT2, WT3 and the total active 

power of the wind farm between the MPPT method and the proposed active power control method, 

at 270° wind direction. 
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Figure 15. (a) Optimized pitch angle, tip speed ratio, active power and rotor speed of WT1 in the
three-turbine wind farm; (b) optimized pitch angle, tip speed ratio, active power and rotor speed of
WT2 in the three-turbine wind farm; (c) comparison of the active power of WT1, WT2, WT3 and the
total active power of the wind farm between the MPPT method and the proposed active power control
method, at 270◦ wind direction.

5. Wake Effect and Active Power Maximization in a Large-Scale Wind Farm

In this section, the proposed method to maximize the total active power of the wind farm is
demonstrated in an eighty-turbine wind farm. The layout of the wind farm is shown in Figure 16,
which is the same as the Horns Rev offshore wind farm in Denmark [22]. A total of 80 NREL 5 MW
DFIG wind turbines in the wind farm with 6.5 diameters of distance between the two adjacent
wind turbines in the same row or in the same column are assumed. Finally, the annual energy
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production (AEP) of the wind farm is calculated and compared between the MPPT method and the
proposed method.Energies 2017, 10, 395 14 of 19 
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Figure 17. Total active power of the wind farm by using the MPPT method. 
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In the eighty-turbine wind farm, at the wind direction of 270°, the wind turbine in one row will 

not cause the power loss to the wind turbines in other rows because of the small decay constant. In 
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5.1. Wake Effect

In the eighty-turbine wind farm, controlled by the MPPT method, the total active powers of the
wind farm are shown in Figure 17. In Figure 17, the wind directions in the range of from 0◦ to 360◦

with a resolution of 1◦ and the ambient wind speeds of 4 m/s, 6 m/s, 8 m/s, 10 m/s, 12 m/s and
14 m/s are taken into account. The wind speed at the position of the downstream wind turbines are
calculated by (3)–(6), where the decay constant k = 0.04 is assumed. In Figure 17, it can be observed that
the large amount of power loss due to the wake effect in the wind farm appears at the wind directions
of around 20◦, 41◦, 62◦, 90◦, 115◦, 131◦, 147◦, 172◦, 200◦, 221◦, 242◦, 270◦, 295◦, 311◦, 327◦ and 352◦.
At these wind directions, there is huge potential to increase the total active power of the wind farm
with the proposed active power control method.
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5.2. Active Power Maximization

In the eighty-turbine wind farm, at the wind direction of 270◦, the wind turbine in one row will
not cause the power loss to the wind turbines in other rows because of the small decay constant.
In this case, the wind farm can be seen as eight isolated ten-turbine wind farms as shown in Figure 18.



Energies 2017, 10, 395 15 of 19

As discussed and concluded in Section 4.2, at the wind direction of 270◦, the optimized control curves
of WT1 in the two-turbine wind farm can simply be implemented in WT1–WT9 in the ten-turbine wind
farm. Thus, the optimization computation complexity in the ten-turbine wind farm will be reduced
from m10 to m. With the optimized control curves of WT1 in the two-turbine wind farm as shown in
Figure 15a implemented in WT1–WT9 and with the MPPT method implemented in WT10, the total
active power of the ten-turbine wind farm is shown in Figure 19, where the total active power of the
ten-turbine wind farm can be increased at the ambient wind speeds from 7 m/s to 14 m/s. In the
eighty-turbine wind farm, at the wind direction of 270◦, the optimized control curves of the wind
turbines in the same column are the same, e.g., the optimized control curves of WT1_1, WT2_1, WT3_1,
WT4_1, WT5_1, WT6_1, WT7_1 and WT8_1 in the eighty-turbine wind farm are the same as the optimized
control curves of WT1 in the ten-turbine wind farm.

As shown in Figure 17, the large amount of power loss due to the wake effect in the eighty-turbine
wind farm appears at the wind directions of around 20◦, 41◦, 62◦, 90◦, 115◦, 131◦, 147◦, 172◦, 200◦,
221◦, 242◦, 270◦, 295◦, 311◦, 327◦ and 352◦. At the wind direction of 90◦, the eighty-turbine wind
farm can also be seen as eight isolated ten-turbine wind farms. The optimized control curves of WT1

at the wind direction of 270◦ in the two-turbine wind farm as shown in Figure 15a can simply be
implemented in WTm_1-WTm_9 in the eighty-turbine wind farm. At the wind direction of 172◦ and
352◦, the eighty-turbine wind farm can be seen as 10 isolated eight-turbine wind farms. The optimized
control curves of WT1 at the wind direction of 270◦ in the two-turbine wind farm as shown in Figure 15a
can simply be implemented in WT8_n–WT2_n and WT1_n–WT7_n respectively in the eighty-turbine
wind farm. At the wind directions of 41◦, 131◦, 221◦ and 311◦, the wind farm can be seen as the isolated
wind farms. However, the isolated wind farms have different number of wind turbines. In each of
the isolated wind farms, the optimized control curves of WT1 at the wind direction of 270◦ in the
two-turbine wind farm can also be implemented in the upstream wind turbines in each isolated wind
farms. Besides, as the distance between two adjacent wind turbines is larger than in the ten-turbine
wind farm, the optimized pitch angle is smaller than in Figure 15a and the tip speed ratio is larger
than in Figure 15a.

In the rectangular layout wind farms at the wind directions where the wind farm should not seem
isolated or in the nonrectangular layout wind farms, the optimal pitch angle and tip speed ratio of all
the wind turbines can be selected by the exhausted search or by the PSO- or GA-based optimization
algorithms. Then, optimal control curves of each individual wind turbine need to be generated with the
optimized pitch angle and tip speed ratio. In this case, the computation complexity cannot be reduced.
However, other solutions may be implemented to reduce the computation complexity (e.g., to separate
the wind farm into number of zones or use the method proposed in [23]). In this paper, the typical
regular layout wind farms are studied. In the eighty-turbine wind farm with the rectangular layout,
at the wind directions of 20◦, 62◦, 115◦, 147◦, 200◦, 242◦, 295◦ and 327◦, the wind farms cannot be
considered as isolated wind farms. Considering the smaller power loss in the wind farm due to wake
effect, the large computation complexity and the estimation error of the wake model, the wind farm
operator can make a trade-off whether to do the optimization at these wind directions.
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Figure 18. Layout of the wind farm with 10 NREL 5 MW DFIG wind turbines. Figure 18. Layout of the wind farm with 10 NREL 5 MW DFIG wind turbines.
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turbines are increased. The AEP of the wind farm are respectively increased by 19.2%, 12.7%, 11.0% 
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Figure 19. Comparison of the total active power of the wind farm as shown in Figure 15 between the
MPPT method and the proposed active power control method at the wind direction of 270◦.

5.3. Annual Energy Production

In this subsection, the annual energy production (AEP) of the eighty-turbine wind farm is
compared between the MPPT method and the proposed active power control method. The AEP
is calculated by WAsP, which is the industry standard software for wind resource assessment and
siting of wind turbines and wind farms [21]. The annual wind direction and wind speed distribution
at the location of the wind farm, as shown in Figure 20, is taken into account. In Figure 20a, the wind
rose is separated into 36 sectors with 10◦ for each.
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As shown in Figure 17, the active power of the wind farm is the same at the wind directions from
269◦ to 273◦. This is because, at these wind directions, each wind turbine has the same power loss due
to the wake effect. Thus, the optimized control curves of each wind turbine are the same at these wind
directions. However, the active power of the wind farm decreases with the wind direction changing
from 269◦ to 265◦ and from 273◦ to 275◦, because of the reduced power loss. To simplify the problem,
the optimized control curves of each wind turbine at the wind direction of 270◦ are implemented at all
the wind directions in the wind rose sector from 265◦ to 275◦. It is the same case in the wind directions
around 90◦, 172◦ and 352◦. Consequently, to calculate the AEP of each wind turbine in the rose sectors
of 85◦–95◦, 165◦–175◦, 265◦–275◦ and 345◦–355◦, the optimized control curves generated at the wind
direction of 90◦, 172◦, 270◦ and 352◦ are respectively implemented at the wind directions in the wind
rose sector of 85◦–95◦, 165◦–175◦, 265◦–275◦ and 345◦–355◦.

Comparing the MPPT method and the proposed active power control method, the AEP of each
wind turbine at the wind directions in the rose sectors of 85◦–95◦, 165◦–175◦, 265◦–275◦ and 345◦–355◦,
are calculated and shown in Tables 2 and 3. It can be observed that the AEP of the wind turbines in the
first two rows or columns along the wind direction are reduced, but the AEP of the other wind turbines
are increased. The AEP of the wind farm are respectively increased by 19.2%, 12.7%, 11.0% and 15.2%
in the four wind rose sectors. Overall, 1.36 × 103 GWh more energy is produced in the four wind rose
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sectors with the proposed active power implemented. Compared with the 1.31 × 106 GWh AEP of the
wind farm with the MPPT method implemented in all the wind directions from 0◦ to 360◦, an increase
of 1.03% can be noticed. If the proposed active power control method is also implemented at other
wind directions, this percentage can be larger.

Table 2. Comparison of annual energy production (AEP; GWh) between the MPPT method and the
proposed active power control method in the wind rose sectors of 265◦–275◦and 85◦–95◦.

AEP
265◦–275◦ Sector 85◦–95◦ Sector

MPPT OPT MPPT OPT

WT1_1 1356.6 1280.9 85.5 142.3
WT1_2 977.8 949.7 86.8 130.7
WT1_3 835.4 880.7 88.7 122.5
WT1_4 760.8 840.4 90.5 123.4
WT1_5 713.9 815.6 94.5 125.6
WT1_6 689.1 798.6 99.1 128.8
WT1_7 669.2 786.8 108.9 134.2
WT1_8 658.7 780.4 127.1 143.3
WT1_9 642.7 814.0 167.4 161.0
WT1_10 631.2 859.3 288.4 262.8

Total 63,482.2 70,450.4 9895.4 11,795.4

Increased 11.0% 19.2%

Table 3. Comparison of AEP (GWh) between the MPPT method and the proposed active power control
method in the wind rose sectors of 345◦–355◦ and 165◦–175◦.

AEP
345◦–355◦ Sector 165◦–175◦ Sector

MPPT OPT MPPT OPT

WT1_1 382.9 348.4 169.9 248.7
WT2_1 234.1 232.1 173.0 233.8
WT3_1 185.3 208.8 180.1 222.7
WT4_1 162.5 195.5 187.7 228.1
WT5_1 148.4 188.1 203.9 237.0
WT6_1 142.3 183.4 230.1 252.0
WT7_1 136.1 194.1 283.7 278.4
WT8_1 134.0 207.0 435.2 400.0

Total 15,255.2 17,573.2 18,635.2 21,006.9

Increased 15.2% 12.7%

As the proposed active power control method maximizes the active power of the wind farm by
reducing the power loss due to the wake effect, the increased active power of the wind farm depends
on the amount of power loss at each wind direction. At the wind directions where the power loss is
small, the active power of the wind farm can be increased slightly. Due to the estimation error of the
wake model, the proposed active power may not be able to maximize the active power generation in
the wind farm, at the wind direction where the power loss is small. However, at the wind directions
where the power loss is large, compared with the significantly increased active power of the wind
farm, the power loss due to the estimation error of the wake model can be neglected. Moreover,
the proposed active power control method generates the optimal control curves at separate wind
directions. Consequently, the optimal control curves can be generated and implemented at the wind
directions where the wind farm has the largest power loss.
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6. Conclusions

Due to the wake effect, there is a significant amount of power loss in large scale wind farms. By the
optimization of the pitch angle and tip speed ratio for the wind turbines in the wind farm, the total
active power of the wind farm can be increased. In this paper, the optimized pitch angle and tip speed
ratio are firstly selected for each wind turbine by exhausted search method. Then, the optimized pitch
angle curve and active power curve in terms of the wind speed are generated for each wind turbine
with the optimized pitch angle and tip speed ratio. With the optimized control curves, the wind turbine
can be controlled according to the real wind profile at the position of the wind turbine, where both the
wind speed and wind direction are taken into account. In typical regular layout wind farms, due to
the slight difference of the optimized pitch angle and tip speed ratio between the upstream and the
downstream wind turbines, and due to the small variation of the total active power of the wind farm
in a large range of pitch angle and tip speed ratio of the wind turbines analyzed by the exhausted
search method, the optimized control curves of the upstream wind turbines can be simplified to be
the same. As a consequence, the optimization computation complexity is greatly reduced. A case
study in an eighty-turbine wind farm shows that the AEP of the wind farm is able to be increased by
1.03%, by using the proposed control method compared to the MPPT method. Moreover, the proposed
method can be implemented to any wind farm layout with random wind profile at different locations.
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