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Abstract: This manuscript aims to incorporate an inertial scheme with Popov’s subgradient
extragradient method to solve equilibrium problems that involve two different classes of bifunction.
The novelty of our paper is that methods can also be used to solve problems in many fields,
such as economics, mathematical finance, image reconstruction, transport, elasticity, networking,
and optimization. We have established a weak convergence result based on the assumption of the
pseudomonotone property and a certain Lipschitz-type cost bifunctional condition. The stepsize,
in this case, depends upon on the Lipschitz-type constants and the extrapolation factor. The bifunction
is strongly pseudomonotone in the second method, but stepsize does not depend on the strongly
pseudomonotone and Lipschitz-type constants. In contrast, the first convergence result, we set
up strong convergence with the use of a variable stepsize sequence, which is decreasing and
non-summable. As the application, the variational inequality problems that involve pseudomonotone
and strongly pseudomonotone operator are considered. Finally, two well-known Nash—Cournot
equilibrium models for the numerical experiment are reviewed to examine our convergence results
and show the competitive advantage of our suggested methods.

Keywords: energy production models; optimization problems; control parameters; Lipschitz-type
conditions; variational inequality; Nash-Cournot oligopolistic equilibrium model

1. Introduction

An Equilibrium problem (EP) was originally started in the unifying feature by Blum and Oettli [1]
in 1994 and provided a detailed investigation of their theoretical properties. This study contributes

Energies 2020, 13, 3292; doi:10.3390/en13123292 www.mdpi.com/journal/energies


http://www.mdpi.com/journal/energies
http://www.mdpi.com
https://orcid.org/0000-0003-2659-8226
https://orcid.org/0000-0002-5463-4581
https://orcid.org/0000-0003-1454-2962
https://orcid.org/0000-0003-0666-9269
https://orcid.org/0000-0001-8773-4821
http://dx.doi.org/10.3390/en13123292
http://www.mdpi.com/journal/energies
https://www.mdpi.com/1996-1073/13/12/3292?type=check_update&version=2

Energies 2020, 13, 3292 2 of 28

significantly to the advancement of applied and pure science. This problem is primarily related
to Ky Fan Inequity due to his early contributions to this field [2]. It has been established that the
equilibrium problem theory has set up an unique approach to investigate an immense range of topics
that have appeared in social and physical science. For instance, it might involve physical or mechanical
structures, chemical processes [3], the distribution of traffic over computer, and telecommunication
networks or public roads [4-7]. In economics, it often refers to production competition [8] or the
dynamics of offer and demand [9], exploiting the mathematical model of non-cooperative games and
the analogous equilibrium concept by Nash [10,11]. The problem of equilibrium, as a particular case,
includes many mathematical problems as a particular case, such as the variational inequality problems
(VIP), problems of minimization, the fixed point problems, Nash equilibrium of non-cooperative
games, complementarity problems, and saddle point problem (see e.g., [1,12]).

On the other hand, iterative methods are efficient techniques for determining the approximate
solution of an equilibrium problem. In that case, two major approaches that are well-known
i.e., the proximal point method [13] and auxiliary problem principle [14]. The proximal point method
strategy was initially developed by Martinet [15] for the monotone variational inequality problems
and later Rockafellar [16] extends this approach for monotone operators. Moudafi [13] proposed the
proximal point method for monotone equilibrium problems. Konnov [17] also suggests a different
interpretation of the proximal point method with weaker assumptions for equilibrium problems.

In addition, inertial-type methods are additionally significant, depending on the heavy-ball
methods of the second-order time dynamic system. Polyak began by considering inertial extrapolation
as an acceleration procedure to deal with the problem of smooth convex minimization. Inertial-type
algorithms are two-step iterative schemes, and the next iteration is determined by using the
previous two iterations and it can be viewed as an accelerating step of the iterative sequence.
A large number of methods are the earliest, being set up for solving the problem (EP) in finite
and infinite-dimensional spaces, such as the proximal point-like methods [13,18], the extragradient
methods [19-23], the subgradient extragradient methods [24-26], the inertia methods [27-32] and
others in [33,34].

In this work, our focus is on the proximal point method, in particular projection methods, which
are well established and technically easy to implement due to their convenient numerical computation.
This manuscript aims to suggest two modifications of the results that appeared in [21,35,36] by
applying the inertial scheme that is useful for speeding up the iteration process. The first result
includes the two-step inertial Popov’s extragradient method for determining a numerical solution to
the pseudomonotone equilibrium problems and the weak convergence of the suggested method is
achieved based on the standard assumptions. We also propose an alternative inertial-type method,
the second variant of the first method. The second method does not need any information regarding
the Lipschitz-type and strongly pseudomonotone constants of a bifunction. A practical explanation
for the second method is that it uses a diminishing and non-summable sequence of non-negative real
numbers, which are useful in achieving the strong convergence.

This manuscript is arranged, as follows: in Section 2, we provide some essential definitions and
useful results. Sections 3 and 4 include all of our main methods and corresponding convergence results.
Section 5 provides the methods for variational inequality problems. Section 6 sets out the numerical
tests to show the numerical efficiency of the proposed methods for the test problems based on the
Nash—Cournot equilibrium model compare to other existing methods.

2. Background

Let K be a non-empty, convex, and closed subset of the Hilbert space E. Let H : K — [E be an
operator and SOLy (k) is the solution set of a variational inequality problem relative to the operator
H upon the set K. Likewise, SOLgp(f k) denotes the solution set of an equilibrium problem on the set
Kand ¢* is any arbitrary element of the solution set SOLgp(f k) or SOLy g k-



Energies 2020, 13, 3292 3 of 28

Definition 1. [1] Let f : E x E — R be a bifunction with f(u, i) = 0, for each i € K. The equilibrium
problem for f upon K is defined, as follows:

Find ¢* € K such that f(¢*,0) >0, Vo € K.

Definition 2. [37] The metric projection Px (i) of il on a closed and convex subset K of E is determined,
as follows:
Py (i) = argmin{||o — #|| : ¥ € K}.

Next, we take the concept of monotonicity of a bifunction into account (see [1,38] for details).

Definition 3. Let f : E X E — Ron K for y > 0is

(1) strongly monotone if

(2) monotone if
f,0)+ f(o,u) <0, Vi, € K;

(8) strongly pseudomonotone if
f(iI,9) >0= f(5,0) < —lli —7|% ViI,7 € K;

(4) pseudomonotone if
f(i1,9) > 0= f(o,u) <0, Vi, v € K;

(5) satisfying the Lipschitz-type condition on K if there exist constants L1, Ly > 0, such that
fli,@) < f(#,0) + f(3,@) + L[ = 3> + Lo||5 — @|]*, ViL,5,@ € K,
holds.

This section ends with a few essential lemmas that are useful for examining convergence.

Lemma 1. [39] Assume that K is non-empty, convex, and closed subset of Hilbert space E and g : K — Risa
convex, subdifferentiable, and lower semi-continuous function on K. Furthermore, u € K is a minimizer of g if
and only if 0 € 9g (i) + N (i) where 0g (i) and Nk (i) denotes the subdifferential of ¢ at il and normal cone
of K at i, respectively.

Lemma 2. [40] Let {pn},{gu} C [0,+00) be two sequences and Y p, = oo with Y pugn < oo,
n=1 n=1
then liminf, e g, = 0.

Lemma 3. [41] For u,v € E and p € R then the following relation is true:

it + (1 = )3)1* = plla]® + (1= w517 = (1 = p) i1 = 5]

Lemma 4. [42] Assume that a,, En and ¢, are sequences in [0, +c0), such that

~ T
Byt < fn + by (dn — y1) +Cn, Y > 1, with Y €, < +o0,
n=1

and also with b > 0, such that 0 < b, < b < 1 for all n € N. Subsequently, the following relations are hold.

@) Jio[ﬁn — 1]+ < oo, with [s]4 := max{s,0};

n=1
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(i) limy—icody =a* € [0, +o0).

Lemma 5. [43] Let {ii, } be a sequence in IE and K C E such that the following relations are true:

(i) Foreachii € K, limy,_,eo ||ty — ]| exists;
(i) Every sequentially weak cluster point of {ii, } belongs to K;

Subsequently, {it, } weakly converges to a point in K.
A normal cone of K at i € K is defined as:
Nx() ={z€E:(z,v—u) <0, Vo € K}
Let g : K — R be a convex function with subdifferential of g at i € K is defined as:
ag(il) = {Z € E: g(5) — g(il) > (5,5 — 1), V3 € K}.

3. Inertial Popov’s Two-Step Subgradient Extragradient Algorithm for Pseudomonotone EP

We present our first method to solve the pseudomonotone equilibrium problems involving the
Lipschitz-type condition of a bifunction. It uses an inertial term to boost up the iterative sequence,
so we referred it as an “Inertial Popov’s Two-step Subgradient Extragradient Algorithm” for a class
pseudomonotone equilibrium problems. The detailed algorithm is given below.

Algorithm 1 (Two-step Subgradient Extragradient Algorithm for Pseudomonotone EP)
Initialization: Choose u_1, 1,79 € E,0 < 8, < ¢ < v/5—2and A(8, L1, Ly) > 0. Set

. 1
up = argmin{Af(vo,y) + EHPO -yl*}
yeK

o1 = argmin{Af(0.) + 3 o ~vIP)
where pg = ug + % (ug — u_1) and p1 = ug + 01 (13 — up).
Iterative steps: Given u,,_1,uy, v,_1, vy for n > 1 and construct a half space
Hy={z€E: {on—Awy_1—0yn,z—1y) <0},
where w1 € 9f(v,_1,Un).

Step 1: Compute

_ 1
sy = argmin{Af (vn,y) + 5 lon = y[%},
yEH,

where p,, = uy + 0, (1 — uy_1).

Step 2: Compute

. 1
Ong1 = argmin{Af (o, y) + 5 llon1 — [},
yeK

where Pn+1 = Up41 + l9n+1(un+] — Lln).
Step 3: If u,, 11 = p, and v, = v,,_1, then STOP. Otherwise, set n := n + 1 and go back to Step 1.
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Assumption 1. Assume that f : E x E — R satisfy the following conditions:

(A1) f(0,9) =0 forall v € Kand f is pseudomonotone on K;
(A2) f satisfy the Lipschitz-type condition on E through two positive constants Ly and Ly;
(A3) limsup f(u,,0) < f(u*,0) forall v € Kand {ii,} C K satisfy i, — ui*;

n—00

(A4) f(u,.) is convex and subdifferentiable on E for each u € E.
Lemma 6. We have the following crucial inequality that results from the Algorithm 1.

Af(on,y) = Af(On,ttns1) 2 (Pn — Uni1, ¥ — Uns1), VY € H.

Proof. By the value 1,1 through Lemma 1, we have

0 € a2 {Af(n) + llow = I} 1) + Nig (s 1):
For w € of(vy, uy41), there exists w € Ny, (14,,41), such that
Aw+uyy1 —pn+ w0 =0.
The above implies that
(on — Un+1,y — Uns1) = Mw,y — 1) + (0, — Uny1), Yy € Ha.
Because W € Np, (uy+1) then (@, y — u,41) <0, Vy € Hy. It implies that
Mw,y = tny1) = (on — Uni1,Y — Uny1), VY € Hy. (1)
Due to w € 9f(vy, u,11) and by definition of subdifferentiable, we obtain
f@n,y) = f(on, uns1) = {w,y — upy1), Yy € E. 2
From expressions (1) and (2), we have the required result. [
Lemma 7. We also have the following inequality from Algorithm 1.
Af(on,y) = Af(On,0n41) = (Pnt1 — Ons1, Y — nsa), Yy € K
Proof. The proof is the same as that of Lemma 6. O
Lemma 8. We have the following inequality from Algorithm 1.
M f(vp—1,tn41) = fF(On—1,04) } > (On — Vn, Ups1 — On).
Proof. Because u, 1 € Hy then the definition of H, implies that
(O — A1 — Oy g1 — o) < 0.
The above implies that
MWp—1,Uns1 = 0n) > (0n — U, Upg1 — Un)- 3)

From w,,_1 € 9f (v,_1,v,) and due to subdifferential definition, we have

f(Unflzl/) _f(v'rlflrvn) 2 <Wn71/]/ - Ui’l)/ Vy S E.
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Set y = u,,41 in the above expression
f(On—1,tns1) = f(On—1,0n) 2 (Wn—1,Un+1 —0n), Yy € E. 4

From expression (3) and (4), we obtain the desired result. [

Now, we are proving the validity of the stopping criterion for Algorithm 1.
Lemma9. If uy 1 = pp and vy = v, in Algorithm 1, then v, € SOLgp(s -
Proof. By substituting 1,41 = p, in Lemma 6, we have
Af(on,y) = Af(On,ttny1) 20, Vy € Hy. ®)
Because u,,4+1 € Hy, and v, = v,,_1, U, 41 = pyu, then from Lemma 8, we have
Af(0n, tng1) > |lon — onl* > 0. 6)
The expression (5) and (6) implies that v,, € SOLg P(fK)- O

Remark 1. Two more conditions for stopping criterion are u, 1 = Uy = Pp and Pp11 = Uyy1 = Uy fOr
Algorithm 1. The validity of these stopping criterion can be shown easily by Lemma 6 and Lemma 7, respectively.

Lemma 10. Let f : E x E — R satisfying the Assumption 1. Assume that SOLgpy k) is nonempty.
Afterwards, for each &* € SOLgp(¢ k), we have

i1 = &P ”
< [l = &> = (1 = 4AL1)llow — vull* = (1 = 2ALo) [tty41 — vu|* + 4AL1 0w — vua 1>
Proof. Substituting y = ¢* into Lemma 6, we obtain
Af(0n,€7) = Af (Un,tinga) > (on = tins1,6" — tnt1), Yy € Hy. ®)
Since {* € SOLgp(y k) then f(&*,vy) > 0. Thus, from (A1) the above expression becomes
{on — ttyi1, Ups1 — &) > Af(On, tingn)- )
Because of the Lipschitz-type condition, we have
f@n—1,ttnr1) < f(On1,0n) + f(0n,tn11) + Lillog—1 — oul|* + Lo||ow — ttya || (10)
The expression (9) and (10) implies that
(on — tns1,Un1 — §7) (11)
> /\{f(vnflr”nﬂ) - f(vn,l,vn)} — AL[jvp-1 — Un”z — ALp|[vn — ”n+l||2-
From expression (11) and Lemma 8, we obtain
(on — U1, Up1 — C7) (12)

> (on — Un, Upg1 — Un) — ALl”Urtfl - UnHz - AL2||Un - un+lH2-
We have the following facts:

=2(on = tp1, 1 = &) = =llon = E N7+ lltrr — ol + 1t = ¥



Energies 2020, 13, 3292 7 of 28

2(on = On, 1 =) = [lon = Oul® + i1 = oul® = llon — i[>
We also have the following inequality
2
[on-1=oull* < (l[on-1 = pull + lon — oull)” < 2l[on-1 = pull* +2llon — o
From the above two facts and last inequality with (12) provides the required result. [J

Now, we are in a position to provide our first convergence result of this work.

Theorem 1. Assume that {u,}, {v,} and {p,} sequences in E generated by Algorithm 1, where the sequence
¥y, is non-decreasing and A is a positive real number, such that

1 1
3 — 20— 392

d 0<09, <9 5_ 2.
LA—02 2L (1+0+ 02199 "0 “=0n= <5

0< A

Subsequently, the sequences {un}, {vn} and {pn} are converges weakly to an element ¢* of SOLgp( k)-

Proof. From Lemma 10, we have

g1 — é*Hz +4AL1[|pp11 — vnHZ
< llow = &7 = (1 = 4AL1)llpn — oul|* — (1 = 2AL2)[ftp 1 — vu|? (13)
+4AL1[lpn — 051 ||> +4AL1 | 041 — vul |

By the definition of p,, in Algorithm 1, we have

llon = &1 = [[(1 4+ 0) (un = &) — 81 — &)
= (L4 8n)llun — &1 = Bullun—1 — &1 + B (L + 8 [t — 11 1> (14)

By the definition of p,,;1 in Algorithm 1, we also have

lons1 = vnll® = ltns1 + Fnyr (ar1 — ) — 0l
= (14 Bui1) (1 — 0n) = Ot (g — o) |12
= (14 1) [ns1 — 0ull* = Busalln = v ll* + B (14 1) ltnsr — ua)?
< (U4 0) tngr = oull* + 00 (1 + ) [t 1 — ual|* (15)

Combining the expression (13)—(15), we obtain

[tt1 = &>+ 4AL1 |on i1 — ol
< (1 O) lun — &1 = Bullun—1 — &I + On (1 + 0) |1tn — 1 ]1?

+4AL1[|on = vu1[* = (1= 4AL1) 0w — vul® = (1 = 2ALa) [t 11 — va)?

+AAL (1 + 80) ||t g1 — 0 |? + 4AL1 8 (1 + O 1 — tta | (16)
< (1 O) lun — &1 = Bnllun—1 — &1 + On (1 + 0) lun — 1 |?

+4AL[|on — O[>+ 4AL1 80 (1 + 0) | g1 — )

— (1 —4ALy)|lon — va|* = (1 = 2ALy — 4ALy (1 + 82)) || 1 — 0a1? (17)
< (1 O un — &% = Onllutn—1 — &% + 0n (1 + 8) llun — 1 1?

+4AL[|on — O[>+ 4AL1 80 (1 + ) |41 — 0|

(1—2ALy —4AL1(1+0y))

- - 201 = ol + llon = 0al)] (18)
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By substituting

_ 1—2ALy —4AL(1+9y)

= 5 ,

and due to the inequality 2||u, 1 — vul|® + 2[|on — ©nl|> > ||ttns1 — oul/>. From this discussion,
the expression (18) turns into following:

On

Api1 < A+ 0, (1 +6)||un — un71”2 +4AL1 0, (14 0) || upy1 — unHZ — Onl[tpg1 — Pn”z/ (19)
where Ay = |luy — & ||2 — Onl|uy_1 — E||? +4AL1 ||on — v,_1]|% By the value p,, 11, we have

141 _Pn||2 = |Jtns1 — tn — On(tn — ”nfl)”2
= [fstnr1 = |* + 85l — w1 [|* = 280 (41 — thn, th — 11y 1) (20)
> i1 = ll* + 05w — w1 |1* = 20|01 — |1 — 11 |
> (1= 0) i1 — > + (85 — O [l — wn 1 |1 (21)

Combining the expression (19) and (21) implies that

Aps1 < Ay 4801+ 00) ||ty — tiy_1||* +4AL18, (1 + On) |1ty — tn)?
- Un(l - 1911)””114—1 - ”nHZ - Un(ﬁ% - ﬂn)””n - “n—1||2 (22)

< Ay + rn”un - un—lHZ - QHHun-H - ”n”z/

where 1, := 0,(1+ %) + 0404 (1 — 8,) and gy, := 0% (1 — On) — 4AL10, (1 + Oy).
Further, we take I';; = Ay + 4|ty — 1, _1]%. It follows from (22) that

Tyt — Do = g1 — &1 = O llun — E 1 + rusaltnsn — un||* +4AL1 | pngr — onll?
— Nlan = &N+ Ol —1 — EN1® = rullun — tn 1> — 4ALy[|on — vp1|?
= g1 — E NP = A+ Ogt) n — 1% + Onllun—1 — &% + 4AL1 ] pur1 — vn)?

—4ALillon = vp1l? = rullun = w12+ 1t itsr — un®

IN

—qn|uns1 — ”n”z + rugtlltngn — unHz

~(gn = 1) 1 — tn | (23)

Next, we need to compute

gn — Tnt+1

= 0u(1—0y) —4AL10n (1 + 04) — Oy (1 + Opp1) — 01001 (1 — Opgr)

On(1—=08,) —4AL10, (1 + 0y) — 0n(1 4+ ) — 00 0u(1 — 8p)

on(1—0)? —4AL19(1 +0) — 0(1 + 9)

1—2ALy —4ALy(1+9)
2

(% 29— %192) ~MLa(1-8)* + 2Ly (14 9+ 8% + %) )

0. (24)

VvV 1V

Vv

(1—10)2 —4AL10(1+98) —0(1+9)

v

The expression (23) and (24) with some J > 0, implies that

Ty1 =T < =(Gn = ruga) [t g1 — unl* < =6lfung1 — unl* <0. (25)
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The above relation (25) implies that the sequence {I',} is non-increasing. From ', 1, we have

Tpi1 = lluns1 — &% = O llun — &% + s ungr — unll® + 4AL1[|pnsr — vnll?

(26)
> Oy [l — &I
Additionally, from definition I';, we have
* (12 * ]2
lun —C*[|7 < Ty 4 Onlltty—1 — "
< Ty 4 8uy—g — &
< ST+ 1) 9 Jug — &P
Iy
< n _xx* 2'
,1_194-19“”0 ¢l (27)
Combining the expression (26) and (27), we obtain
~Tys1 < Oppaflun — 3|
< Bflun — |
r
< B + 8" ug — &7 (28)
1-9¢
It continues to follow from (25) and (28), such that
£ 2
6 ) Mluns1 —unl|” <T1—Tiyq
n=1
T
STy 40— 0" |ug — &
1-9¢
1—‘1 * 12
< 1 _
< o -2, 29)
letting k — oo in (29) implies that
Y s — un|* < +oo implies U1 —uyl| =0 as n — co. (30)
n=1
From the relation (20) and (30), we obtain
ltss —pull =0 as 11— co. (1)
Next, the expression (28) implies that
r
—Aps1 < l‘f’ﬁ + 0" g — &%+ rt |1 — | (32)

From the relation (18) we have

(1= 2ALs — 4ALy (14 8)) [ltn 1 — val® + llow — 0a?]
< Ap— Ay + 014 0) || — 1 ||> +4AL1 (1 + 0)||utp1 — 1> (33)
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Set k € N and using (33) forn = 1,2, - - - , k, gives that

k
(1-2LA —4L1A(1+9)) Y [ |1 = vnl* + llon — vnIIZ}

n=1
k

<N = Apsr +0(1+8) Y [l — 1 [|* +4AL18(1 + 8) 2 [T

n=1 n=1

T
< Ao+ ﬁﬁ + 0 Jug — &7 + e llen — ugl?
£ 2 £ 2
+0(1+8) Y Nun — g1l +4AL1O(A+8) Y fups1 — uall?, (34)
n=1 n=1

letting k — oo in (34) implies that

Y lns1 — 0,||? < 400 and Y llon —v)? < +00, (35)
n=1 n=1
and
Tim (11— ]l = Jim [lpw — 00| =0, (36)

The following relation can easily be derived:
;111_I>Iolo [[tn —vnll = nlgrolo l[tn = pnll = nlgrolo [on—1 — vnl| = 0. (37)
By the definition of p,, and using Cauchy inequality, we have

lon = vn1ll? = lltn + O (g — g 1) — 051 1?
= (14 8) (tn — vp—1) — B (1 — vp—1)|?
= (14 0)[|un — vp1[|* = Bullttn—1 — vp—1||* + 8 (1 + 0|1ty — tp—1 |
< (1+8)lun — vp—1l* + 81+ 8) ||y — w1 (38)

Now, summing up the expression (38) forn = 1,2 - -, k, we obtain

k
Y llon — vn- 12 < (1+9) ZHun—vn 12481+ 0) ZHun—un 1|2 (39)

n=1 n=1 n=

The above expression with (30) and (35) implies that

Z lon — vn_lﬂz < +o00. (40)

It follows from the relation (16), we obtain

It = & 1P < (U 0) e — 7117 = Oty — &2+ (1 + 8) [t — |

(41)
+4L1A [pn — 0,112

above expression with (30), (40), (37) and Lemma 4 implies that limit of ||u, — *||, ||on — ¢*|| and
[vn — &*|| exists for every ¢* € SOLgp(f ), means that the sequences {u,}, {ps} and {v,} are
bounded. Next, we need to show that each weak sequential limit point of the sequence {1, } belongs
to SOLgp s k)- Let z be arbitrary weak cluster point of the sequence {u,}, and then there exists a
weak convergent subsequence {uy, } of {u,} converges to z, this also implies that {v;, } also converge
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weakly to z. Now our aim to prove that z € SOLgp(s k). By Lemma 6, the bifunction Lipschitz-type
condition and Lemma 8, we have

Af (Ongy) = Af (Ong 1) + (P, — g1,y — Unys1)
> Af(Un 1, 11) = Af (On,—1,0n,) — AL [[ 091 — 0|
— AL ||on, =ty [|* 4 (Ong — U1, Y — U1 (42)
> (P — U Upp+1 — Opy) — ALy ank—l — Ung ||2

— /\Lsznk — u”k+1 ||2 + <pnk - T/lnk+1/y - unk+1>

where y be an any element in H,. As a result with (31), (36), (37), and due to the boundedness of the
sequence {u,} the above inequality tends to zero. By given A > 0, the assumption (A3) and v,, — z,
we obtain

0 < limsup f(vy,,y) < f(z,y), Yy € Hy.

k—o0

Due to z € K C Hy, we obtain f(z,y) > 0,Vy € K. This implies that z belongs to SOLgps k-
Thus Lemma 5, ensures that {p, }, {1, } and {v, } weakly converges to {* asn — co. [

Remark 2. For 9, = ¢ = 0in Algorithm 1 gives the results as in [35,36].

4. Inertial Popov’s Two-Step Subgradient Extragradient Algorithm for Strongly
Pseudomonotone EP

The second algorithm is also an inertial algorithm that is able to solve the strongly
pseudomonotone equilibrium problem. However, the advantage of this algorithm is that there is no
need for prior information regarding the strongly pseudomonotone constant v and Lipschitz constants
Lq,Ly. Let {A,} C (0, +o0) be a non-increasing sequence, so that the following conditions are satisfied:

(T1): lim A, =0 and (T2): ) A, =+oo. (43)
n=1

n—o0

Assumption 2. Let a bifunction f : E x E — R satisfies the following conditions:

(Bl) f(u,u) =0,Vu € Kand f is strongly pseudomontone on K;
(B2) f meet the Lipschitz-type condition on [E with two positive constants Ly and Ly;
(B3) f(u,.) is sub-differentiable and convex on E for all i € E.

Lemma 11. Assume that f : E x E — R satisfies the conditions (B1)~(B3). Let the solution set SOLgp(s ) is
nonempty. For each &* € SOLgp(s k), we have

tny1 — §*H2 < llon — ET*H2 — (1 —4A,Ly)|lon — UHHZ — (1 =2A4Lo) |ltp g1 — Un||2
+ 4L llon — o1 ll* — 29 Anllon — &%

Now, we are in a position to provide our second convergence result of this work.

Theorem 2. Assume that f : E x E — R satisfies the conditions (B1)—(B3). Let {uy}, {v,} and {p,} are
sequences in I generated by Algorithm 2 and 0, is non-decreasing sequence with 0 < 9, < ¢ < /5 — 2.
Subsequently, {un}, {vn} and {py} strongly converge to an element &* in SOLgp ¢ -
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Algorithm 2 (Two-step Subgradient Extragradient Algorithm for Strongly Pseudomonotone EP)

Initialization: Choose u_1,u9,v0 € E, 0 < ¢, < ¢ < v/5—2 and a sequence {A,}
satisfying (43). Set

, 1
uy = argmin{Aof(v0,y) + 5 lleo — ylI* 1y € K},

o1 = arg min{A1(00,) + 5 lon ~ ¥l 1y € K},
where pg = ug + 9 (1o — u_1) and p1 = ug + 91 (ug — up).
Iterative steps: Assume that u,_1, u,, v,_1 and v, are known for n > 1 and
Hy, ={z€E: (on — Awy_1—0n,z—10vy) <0},

where w1 € 9f(v,—1,Un).
Step 1: Compute

. 1
Upi1 = argmin{A, f (0n,y) + EHPW —yl*:y € Ha},
where p, = uy + 0, (1 — uy_1).
Step 2: Compute

. 1
On1 = argmin{An 1 f(0n,y) + 5 lon1 —yl* 1y € K},

where 0,11 = U1 + g1 (Unr1 — Un).

Step 3: If u,, 1 = p, and v, = v,,_1, then STOP. Otherwise set n := n + 1 and go to Step 1.

Proof. The proof is the identical as the proof of Theorem 1, but there are still few changes. We provide
the proof for the readable purpose. By Lemma 11 and adding 4L1 A, |0, 41 — 0x||? in both sides, we have

lamsr = & IP + 4L o1 — 00l
< flow — &' 12 = (1 = 4LiAw)llow — 012 = (1 = 2LaA) 141 — 002
+ 4Ly Anllon — On-1 12 = 2vAnllon — &2+ 4L1Aulon 41 — ol (44)

By using the definition of p, in Algorithm 2, we have
llow = &*11 = (14 8u)llttn — E* 117 = Onllsn—1 — 1> + Ou (1 + ) [t — st [|*. (45)
By using the definition p,, 1 in Algorithm 2, we also have

lons1 = onll < (14 8) g 41 — 0nll* + 8 (1 + ) [t 1 — || (46)
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Combining the expression (44)—(46), we obtain

lttp1 — &7 + 4L A g1 lons1 — ol
< (1 8u) ot — 1% = Oulltn—r = (1 + O (14 000) |t — 11 >

+4L1An|lpn — vn_1||2 — (1= 4L1An)lon — vn”2 — (1= 2LoAn) [lunsa — vn||2

+ 4L AL (1+ 80) [t g1 — Oa > 4+ 4La A8 (1+ 80) [t 1 — unl* — 29An]j0n — & (47)
< (1+ Ot — &1 = Bullun_1 — &> + 4L1Au |l on — Va1 |?

+ On (14 On)lJun — un_1H2 +4L1An (1 + ) |l ung1 — ”nHz =290 — ‘:*||2

1— 2o\, — 4L A (1+ 8
_ ( 2/\n . 1 l’l( n)) |:2(||un+l 7vn||2+ ||pn *Un|‘2):| (48)
Next, we let 0, = 172L2A”742Ll/\n(1+l9,1) and

Py = [[un = |2 = Bullun—1 = &*[1* + 4L1Anllon — vu-1 ]
Due to the above substituting the expression (48) turns into the following;:

D1 < D+ 00 (1+ 00|ty — tiy_1||? +4L1 A0 00 (14 00 || tpg1 — tin||?

(49)
— Onlltny1 — Pn||2 = 29An||on — C*Hzr
By the definition p,, 1, we have
2 2 2 2
luns1 —ponll® > (1 =) l|ttns1 — unll* + (85 — On) ltn — 11|~ (50)
Combining the expression (49) and (50), we obtain
D1 < P+ O (1 + 0 |un — g1 [|* +4La A (14 ) |t g1 — |
= 29An|lon — g*HZ —0n(1 = 0n)|luns1 — ”nHz - Qn(ﬁ% — On)|lun — ”n—1||2
=o, + Rn””n - un71||2 - Qn””n+1 - ”n”2 - 2’)’/\n||vn - §*||2r (51)

where Ry, := 0, (14 04) + 04294 (1 — 8,) and Qp := 04(1 — 8y) — 4L1 1,0, (1 + 9,,). In addition, we also
take ¥, = @, + Ry||un — uy_1]%. It follows from (51) that

Y1 —¥n < —(Qn — Rygr) [Jttpg1 — ”nHz —29An||on — g*Hz (52)
Since A,, — 0, then there exists a finite number 1y € N such that

1 192
1291

A >
O<M< Do +anA+0+@+5) "=

ny.

Similarly, it follows from (24) and expression (52) implies that

Y1 — ¥ < =O|ups1 — un||2 <0, n > nyg. (53)



Energies 2020, 13, 3292

14 of 28

The above implies that the sequence {¥,} is non-increasing for n > ng. From the value of ¥},

we have

g — &1 < ¥ + Onllun—1 — &7

§‘I’n0+l9‘|un,1 _g*HZ

<o <Yy (070 4 1) 4 901y, _§*||2
¥ — * 12
T Ol = 7%

IN

From the definition of ¥,,; with the expression (54), we obtain

W1 < O flun — &2
< Ojun — g*”z

Y - 1 2
< 075 + 0" g — &7
k4 2
< O o fluny — &1

It is follows from (53) and (55) that

k
J 2 ln1 — ”nH2 < Wip — Fin

n=ngy
Tﬂ 2
< ‘Pna ""_191 _019 + Huno - g*H
I 2
< Ty — 72,

letting k — oo in the expression (56), we obtain

[e)

Y g — up||? < 4o implies that ||u, 1 —un|| -0 as n — co.

n=1

From the expression (20) and (57), we obtain
llttys1 —pnl| =0 as n— oo.

The expression (55) implies that

Yoo

—® <g
n+1 = 1_9

+ ”uﬂo - ‘:*”2 + Rn+1||un+1 - ”nHZ'

It follows from (48) for all n > ng, such that

(1= 2LoAu = 4L1An (14 8)) 141 = 00l + lpn — 00l
<Dy — Dy + (1 +0) ||un — up_1]|* +4L1An (1 + 0) | usq — un||*.

(54)

(55)

(56)

(57)

(58)

(59)

(60)
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Consider the expression (60) for ng, ng+ 1, - - - , k. Summing them up, we obtain

k

(1= 2LoAs —4L1As (14 8)) 3= [ltns1 = 0al® + llow — 0n?]
n=noy
§©n0*¢k+1+l9(1+19) Z ||un—un_1|| +m

n=ng n=no

(o
< Py + 05— + [ltng — 1 + Rica [ltgesr — g

1-9
+0(1+9) f it — g 1|2+ —FL__9(1 4 9) f; [T
S n n—1 20, + 4L, 3 n+1 n
_ ®Ylo k|2 R _ 2
= 8y — &2+ Rl — i
+9(1+9) i |ty —u ||2+L19(1+19) i | ttps1 — tn||?
= n n—1 2L2+4L1 S n+1 nil s

By letting k — oo in the expression (61) implies that

Yl —0al2 < oo and Y fJon — o> < +es,
n n

and

Tim [Jug 1 — ol = lim [[pw — 0] = 0.

We can easily derive the following relationship:
lim |uy, — vy = lim [Juy, — pnl| = Um ||v,—1 —v,|| = 0.
n—00 n—00 n—oo
By using the value p,;, we obtain
low = on—1l? < (1+ 0) 1t — 01 |2 + (1 + 8) . — 1 %

Now, summing up equation (65) for n = ng, 19+ 1 - - ,k, we obtain

k k k
Yo lon —vaalP < (A+8) Y llun —vpa P+ 81 +0) Yl — upa|?

n=ny n=ngm n=ny

The above expression with (57) and (62) implies that
(o)
Y llon — Oy ||> < 4o0.
n=1

Furthermore, the expression (47) gives that

1441 = &*[I?

< (L4 O)llun — SN2 = Oty — &2 + (L + ) lJun — un—11* + 4L1Aullon — 01|

The above expression through (57), (67), and Lemma 4 implies that

Jim {lu, — & = L.

k
9(1+9) Y s — uall?

15 of 28

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)
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The expression (64) with (69), we obtain

lim {|p, — &*|| = lim [lo, — & = L. (70)

n—o0 n—o0

Now, we are showing that the sequence {u, } converges strongly to ¢*. Due to the condition on
Ay for all n > np, we can easily observe the following inequality:

0<A —, Vn > ny.
S S, A, tEM
It follows from Lemma 11, such that
27An|‘vn - g*Hz < ”Pn - ‘:*Hz - Hun+1 - éc*Hz +4L1)\n|lpn - vnlezr Vn > ny. (71)

From the expression (45) and (71), we obtain

29Anllon = 1P < —llungr = &1 + (L + 8l — &*)1> = Onllun—1 — &*I17
+ 80 (14 0 |un — 1 [|* + 4L1Anllon — 01
< (lJun = 8N = s — EN17) + 20w — up—1 |
+ (Bullun — E N7 — S llun—1 — &%) +4L1Aulon — vpa ||* (72)

It follows from expression (72) that

k
Z 29 A ||on — f:*”2

n=ny

k
< (llng = &I = Mgy = G112 +28 Y [lun — w1

n=ny
4L k (73)
a2 oz |2 1 _ 2
Ol =P = gl =) + 5 3 o = ol
R T ER T ol RN . Sy S P
> no k = n n—1 2L2 +4Ll = POn n—1
<M,
for M > 0. It implies that
Y 29An|on — & < +oo. (74)
n=1
By the Lemma 2 and (74) implies that
liminf ||v, — &*|| = 0. (75)

Finally, expression (69) and (75) provide that lim,, ;o ||uy — &*|| = 0. This completes the proof. []

5. Application to Variational Inequality Problems
For considering Algorithm 1 and Theorem 1, we can able to write the next result for solving

variational inequality problems that involve pseudomonotone and Lipschitz continuous operator.

Corollary 1. Assume that H : K — E be a Lipschitz continuous with the constant L and pseudomonotone
operator. Let {uy, }, {v,} and {p,} be sequences generated, as follows:
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(i) Choose u_1,up,v9 € E,0< 0, <8 < 5—2and A(8,Lq,Ly) > 0. Compute

uy = Px(po — AHvp), where pg = ug + do(uo —u_1),
v1 = Px(p1 — AHvy), where p1 = ug + 01 (ug — up).

(i) Given u,_1,un, v,—1, and vy, for each n > 1, and construct the half-space first as
H,={z€E: (0 —AHv,_1 —vn,z —vy) < 0}.

(iii) Evaluate

Up+1 = Py, (on — AHvy,), where py = uy + 0 (tty — ty—1),
Upy1 = Px(pn1 — AHvy), where pyqq = tpy1 + Q1 (g1 — n),

where A > 0, such that

1 1
3 —20— 302

d0<8,<8<5-2,
- 022l (1+0+ 02103 "0 == <5

0<AK

with Ly = Ly = . Subsequently, sequence {uy}, {pn} and {v,} converge weakly to &* € SOLy 1 k)-

From the consideration on Algorithm 2 and Theorem 2, we state the following result for
the class of variational inequality problems involving strongly pseudomonotone and Lipschitz
continuous operator.

Corollary 2. Assume that H : K — E is a Lipschitz continuous and strongly pseudomonotone operator with
the constant L. Let {uy, }, {vn} and {pn} are the sequences generated as follows:

(i) Choose u_1,up,v9 €E,0< 8, <8< +5—2anda sequence { Ay } satisfying (43). Compute

uy = Px(po — AoHvyg), where pg = ug + 8o (1o — u_1),
v1 = Pg(p1 — A Huvy), where p1 = uy + 01(uq — ug).

(i) Given u,_1,un, v,—1,and vy create a half space for each n > 1, such that
H,={z€E: {0y — AvHvy_1 — vy, z —vy) < 0}.

(iif) Compute

Upt1 = Py, (on — AnHvy), where py = uy + 0n(uy — uy—1),
Unt1 = Px(Pns1 — Any1Hon), where pyq =ty + Opp1 (Uny1 — tn),

where 0 < 8, < 0 < /52, with Ly = Ly = 5. The sequence {uy}, {px} and {v,} converge strongly to
g* S SOLVI(H,K)'
6. Computational Experiment

Some numerical results will be presented in this section to show the performance of our
proposed methods. The MATLAB codes run in MATLAB version 9.5 (R2018b) on a PC (with Intel(R)
Core(TM)i3-4010U CPU @ 1.70GHz 1.70GHz, RAM 4.00 GB).

6.1. Nash-Cournot Equilibrium Model of Electricity Markets

The Nash-Cournot equilibrium model of electricity markets in [20] is considered in this example.
Assume that there are three companies (i = 1,2, 3) generating electricity. These three companies has
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generating units denoted as Uy = {1}, U, = {2,3} and U3 = {4,5,6}, respectively. Let u; denote
the generating power of the each unit for i = {1,2,3,4,5,6}. Next, we take the electricity price P as

P =3784-2 21621 u;. The cost of generating the j unit is written as:

ci(uj) = max{gj(uj)rcj(uf)}’

-1 (ﬁ]*l)

u]z + Bjuj + ’(y]j and c.j(uj) = o:juj + ﬁ’):] B (u)) Pi . Table 1 provides the

N‘.\Q o

where c;(u;) :=
values of the unknown parameters. Consider that the profit of the firm i is
6
Fi(u) =P Z 1/[]‘ — Z c](u]) = (378.4 -2 Z ul) Z 1/[]' — Z C]‘(u]'),
jel,- jEI,’ I=1 jGIj jGIl‘

withu = (uy,- - ,ug)T corresponding to the constraintset u € C := {u € R : u}“ir‘ <u; < u}“ax},

with u}“i“ and u}“ax values given in Table 2. Consider the equilibrium function f by

Mw

fu,0) =) (¢i(u,u) — ¢;i(u,0)),

i=1

where

¢i(u,v) = [378.42( Y uj+ Zvj)] Y 0i— ) ci(vp).

JEli jel; jEl; jel;
The Nash—Cournot equilibrium models of electricity markets can be seen as an equilibrium
problem in the following way (see [44] for more details):

Find ¢* € K such that f(¢*,y) >0, Vy € K.

During the numerical example in Section 6.1, we take the values u_1 = (10,10,20,17, 8, 14)T,
uo = (10,20,30,10,0,1)T, vy = (48,48,30,27,18,24)™.

Table 1. The values of parameters are used in the cost function.

o o o ° g °

o Bi v & Bj j
0.0400 2.00 0.00 2.0000 1.0000 25.0000
00350 1.75 0.00 17500 1.0000 28.5714
01250 1.00 0.00 1.0000 1.0000  8.0000
00116 325 0.00 32500 1.0000 86.2069
0.0500 3.00 0.0 3.0000 1.0000 20.0000
0.0500 3.00 0.00 3.0000 1.0000 20.0000

NUT s WIN |

Table 2. The parameter values use for constraint set.

j 1 2 3 4 5 6
u}m” 0 0 0 0 0 0
w80 80 50 55 30 40

6.1.1. Algorithm 1 Behaviour for Different Values of ¢,:

Figure 1 and Table 3 characterize the behaviour of error term D,, = ||u; 11 — uy|| < TOL regarding
Algorithm 1 (Algo1) with respect to different values of ¢, in terms of the number of iterations and
elapsed time, respectively.
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Figure 1. Experiment in Section 6.1.1: Algorithm 1 behaviour for different values of ¢;,.

Table 3. Experiment in Section 6.1.1: Algorithm 1 performance for varying parameters extrapolation

factor ;.
Algo.name 3, A ¢* Iter. Time TOL
Algol 0.22  0.02 (46.6525,32.1462,15.0018,25.0170,10.8987,10.8982)T 4824 138.915365 10~*
Algot 0.18 0.02 (46.6525,32.1460,15.0020,25.0104,10.9019,10.9016)T 4949 166.620335 10~*
Algot 0.14 0.02 (46.6525,32.1460,15.0020,25.0035,10.9050,10.9053)T 5193 127.834772 10~
Algot 0.10 0.02 (46.6726,32.1460,15.0020,24.9969,10.9080,10.9089)T 5432 136.310422 10~*
Algot 0.05 0.02 (46.6526,32.1460,15.0020,24.9885,10.9118,10.9134)T 5721 142108161 10~*
Algol 0.01 0.02 (46.6526,32.1460,15.0020,24.9818,10.9149,10.9170)T 5945 144.356535 10~*
Algol 0.001 0.02 (46.6726,32.1460,15.0021,24.9787,10.9163,10.9187)T 6043 157.711757 10~*

6.1.2. Algorithm 1 Comparison with Existing Algorithms:

Figure 2 and Table 4 explain the numerical comparison between Algorithm 1 (EgA) in [19],
Algorithm 1 (PEg4) in [21], Algorithm 3.1 (PSgEgA) in [35,36] and Algorithm 1(Algo1).
Algorithm 1 (EgA) in [19]: Choose 1y € Eand 0 < A < min{i, i}

vy = argmin{Af (i, y) + 3 |lun —y|? : y € K},

. . ) (76)
tp 1 = argmin{Af (vn, y) + 3 l[un —y||=: y € K}
Algorithm 1 (PEg4) in [21]: Choose 1, vy € Eand 0 < A < min m.
1 = argmin{Af (vn,y) + 3 lun — | :y € K},
(77)

Opy1 = argmin{Af (vn, y) + 3|1 —y|* 1y € K}

Algorithm 3.1 (PSgEgA) in [35,36]: Choose 1,79 € Eand 0 < A < min ZL;TLl.

uy = argmin{Af (00, y) + 3luo —yl* : y € K},
v = argmin{Af(vo,y) + 3/lm —y[*: y € K}.

(i) Given uy,_1,uy, vy—_1, vy for n > 1 and construct a half space as

Hy,={z€E: (uy — Awy_1 —vn,z—vy) <0}, where w,_1 € 9f(v,_1,0n).
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(iii)
. 1 .
U1 = argmin{Af (vn, y) + 5 |lun —ylI* : y € Ha},
: 1 2 (78)
U1 = argmin{Af (on,y) + 3 [[un1 —ylI* 1y € K}
10° 10° T
..... EghA =-=-=Egh
PEgA PEgA
----- SPEgA --—--SPEgA
T e Algol (9, = 0.12) | Tl R £ Algol (9, = 0.12) |4
- Algol (¥, = 0.22) - Algol (¥, = 0.22)
f
£ 102 5102 1
0 o
) Q
10° 103 : "'-~\.. 3
\\\\ e
N ~—
104 LS 104 | \\ S S
0 1000 2000 3000 4000 5000 6000 7000 8000 0 50 100 150 200 250 300
Number of iterartion Elapsed time [sec]
Figure 2. Comparison of Algorithm 1 with Algorithm 1 in [19], Algorithm 1 in [21], and Algorithm 3.1
in [35,36].
Table 4. Experiment in Section 6.1.2: Algorithm 1 comparison with existing algorithms using two
different values of 9,,.
Algo.name 3, A c* Iter. Time TOL
EgA - 0.02 (46.6526,32.1469,15.0012,24.9783,10.9154,10.9200)T 7180 264.156236 10~*
PEgA - 0.02 (46.6526,32.1460,15.0021,24.9784,10.8164,10.9188)T 6055 210.681669 10~*
PSgEghA - 0.02  (46.6525,32.1463,15.0017,25.0004,10.9058,10.9076)T 5515 175.840493 10~*
Algol 0.12 0.02 (46.6725,32.1463,15.0017,25.0181,10.8976,10.8982)T 4894 134.245610 10~*
Algol 0.20 0.02 (46.6725,32.1463,15.0017,25.0326,10.8910, 10.8904)T 4333 115599023 10~*

6.1.3. Algorithm 2 Behaviour by Using Different Step-Size Sequences A,
Figure 3 and Table 5 describe the numerical results for error term D, = |[u,11 — || < TOL for

Algorithm 2 (Algo2).

Table 5. Experiment in Section 6.1.3: Algorithm 2 numerical values by using different step-size

sequences Aj.

Algo.name 3, A ¢* Iter. Time TOL
Algo2 0.12 "?1 (46.6526,32.1467,15.0011,25.1260,10.8442,10.8442)T 1254 61.898186 10~*
Algo2 0.12 =Y (46.6523,32.1467,15.0011,25.1409,10.8368,10.8368)T 442  29.006584 10~*
Algo2 012 Goqyegrryy  (46:6524,32.1467,15.0011,25.1011,10.8566,10.8566) 2311 70.849546  107*
Algo2 0.12 1"%1(1'33) (46.6523,32.1467,15.0011,25.1371,10.8387,10.8387)T 662  44.766232 10~*
Algo2 012 joig(iiaoy  (466525,32.1467,15.0011,25.1464,10.8341,10.8341)7 434 31504484 10+




Energies 2020, 13, 3292 21 of 28

102 T T
—+—Algo2 (A, = n%rl)
1
10t —%—Algo2 (A, = m) J
_ 1
—+—Algo2 (A" - (n+1)(10g(n+3)))
100 —x—A1go2 (X, = &)
_ _ 1
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I 10 5
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=
I 107 E
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104 E
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1
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_ 1
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=
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=
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Figure 3. Algorithm 2 behaviour with respect to different step-size sequences A;.
6.2. Example 2
Assume that f : R x R — Ris defined by

f(u,v) = tan(u) (v — u), Yu,v € R,

where K = [0, 1]. We can easily see that f (u, v) satisfy all of the conditions (A1)—-(A4) with Lipschitz-type
constants are L; = Ly, = % (for more details, see [36]).

6.2.1. Algorithm 1 Performance for Different Values of Extrapolation Factor #,:

Figure 4 and Table 6 show the numerical results regarding the error term D, = ||u,|| of Algorithm 1
using different values of ¢, in term of the no.of iterations. For these results, we use values u_1 = %,
up =1, v9 = 1 and y-axes depict D, value, whereas x-axes are depicted as the number of iterations.
The input and output values of the parameters are shown in Table 6, which are useful for choosing the
best extrapolation factor value.
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Table 6. Experiment in Section 6.2.1: Algorithm 1 performance for varying parameters extrapolation

factor 9,,.
Oy A * Iter. Time TOL
020 0.050 65877 x1072 70  0.008866 108
015 0.050 6.6948 x107° 75 0.010382 108
010 0.050 6.4466 x10~° 80  0.008518 108
005 0.050 75191 x10~° 84 0.008378 108
0.01 0.050 6.9392x10~° 88  0.008989 108
]_OO ‘u' T T T T T T T T
\*‘ —-+-—Algol (a, = 0.20)
R Algol (o, = 0.15
102k \\\\§ —-%-—Algol (a, = 0.10) ||
. _
. —-8-—Algol (a, = 0.05)
.\+.~\§\\ —#-—Algol (a, = 0.01)
\. .:
10_4 3 \+\\§\T~~§~ 3
) ~\+\ \k\\\ﬁ
_Q OO SK
N DRty
N *\\%1\.
100 ¢ SO 3
SN NES
N, *. @'~
* e Nk
- .\‘EL\\:pK~
108 ¢ SN R B I ]
10_10 L L L L L L L L
0 10 20 30 40 50 60 70 80 90

Number of iterartions
Figure 4. Experiment in Section 6.2.1: Algorithm 1 behaviour regarding different values of ;.
6.2.2. Algorithm 1 Comparison with Existing Algorithm

Figure 5 and Table 7 illustrate the comparison of our proposed Algorithm 1 (Algo1) with the
existing Algorithm 3.1 (PSgEgA) that appears in the paper of Liu [36]. For these results, the stopping
criterion is (D, = ||uy||) and y-axes depict D), value, whereas the x-axes are depicted as the number of
iterations. The input and output values for the parameters are written in Table 7.

Table 7. Experiment in Section 6.2.2: Algorithm 1 comparison with Algorithm 3.1 in [35,36].

Algorithm u_1 up 7o ¥, A &* Iter. Time TOL
PSgEgA — 1 1 — 01 7978x10°" 110 0.01014 10710
Algol 05 1 1 016 01 65112x10"1 92  0.006082 1010
PSgEgA — 05 05 — 01 69204x10°" 107 0.006580 10710
Algol 1 05 05 016 01 71870x10~1 87  0.006919 10~1°
PSgEgh — 02 02 — 01 77873x10°1 102 0.007282 1010

Algol 1 02 02 016 01 7187 %1071 66 0.000688 10~1°
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Figure 5. Experiment in Section 6.2.2: Comparison of Algorithm 1 with Algorithm 3.1 in [35,36].

6.3. Nash—Cournot Oligopolistic Equilibrium Model

Consider a Nash-Cournot oligopolistic equilibrium model [19] based on n companies that
manufacture the same commodity. Each company produces #; amount of commodity and u denotes
a vector whose entries u;. The price function for each company i is defined by P;(S) = ¢; — ¢S,
where S = Y, u; and ¢; > 0, ¢; > 0. Now, consider a profit function for each company i are
Fi(u) = P;(S)u; — t;(u;), where t;(u;) is the value tax and fee for producing u;. Let K; = [u™", u]
is the set of action of each company i and accumulated actions for whole model taken the form as
K :=Kj x Ky x -+ - x K. In addition, each company wants to get peak revenue on the assertion that the
output of the other companies is an input parameter. The strategy being used to deal with this sort of
model mainly focuses on the well-known Nash equilibrium idea. A point u* € K = Ky X K X --- X K,
is equilibrium point of the model if

Fi(u*) > P,-(u*[u,-]), Vui € Ki/ Vi = 1,2,---,n,

with vector u*[u;] denote a vector achievement from u* by considering u; with u;. Let f(u,v) :=
¢(u,v) — @(u,u) with ¢(u,v) := — Y Fi(u[v;]) and the problem of determine the Nash equilibrium
point is

Find u* € K: f(u*,v) >0, Vo € K.

Next, the bifunction f is written as
f(u,v) = (Pu+Qu+gq,v—u),

where g € R" and the matrices P, Q are

16 1 0 0 O 31 2 0 0 O
1 16 0 0 O 3 36 0 0 O
Q=10 0 15 0 0],P=]0 0 35 2 0
0O 0 1 15 0 0 0 2 330
o o0 0 0 2 o o0 o0 o0 3
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withg = (1,2,
the parameters u_1 = (1,2,1,2,0)
6.3.1. Algorithm 2. Behaviour for Different Step-Size Sequences A:

The class of step-size sequences {A, } used in the experiments are:

g € {1.0;0.8;0.5;0.3;0.1};

Tegira 4 € {7:5:3,2,05),

@
(In)

An = (n+2)‘7’

Ap =

24 of 28

~1,2,-1)TandK = {u € R>: -2 < u; < 5}. During this example, we use the values of
Toup=(1,3,1,1,2)T and vy = (1,2,1,1,2)T

Figures 6 and 7 describe the numerical results for Algorithm 2 (Algo2) by using the above define

classes of step-size sequences.

10° ; :
—4-—Algo2 (\, = W)
— o Algo2 (\, = m) ]
—x-—Algo2 (\, = (n“)
—-8-—Algo2 (A, = (n+12)"3
— % —Algo2 (A, = W) ]

[ |

NI Jgim
T »
*\“*é;@ w

\)v

Dy = gy = wa|
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1020+ ﬁ B A N L 1020 F i
102 ! L 1028 | |
0 50 100 150 0 5 10 15
Number of Iterations Elapsed time [sec]
Figure 6. Experiment in Section 6.3.1: Algorithm 2 behaviour with respect to step-size sequences
_ 1
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Figure 7. Experiment in Section 6.3.1: Algorithm 2 behaviour with respect
— 1

An = (log(n+3))7"

6.3.2. Algorithm 2. Comparison with Existing Algorithms

Elapsed time [sec]

to step-size sequences

Figure 8 describes the numerical results of Algorithm 2 (A1go2) using the stepsize sequences

_ 1
An = n+1-
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Figure 8. Experiment in Section 6.3.2: Comparison of Algorithm 2 with Algorithm 1 (EgM) in [23] and
Algorithm 3.1 (PEgM) in [45].

Discussion About Numerical Experiments: We have the following observations regarding the
above-mentioned experiments:

(1) Figures 1 and 4 and Tables 3 and 6 reported results for Algorithm 1 while using different values
for 9. From these results, we can see that the value of 6, nearer the upper bound value /5 — 2 is
more appropriate and enhances the effectiveness of the suggested algorithms.

It can also be acknowledged that the efficiency of the algorithm depends on the complexity of the
problem and tolerance of the error term. More time and a significant number of iterations are
required in the case of large-scale problems. In this situation, we can see that the certain value of
the step-size enhances the performance of the algorithm and boosts the convergence rate.

From Figure 5 and Table 7, it can also be noted that the choice of the initial points and the

complexity of the bifunction affect the performance of algorithms in terms of the number of

@)

®)

iterations and time of execution in seconds.
(4) We have the following observation from Figure 3 and Figures 6-8 with Table 5.
() No previous information of Lipschitz-constant Lj, L, is required for running algorithms
on Matlab.
(i)  Infact, the convergence rate of algorithms depends entirely on the convergence rate of

step-size sequences A,.

(iii)  The convergence rate of the iterative sequence often depends on the complexity of the
problem as well as on the size of the problem.
(iv)  Due to the variable step-size sequence, a specific step-size value that is not appropriate for

the current iteration of the method often causes inconsistency and a hump in the behavior
of the iterative sequence.

7. Conclusions

Two different approaches are proposed in this paper to deal with two families of equilibrium
problems. The first algorithm is an inertial two-step step proximal-like method that generates a weak
converging iterative sequence and it can solve pseudomonoton equilibrium problems. In addition,
we use the diminishing and non-summable step-size sequence for the second algorithm to achieve the
strong convergence. The key advantage of the second algorithm is that iterative sequences have been
developed with no prior knowledge of a strong pseudomonotonicity and Lipschitz-type constants of
a bifunction. Numerical findings were mentioned to show the numerical efficiency of algorithms as
compared to other algorithms. Such numerical studies imply that the inertial effects normally enhance
the effectiveness of the iterative sequence in this context.
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