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Abstract: This paper presents a mathematical model that reflects the nature of the dynamic Young’s
modulus of a dry sedimentary rock during nonstationary uniaxial loading. The model is based on an
idealized model of a system suggested by Jaeger J.C. A rock sample is considered as a spring with
stiffness, the bottom point of which is fixed, while the upper point carries a mass. A sample experiences
dynamic load and the rock matrix response. Displacement of the mass from the equilibrium state sets
the variation of the sample’s length. Displacement of all the sample’s points goes according to the
same law regardless of the point location. The response of a rock to a disturbing nonstationary load is
selected based on the combination of conditions of each experiment, such as the load frequency and
amplitude and the mass, length, and diameter of a sample. The mathematical model is consistent
with experimental data, according to which an increase in load frequency leads to an increase in
the dynamic Young’s modulus for each value of the load. The accuracy of the models is evaluated.
The relations underlying the model can be used as a basis to describe the Young’s modulus dispersion
of sedimentary rocks under the influence of nonstationary loads.
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1. Introduction

The elastic characteristics of sedimentary rocks change under the influence of nonstationary loads
(e.g., vibrations) [1–3]. Consideration of the change of elastic characteristics under dynamic loads is
essential during geomechanical modelling. The accuracy of geomechanical modelling, as well as the
reliability of constructed geotechnical structures, depends on the values of elastic characteristics [4],
the dynamic Young’s modulus in particular, and phenomena laid out in the model. The most common
technique for estimation of the dynamic Young’s modulus of sedimentary rocks is the elastic wave
theory, which is grounded in the principles of acoustic wave propagation through a porous rock [5–15].
According to such an approach, the dynamic Young’s modulus is estimated using the velocity of waves,
elastic constants, and rock density [16]. The other techniques, such as that used in [17], are based on
dynamic uniaxial loading (sinusoidal cyclic compression) and consider the dependence of the dynamic
component of the Young’s modulus as an approximation function of the frequency ω and amplitude A
of a periodic load. The techniques based on a hysteresis loop during cyclic loading [18,19] allow us to
calculate the dynamic Young’s modulus using the conventional formulas given in [20]. Despite the
fact that the existing techniques are able to calculate the dynamic component of the Young’s modulus
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in certain conditions, they do not provide us with any model or physically substantiated relations of a
nonlinear nature of the dynamic Young’s modulus depending on the nonstationary load frequency,
amplitude, and physical parameters of the studied rock. Therefore, the purpose of this paper is to
produce a model based on physically substantiated relations that would determine the nonlinear
behavior of the dynamic component of the Young’s modulus under the influence of a nonstationary
load with a given frequency and amplitude. Such relations allow us to differentiate the origin of the
nonlinear behavior of the dynamic Young’s modulus, calculate its value, and subsequently use it in
geomechanical modelling.

The paper is organized as follows. In Section 2, details of the previously conducted experimental
study are presented to describe the methodology of the Young’s modulus determination. Then, a model
of the sedimentary rock dynamic Young’s modulus, including a set of parameters, is formulated in
Section 3, followed by results and discussion in Section 4. Finally, the conclusions of this study are
presented in Section 5.

2. Description of the Experiment

A medium-grained Permian age sandstone with a porosity of 17.5%, gas permeability of 0.353 µm2

and no inclusions was selected for study in the experiments as a sedimentary rock. Prior to the
experiments on nonstationary loading, sandstone samples with different diameters were prepared and
tested on the Instron Series 4483 rig for uniaxial compressive strength in order to determine the zone
of their linear elasticity. As a result, a sample with diameter d of 7.5 mm and length of 15.6 mm was
selected as the one that could ensure that the dynamic experiment would be conducted in the zone of
rock linear elasticity. Then, in order to study the dynamic Young’s modulus depending on the loading
frequency and amplitude, laboratory studies were performed on a small experimental set-up, shown
in Figure 1 [21,22]. In the set-up, a rock sample was subjected to two types of loads: static preload
Fst and dynamic load Fdyn. The static preload Fst was provided by a massive weight equaling 700 N.
The dynamic load Fdyn (vibration) was provided by an Extrema 250 µ piezoelectric actuator powered
with a sinusoidal signal from a MOS-01 CompactPower Titan series Manual generator (CA, USA).
During the experiments, the amplitude A of the dynamic load Fdyn varied from 0 to 250 N; the loading
frequency ω varied from 15 to 40 Hz. The static weight and actuator were connected through a high
adaptor. Experiments were conducted on nine samples, for which 270 experiments were carried out.

During the experiments, the instantaneous load data were provided by a Kistler 9027C load cell
(Switzerland) mounted at the bottom of the set-up. The longitudinal displacement ∆l of a sample’s
upper end surface was recorded by an eddy current probe (ECP) measuring the distance between itself
and the low adaptor on top of a sample. The transverse displacement ∆d/2 of a sample’s side surface
was recorder by a Micro-epsilon optoNCDT 2300 laser sensor (Germany). Signals from the sensors
were directed to a PC. The input signal data were acquired and synchronized in the interface developed
in LabVIEW (TX, USA) and processed further in MATLAB (MA, USA). Measurements were conducted
on 30 regimes (each regime was a combination of dynamic load frequency ω and amplitude A)
and recorded by the interface for 3 seconds each.

During the experiments on nonstationary loading, the sample experienced cyclic nonlinear
external force F that comprised static Fst and dynamic Fdyn parts (see Figure 2a). The maximum
longitudinal deformation of a sample ∆l was observed when the upper end surface of a sample was
at the lowest position lmin from the ECP. Accordingly, the sample’s length was lmax at the minimum
external load. At the same time, at maximum external load, the sample’s diameter was maximum, dmax,
and at the minimum external load, the diameter was dmin. During the load cycle, a sample’s side
surface was displaced by ∆d/2. The described rock deformation happened in the beginning of the zone
of rock linear elasticity where stress σ and longitudinal strain εl are linked by a linear relationship and
the Young’s modulus E can be determined as E = dσ/dεl (see Figure 2b).
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External load was measured by a load sensor. The sample’s deformation was recorder by a laser sensor
and an eddy current probe (ECP).

Energies 2020, 13, x FOR PEER REVIEW  3  of  12 

 

External  load was measured by a  load  sensor. The  sample’s deformation was  recorder by a  laser 

sensor and an eddy current probe (ECP). 

During the experiments, the instantaneous load data were provided by a Kistler 9027C load cell 

(Switzerland) mounted at the bottom of the set‐up. The longitudinal displacement  𝛥𝑙  of a sample’s 

upper end surface was recorded by an eddy current probe (ECP) measuring the distance between 

itself and the low adaptor on top of a sample. The transverse displacement 𝛥𝑑/2  of a sample’s side 

surface was recorder by a Micro‐epsilon optoNCDT 2300 laser sensor (Germany). Signals from the 

sensors were directed to a PC. The input signal data were acquired and synchronized in the interface 

developed  in LabVIEW (TX, USA) and processed further  in MATLAB (MA, USA). Measurements 

were conducted on 30 regimes (each regime was a combination of dynamic load frequency 𝜔  and 
amplitude  𝐴) and recorded by the interface for 3 seconds each. 

During  the  experiments  on  nonstationary  loading,  the  sample  experienced  cyclic  nonlinear 

external force  𝐹  that comprised static 𝐹௦௧  and dynamic  𝐹ௗ௬௡  parts (see Figure 2a). The maximum 

longitudinal deformation of a sample  𝛥𝑙 was observed when the upper end surface of a sample was 

at  the  lowest  position  𝑙௠௜௡   from  the  ECP.  Accordingly,  the  sample’s  length  was  𝑙௠௔௫   at  the 

minimum external  load. At  the same  time, at maximum external  load,  the sample’s diameter was 

maximum,  𝑑௠௔௫, and at the minimum external load, the diameter was  𝑑௠௜௡. During the load cycle, 

a sample’s side surface was displaced by  𝛥𝑑/2. The described rock deformation happened  in  the 

beginning of the zone of rock linear elasticity where stress σ and longitudinal strain  𝜀௟  are linked by 

a linear relationship and the Young’s modulus  𝐸  can be determined as  𝐸 ൌ 𝑑𝜎/𝑑𝜀௟  (see Figure 2b). 

 

Figure 2. Experimental conditions: (a) schematics of rock sample deformation during the experiment; 

(b) stress state of a sample during dynamic loading. 

The minimum  𝑙௠௜௡  and maximum  𝑙௠௜௡  sample  lengths  include static (determined by a static 

preload)  and dynamic  (determined by nonstationary  load)  components. Figure  3  shows  that  the 

sample length values  𝑙௠௜௡  and  𝑙௠௔௫  during vertical displacement of the sample’s upper end surface 

𝑢 ൌ  𝑢ሺ𝑡ሻ  correspond to peak values of a dynamic load  𝐹ௗ௬௡  spaced from each other in time by half 

an oscillation period,  𝑇/2, where  𝑇 ൌ 2𝜋/𝜔. The value  𝑙଴  corresponds  to a  sample’s  length  in a 

preloaded state. 

Figure 2. Experimental conditions: (a) schematics of rock sample deformation during the experiment;
(b) stress state of a sample during dynamic loading.

The minimum lmin and maximum lmin sample lengths include static (determined by a static
preload) and dynamic (determined by nonstationary load) components. Figure 3 shows that the sample
length values lmin and lmax during vertical displacement of the sample’s upper end surface u = u(t)
correspond to peak values of a dynamic load Fdyn spaced from each other in time by half an oscillation
period, T/2, where T = 2π/ω. The value l0 corresponds to a sample’s length in a preloaded state.
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Since the stress σ and relative longitudinal strain εl of a sample are linked with a linear relationship
(as shown in Figure 2b), the dynamic component of the Young’s modulus, Edyn, can be introduced by
an analogy with the static Young’s modulus and can be calculated using the following relations:

Edyn =
∆σ
|εl|

, ∆σ =
2A
S

, |εl| =
|∆l|

l
, |∆l| = |lmax − lmin|, (1)

where S refers to the cross-sectional area of a rock sample with a diameter of 7.5 mm.
Each calculated Edyn value corresponds to a separate measurement at a particular regime defined

by frequency ω and amplitude A. The obtained calculated values of Edyn for each particular regime
were averaged over the nine rock samples studied. The results of Edyn calculated using the relations
in (1) are given in Figure 4.
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Figure 4. Experimental results on the dry sandstone dynamic Young’s modulus Edyn: (a) dependence of
Edyn on load frequency ω; (b) dependence of Edyn on load amplitude A.

It can be seen from Figure 4 that Edyn nonlinearly depends on the frequency ω and amplitude A of
the dynamic load, i.e., Edyn = Edyn(ω, A). Such dispersion of the elastic modulus of a dry sedimentary
rock needs to be properly considered in geotechnical engineering. Since at the moment there are no
physical relations (models) in the literature able to capture the nonlinear behavior of the sandstone Edyn,
we propose one in the following section. As a conclusion of this section, let us highlight here that the
nonlinear behavior of Edyn in terms of the frequency ω and amplitude A, obtained in the conducted
experiments on nonstationary loading, forms the basis of the proposed developed model. In particular,
the model should contain an ω2 term, since Figure 4a shows a sort of quadratic relation between Edyn
and ω.
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3. Model Formulation

In general, modeling of rocks is usually performed within different approaches, such as
multi-modular [23–25], block [26–29], hierarchy-block [30–33], and continuous medium [34–36].
In poromechanics, the dispersion of the elastic moduli of sedimentary rocks is considered by poroelastic
models which describe the rock as a solid elastic matrix with infilling viscous fluid. Such models
are intended to characterize in saturated porous media global inertia mechanisms [37], local “squirt”
mechanisms [38–42], both global and local mechanisms [43], complex frequency-dependent macroscopic
compressibility laws (double porosity model) [44], and significant compressional and shear dispersions
(crack–spherical pore model) [45]. It is also known that in saturated sedimentary rocks, dispersion of
the elastic moduli under high oscillating dynamic loads appears in undrained conditions [40].

The studies that we present in this paper are based on the results of experiments on a dry sandstone.
Thus, there are no mechanisms that could lead to Young’s modulus dispersion connected to liquid
viscosity. Among the experimental papers on dry sedimentary rocks, there are studies on elastic wave
attenuation in Donnybrook sandstone in the frequency range from 0.1 Hz to 100 Hz [46] which at small
strain ranging between 10−8 and 10−6 showed no dependence of the Young’s modulus on dynamic
load frequency. Earlier studies of dry Navajo sandstone in the frequency range from 1 Hz to 4 kHz [47]
also showed independence of rock elastic characteristics from the frequency of a dynamic load at small
strain values of 10−7. Similarly, studies on dry Massilon, Berea, and Boise sandstones [48] in vacuum at
frequencies up to 0.1 MHz did not reveal any relationship between attenuation and frequency at small
strain, which is also relevant for man-made rocks with no intergranular cement.

It is known that the elastic moduli of granular sedimentary rocks depend on the rock loading
path [2]. Provided that the loading is performed at high strain from the free state of a rock, the viscous
and plastic mechanisms in a rock are related, as stated in [49–51], to structural effects (microcracks,
viscous behavior of a rock matrix between cracks, and structural inertia forces). Such effects manifest
on a stress–strain diagram as a hysteresis loop, which was observed, for example, in [52], during the
study of dry Bandera sandstone at strain of 10−3 until the rock was compacted. At the same time,
the dynamic Young’s modulus exceeds the static one [53,54], and dispersion of the Young’s modulus
with strain has been observed.

However, there have been no mentioned structural effects observed in the case when a rock sample
experiences preloading. In a preloaded state the sample is compacted, i.e., its microcracks are closed
and microstructures are in tight contact. A healed rock represents a solid medium in which viscous and
plastic effects are blocked, and their association with dispersion of the elastic moduli is not observed.

The studies conducted in the present paper are based on the results of experiments in which
a sandstone sample was initially stationarily preloaded and brought to linear elasticity when its
microstructure was compacted and structural effects were not presented. Besides this, the strain of a
sample was up to 10−2 at dynamic load frequency of 40 Hz. In such conditions, in a sample there were
only effects related to the acceleration of the load applied (axial inertial resistance of the rock to load).
Consequently, the model of the dynamic Young’s modulus should consider only the inertial effects
related to external nonstationary load.

The fact that in the series of experiments a static preload brought each sample into a state of linear
elasticity allows us to use the idealized model of the system proposed in Chapter 6 “Laboratory testing
of rocks” of reference [55]. Similarly, a rock sample is considered as a spring with stiffness k, the lower
point O of which is fixed, and the upper point A carries a mass m (as shown in Figure 5). A sample
experiences force Fdyn, determined by an external dynamic load, and force Fe generated by the elastic
energy of the rock matrix.
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The displacement of a mass u = u(t) from an equilibrium position specifies changes in a sample’s
length, which allows us to calculate lmin and lmax in (1). In accordance with Newton’s second law,
the Equation for mass is determined by the relation

m
..
u = Fdyn + Fe −mg, (2)

in which the last term takes into account the gravitational force. The order of magnitude of the sample’s
mass is m ∼ 10−3 kg; therefore, mg ∼ 10−2H. Since

∣∣∣Fdyn
∣∣∣ ∼ |Fe| ∼ 102 N � mg, the influence of the

gravitational force on the dynamics of the mass in (2) can be neglected. Considering that the elastic
force Fe = −ku, and the loading on the sample was carried out according to the law Fdyn = A sinωt ,
Equation (2) can be rewritten as

m
..
u = A sinωt− ku. (3)

Thus, the description of a rock sample’s upper end motion is mathematically reduced to studying
the dynamics of mass m on a spring. Within the framework of this model, the displacement of all
points of a sample occurs according to the same law, regardless of the location of the selected point in
a sample.

It is well known from [56] that the general solution of the Equation of motion (3) consists of the
general solution of the homogeneous Equation (free oscillation) plus the particular solution of the
inhomogeneous Equation:

u(t) = C sin Ωt + B sinωt, (4)

where C sin Ωt represents the elastic response of a sample and B sinωt expresses the response of a
sample under Fdyn; B, C are vibration amplitudes; Ω is the natural frequency. Substituting (4) into (3)
and after differentiation, by equating the respective coefficients of sin Ωt and sinωt, we obtain

Ω2 =
k
m

, B =
A

k−ω2m
=

A
m(Ω2 −ω2)

. (5)

The maximum extension of the specimen under dynamic loading is calculated for t = T/4 = π/2ω
and is equal to

lmax = l0 + u(T/4) = B + C sin
π
2

Ω
ω

. (6)

The minimum extension of the specimen is calculated for t = 3T/4 = 3π/2ω:

lmin = l0 + u(3T/2) = −B + C sin
(3π

2
Ω
ω

)
. (7)

Then, from (6) and (7) we obtain

∆l = lmax − lmin = 2B− 2C sin
(
π
2

Ω
ω

)
cos

(
π

Ω
ω

)
, (8)

where we used reference formulas for adding the trigonometric functions.
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We assume that the natural rock matrix frequency of oscillations Ω is linked with the frequency of
disturbing oscillations ω via some function Ω = αω, where coefficient α� 1 means that the intrinsic
matrix oscillation surpasses the external load oscillation. The coefficient B is determined from (5);
then (8) can be represented as

|∆l| =

∣∣∣∣∣∣ 2A
m[α2 − 1]ω2 − 2C sin

πα
2

cosπα

∣∣∣∣∣∣. (9)

From here and from (1) follows the formula for the dynamic component of the Young’s modulus:

Edyn =
A

S
l

∣∣∣∣ A
m[α2−1]ω2 −C sin πα

2 cosπα
∣∣∣∣ . (10)

Parameters C, Ω, ω, and m were selected based on the analysis of experimental data.

4. Results and Discussion

The developed model (10) was applied to the experimental conditions (input parameters), such as
the physical parameters of a studied sample (diameter d, length l, and mass m) and parameters
characterizing the loading regime (frequency ω and amplitude A of the nonstationary dynamic
load Fdyn), and the dynamic Young’s modulus Fdyn model was obtained. As a result of calculation, in a
3D space, formula (10) defined the surface shown in Figure 6.
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Since it is necessary to consider the intrinsic sedimentary rock matrix oscillation Ω, model (10)
contains the parameter α, which depends on the rock microstructure and represents the ratio of the
frequencies of natural and external ω oscillations. Analysis of the laboratory experimental results
gave the value α ≈ 5 × 104. The parameter C in the model represents the reaction of the rock sample
to a combination of all other mentioned parameters (conditions). In fact, if we express C from (10)
and substitute the units of measurement for all model parameters according to the international
system of quantities, then for a set of experimental data, C takes values in range from 2 × 10−5

to 5 × 10−5
{

m
s2Hz2 − kg×m

}
. Both parameters α and C were found during model adjustment while
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comparing laboratory experimental results on the dynamic Young’s modulus Edyn with the obtained
Edyn model values.

In accordance with Figure 6, and considering (10), the dynamic Young’s modulus Edyn model in 2D
space can roughly be described through the frequency ω of the applied dynamic load using a quadratic
function with constants G and H of the kind

Edyn model(ω) = Gω2 + H, (11)

where H = 0, since at ω = 0 , we have Edyn = 0. Herein, the higher the load amplitude A, the higher
the G and Fdyn gradient.

In order to estimate the accuracy of model (10) using (11) for each amplitude A of an applied
dynamic load Fdyn, the following Equations were obtained:

Edyn 50 N = 1.85× 10−4ω2,

Edyn 100 N = 4.54× 10−4ω2,

Edyn 150 N = 4.69× 10−4ω2,

Edyn 200 N = 5.20× 10−4ω2,

Edyn 250 N = 5.80× 10−4ω2.

(12)

The accuracy of the model was evaluated for each dynamic load amplitude A through the
scheme described hereafter. Amplitudes of 15, 25, and 35 Hz were selected by alternation. For the
selected amplitudes, using model values of the dynamic Young’s modulus, Edyn model, for all the
samples, an approximation function (second-order polynomial) was built. Then, with the help of the
approximating function, the values of Edyn calc were interpolated for frequencies 20, 30, and 40 Hz
(as shown in Figure 7). The obtained interpolated values of Edyn calc were compared with the initial
values of Edyn model gathered by the model (10); the deviation R was calculated by the formula

R =
Edyn calc − Edyn model

Edyn model
× 100 %. (13)
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It was found that the developed mathematical model was characterized by high accuracy. Using the
developed model allows us to avoid error when calculating the dynamic Young’s modulus Edyn,
which can reach values ranging from −7.4% to 6.4%.

The obtained mathematical model reflects the real nature of the dynamic Young’s modulus Edyn
approved by experimental data. The relations underlying the model can be used as a basis for further
explanation of the phenomenon of dispersion of the Young’s modulus of sedimentary rocks under the
influence of nonstationary load with frequency ω and amplitude A.

It has to be stated that the dynamic component of the Young’s modulus of a dry sedimentary rock,
such as sandstone, had not been previously modelled. In comparison with other techniques for
evaluating the dynamic Young’s modulus, the proposed model reflects the nonlinear behavior of the
dynamic component of the Young’s modulus and calculates it. This is possible because there are
physically substantiated relations forming the basis of the model. Since the model is built on the
principles of classical mechanics, the model is simple and reliable in the dynamic load frequency range
from 15 to 40 Hz and amplitude range from 50 to 250 N. In these conditions, the model shows the
dispersion of the dynamic Young’s modulus with load frequency and amplitude. The model allows us
to obtain in 3D a spatial passport (see Figure 6) of the nonlinear dynamic component of the Young’s
modulus subjected to nonstationary loading. This passport allows us to forecast the value of the
dynamic Young’s modulus in the given range of load frequency and amplitude.

Obtained in experiments, the laboratory results revealed a nonlinear increase in the dynamic
Young’s modulus with load frequency and amplitude. Accordingly, a hypothesis of nonlinear
dependence of the dynamic Young’s modulus on nonstationary load frequency and amplitude
formed the foundation of the model. With the help of rigorous physically substantiated mechanical
relations and mathematical techniques, the model was derived and formulated. Then the model
was applied to the experimental conditions (input parameters), after which it was adjusted, and the
model matched the laboratory results. The model was examined at five amplitudes, and its reliability
was proved. This novel mathematical model reflects the nonlinear nature of the dynamic Young’s
modulus depending on nonstationary load frequency and amplitude.

5. Conclusions

In this work, we presented a mathematical model of the dynamic Young’s modulus of a dry
sedimentary rock subjected to nonstationary loading. The model was built based on common
concepts of rock mechanics using physical parameters of the sandstone samples, including their
dimensions and mass. It considers both external disturbing load frequency and internal natural rock
matrix oscillations via parameter α which is determined by the rock microstructure. Each particular
combination of experimental parameters is considered in the model by parameter C. Using the initial
experimental conditions, the developed model in 3D space built a dynamic Young’s modulus surface
defined by the frequency and amplitude of a dynamic load, and it matched the experimental data.
Characterizing 2D functions of the Young’s modulus in terms of frequency allowed us to confirm the
model’s reliability.

Based on the study undertaken, the nonlinear nature of the dynamic Young’s modulus of
sedimentary rock such as dry sandstone under nonstationary loading with increasing frequency and
amplitude of the load can be captured with the novel developed mathematical model.
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List of Symbols

A Amplitude of the dynamic load, N
dmax Maximum value of sample’s diameter, m
dmin Minimum value of sample’s diameter, m
Edyn calc Calculated dynamic component of the Young’s modulus, Pa
Edyn model Model dynamic component of the Young’s modulus, Pa
Edyn Dynamic component of the Young’s modulus, Pa
Fst Static preload, N
g Gravity, m/s2

k Stiffness
l Sample length, m
l0 Sample length in the preloaded state, m
lmax Maximum sample length, m
lmin Minimum sample length, m
m Mass, m
R Percentage deviation
S Cross-section area of the sample, m2

T Period, s
t Time, s
u Displacement, m
umax Maximum displacement, m
umin Minimum displacement, m
α Coefficient linking external and natural frequencies
∆d Transverse displacement, m
∆l Longitudinal displacements, m
εl Longitudinal strain
π Ratio of a circle’s circumference to its diameter
σ Stress, Pa
ω External frequency, Hz
Ω Natural frequency, Hz
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