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Abstract: Regenerative braking can significantly improve the energy efficiency of hybrid and electric
vehicles, and many studies have been carried out in order to improve and optimize the energy
recovery of the braking energy. In the paper, the optimization of regenerative braking by means of
braking force modulation is analysed, with specific application to the case of cars converted into
Through-the-road (TTR) hybrid vehicles, and an optimal modulation strategy is also proposed. Car
hybridization is an emerging topic since it may be a feasible, low-cost, intermediate step toward the
green transition of the transport system with a potential positive impact in third-world countries. In
this case, the presence of two in-wheel-motors installed on the rear axle and of the original mechanical
braking system mounted on the vehicle can result in limited braking energy recovery in the absence
of proper braking management strategies. A vehicle longitudinal model has been integrated with
an algorithm of non-linear constrained optimization to maximize the energy recovery for various
starting speed and stopping time, also considering the efficiency map and power limitations of the
electric components. In the best conditions, the recovery can reach about 40% of the vehicle energy,
selecting the best deceleration at each speed and proper modulation, and with a realistic estimate of
the grip coefficient.

Keywords: parallel hybrid vehicle; regenerative braking; optimization; vehicle hybridization

1. Introduction

An increasing substitution of conventional gasoline and diesel cars by electric vehicles
(EV) and hybrid electric vehicles (HEV) is expected in the near future, in order to confront
the pressing issues of CO2 reduction and global warming [1,2]. Indeed, electrical machines
are reversible, which enables the recovery of the kinetic energy during braking manoeuvres,
thus significantly contributing to the reduction of energy consumption and emissions and
to the extension of the driving range [3,4]. Considerable research effort has been spent
by universities and the automotive industry on methodologies and control algorithms to
enhance the effectiveness of regenerative braking [5–8]. The first papers were published in
the 1970s [9], but a remarkable increase has been seen in last two decades, in parallel with
a notable growth of the role and the diffusion of HEVs and EVs (Figure 1).

Recent review papers provide a comprehensive picture of management and optimiza-
tion techniques for regenerative braking [10,11]. The papers range over different topics,
from cooperative control approaches [12], application of fuzzy logic [13,14], cut-off point
detection [15], safety issues [16,17], test bench emulations [18], torque allocation [19], and
other aspects.

While many topics associated with regenerative braking have been largely studied,
further research is needed to adapt this technique to vehicles with specific architectures,
in which the general concepts are not fully applicable. This is the case of the hybridized
vehicles, obtained by conversion of traditional cars through the adoption of two-wheel
motors in rear wheels that transform the car into a TTR (through-the-road) parallel hybrid
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vehicle [20]. TTR HEVs represent a particular configuration the parallel hybrids, where
the two propulsion systems do not have a mechanical connection within the vehicle but
“through the road”. In an HEV with that configuration, one axle of the vehicle axes
(usually the front one) is driven by the thermal engine, while the other axle (usually the
rear one) is driven by an electric propulsion system. This architecture, currently adopted
on various ranges of hybrid vehicles, is widely studied in the technical literature also
because it gives the possibility of being used for the conversion of conventional vehicles
into hybrid vehicles [21,22]. In fact, this configuration fits well with the transformation of a
conventional car into a hybrid one, reducing fuel consumption and emissions and avoiding
a premature and massive fleet scrapping. The “reuse” of cars, in a Life Cycle Assessment
(LCA) perspective, allows reducing the impact on CO2 and energy consumption due to an
unnecessary and premature dismissal of the vehicle [23–25].
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Figure 1. Number of papers on regenerative braking on the Scopus database (data after 2020 incomplete).

A project for car hybridization with partial solar recharging by PV cells has been
proposed and patented at the University of Salerno (Italy) [26–30]. The hybridization kit
consists of two in-wheel motors [31–33], a lithium-ion battery, photovoltaic panels on the
vehicle body and an additional control unit (see Figure 2).

A FIAT Punto converted into a solar hybrid is shown in Figure 3. The project, LIFE-
SAVE (Solar Aided Vehicle Electrification), was financed by the EU program LIFE to
produce prototypes ready for industrialization. Details at the website www.life-save.eu
(accessed on 1 October 2021).

Hybridized vehicles are conventional vehicles with the electric powertrain (e.g., in-
wheel motors and battery) being added as an aftermarket product. One of the main
concerns when implementing control strategies in hybridized vehicles is that they must not
conflict with the existing vehicle control strategy, which does not consider the presence of
the new vehicle components. In particular, electric braking on rear wheels will occur with
the simultaneous activation of the mechanical braking on front and rear wheels, reducing
the recovery capability of the electric brakes [30]. In this paper, the potentialities of energy
recovery enhancement in hybridized vehicles due to the adoption of optimal braking
modulation are investigated. The results, obtained by means of integration of a vehicle
dynamics longitudinal model with an algorithm of non-linear constrained optimization,
are presented, and the perspectives of practical implementation are shown and discussed.

www.life-save.eu
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2. Regenerative Braking Strategy
2.1. Safety Braking Region Definition

In order to estimate the energy recoverable via regenerative braking, a simplified
model of the vehicle during braking is considered [30,31]:

According to the scheme of Figure 4, the following parameters are defined to this aim:

• X1 and X2 are the longitudinal forces on front and rear axles;
• Z1 and Z2 are the vertical forces on front and rear axles;
• u is the vehicle speed;
• l is the distance between front and rear wheels;
• a and b are the distances between vehicle centre of gravity and the front and rear axles;
• h is the height of the vehicle center of gravity;
• W is the vehicle weight;
• G is the position of the vehicle center of gravity;
• X0 − Z0 is the street reference system;
• X − Z is the vehicle reference system.
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This model is based on the simplifying assumptions of constant deceleration, flat road,
absence of lateral forces and equal adhesion conditions for the wheels on the same axle.

It is therefore possible to write the following dynamic equations:

m
.
u = −(X1 + X2)0 = Z1 + Z2 − mg0 = (X1 + X2)h − Z1 ∗ a + Z2 ∗ b (1)

At constant vehicle speedy, the static loads W1 and W2 can be defined as:

W1 = mg
b
l

W2 = mg
a
l

(2)

During a deceleration, the load on the front axle became greater than the loads on the
rear one according to:

Z1 = W1 + ∆Z = W1 −
mh

l
.
uZ2 = W2 − ∆Z = W2 +

mh
l

.
u (3)

The maximum possible deceleration, considering road grip µ, is achieved when both
axles are at grip limit:

X1 = µZ1X2 = µZ2 (4)
It also holds: ∣∣ .

u
∣∣
max = µg (5)



Energies 2021, 14, 6835 5 of 15

Combining the above equations, the maximum braking force applied on both axles in
absence of slip are:

X1p = µ

(
W1 + m

h
l

µg
)

X2p = µ

(
W2 − m

h
l

µg
)

(6)

In case the braking force is applied only on one axle, it follows:

X10 =
µW1

1 − µ h
l

X20 =
µW2

1 + µ h
l

(7)

It is therefore possible to identify the feasible braking region on the plane X2 − X1,
once defined the grip coefficient and car specification (Figure 5):
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Figure 5. Feasible braking region [30].

The feasible braking region identifies a dominion in which the vehicle can brake
without losing grip. On the right side of this zone, the rear wheels would slip, while above
the front wheels would lose grip.

2.2. Estimation of Energy Recoverable via Regenerative Braking

Once the feasible braking region is identified, suitable strategies that avoid grip loss
and maximize regeneration can be studied and implemented. In the special case of a TTR
hybrid vehicle derived from the hybridization of a conventional vehicle, the following
conditions hold:

• the electric brakes are located on rear wheels; their rotating speed is directly linked to
the vehicle speed, without mechanical gear;

• the braking force on the rear wheels is the sum of the mechanical and the electrical
contribution, where only this latter can contribute to regeneration;

• the mechanical braking is distributed between front axle (about 70%) and rear axle
(about 30%);

• the power that can be recovered to the battery depends on the most restrictive condi-
tions deriving from: maximum braking force compatible with grip limits; maximum
power deliverable by electric brakes for the given vehicle speed; maximum power
accepted by the battery.

The braking region is presented in Figure 6. Blue lines and purple lines respectively
represent the grip limits with dry and wet road. Red lines represent the mechanical braking
forces on the front and the rear wheels. Dotted black lines represent the points where the
sum of the rear and front braking forces is constant, and also at constant car deceleration
(within the region where there is no grip loss). The blue dotted area indicates the region
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where braking occurs without grip loss. Of course, the maximum energy recovery is
achieved when the rear braking force keeps close to the blue line, and the distance between
the red and the blue lines is maximum.
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It is important to remark that, in case of hybridization of a conventional car, the driver
braking command directly acts on the mechanical braking. As a consequence, the electric
braking cannot be activated alone, while it adds to mechanical braking, increasing the
total braking force and enabling the recovery of only part of the vehicle’s kinetic energy.
Therefore, the feasible braking region (dotted blue area) is limited by the green line, which
slope is such that a sufficient pedal sensitivity to the driver is kept. This aspect is peculiar
for hybridized vehicles, and requires the development of specific techniques to maximize
the energy recovery.

3. Optimal Braking Modulation

A numerical study has been carried out in order to check the possible benefits in terms
of energy recovery achievable by a proper modulation of the braking force. The simulation
of a braking manoeuvre performed via a longitudinal dynamic model has been coupled
with a nonlinear constrained optimization tool. A classical second order mathematical
algorithm implemented by means of fmincon of Matlab has been used. The problem is
formulated in the following way:

min
x

f (x) (8)

Subject to the equality constraint:

T(x) = t∗ (9)

where the objective function f(x) is the opposite of the energy recovered to the battery
during a braking manoeuvre, x is the vector of the braking forces for a vehicle with initial
speed V0 > 0 and final null speed, i.e., until its complete stop (V = 0) and T(x) is the time
needed to stop the vehicle, i.e., the duration of the manoeuvre, that is constrained to be
equal to an assigned duration t*.

The braking force acting on the vehicle (the sum of braking forces applied to front and
rear wheels, including those implemented by the electrical brakes) is associated with the n
components of the vector x according to:
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Fb(t) = Fb,max·xi (10)

where Fb,max represents the maximum applicable braking force for this vehicle and the
index i is determined as a function of time t as:

i = f loor
(

t
t∗

n
)
+ 1 (11)

where n represents the number of steps in which the time interval is divided (8 in the final
results, variable from 1 to 10 in others). This equation expresses the relationship between
time t during the braking manoeuvre and the index i, varying linearly from 1 to n as t
goes from 0 to stopping time t*. In other words, it determines how the n values of vector x
(fraction of maximum braking force) are distributed along the time t.

The recovered energy during the manoeuvre is computed by integrating the energy
generated by the electric brake Feb, considering the efficiency ηgen of the electric motor
during regeneration, i.e., when it is inversely operated. However, we also consider that the
recovered energy is saturated to a maximum electric power Peb,max given by the limitations
of the electric wheels and by the maximum power flow the batteries can withstand:

f (x) = −Ebatt = −
∫ tstop

0
min

(
Feb(t)·rw·ω(t)·ηgen; Peb,max

)
·dt (12)

Please note that the objective function is defined as the opposite value of the energy
recovered. In this way, the minimization of the objective function would correspond to the
maximization of the recovered energy.

The efficiency ηgen of the electric generator has been modelled as shown in the map
reported in Figure 7.
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Figure 7. Efficiency map for the electric generator. The thick black line represents the maximum
torque curve, black curves represent the iso-efficiency curves and red curves represent the iso-power
curves expressed in kW.

The red line represents the isolevel curves of mechanical power in kW. Please note that
torque and power are referred to the sum of the values provided by the two-wheel motors.

The angular wheel speed ω is determined by solving the equation of the longitudinal
motion of the vehicle [34] with initial speed V0 > 0 until it stops, subject to aerodynamic
resistive effects, rolling resistance, road grade and braking forces:

dV
dt

=
−
(

1
2 cx AρV2 + f0Mvgcos(α) + Mvgsin(α) + Fb

)
Meq

(13)
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The electric braking force Feb is a fraction β of the total braking force Fb, determined
as a function of total braking force Fb and of the coefficient of friction µ∗, according to the
feasible braking region (Figure 6):

β = f (Fb, µ∗) (14)

4. Results

Numerical results have been obtained for the vehicle whose features are presented in
Table 1.

Table 1. Vehicle and hybrid powertrain data.

Variable Symbol Value

Frontal area A 2.05 m2

Wheels radius rw 0.295 m
Base vehicle mass Mv 1105 kg

Equivalent vehicle mass Me 1270 kg
Center of gravity (CG) height h 0.5 m
Front axle distance from CG a 1.13 m
Rear axle distance from CG b 1.38 m

Rated max efficiency ηmax IWM 0.9
Rated max speed RPMmax 1500 rpm
Rated max torque Tmax 381.97 Nm

Rated max power per wheel Pmax 10 kW
Rated speed at max efficiency RPMmax me 750 rpm
Rated torque at max efficiency T max me 230 Nm
Rated power at max efficiency P max me 9 kW
Rated speed related loss coef. k1 0.5
Rated torque related loss coef. k2 0.5
Rated power related loss coef. k3 0.2
Rolling resistance coefficient f 0 0.02

Coefficient of drag cx 0.325
Grip coefficient (dry road) µ 0.7

Air density ρ 1.2 kg/m3

A first set of results shows the benefits in terms of recovered fraction of the vehicle
kinetic energy achieved by modulating the braking force, with 1 to 10 steps.

Figure 8 reports the results obtained with a stopping time of 20 s, for increasing initial
vehicle’s speeds, from 25 km/h to 100 km/h. It can be observed that when the initial speed
is 25 km/h, and the vehicle’s kinetic energy is the lowest among the other cases, increasing
the number of steps is beneficial since the recovered energy increases correspondingly
from the 20% achieved with just one step to roughly the 32% with a number of steps equal
to or greater than 4. Instead, the best case in terms of recovered energy is at an initial
speed of 75 km/h, with a recovered energy close to the 40% of the total available kinetic
energy, irrespective of the number of steps. That is, in this case, there is no benefit in
modulating the braking force. However, the simulations also show that in general 4 or
5 steps are necessary in order to obtain the maximum possible regeneration, while any
further increase does not provide significant improvements. Few oscillations of the results
are due to numerical approximations of the optimization process.

Figures 9 and 10 report the simulation outcomes, respectively, for 50 km/h and 75
km/h, initial speeds and stopping times from 10 to 40 s. The results show that, in both
cases, the recovered energy depends upon the stopping time and that the benefits of the
braking modulation can have a strong impact, particularly for non-optimal stopping times,
i.e., for those which imply a non-maximum energy recovery.
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Figure 11 shows the simulations when the braking force is modulated in 8 steps and
reports the braking forces vs the vehicle’s speed for different stopping times and 75 km/h
initial speed. It can be observed that when the stopping time is set to 20 s, the braking force
remains constant roughly at 1200 N along the entire speed range (large purple star). When
a more severe braking is required by setting stopping times lower than 20 s, the braking
force is increased as long as the speed decreases, while for moderate to mild braking
manoeuvres, it decreases toward zero since the deceleration is due to aerodynamic and
rolling passive forces.
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Figure 11. Braking forces vs speed at various stopping times, starting at 75 km/h. The highest energy
recovery is obtained by stopping the car in 20 s (large purple star).

Two conditions, referring to the optimal and to the most severe braking manoeuvre
are shown in Figure 12, where the braking forces are reported for two different scenarios,
along with the feasible braking regions for two different grip coefficients, dry (bright solid
blue lines) and wet (bright solid magenta lines). Further, in both plots, the mechanical
braking loci are identified by the red solid line, while the limit hybrid braking loci are
identified by the green solid line, and red stars indicate the hybrid braking initial values.
Comparing the two cases shown in Figure 12, it can be observed that braking force remains
constant when the stopping time is 20 s (Left), while it increases parallel to the red line,
keeping the electric braking constant when severe braking is needed. The two conditions
are also reported on the electric generator efficiency maps (Figure 13), where it can be
noticed that the electrical efficiency decreases during the braking manoeuvre as vehicle
speed and motor speed decrease.

The next graphs present the whole set of results at various starting speeds and stopping
times. Figure 14 shows the fraction of recovered energy, in percent with respect to the
vehicle kinetic energy. It can be observed that best energy recovery is achieved as a
compromise between two conditions: when braking is too intense, the contribution of
electric brakes is low because braking occurs in the upper part of the braking region
(Figure 6). Conversely, when braking action is too low, most of the vehicle energy is
dissipated by passive forces: this result is evident at starting speed of 25 km/h, where
energy recovery reaches its maximum value at stopping time of 10 s and falls to zero when
stopping time is increased to about 38 s. The same trend can also be observed at other
speeds. The maximum recovery (about 40%) can be reached at intermediate starting speeds,
from about 50 km/h to 100 km/h, while at higher speeds, the increasing aerodynamic losses
tend to reduce the recovered energy. The second graph (Figure 15) reports the braking
distance for the cases analysed, evidencing the conditions of best energy recovery for each
starting speed. The black points show that the best recovery is achieved at intermediate
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braking distances for each starting speed. Optimal braking distances range from a few
meters, at 25 km/h, to about 1 km, at 150 km/h.
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the conditions of best energy recovery.

In Figure 16 an overall view of all the results, in terms of percent of vehicle kinetic
energy recovered, is presented, as a function of the starting speed and the stopping time.
The iso-level curves for the recovered energy are also plotted. This graph has been obtained
by modulating the braking manoeuvre in 8 steps. The set of results refers to vehicles whose
features are summarized in Table 1, considering a maximum recoverable power equal to 20
kW. In this case, the maximum percent of the vehicle kinetic energy that can be recovered
to the battery is about 40%.
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plots. Results obtained with 8 steps in braking manoeuvre.

The red dotted line approximates the best conditions for each speed (Figure 17). It can
be observed that there is an almost linear relationship between the best stopping time and
the starting speed. The best conditions correspond to a deceleration ranging from 2.7 to 3.7
km/h per second, as shown in Figure 18, while in Figure 19, the optimal braking distance
for each starting speed is presented. This is useful for possible application in a real-time
control framework in determining the best braking intensity for a given starting speed to
achieve the maximum energy recovery.
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Finally, it has to be remarked that the knowledge of the grip coefficient is a prerequisite
of the presented model. There are a number of papers presenting methods to estimate the
grip coefficient on vehicles, also in real-time [35–37]. Moreover, an indirect detection of
grip limit can be achieved by monitoring the operation of the ABS, and/or by processing
the high-frequency data on wheel angular speed to verify the occurrence of skidding
conditions. This information, available on the prototype of the hybridized car and on most
of cars, can be used as a feedback variable by the control algorithm to assess the estimation
of the grip limit.

5. Conclusions

Energy recovery during braking in hybridized vehicles with TTR architecture could
be hindered by several factors related to the simultaneous occurrence of the mechanical
braking, to the prevailing braking on front axle, where electrical brakes are absent, and to
limitations due to maximum electric power and current incoming in the battery pack.

The results presented in the paper show that a quite remarkable fraction of the vehicle
kinetic energy can be recovered with proper optimal management and modulation of the
braking force, even considering the constraints posed by the vehicle architecture. In the
best conditions, the recovery can reach about 40% of the vehicle energy, selecting the best
deceleration at each speed and proper modulation, and with a realistic estimate of the
grip coefficient.

Further studies are needed to develop MPC (Model Predictive Control) schemes for
the implementation onto a prototype hybridized vehicle to validate the proposed technique
on road tests.
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