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Abstract: The aim of this paper is to develop an experimental procedure to measure contact friction
between granular particles. The contact friction is a micro-property needed in the micromechanical
modeling of a granular medium. The proposed method can measure the interparticle friction
of idealized spherical particles using the conventional direct shear apparatus in soil testing. In
preparation for the test, the test specimen is made of four steel balls embedded halfway in a sulfaset
paste plate positioned in a statically determinant configuration to provide point contacts among the
steel balls. The upper half of the shear box contains one steel ball, which is supported by three steel
balls in the lower shear box, ensuring contact points at all times during the test. Shear force and shear
displacement are measured under a specific normal force during the test. An analytical equation is
developed based on the geometrical configuration of the balls to calculate the interparticle friction
angle. The test is shown to be repeatable, and the calculated interparticle friction angle agrees well
with experimental measurements with a high degree of accuracy and consistency.

Keywords: interparticle friction; spherical particle shear test; direct shear test; friction of steel ball;
granular friction

1. Introduction

The aim of this paper to develop a laboratory testing method to measure the contact
friction between granular particles. The contact friction is a micro-property that is needed
in micromechanical modeling of a granular medium, such as modeling sand production
in oil wells. Oil extraction from sandstone reservoirs is usually carried out with an oil
well equipped with a wellbore screen. During oil flow, sand particles are mixed with the
oil going through the screen and lifting system. The process of producing sand from oil
extraction is called sand production. Depending on the relative sizes between the sand
particles and the screen openings, particles may jam the opening, which causes a reduction
in oil flow. Additionally, excessive sand production leads to abrasion of the pipes, pumps,
and other components of the production system, which increases maintenance costs. The
flow of sand particles depends on the friction of the material. To study sand production,
micromechanical modeling has been used. To model sand particles individually, it is
necessary to determine the contact friction of the particles.

Micromechanics modeling is emerging as a popular technique in geotechnical analysis.
The method provides an in-depth understanding of the deformation and failure processes
at the microscopic level of granular material. Micromechanical analysis has become more
widely used by geotechnical engineers due to the advancement of computer capacities
and numerical methods. Therefore, micromechanical parameters of granular material are
needed to carry out micromechanics analysis. The interparticle friction angle is one of the
most important parameters in micromechanical modeling.
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Many apparatuses have been developed to measure the interparticle friction angle of
granular particles [1–8]. Ecke et al. [4] developed an apparatus based on the principle of
atomic force microscope (AFM) to measure the normal and shear forces acting between a
particle and another solid surface. Jones [9] reported the results of friction tests performed
with AFM on artificial particles, the sizes of which varied between 6 µm and 0.20 mm, and
mentioned that AFM measurements might be less useful for large particles and large normal
contact force situations. Furthermore, Tyrrel and Cleaver [3] developed an instrument
to measure interparticle forces with AFM technology with a discussion on instrument
calibrations. They pointed out that calibration errors and non-repeatability in the stiffness
of the cantilever arm of the AFM device can affect the precision of measurements by
30% or more. Cavarretta et al. [5] developed a robust apparatus to measure the friction
between two particles of coarse sand sizes (0.2–2.0 mm) immersed in a fluid. However, this
apparatus is limited to testing coarser sands with regular shapes. Besides, the fluid used
for immersion is subject to atmospheric pressure, and the ambient relative humidity cannot
be controlled, which can significantly affect the measurements for smoother particles.

Senetakis and Coop [6] developed an apparatus to perform interparticle shearing tests
at very small displacements. Tests on chrome steel balls and quartz particles demonstrated
high repeatability of the results. However, the particles must have a relatively convex shape,
and the size of the particles is limited to between about 0.50 and 5.0 mm. Additionally, the
particles have to be reasonably symmetrical about the axis of shearing to avoid significant
lateral forces in the out-of-plane horizontal direction during sliding. This apparatus was
later upgraded and used to study the effect of shearing velocity on the interparticle behavior
of granular and composite materials [8] and the micro-slip displacement of geological
materials [7]. Experiments on pairs of grains, including natural and idealized grains, of
about 1.0–5.0 mm in diameter were conducted. Superglue was used to secure the grains
on the mounts, and the normal force applied was in the range of 1 to 8 N. Sandeep and
Senetakis [10] also developed a large-size apparatus with the capability to measure friction
between fine spherical gravel and ballast. Although the test results of the above apparatuses
are shown to be reproducible, the alignment of grains is critical as that may affect the results.
In general, direct measurement of interparticle contact friction is challenging, and it is not
often carried out commercially due to the limited availability of sophisticated equipment
and a lack of experience and expertise.

To eliminate the heterogeneities that occur in natural materials and ensure the re-
producibility of the test results, idealized spherical particles (e.g., glass beads and steel
balls) are widely used in the laboratory to study the mechanical properties of cemented or
uncemented granular material [11–15].

The discrete element method (DEM) simulates the macro behavior of a granular
system based on the interaction and movement of the individual particles, which includes
cemented granular material. The particle flow code (PFC), as one of the DEM programs,
has been used with increasing popularity to model natural or artificial cemented granular
material [13,16–20]. PFC can model the movement and interaction of 2D circular particles
(or 3D spherical particles) in a cemented material by bonding the particles to their neighbors.
Moreover, the solid medium can be represented by the assembly of circular discs (2D)
or spheres (3D) in PFC with a set of micromechanical properties at the particle contact.
Therefore, it is important to determine the micro-parameters, such as interparticle friction,
that will result in the appropriate macro-mechanical responses.

To determine the interparticle friction, while building a new apparatus is costly and
time-consuming, a simple and effective method is developed in this study to measure the
interparticle friction angle of spherical particles using a conventional direct shear apparatus.

2. Specimen Preparation

To develop an analytical solution to calculate contact friction, round spheres are used
due to geometric simplicity. However, the same procedure and calculation method can be
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used for irregular particles. In this work, steel balls of 1 inch in diameter were used for
preparing the specimens for the direct shear tests.

As shown in Figure 1a, a steel ball (Ball A) is set in the sulfaset paste plate to fit in the
upper shear box and rest on top of the bottom half in point contacts with the steel balls in
the lower half of the shear box. The bottom half of the shear box (about 58 × 58 mm in size)
contains three 1-inch diameter steel balls (Balls B, C, and D), embedded in the center of a
sulfaset paste plate. All three steel balls are held in place to ensure contact with each other,
and the sulfaset paste is poured into the shear box mold above the mid-height of the ball to
provide strong bonding. In addition, the steel balls are glued to the paste plate to prevent
rolling. The direct shear apparatus used for the interparticle friction measurement is shown
in Figure 1b. Each test was repeated once to examine reproducibility under normal loads of
60, 100, and 200 N.
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Figure 1. (a) The embedded steel balls in the sulfaset paste plate for interparticle friction measurement.
(b) The direct shear apparatus used for interparticle friction measurement.

3. Geometry and Mechanical Analysis

As shown in Figure 2, points B, C, and D represent the centers of the steel balls in the
bottom half of the shear box. Point A represents the center of the steel ball in the upper
half of the shear box, and point Axy is the projection of point A on the xy plane. In the
beginning of the test, Ball A is positioned at the center of the bottom shear box, and it is in
contact with Balls B, C, and D.
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During the test, a constant displacement rate of 0.005 mm/s was applied on the lower
shear box, and Ball A would ride over Balls B and C. Based on the geometry and mechanical
relationships among the steel balls, the interparticle friction angle can be calculated from
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the measured horizontal force and the applied normal force. The analytical equation to
calculate the friction between the ball contact surfaces is derived below.

The rectangular Cartesian coordinate system is used, as shown in Figure 3. At any
instance, during the movement of Balls B and C relative to Ball A, all the applied forces
on Ball A should satisfy equilibrium (momentary), assuming a quasi-static condition and
neglecting inertia effects. Ball A is subjected to the external force F, contact force Fa at
contact point a between Balls A and B, and contact force Fb at contact point b between steel
Balls A and C. Gravitational force is neglected since it is small compared to the applied
normal and shear forces.
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The external force F has two components: the vertical force, Fv, and the horizontal
force, FH . In the direct shear test, the vertical force, Fv, is equal to the applied normal force,
and the horizontal force, FH , is the measured shear force in the horizontal direction. The
contact force Fa is the resultant force of the local normal force Na and the friction force fa
at contact point a. Similarly, the force Fb can be divided into the local normal force Nb and
the friction force fb at contact point b. Since there are only three forces applied on Ball A,
these three forces must be concentric.

The external vertical force and horizontal force can be expressed as:{ →
Fv = 0î + 0 ĵ− Fv k̂
→
FH = 0î− FH ĵ− 0k̂

}
(1)

and the external resultant force F is:

→
F = 0î− FH ĵ− Fv k̂ (2)
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The motion of the center of Ball A and contact points a and b are shown in Figure 4.
Let r be the radius of the steel ball and θ denotes the angle between line AO and the xy
plane, then the coordinates of all the points are given by:

O = (0, 0, 0)
A =

(
0,
√

3r cos θ,
√

3r sin θ
)

B = (−r, 0, 0)
C = (r, 0, 0)

a =
(
− r

2 ,
√

3
2 r cos θ,

√
3

2 r sin θ
)

b =
(

r
2 ,
√

3
2 r cos θ,

√
3

2 r sin θ
)

(3)
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Therefore, the unit vectors, along the BA and CA directions, can be written as:
→

uBA =
→

BA∣∣∣∣ →BA
∣∣∣∣ =

1
2 î +

√
3

2 cos θ ĵ +
√

3
2 sin θk̂

→
uCA =

→
CA∣∣∣∣ →CA
∣∣∣∣ = −

1
2 î +

√
3

2 cos θ ĵ +
√

3
2 sin θk̂

(4)

Since the movement vector at point A is equal to:

→
mA = 0î−

√
3r sin θ ĵ +

√
3r cos θk̂ (5)

the unit vector in the direction of movement of Ball A can be determined from:

→
umA =

→
uma =

→
umb =

→
mA∣∣∣ →mA

∣∣∣ = − sin θ ĵ + cos θk̂ (6)
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Let N and f be the magnitudes of the local normal force and friction force at contact
point a, respectively, then the normal force and friction force applied to steel Ball A at
contact point a can be calculated from:

→
Na = N ∗ →uBA = N ∗

(
1
2 î +

√
3

2 cos θ ĵ +
√

3
2 sin θk̂

)
→
fa = f ∗

(
− →uma

)
= f ∗

(
sin θ ĵ− cos θk̂

) (7)

Hence, the contact force Fa at contact point a is equal to:

→
Fa =

→
Na +

→
fa =

1
2

Nî +

(√
3

2
N cos θ + f sin θ

)
ĵ +

(√
3

2
N sin θ − f cos θ

)
k̂ (8)

Since Balls B and C are symmetrical about the Y axis, the magnitudes of the local
normal force and friction force at contact point a should be the same as those at contact
point b. Similarly, the contact force Fb at contact point b is given by:

→
Fb =

→
Nb +

→
fb = −1

2
Nî +

(√
3

2
N cos θ + f sin θ

)
ĵ +

(√
3

2
N sin θ − f cos θ

)
k̂ (9)

Since the external force F, and contact forces Fa and Fb in Equations (2), (8), and (9)
should be in equilibrium, the following relationships must be satisfied:{√

3
2 N cos θ + f sin θ = 1

2 FH√
3

2 N sin θ − f cos θ = 1
2 Fv

(10)

The magnitudes of the local normal force N and friction force f are obtained and
expressed in terms of the external vertical force, Fv, and horizontal force, FH :{

N =
√

3
3 (FH cos θ + Fv sin θ)

f = 1
2 (FH sin θ − Fv cos θ)

(11)

At the micro-scale, the local normal force N and friction force f can be related to the
interparticle friction by:

f = N ∗ tan φµ (12)

where φµ is the interparticle friction angle.
Substituting N and f from Equation (11) into Equation (12), the interparticle friction

can be related to the applied Fv and measured FH :

tan φµ =
f

N
=

√
3

2
∗ FH sin θ − Fv cos θ

FH cos θ + Fv sin θ
(13)

As indicated in Equation (13), the determination of the interparticle friction angle
requires the applied vertical force, Fv, the measured horizontal force, FH , and the angle θ
between the line OA and the xy plane, which can be determined based on the arrangement
of the balls.

As shown in Figure 2, the length of OAxy iss equal to
(√

3/3
)

r at the starting point,
and then it decreases with the movement of Ball A relative to Balls B and C during the test.
By measuring the length of OAxy, the angle θ can be calculated based on the relationship
of θ = cos−1(OAxy/OA

)
, where the length of OA is always equal to

√
3r. In addition,

the variation of the vertical displacement can be determined by calculating the change
in length of AAxy. A sample calculation on the changes in angle θ is provided in Table 1,
where ∆OAxy is equal to the change in horizontal displacement and ∆AAxy is equal to the
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change in vertical displacement. Both angle θ and vertical displacement increased with the
increase in horizontal displacement.

Table 1. The calculated angle θ based on the geometrical relationship.

Horizontal Displacement, ∆OAxy, mm Angle θ, ◦ Vertical Displacement, ∆AAxy, mm

0 70.5 0
1 73.3 0.33
2 76.0 0.60
3 78.6 0.83
4 81.3 1.00

(
√

3/3)r 90.0 1.26

4. Experimental Results and Discussion

The experimental results are shown in Figures 5 and 6. Each test was repeated once,
which is denoted as Group 1 and Group 2. The results for Group 1 tests are shown in solid
lines, and the results of Group 2 tests are shown in dash lines. Figure 5 shows that the
horizontal resistance increased with higher confining stresses. The stiffness also increased
at higher confining stresses. The difference between the peak horizontal resistance of the
two groups of tests under the same normal stress varied from 0.6% to 2.0%. Figure 6
presents the measured vertical displacements versus horizontal displacements. Horizontal
displacement was imposed at a fixed rate, and vertical displacement took place while
over-riding between the steel balls. It is seen that the vertical displacements are more or
less independent of the confining stress. The difference in displacement is about 0.2 mm,
which is within the accuracy (i.e., verticality) of the LVDT (Linear Variable Differential
Transformer). Both Figures 5 and 6 show that the results are reproducible.
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Figure 6. Vertical displacement versus horizontal displacement for two groups of tests (under normal
loads of 60, 100, and 200 N).

Based on the test results in Figures 5 and 6, the angle θ in Table 1, and the relationship
provided in Equation (13), the interparticle frictions are calculated and summarized in
Table 2 for a normal load of 60 N. The friction coefficients of the steel balls’ surfaces are
between 0.11 and 0.13, with an average value of 0.12. The corresponding interparticle
friction angle is about 6.8◦. Using a coefficient of friction of 0.12, the horizontal load
versus the horizontal displacement curves for vertical normal forces of 100 and 200 N are
determined, as shown in Figures 7 and 8, respectively. It can be seen that the theoretical
forces and displacement relationships agree well with the experimental measurements. The
difference between the theoretical and measured peak horizontal resistance is in the range
of 0.2% to 2.6%. The good agreement in peak horizontal forces indicates that the friction
angle between the ball surfaces can be measured with reasonable accuracy. The difference
between the theoretical and measured horizontal load at small horizontal displacement can
be due to the lack of firm contact between the balls at the beginning of the test, and it does
not have an impact on the final measurement of the friction angle. Figure 8 shows that the
theoretical values match the measured displacement well.

Table 2. The calculated interparticle friction under 60 N normal load.

Vertical Applied
Force, N

Interparticle Friction, tanφµ, at Different Horizontal Displacement Mean Interparticle
Friction Coefficient0 mm 1 mm 2 mm 3 mm

60_1 0.11 0.12 0.12 0.13
0.1260_2 0.11 0.13 0.11 0.11
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Figure 8. Comparison between measured and calculated vertical displacements based on the mea-
sured interparticle friction angle under the normal load of 60 N.

Although the current test apparatus is designed for spherical steel particles, this
method can be used for measuring soil particles of reasonable sizes and in the same
configuration as presented here. By measuring the horizontal force and vertical/horizontal
movements, and with known vertical force, the inclination of movement at the particle
contact can be calculated. Based on known vertical and horizontal forces, the shear and
normal force on the contact surface can be calculated. By knowing the shear and normal
forces on the contact surface, the contact friction can be determined. However, for the case of
spherical particles, it is not necessary to use all the measurements to determine the friction
since the contact geometry is known, which is the first step for measuring interparticle
friction in the laboratory. Further research is needed to extend the measurement technique
to particles with other shapes, and eventually irregular shapes.
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5. Conclusions

An innovative method is presented here to determine the interparticle friction angle
of idealized spherical particles. In this method, a conventional direct shear apparatus can
be used to measure the horizontal and vertical forces, which can be used in Equation (13)
to estimate the friction angle. The test results are found to be highly reproducible based on
duplicated test results from two groups of tests. The method is also shown to be accurate
since the theoretical relationship between shear load and shear displacement agree well
with experimental measurements.

The apparatus required for this test is readily available in most geotechnical labo-
ratories. The spherical particles are placed in a stable configuration that eliminates the
difficulties of particle alignment.

This paper is the first step in developing laboratory techniques for directly measuring
interparticle friction. The next step is extending the method to particles with other shapes
and, eventually, irregular shapes. The measured friction can then be used in the microme-
chanical analysis of a wide array of petroleum geomechanics problems, including sanding,
wellbore breakouts, and hydraulic fracturing.
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