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Abstract: The packing characteristics of a pebble bed are essential to understand the heat- and
mass-transfer processes occurring within a granular system. Therefore, the packing characteristics of
rectangular prismatic pebble beds randomly packed with mono-sized pebbles are analyzed. In terms
of the average and local packing fraction distribution, coordination number, and radial distribution
function, the effects of the rectangular tube aspect ratio and cross-sectional area on the packing
properties of pebble beds are explored in depth. The findings indicate that the packing structures
of the rectangular pebble bed exhibit noticeable fixed-wall effects. The average packing fraction
and coordination number gradually decline as the rectangular tube aspect ratio rises. Close to the
fixed wall, a noticeable wall effect can be seen in the distribution of axial and local packing fractions
and the pebble center distribution. The wall effect has an increasing effect on the axial and local
packing fraction distributions in rectangular tubes with increasing aspect ratios. Additionally, the
average packing fraction and the average coordination number also increase as the cross-sectional
area increases, indicating a gradual weakening of the wall effect as the cross-sectional area increases.
Furthermore, the cross-sectional area and aspect ratio of the rectangular tubes affect the RDF values
of the rectangular pebble beds but have no impact on the RDF features. The findings reported
in this paper will be helpful for designing and optimizing pebble beds in the breeding blanket of
fusion reactors.

Keywords: aspect ratio; cross-sectional area; rectangular tube; rectangular pebble bed; packing
fraction; coordination number; radial distribution function; discrete element method

1. Introduction

Granular packings are common in natural and industrial systems. For instance, in the
chemical industry, the catalytic reaction bed is always formed by the packing of spherical or
other nonspherical catalytic pellets [1]. In nuclear energy systems, the core system of a high-
temperature gas-cooled reactor is a cylindrical pebble-bed assembly packed with spherical
fuel particles [2–4]. For a fusion energy reactor, the tritium breeder and neutron multiplier
pebbles are packed in rectangular [5], U-shaped [6–8], or cylindrical vessels in blanket
modules [9–11]. In addition, pebble packings are also widely used in some other fields, such
as 3D-printing processes [12], pellet sandpiles [13], the packing and combustion processes of
biomass fuel particles [14], storage of grain particles [15], solar energy storage systems [16],
etc. Generally, most applications are often presented as dense-packed or fluidized beds.
The packing characteristics, such as the packing fraction (γ), porosity (ε), coordination
number (CN), and radial distribution function (RDF), have a significant influence on their
applications due to the heat- and mass-transfer processes [17–23] and thermomechanical
behaviors [24–27] of the pebble beds, which are closely related to the packing characteristics.
Therefore, a comprehensive understanding of the packing characteristics in pebble beds
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plays a vital role in analyzing pebble beds’ heat- and mass-transfer processes and promotes
a broader application of packed pebble beds.

The packing characteristics of randomly packed pebble beds are influenced by many
factors, such as container dimension and shape, pebble size distribution, and packing
mode [28–38]. Since most pebble beds are confined by a cylindrical wall in many applica-
tions, the packing structures of cylindrical beds have been widely investigated [17–19,23].
Several empirical prediction models of the average and radial porosity distribution were
reviewed by Antwerpen et al. [28] and Seckendorff et al. [29]. In addition, the pebble pack-
ing in containers with other shapes, such as annular [25,38–42] and square and rectangular
columns [31,43–48], were also used in the nuclear energy system. For instance, Reimann
et al. [35,42] explored the packing characteristics of cylindrical, annular, and prismatic peb-
ble beds packed with unary pebbles. The results showed that regular packings and radial
porosity oscillations also exist close to the fixed inner wall. Wang et al. [11,38,41] analyzed
the packing structures and mechanical properties of annular pebble beds in fusion blankets.
The friction coefficient and restitution coefficient affect the static packing characteristics of
polydisperse pebble beds. Du Toit et al. [39] and Ren et al. [40] explored the variations in
radial porosity distribution in annular pebble beds in high-temperature gas-cooled reactors.
Along the radial direction, the porosity distribution also showed oscillations and damping
characteristics close to the lateral walls.

Pebble packing in differently shaped channels and tubes has recently been given more
attention, particularly for microchannel reactors and nuclear fusion blankets. The pebble-
packing structures in cubic or square containers are investigated by packing experiments
and numerical modeling. Desu et al. [45] analyzed pebble packing in a square prismatic
container and explored the effect of various filling strategies on the packing fraction. The
results show that the extent of the wall effect on the packing structures is also affected
by filling strategies, such as vibration, compression, and confined top walls. Hamzah
et al. [46] and Beavers et al. [44] explored the porosity variation and flow behavior in
square pebble beds. Several equations were also proposed to predict the local porosity
distributions in three defined zones in a square pebble bed. Gong et al. [7,8,32] and
Taguchi et al. [48] investigated the packing fraction and the local porosity distribution in
cylindrical and cubic pebble beds. A similar porosity distribution was obtained in a cubic
pebble bed. Zobel et al. [49] explored the effects of a cylindrical wall with hexagonal
hemispheres on the lateral and radial void fraction distribution. The structured wall of
hexagonal hemispheres can reduce the oscillation of porosity caused by the wall effect.
Furthermore, for pebble packings in rectangular containers, Buchlin et al. [43] and Reimann
et al. [34] investigated the void fraction distribution of randomly packed pebble beds in
a rectangular container by an experimental technique based on a photoelectric process
and 3D tomography. Jaggannagari et al. [50] also investigated the effects of vibration-
induced crystallization and pebble-size polydispersity on the packing structures in a slender
prismatic container by comparing their results with the experimental results in Ref. [34].
The results show that the crystallization initially starts at the wall. The vibration-induced
crystallization increases the packing density in the fixed pebble bed. Wang et al. [47]
studied the packing structures of pebbles in several rectangular containers with fixed long
edges and variable widths. The results show that the bed dimension notably influences the
packing structures of the rectangular pebble beds. Oguz et al. [51] and Pistocchini et al. [52]
explored the packing structures of spheres confined between two narrow parallel walls.

The abovementioned investigations revealed that the container shape tremendously
influences the packing structures of a packed pebble bed, especially for a small-size pebble
bed. Recently, pebble beds in square and rectangular containers have been adopted for
microchannel catalytic reactors used in the chemical industry and tritium breeding blankets
in nuclear fusion reactors. Although the packing structures and transport process in
cylinder pebble beds have been widely explored, studies on square and rectangular beds
are still limited. For example, the effects of the aspect ratios of rectangular channels and the
cross-sectional areas of the rectangular tube on pebble packing in rectangular containers are
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still seldom studied. The inner structures of the rectangular beds are rarely systematically
analyzed. Therefore, this study aims to systematically analyze the effect of the aspect ratio
and the cross-sectional area of the rectangular tube on packing structures for mono-sized
pebble-packed beds, focusing on the average and local packing fraction, coordination
number distribution, and radial distribution function. The results described in this work
will provide a reference for the design optimization of the tritium breeder blanket in
nuclear fusion reactors and the analysis of heat and mass transfer in the microchannel
pebble reactor.

2. Methodology

In this work, the mono-sized pebbles were packed randomly under gravity with-
out using other densification techniques, such as vibration, knocking, tapping, and so
forth. Recently square-channel- or rectangular-duct-packed bed are often found in mi-
crochannel catalytic reactors and nuclear fusion blankets [53,54]. Therefore, the mono-sized
pebble-packing structures were investigated with emphasis on the effect of the rectangu-
lar tube aspect ratio and cross-sectional areas in this study. The detailed methods of the
packing experiments and the discrete element method (DEM) simulation can be seen in
Sections 2.1 and 2.2.

2.1. Packing Experiments

In packing experiments, the average packing fraction (γavg) of the pebble beds can
be more easily obtained by the weighing method. In contrast, the inner packing structure
of the pebble bed is more difficult to obtain. However, the inner packing structures of
pebble beds can be easily obtained from DEM modeling. Therefore, in this study, the DEM
simulation was validated firstly by comparing it with the γavg of a square pebble bed
obtained experimentally. Then, the DEM was further used to simulate the pebble packing
in rectangular tubes and analyze the packing characteristics of the rectangular pebble beds
with different aspect ratios and cross-sectional areas.

The filling processes under gravity were selected in the packing experiments and the
DEM simulations, as shown in Figure 1. Packing experiments were performed by filling
pebbles into the square tubes. The γavg of the rectangular pebble beds was measured by
the weighing method. The relationship between packing fraction (γ) and porosity (ε) is
as follows: γ + ε = 1. In packing experiments, square tubes made of plexiglass with an
aspect ratio α = 1 were selected for validation with DEM simulations. The edge length of
the square container varied in the range of 10–40 mm. The pebble diameters were 1 mm. In
addition, the heights were not less than 60 mm to reduce the impact of the pebble bed’s
height effect (or thickness effect). The main filling processes are as follows:

• Step 1: The volume Vc inside a rectangular container was measured by measuring
the inner dimension of the rectangular tube with a vernier caliper or gauging by the
drainage method and the mass mr of the rectangular container;

• Step 2: The pebbles with density ρ and diameter d are filled into the rectangular tube
from the top opening of the container under gravity in batches. After filling the tube,
the pebbles above the container height are scraped off with a steel ruler;

• Step 3: By subtracting the mass mr of the tube container from the total mass mall of the
pebble bed filled with pebbles, the total mass mbed of the pebbles inside the container
was obtained, mbed = mall − mr;

• Step 4: The total volume ∑Vp of pebbles packed in bed can be calculated using the
density ρ and the total mass mbed, ∑Vp = mbed/ρ. The volume ratio of the sum volume
∑Vp of pebbles in the rectangular tube to the volume Vbed of the bed is the average
packing fraction γavg of the pebble bed γavg = ∑Vp/Vbed.
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Figure 1. Filling process of the pebbles packed in rectangular containers.

2.2. Simulation Method and Parameters

The discrete element method (DEM), proposed by Cundall and Strack [55], is currently
widely used. For example, DEM models were adopted in the debris bed formation simu-
lations of the pressurized water reactor [56,57], the fluid–structure coupling behavior of
multiphase flow in accelerator-driven system [58,59], and the helium flow behavior in the
spherical bed of a fusion reactor [60]. Thus, the DEM model was employed in this work to
simulate the pebble-packing process. In the DEM simulations, a lot of helpful information,
such as pebble center coordination, velocity, contact force, and so on, can be obtained, some
of which are arduous to measure in packing experiments. In the DEM simulation, the
pebbles are assumed to be hard spheres. The motion of the pebbles is calculated based on
Newton’s Second Law of Motion. When the distance between two pebble centers is smaller
than the sum of the radii touch distance (Ri + Rj), the contact force and the friction action
are evaluated based on the Hertz–Mindlin [61,62] theory and Coulomb friction criterion.
The detailed theory of DEM can be found in the literature [7,8,55,62].

In this study, LIGGGHTS-PUBLIC [61] was employed. The pebble parameters used
in this study are listed in Table 1 by referring to the parameters of the Li4SiO4 ceramic
pebbles in the literature [7,8,11,31]. The heights of all pebble beds are higher than 60 mm.
The aspect ratios of the pebble beds vary from 1 to 10. When the aspect ratio is equal to 1,
the container is square. When the cross-sectional area of the rectangular container is fixed,
as the aspect ratio increases, the longer edge length increases, and the shorter edge length
simultaneously decreases. The exact bed sizes are listed in Table 2.

Table 1. Parameters of pebbles used in DEM simulation.

Parameters Values

Young’s modulus (GPa) 90
Poisson ratio 0.24

Density (g/cm3) 2.323
Restitution coefficient 0.9

Static friction coefficient for pebble–pebble 0.1
Static friction coefficient for pebble–wall 0.1

Pebble diameter, d (mm) 1.0
Height of pebble bed (mm) ~ 60
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Table 2. Rectangular pebble-bed dimension used in the DEM simulations.

Scs = Lx × Ly 100 d2 225 d2 400 d2 900 d2 1600 d2

α = Lx/Ly Lx/Ly Lx/Ly Lx/Ly Lx/Ly Lx/Ly

1 10.00/10.00 15.00/15.00 20.00/20.00 30.00/30.00 40.00/40.00
2 14.14/7.07 21.21/10.61 28.28/14.14 42.43/21.21 56.57/28.28
3 17.32/5.77 25.98/8.66 34.64/11.55 51.96/17.32 69.28/23.09
4 20.00/5.00 30.00/7.50 40.00/10.00 60.00/15.00 80.00/20.00
5 22.36/4.47 33.54/6.71 44.72/8.94 67.08/13.42 89.44/17.89
6 24.49/4.08 36.74/6.12 48.99/8.16 73.48/12.25 97.98/16.33
7 26.46/3.78 39.69/5.67 52.92/7.56 79.37/11.34 105.83/15.12
8 28.28/3.54 42.43/5.30 56.57/7.07 84.85/10.61 113.14/14.14
9 30.00/3.33 45.00/5.00 60.00/6.67 90.00/10.00 120.00/13.33

10 31.62/3.16 47.43/4.74 63.25/6.32 94.87/9.49 126.49/12.65

During the simulation of pebble packings, the pebbles were filled into the cavity under
gravity in batches. The detailed packing processes in the DEM simulation are as follows:

• Step 1: In the top-opening region, which is higher than 60 mm, a certain number of
spherical pebbles with a diameter of 1 mm are randomly and uniformly generated
without overlaps;

• Step 2: The randomly generated pebbles fall to the bottom of the cavity with an initial
velocity of zero under gravity. Meanwhile, a variable number of pebbles will be
randomly regenerated in batches at every fixed timestep. Moreover, they continue to
move down freely and slowly with an initial zero velocity. During the pebble packing,
the total pebble number and the pebble-bed height in the container will gradually
increase. The kinetic energy of the inserted pebbles is gradually dissipated by the
friction, rolling, sliding, and collision between pebbles. The pebble-packing process
can be monitored by the total kinetic energy of the granular assembly;

• Step 3: When the pebble-bed height exceeds 60 mm, the filling process is stopped.
With the gradual dissipation of energy, the pebble bed can be stable when the total
kinetic energy is reduced to ~10−14 J [7]. Then, the pebbles higher than 60 mm are
removed. The simulation continues to make the pebbles reach a stabilized packing
state until the total kinetic energy is reduced to ~10−14 J again;

• Step 4: When the stabilized state of pebble packing is achieved, the packing char-
acteristics of the rectangular pebble bed will be analyzed by the in-house Matlab
codes.

2.3. Calculation of the Packing Fraction

The packing fraction is an important property that describes the densification degree
of a pebble bed. In this study, the average packing fraction, the axial packing fraction, and
the local packing fraction were calculated by referencing the literature [30]. The average
packing fraction γavg is defined as the volume ratio of all pebbles packed in the pebble bed
to the volume of the container that the pebbles occupied γavg = (∑Vp)/Vbed, where Vp
is the pebble volume and Vbed is the pebble-bed volume. The γavg is a volume-averaged
parameter. In the packing experiments, the ∑Vp was determined by the pebbles’ weight
and density. In DEM simulations, Vp was calculated by the diameters and total numbers
of the pebbles packed in the rectangular tube. The axial packing fraction γaxi is an area-
averaged parameter. The pebble bed is divided into numerous parallel-cut planes along the
direction perpendicular to the fixed walls from one fixed wall to another parallel fixed wall,
with distance steps of 0.05 d. The γaxi is defined as the area ratio of the summed intersection
areas between the pebbles and cut plane to the area of the cut plane. Thus, the γaxi can be
expressed as γaxi(x) = (∑Scut)/Splane, where Scut is the intersection area between a pebble
and the cut plane at the position x. Splane is the area of the cut plane at position x. The local
packing fraction γlocal is a line-averaged parameter that reveals the local distribution of the
packing fraction in a pebble bed. The γlocal is calculated by the ratio of the summation of
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all intersection line segments to the length of the grid line. The detailed calculation method
can be seen in [30].

3. Results and Discussions
3.1. Validation with Experiment Results

The DEM results of the pebble packings in square tubes (α = 1, Lx= Ly) were validated
by comparing them with the experimental results in terms of the γavg. All pebble-packing
experiments were repeated three times to validate the repeatability of the experiment. The
detailed experiment results, mean value, and standard deviation are listed in Table 3. The
results show that the γavg of the packed pebble beds in square tubes gradually increases
with the scale ratios, Lx(=Ly)/d. When the Lx/d ≈ 10, the γavg is only about 0.59. When
the ratio of Lx/d is larger than 15, an γavg > 0.60 can be easily obtained. When increasing
the ratio to Lx/d ≥ 25, the γavg can be larger than 0.62. The DEM results agree with the
experimental results for the packed square pebble beds, as shown in Figure 2. Thus, for the
pebbles packed in rectangular tubes, the DEM was adopted to obtain the detailed internal
packing structures of the rectangular pebble beds.

Table 3. Experimental results of γavg of square packed pebble bed with different aspect ratios.

Scale Ratios (Lx/d)
Experimental Results

1 2 3 Mean Value ± Std Dev

10.372 0.5938 0.5899 0.5891 0.5909 ± 0.0025
15.558 0.6053 0.6045 0.6053 0.6050 ± 0.0005
22.364 0.6165 0.6176 0.6166 0.6169 ± 0.0006
26.280 0.6215 0.6231 0.6188 0.6211 ± 0.0022
29.749 0.6229 0.6249 0.6259 0.6246 ± 0.0015
33.546 0.6246 0.6246 0.6251 0.6248 ± 0.0003
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3.2. Average Packing Fraction

The final stable packed pebble beds in rectangular tubes with various aspect ratios
of 1~10 and a fixed cross-sectional area of 225 d2 are shown in Figure 3. The 3D views of
the rectangular pebble beds with the different cross-sectional areas of 100 d2–1600 d2 and
a fixed aspect ratio of 5 are shown in Figure 4. The γavg of the rectangular pebble beds is
shown in Figure 5.
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Figure 5. Average packing fraction of the rectangular packed pebble beds (a) as a function of the
aspect ratios and (b) as a function of the cross-sectional areas of the pebble beds.

Figure 5a shows that the γavg of the pebble beds gradually decreases with the increase
in the aspect ratio α of the rectangular tubes. However, the reduction rate of the γavg in the
pebble beds with various cross-sectional areas is different. When the rectangular tube has
a relatively large cross-sectional area, such as larger than 225 d2, the γavg decreases linearly
with the increase in the aspect ratio α. The reduction rate decreases with the increase in the
cross-sectional area. However, when the rectangular tube has a smaller cross-sectional area,
the γavg exhibits large oscillations and scattering. For instance, when the cross-sectional
area = 100 d2, an increase in γavg occurs when the aspect ratio α is in the range of 6–8,
mainly due to the regular arrangement of pebbles in the small and narrow rectangular
tubes under the influence of the fixed wall. When the aspect ratio α > 6, the smallest side
length of the rectangular tube cross-section is already smaller than 4 d (see Table 3). When
the aspect ratio α > 8, the γavg gradually reduces and the smallest side length also reduces
to <3.5. The oscillations and scattering can also be observed in the literature [52] for the
narrow pebble bed. This is because, at this time, the pebbles are regularly packed with
various fractions of cubic and hexagonal packing. The γavg of the pebble bed is closely
related to the ratio of the smallest side length to the pebble diameter. A small change in
the smallest side length will result in a considerable variation in the γavg of the pebble bed
owing to the fixed-wall effect and hybrid regular packing.

In addition, Figure 5b shows the variation in the γavg with the cross-sectional area.
The results demonstrate that with the increase in the cross-sectional area of the rectangular
tubes, the γavg of the pebble beds with different aspect ratios gradually increases, and the
scattering of packing fraction gradually weakens for pebble beds with different aspect ratios.
This proves that the rectangular tube dimensions influence the packing characteristics of
the pebble bed. Nevertheless, as the bed scale increases, this effect gradually diminishes.

To clearly show the effect of the rectangular tube dimension on the packing structure,
the γavg of the pebble beds with various aspect ratios and cross-sectional areas are shown in
Figure 6. The Lx and Ly were normalized by the pebble diameter. Note that the side lengths
Lx and Ly are not independent for a given cross-sectional area. In this study, Ly (shorter
edges length) is always less than Lx (longer edges length). With the increase in the Lx,
the Ly gradually reduces, as shown in Figure 6d. Thus, the γavg of the rectangular pebble
beds with different bed dimensions are displayed in 3D views, as shown in Figure 6a. The
edge lengths of the x and y sides are as the horizontal plane, the γavg is as the vertical axis,
and the points for each specific cross-sectional area are joined to form a profile. When the
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profiles are projected to the Lx-γavg, Ly-γavg, and Lx-Ly planes, the results can be presented
in the form of a line chart, as shown in Figure 6b,d.
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Figure 6. Average packing fraction of the rectangular packed pebble beds with various bed dimen-
sions: (a) 3D views, (b) projected to the Lx-γavg plane, (c) projected to the Ly-γavg plane, (d) projected
to the Lx-Ly plane (bottom plane) (Color online).

Figure 6 shows that both the aspect ratio and cross-sectional area of the rectangular
tube affect the packing fractions of the rectangular pebble beds. As the aspect ratio of the
rectangular tube increases, the γavg gradually decreases, as shown in Figure 6b,c, which
is perhaps due to the increasing aspect ratio of the rectangular cross-section. The longer
edge length (Lx) is gradually increasing, while the shorter edge length (Ly) is gradually
decreasing, as shown in Figure 6d, which leads to the cross-sectional perimeter of the
rectangular tube gradually increasing, as shown in Figure 7a. In turn, the proportion of the
region affected by the fixed wall gradually increases in the rectangular pebble bed. The
γlocal in the near-wall region is always smaller than that in the bulk region of the pebble
bed. Thus, the γavg of the whole pebble bed decreases gradually with the increase in aspect
ratios, as shown in Figure 6b,c and Figure 7b. The fixed-wall effect in the local packing
structures of the rectangular pebble beds will be discussed in detail in Section 3.3.

Furthermore, a pebble bed can be treated as a randomly packed granular material.
These disordered granular systems always form stable packing structures when unper-
turbed. However, in the presence of external interferences, such as taping, vibrating,
or shear, they relax and become a complex-in-nature fluid [63]. Therefore, by referring
to the flow dynamics in the rectangular tube, the equivalent hydraulic diameter De of
the rectangular tube was calculated to reveal the effect of aspect ratio changes in the
cross-section of the rectangular tube on the packing performance of the pebble bed. It
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should be noted that the equivalent hydraulic diameter here is for a rectangular tube
and not a pebble bed. Thus, the De of the rectangular tube is determined by the formula
De = 4A/C = 4A/(2Lx + 2Ly) = 2(Lx × Ly)/(Lx + Ly). The calculated De of the rectangular
tube is plotted in Figure 7c.
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Figure 7. Average packing fraction of the rectangular packed pebble beds as a function of (a,b) the
cross-sectional perimeter of the container; (c,d) the equivalent diameter of the container.

Figure 7 shows that when the cross-sectional area is fixed, the De of the rectangular
tubes decreases gradually with the increase in the aspect ratio α of the rectangular tubes,
which might be the reason that the γavg of the rectangular pebble bed decreases gradually
with the increase in aspect ratio α. Such as, the γavg also increases with the increase in the
ratios of cylinder diameter to pebble diameter for the cylindrical pebble beds [8] and the
ratios of the side length to pebble diameter for the square pebble beds [7,8], respectively.
Similarly, Figure 7d shows the variation in the γavg of the pebble bed with the De of the
rectangular tubes with the different cross-sectional areas. The results demonstrate that the
γavg of the rectangular pebble bed shows a rapid increase trend with the increase in the De
of the rectangular tubes, which further explains the main reason why the γavg of the pebble
bed decreases with the increase in the aspect ratio, as shown in Figures 5–7. In other words,
the De of the rectangular tube gradually decreases with the increase in the aspect ratio α,
which leads to the decrease in the γavg of the rectangular pebble beds.

3.3. Local Packing Fraction Distribution
3.3.1. Effect of the Aspect Ratio of Rectangular Tube

To reveal the effects of the fixed wall and aspect ratio on the packing structures, the
local packing fraction (γlocal) was calculated based on the line-averaged method. The
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detailed calculation method can refer to the literature [30,46]. Taking a rectangular pebble
bed with a cross-sectional area of 225 d2 as an example, the γlocal is shown in Figure 8. It is
demonstrated that both the aspect ratio and fixed wall significantly influence the pebble
packing in rectangular tubes. As the aspect ratio α increases, the influence of the fixed wall
on the local packing structure becomes more and more significant. For instance, a relatively
uniform γlocal is observed in the inner region of the rectangular pebble bed when the aspect
ratio equals 1. The layered distribution of γlocal is limited in the region of 4–5 d close to the
tube wall. When the aspect ratio increases to 3, only a tiny part of the γlocal reaches a stable
value in a narrow range at the middle of the pebble bed. When the aspect ratio α increases
to 10, the γlocal in the entire pebble bed is affected by the fixed wall. For example, along
the direction parallel to the x-axis (longer edge), the γlocal presents a layered distribution
with five high local packing fraction layers. This is predominantly because the length of
the shorter edge of the rectangular tube decreases as the aspect ratio α increases. When the
side length of the shorter edge is less than 10 d, the wall effect affects the entire rectangular
pebble bed. As the length of the shorter edge is further reduced, the influence of the wall
effect on the γlocal will become more and more significant.
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In the corner areas of the pebble beds, the γlocal is significantly affected by aspect ratio
α and the fixed wall. When the aspect ratio is 1, the pebble-packing structure is affected by
two mutually perpendicular walls. Several spot-like areas with high γlocal can be observed
near the apex points or corners of the rectangle, essentially due to the regular packing of the
pebble under the influence of the two mutually perpendicular fixed walls. With the aspect
ratio increase, since the shorter edge length is further reduced, the pebble packing in the
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corner region will be affected more by the fixed walls. It can lead to a more regular packing
structure and a more apparent spot-like distribution of the γlocal close to the corner regions.

Further, the pebble center distribution was plotted in Figure 9 by projecting the pebble
center on the x-y plane to comprehensively reveal the influences of the wall effect and
the aspect ratio. Each blue dot represents the pebble center. The black lines indicate the
fixed sidewalls. Figure 9 clearly shows the layered distribution characteristics of the pebble
packing in the area close to the fixed sidewalls. In the corner zones, the pebble center
distribution shows the characteristic of a grid intersection. With the increase in aspect ratio,
the grid-like distribution of pebble centers becomes more and more marked close to the
corners and shorter edges, which is due to the influence of the wall effect and is consistent
with the distribution of the γlocal in Figure 8.
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(i) 9, (j) 10 (Color online).

In addition, the γaxi of the rectangular pebble beds with different aspect ratios α were
also computed to reveal the effects of the fixed wall and the aspect ratio on the packing
structures. The γaxi of rectangular pebble beds with a cross-sectional area of 225 d2 and
aspect ratios of 1–10 are displayed in Figure 10, respectively. The effect of the fixed tube
wall and the aspect ratio on the γaxi distribution can be observed clearly. It can be seen from
Figure 10a that with the increase in aspect ratio, γaxi along the x-axis oscillates near the wall,
and the proportion of the stable packing fraction in the middle zone of the bed increases
gradually. This is mainly because the fixed-wall effect in a packed pebble bed is always
limited in the range of 4–5 d close to a fixed wall in a randomly packed pebble bed [34],
which causes γaxi to oscillate markedly only in the zone of 4–5 d close to the wall. These
several peaks of the γaxi near the fixed wall correspond to the layered distributed regions
of high local packing fractions, as shown in Figure 8, and the layered sphere packing
characteristics in Figure 9. When the distance to the fixed wall increases to larger than 5 d,
a stable packing fraction can be obtained. As the aspect ratio α of the rectangular tube
increases, the longer edge length along the x-axis gradually increases, so the stable region
of the γaxi gradually increases. On the contrary, Figure 10b reveals that the percentage of
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the stable region of the γaxi along the y-axis gradually decreases as the aspect ratio α of
the pebble bed increases. The main reason is that with the increase in the aspect ratio α,
the length of the side edge along the y-axis gradually decreases, resulting in the gradual
reduction in the stable region of the γaxi along the y-axis.
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3.3.2. Effect of the Cross-Sectional Area of Rectangular Tube

For the pebble bed in the rectangular tubes with different cross-sectional areas, the
γlocal in the pebble bed with various cross-sectional areas and a fixed aspect ratio of 5 in the
x-y plane is shown in Figure 11. It is revealed that the cross-sectional areas of the rectangular
tubes have a pronounced effect on the distribution of γlocal, especially the pebble bed in
the tubes with a smaller cross-sectional area. For instance, when the cross-sectional area is
100 d2, there are several spot-like regions with high γlocal at the two ends of the rectangular
bed along the x-axis. In contrast, in the inner middle region of the pebble bed along the
x-axis, the high local packing fraction exhibits a layered distribution. There are five layers
when the cross-sectional area is 100 d2. This is mainly because the edge lengths along the
x-axis and y-axis are 22.36 d and 4.47 d, respectively. The inner regions of the container
can only be filled with about 4.47 layered pebbles. The pebble packing is affected by three
fixed sidewalls.

In addition, as can be seen from Figure 11, with the increase in the cross-sectional
areas of the rectangular tubes, the influence of the wall effect on the packing characteristics
(packing fraction, pebble center distribution) gradually weakens. A uniform distribution
area of the packing fraction appears in the inner region of the rectangular pebble bed, which
corresponds to the uniformly random pebble-packing state, as illustrated by the uniformly
distributed region of the pebble center in Figure 12.

To reveal the influences of the wall effect and cross-sectional area on packing structure,
the γaxi of the pebble beds in the rectangular tubes have also been calculated. Figure 13
shows the γaxi along the x-axis and y-axis in the rectangular pebble beds with aspect ratios
of 5, respectively. The results show that γaxi oscillates considerably close to the fixed walls
due to the influence of the wall effect. As the distances to the fixed walls increase, the
amplitude of γaxi gradually decays. A stable value can be obtained in the inner bulk region
of the rectangular pebble bed. Additionally, with the increase in cross-sectional area, the
proportion of the wall-affected region of γaxi gradually decreases. A stable γaxi can be
achieved in a broader region in the pebble bed.
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Along the x-axis, with the increase in the cross-sectional area and aspect ratio of the
rectangular tubes, the percentage of the wall-affected zone of the γaxi of the pebble bed
gradually decreases. This is mainly because as the cross-sectional area and the aspect
ratio increase, the length of the longer edge along the x-axis direction gradually increases.
However, the absolute value of the fixed-wall-affected region is always limited to 4–5 d
close to the fixed wall. On the contrary, in the direction along the y-axis, the percentage of
the stable zone of γaxi gradually increases as the cross-sectional area increases. It gradually
decreases with the increase in the aspect ratio α. The main reason is that the shorter edge
length along the y-axis gradually increases with the cross-sectional area of the rectangular
tubes. However, it gradually decreases with the increase in the aspect ratio, which results
in the percentage of the stable region of γaxi along the y-axis gradually decreasing.

3.4. Coordination Number Distribution
3.4.1. Average Coordination Number

The coordination number (CN) is closely related to the packing fraction and contact
force chain. The coordination number is the number of surrounding pebbles in contact with
the pebble under consideration. Figure 14 shows the average coordination number (CNavg)
of the rectangular pebble beds with different cross-sectional areas and aspect ratios. When
the cross-sectional area is fixed, CNavg gradually declines with the increase in the aspect
ratio, as shown in Figure 14a. The decline rate of CNavg of a pebble bed with a relatively
small cross-sectional area is significantly higher than that of a pebble bed with a relatively
large cross-sectional area. This is predominantly because the CNavg is closely related to the
packing structure. Additionally, due to the influence of the wall effect, the pebbles in direct
contact with and close to the fixed walls have relatively small coordination numbers. As
the aspect ratio increases, the wall-affected region’s proportion gradually grows, resulting
in a reduction in the CNavg.
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Figure 14. Average coordination number of the rectangular pebble bed: (a) variation as aspect ratio,
(b) variation as cross-sectional area, (c) variation as De, (d) relationship between the CNavg and the
γavg of the rectangular pebble beds.

In addition, Figure 14b shows the CNavg of the rectangular pebble beds with various
pebble-bed scales in terms of the cross-sectional area. The results show that the CNavg
gradually increases as the pebble-bed scale increases. When the cross-sectional area is
less than 900 d2, CNavg increases rapidly as the cross-sectional area increases. When the
cross-sectional area is larger than 900 d2, CNavg gradually reaches a stable value. Similarly,
Figure 14c shows the CNavg as dependent on the De of the rectangular duct. With the
increase in the De, the CNavg inside the rectangular pebble bed gradually increases and
stabilizes when the De is larger than 30 d, which is consistent with the variation in the γavg
in Figure 7d. This is also mainly because the pebbles in contact with and near the walls have
a relatively small coordination number and lower packing fraction due to the fixed-wall
effect. As the cross-sectional area increases, the proportion of the fixed-wall-affected region
gradually decreases. As a result, both the CNavg and the γavg of the pebble bed increase
gradually. In addition, a positive correlation between the CNavg and γavg was found, as
shown in Figure 14d. The γavg increases with the increase in the CNavg of the rectangular
pebble bed. Through curve fitting, the relationship between the average packing fraction
and the average coordination number can be obtained as follows:

γ(x) = −0.0676 x2 + 0.8463 x− 2.0257, ( 4.75 < x < 6.125), (1)

where x is the CNavg.

3.4.2. Coordination Number Distribution

Figure 15 shows the probability distribution of the coordination numbers in the
rectangular beds with different aspect ratios and cross-sectional areas. The coordination
number is distributed in the range of 1–11. The coordination numbers with the highest
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probability in most rectangular pebble beds are 5 or 6. With the increase in the aspect ratio,
the coordination numbers with the highest probability gradually decrease. On the contrary,
the probability of a low coordination number gradually increases. For example, when the
cross-sectional area is 100 d2, the coordination number with the highest probability is 5.
As the aspect ratio gradually increases, the probability distribution curve of the CN shifts
to the left. That is, the probability of the CN being less than five is gradually increasing,
while the probability of the CN being larger than five is gradually decreasing. When the
cross-sectional area is 225 d2, the highest probability coordination number decreases from
6 to 5 as the aspect ratio increases from 1 to 10.
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Figure 15. Coordination number distribution of the rectangular packed pebble beds with cross-
sectional areas of (a) 100 d2, (b) 225 d2, (c) 400 d2, (d) 900 d2, (e) 1600 d2.

In addition, with the further increase in the cross-sectional area of the pebble bed, the
coordination number with the highest probability stabilizes at 6. When the cross-sectional
area is greater than 400 d2, the coordination number with the highest probability is always
equal to 6. The differences in the probability distribution curves of the CN become smaller
and smaller and gradually coincide. This is mainly because as the cross-sectional area
increases, the proportion of pebbles in contact with the fixed walls gradually decreases, and
the influence of the wall effect becomes smaller and smaller, resulting in the CN distribution
of the pebble bed gradually stabilizing.

Figure 16 shows the probability distribution of the CN in the rectangular pebble beds
with different cross-sectional areas at fixed aspect ratios of 1, 4, 7, and 10. It can be seen
from the figure that the change in the cross-sectional area has a significant impact on the
probability distribution of the CN. When the aspect ratio is fixed, the most probable coordi-
nation number increases from 5 to 6 as the cross-sectional area increases. The probability of
a low coordination number less than five gradually decreases, and the probability of a high
coordination number larger than six gradually increases. The probability distribution
curves of the CN shift to the right, demonstrating that the CNavg gradually increases with
the increase in the cross-sectional area. The results are consistent with the conclusion in
Figure 15 and prove that the packing fraction and packing density gradually increase with
the increase in the cross-sectional area.
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Figure 16. Effect of the cross-sectional area on the coordination number distribution of the rectangular
pebble beds: (a) aspect ratio = 1, (b) aspect ratio = 4, (c) aspect ratio = 7, (d) aspect ratio = 10.

3.5. Radial Distribution Function

Radial distribution function (RDF) is a parameter to reveal the inner packing structure
of granular material by the inter-pebble radial correlations therein, defined as the probability
of finding one pebble center at a certain distance (the distance is always normalized by
the pebble diameter from a given reference pebble center, determined as g(r) = ∆N(r)

4πr2∆rρo
,

where ∆N(r) is the number of pebble centers situated in the distance between r + ∆r from
the reference pebble center). ρo is the average pebble number density in the bed. The RDFs
of the whole pebble beds are the average RDFs of all similar pebbles. r is the normalized
radial distance.

The RDFs of the rectangular pebble beds with different cross-sectional areas and
aspect ratios are plotted in Figures 17 and 18. The common characteristics of the RDFs of
mono-sized pebble beds can be observed. Namely, the RDFs of mono-sized random packed
pebble beds show the first sharp peaks at distance 1, which is caused by the pebbles in
direct contact around the reference pebble. The split-second peaks at distances of

√
3 and 2

agree well with the results in Refs. [31,64,65].
In addition, it can be seen from Figure 17 that the aspect ratio of the rectangular

container has a more significant effect on the RDFs of the pebble bed. As the aspect ratio
increases, the values of the RDF decrease gradually. This is mainly because the bulk packing
density of the pebble bed gradually decreases with the increase in the aspect ratio. The
contact between pebbles and the surrounding pebbles gradually decreases, which can be
reflected in the change of the average coordination number of the pebble bed in Figure 14a.
With the increase in the pebble-bed scale in terms of the cross-sectional area of the pebble
bed, however, the influence of the aspect ratio variation on the RDF values gradually
decreases. The RDFs curves gradually overlap.



Energies 2023, 16, 570 19 of 24

Energies 2023, 16, x FOR PEER REVIEW 19 of 24 
 

 

 
Figure 17. RDFs of the pebble beds with different aspect ratios α of 1–10 and cross-sectional areas 
of (a) 100 d2, (b) 400 d2, (c) 900 d2, (d) 1600 d2. 

Further, Figure 18 reveals that the pebble-bed scale also significantly affects the RDFs 
of the pebble bed with fixed aspect ratios. As the cross-sectional area of the pebble bed 
increases, the RDF value gradually increases. This variation trend is more significant 
when far from the reference pebble center, such as the RDF values when the radial dis-
tance is greater than 4.5. That is to say, the change in the aspect ratio and the cross-sec-
tional area of the rectangular container has little influence on the distribution characteris-
tics in the short range of the RDFs of the whole pebble bed. For example, the first, second, 
and third peaks all appear at the radial distances of 1, √3, and 2, which are common fea-
tures of the RDF of the mono-sized pebble bed. 

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0.0

0.5

1.0

1.5

2.0

2.5

R
D

F(
r)

Radial distence to pebble center (d)

 α=1
 α=2
 α=3
 α=4
 α=5
 α=6
 α=7
 α=8
 α=9
 α=10

Cross-sectional area = 100d2

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0.0

0.5

1.0

1.5

2.0

2.5

R
D

F(
r)

Radial distence to pebble center (d)

 α=1
 α=2
 α=3
 α=4
 α=5
 α=6
 α=7
 α=8
 α=9
 α=10

cross-sectional area = 400d2

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0.0

0.5

1.0

1.5

2.0

2.5

R
D

F(
r)

Radial distence to pebble center (d)

 α=1
 α=2
 α=3
 α=4
 α=5
 α=6
 α=7
 α=8
 α=9
 α=10

cross-sectional area = 900d2

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0.0

0.5

1.0

1.5

2.0

2.5

R
D

F(
r)

Radial distence to pebble center (d)

 α=1
 α=2
 α=3
 α=4
 α=5
 α=6
 α=7
 α=8
 α=9
 α=10

cross-sectional area = 1600d2

(a) (b) 

(c) (d) 

Figure 17. RDFs of the pebble beds with different aspect ratios α of 1–10 and cross-sectional areas of
(a) 100 d2, (b) 400 d2, (c) 900 d2, (d) 1600 d2.

Further, Figure 18 reveals that the pebble-bed scale also significantly affects the RDFs
of the pebble bed with fixed aspect ratios. As the cross-sectional area of the pebble bed
increases, the RDF value gradually increases. This variation trend is more significant when
far from the reference pebble center, such as the RDF values when the radial distance is
greater than 4.5. That is to say, the change in the aspect ratio and the cross-sectional area of
the rectangular container has little influence on the distribution characteristics in the short
range of the RDFs of the whole pebble bed. For example, the first, second, and third peaks
all appear at the radial distances of 1,

√
3, and 2, which are common features of the RDF of

the mono-sized pebble bed.
However, the variation in the aspect ratio and the cross-sectional area greatly influence

the RDF values of the pebble bed. Figure 19 shows the RDFs’ first peak value and balance
value. Both the first peak value and the asymptotic value gradually decrease with increasing
aspect ratio. As the cross-sectional area of the pebble bed increases, the first RDF peak
value gradually decreases, while the RDF asymptotic value gradually increases. This is
mainly because the first peak value is due to the contribution of the pebbles in direct contact
with the reference pebbles. When the cross-sectional area of the pebble bed is relatively
small, the pebbles near the wall are more regularly packed due to the influence of the
sidewall effect. So, the first RDF peak value is larger than that of the pebble bed with a
larger cross-sectional area. The RDFs’ asymptotic value reflects the pebble bed’s overall
characteristics. With the increase in the cross-sectional area of the pebble bed, the influence
of the wall effect gradually decreases, and the proportion of randomly and uniformly
packed pebbles inside the pebble bed gradually increases, with the RDF asymptotic value
gradually increasing. When the wall effect is excluded entirely, the RDF asymptotic value
of the whole pebble bed gradually approaches 1 when the radial distance is relatively long.
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Figure 18. RDFs of the pebble beds with different cross-sectional bed areas of 100 d2–1600 d2 and
aspect ratios of (a) α = 1, (b) α = 4, (c) α = 7, (d) α = 10.
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Figure 19. First peak value and asymptotic value of the RDFs of the rectangular pebble beds depend
on (a,b) aspect ratios and (c,d) cross-sectional areas.
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4. Conclusions

The packing characteristics of rectangular pebble beds packed with mono-sized peb-
bles were investigated by the DEM modeling method during our packing experiment. The
effects of the aspect ratios of the rectangular container and the pebble-bed scales, in terms of
cross-sectional area, and of the rectangular pebble bed on the packing characteristics (such
as average packing fraction, local packing fraction distribution, coordination number, radial
distribution function) were analyzed in detail. The results obtained in this work reveal that
the aspect ratio and the bed scale in terms of the cross-sectional area significantly influence
the packing characteristics of a rectangular mono-sized pebble bed. As the aspect ratio of
the rectangular container increases, the average packing fraction and the average coordina-
tion number gradually decrease. As the cross-sectional area of the rectangular container
increases, both the average packing fraction and the average coordination number increase
gradually. Furthermore, an apparent wall effect on the axial and local packing fractions
can be observed close to the fixed walls. With the increase in the aspect ratios, the wall
effect becomes more and more evident. However, as the cross-sectional area increases, the
proportion of the wall-affected region gradually decreases. In addition, the cross-sectional
area and the aspect ratio have little effect on the distribution characteristics of RDFs but
have a significant effect on the RDF values of the pebble bed. With the increase in the aspect
ratio, the first peak value and the asymptotic value of RDFs gradually decrease. As the
cross-sectional area increases, the first RDF peak value gradually decreases while the RDF
asymptotic value gradually increases.

The results and conclusion in this work will provide a reference for the design opti-
mization of the tritium breeder blankets of nuclear fusion reactors, as well as an analysis
of heat and mass transfer in the microchannel pebble-bed catalytic reactor. For instance,
the packing fraction of pebble beds can be used for the neutron analysis of the tritium
breeding blanket. Porosity and coordination number can be used to evaluate the heat-
and mass-transfer processes of the micro-channel pebble-bed catalytic reactors, the tritium
breeder pebble-bed in a fusion blanket, and so forth. Research on heat-transfer behaviors
will be conducted in the future.
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