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Abstract: A surge chamber is a common pressure reduction facility in a hydropower plant. Owing to
large flow inertia in the upstream headrace tunnel and downstream tailrace tunnel, a hydropower
plant with upstream and downstream surge chambers (HPUDSC) was adopted. This paper aimed
to investigate the operational stability and nonlinear dynamic behavior of a HPUDSC. Firstly, a
nonlinear dynamic model of the HPUDSC system was built. Subsequently, the operational stability
and nonlinear dynamic behavior of the HPUDSC system were studied based on Hopf bifurcation
theory and numerical simulation. Finally, the influencing factors of stability of the HPUDSC system
were investigated. The results indicated the nonlinear HPUDSC system occurred at subcritical Hopf
bifurcation, and the stability domain was located above the bifurcation curve, which provided a
basis for the tuning of the governor parameters during operation. The dominant factors of stability
and dynamic behavior of the HPUDSC system were flow inertia and head loss of the headrace
tunnel and the area of the upstream surge chamber. Either increasing the head loss of the headrace
tunnel and area of the upstream surge chamber or decreasing the flow inertia of the headrace tunnel
could improve the operational stability of the HPUDSC. The proposed conclusions are of crucial
engineering value for the stable operation of a HPUDSC.

Keywords: hydropower plant; stability; upstream and downstream surge chambers; small load
disturbance; dynamic behavior

1. Introduction

Hydropower plays a vital role in realizing sustainable development and improving the
energy mix [1–3]. With the development of modern water conservancy and hydropower
technology, hydropower plants are developing towards the direction of high head and large
capacity [4–6]. The flexibility and reliability of hydropower plants are vital to guarantee
the safety of power grids and the quality of power supply. Therefore, the safe operation of
hydropower plants attracts much attention [7–9].

Due to the location of the powerhouse and the geological conditions, the headrace
tunnel and the tailrace tunnel of hydropower plants would be relatively long [10,11]. To
relieve serious water-hammer pressure in hydropower systems, surge chambers should
be set both in the upstream headrace tunnel and the downstream tailrace tunnel. Nowa-
days, hydropower plants with upstream and downstream surge chambers (HPUDSC) are
becoming more and more widespread [12].

The operational stability of hydropower plants is a significant issue in engineering [13–16].
In general, the stability and operational quality of hydropower plants are studied through
theoretical analysis and numerical simulations. Yu et al. [17] applied the graph theory to
build a state-space model of a hydropower plant with a complicated arrangement, which
facilitated the stability analysis. Liu et al. [18] deduced the formula for a critical stable area of
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the surge chamber considering the impact of governor characteristics and penstock, defining
the quantitative impact of multi-factor on the stable area of the surge chamber. Chaudhry [19]
studied the limit cycle of surge tank water level oscillation by using the phase plane method.
Vereide et al. [20] concluded that head loss of impedance holes is conducive to the stability of
water level oscillation in the surge chamber. Zhu et al. [21] analyzed the influence of nonlinearity
of the head loss and unit output on the critical area of the surge chamber. Zhang et al. [22]
studied the stability of a hydropower plant during hydraulic interference based on numerical
simulation. Liu et al. [23] investigated the multi-frequency oscillation stability of a hydropower
plant with the surge chamber under grid-connected operation. From the above references,
previous studies have focused on hydropower plants with the upstream surge chamber (USC)
or downstream surge chamber (DSC).

In addition, several contributions were made on the operational stability of HPUDSC.
Chen et al. [24] concluded that increasing the governor parameters can improve the stability
of HPUDSC. Cao et al. [25] studied the dynamic quality of HPUDSC, and proposed that
reducing the distance between the USC and the DSC could reduce the amplitude of the
unit speed oscillation. Wu et al. [26] applied the transfer function method to analyze the
coupled oscillation characteristics of HPUDSC, and proposed the concepts of coupled
oscillation domain and hydraulic resonance domain. From the aforementioned references,
the linear model is normally used to analyze the operational stability of HPUDSC, so that
the nonlinear characteristic of head loss is ignored. However, the long headrace tunnel has
huge head loss, whose nonlinear characteristic would have great impact on the stability of
HPUDSC. Hence, it is essential to build a reasonable mathematical model of HPUDSC for
stability analysis.

A HPUDSC is mainly composed of the headrace tunnel, USC, penstock, unit, DSC
and the tailrace tunnel. Under load adjustment, the action of the guide vane results
in the penstock discharge change, then causing the water level oscillations in the USC
and DSC. In turn, the water level oscillations in the USC and DSC affects the penstock
discharge, then affecting the hydraulic characteristics of the unit. Based on the above
analysis, two water level oscillations of the USC and DSC and unit oscillation interact with
each other, resulting in complex dynamic behaviors of the HPUDSC system. Hence, it is
vital to study the operational stability of a HPUDSC and its influencing factors.

Aimed at the gaps in previous studies, this paper makes the following main innova-
tions: (1) A nonlinear dynamic model of a HPUDSC system is built. (2) The operational
stability of a HPUDSC system is studied based on Hopf bifurcation theory and numerical
simulation. (3) The influencing factors of stability in the HPUDSC system are revealed.

The rest of this paper is as follows: Section 2 establishes the nonlinear dynamic model
of a HPUDSC system. Section 3 investigates the stability of a HPUDSC system through
Hopf bifurcation theory. Section 4 analyzes the influencing factors of stability of a HPUDSC
system. Section 5 concludes this paper.

2. Mathematical Model

Figure 1 displays the sketch map of a HPUDSC. The definitions of the parameters are
presented as follows: Parameter Q1 denotes the headrace tunnel discharge. Parameters
Fu1 and Z1 denote the area and water level of UST. Parameter Q2 denotes the penstock
discharge. Parameters Fu2 and Z2 denote the area and water level of DST. Parameter Q3
denotes the tailrace tunnel discharge. For modeling of a HPUDSC, the following three
assumptions are mainly adopted [27]: (1) The water column is rigid and incompressible.
(2) the HPUDSC is subject to small load disturbance. (3) the HPUDSC operates under an
isolated grid condition.
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Figure 1. Sketch map of the HPUDSC. 

Momentum equation in the headrace tunnel is: 
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where A1, L1, Q1, V1 and α1 denote the area, length, discharge, velocity and head loss coef-
ficient in the headrace tunnel, respectively; γ denotes water weight; Hu denotes upstream 
reservoir level; and Z1 denotes USC water level. 

At 0t = s, we can get 2
0 10 1 10uH Z Qα= + , where subscript 0 denotes the initial steady-

state value. Then, substituting 2
0 10 1 10uH Z Qα= +  into Equation (1) yields: 
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Dividing both sides of Equation (3) by 0TH , the dimensionless momentum equation 
in the headrace tunnel is obtained: 

2 2
21 10 1 101

1 1 1
0 0

2
w u

T T

Q QdqT Z q q
dt H H

α α
= − − −  (4)

where 0TH   denotes initial turbine head; 1wT   denotes the flow inertia constant of the 
headrace tunnel; 1q  denotes the dimensionless discharge deviation of the headrace tun-
nel; and 1uZ  denotes the dimensionless water level deviation in USC. 

The continuity equation of USC is: 
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where 1uF  denotes the area of USC; and 2q  denotes the dimensionless discharge devia-
tion in the penstock. 

The momentum equation in the penstock is: 
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where A2, L2, Q2, V2 and α2 denote area, length, discharge, velocity and head loss coefficient 
in the penstock, respectively; and Z2 denotes the DSC water level. 

Figure 1. Sketch map of the HPUDSC.

Momentum equation in the headrace tunnel is:

L1 A1
g
g

dV1

dt
= A1g(Hu − Z1 − α1Q1

2) (1)

where A1, L1, Q1, V1 and α1 denote the area, length, discharge, velocity and head loss coef-
ficient in the headrace tunnel, respectively; γ denotes water weight; Hu denotes upstream
reservoir level; and Z1 denotes USC water level.

At t = 0 s, we can get Hu0 = Z10 + α1Q10
2, where subscript 0 denotes the initial

steady-state value. Then, substituting Hu0 = Z10 + α1Q10
2 into Equation (1) yields:

L1

gA1

dQ1

dt
= −∆Z1 − α1Q1

2 + α1Q10
2 (2)

where ∆Z1 denotes the water level variation in USC.
Let q1 = (Q1 − Q10)/Q10, and then substituting Q1 = q1Q10 + Q10 into

Equation (2) yields:

L1Q10

gA1

dq1

dt
= −2α1Q10

2q1 − ∆Z1 − α1Q10
2q1

2 (3)

Dividing both sides of Equation (3) by HT0, the dimensionless momentum equation in
the headrace tunnel is obtained:

Tw1
dq1

dt
= −Zu −

2α1Q10
2

HT0
q1 −

α1Q10
2

HT0
q1

2 (4)

where HT0 denotes initial turbine head; Tw1 denotes the flow inertia constant of the headrace
tunnel; q1 denotes the dimensionless discharge deviation of the headrace tunnel; and Zu1
denotes the dimensionless water level deviation in USC.

The continuity equation of USC is:

dZu1

dt
=

Q10

Fu1HT0
q1 −

Q20

Fu1HT0
q2 (5)

where Fu1 denotes the area of USC; and q2 denotes the dimensionless discharge deviation
in the penstock.

The momentum equation in the penstock is:

L2 A2
γ

g
dV2

dt
= A2γ(Z1 − Z2 − HT − α2Q2

2) (6)

where A2, L2, Q2, V2 and α2 denote area, length, discharge, velocity and head loss coefficient
in the penstock, respectively; and Z2 denotes the DSC water level.
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Let q2 = (Q2 −Q20)/Q20, and we can get the dimensionless momentum equation of
the penstock:

Tw2
dq2

dt
= Zu1 − Zu2 − ht −

2α2Q20
2

HT0
q2 (7)

where Tw2 denotes the flow inertia constant of the penstock; h denotes the dimensionless
turbine head; and Zu2 denotes the dimensionless water level deviation in the DSC.

Continuity equation of the DSC is:

dZu2

dt
=

Q20

Fu2HT0
q2 −

Q30

Fu2HT0
q3 (8)

Momentum equation of the tailrace tunnel is:

Tw3
dq3

dt
= Zu2 −

2α3Q30
2

HT0
q3 (9)

Equations of the turbine [28,29] are:

ht = S5qt + S6 ϕ + S7µ (10)

mt = S8qt + S9 ϕ + S10µ (11)

where ϕ denotes the dimensionless turbine rotational speed deviation; n denotes the turbine
rotational speed; µ denotes the dimensionless guide vane open degree deviation; τ denotes
the guide vane open degree; mt denotes the dimensionless kinetic moment deviation; Mt
denotes kinetic moment; and S5−10 are the characteristic parameters of the turbine, which
can be obtained based on the turbine characteristic curves [28,29].

The equation of the generator is:

Ta
dϕ

dt
= mt − (mg + Sp ϕ) (12)

where Ta denotes the mechanical starting constant; mg denotes the step load variation; and
Sp denotes the load self-regulation coefficient.

The equation of the governor is:

dµ

dt
= − 1

bt

dϕ

dt
− 1

btTd
ϕ (13)

where bt denotes the temporary speed droop constant; and Td denotes the dashpot
time constant.

By combing Equations (4), (5) and (7)–(13), the dynamic model of the HPUDSC is
presented as follows:

dq1
dt = − 2α1QT0

2

Tw1 HT0
q1 − 1

Tw1
Zu1 − α1QT0

2

Tw1 HT0
q1

2

dZu1
dt = QT0

Fu1 HT0
q1 − QT0

Fu1 HT0
q2

dq2
dt = 1

Tw2
Zu1 − ( 2α2QT0

2

Tw2 HT0
+ S5

Tw2
)q2 − 1

Tw2
Zu2 − S6

Tw2
ϕ− S7

Tw2
µ

dϕ
dt = S8

Ta
q2 +

S9−Sp
Ta

ϕ + S10
Ta

µ− mg
Ta

dµ
dt = − S8

btTa
q2 − (

S9−Sp
btTa

+ 1
btTd

)ϕ− S10
btTa

µ +
mg

btTa
dZu2

dt = QT0
Fu2 HT0

q2 − QT0
Fu2 HT0

q3

dq3
dt = 1

Tw3
Zu2 − 2α3QT0

2

Tw3 HT0
q3

(14)
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Equation (14) is a seventh-order equation, reflecting the nonlinear dynamic character-
istics of the HPUDSC under small load disturbance mg.

3. Stability Analysis of the HPUDSC System

In this section, stability of the HPUDSC system is analyzed through Hopf bifurcation
theory. Subsequently, the stability domain of the HPUDSC is drawn based on a case study.

3.1. Hopf Bifurcation Analysis

Hopf bifurcation theory is extensively utilized in nonlinear system stability analysis,
which is characterized by simple operation and clear physical meaning [30]. This paper
applied Hopf bifurcation theory to analyze the stability of the HPUDSC system.

Equation (14) can be transformed into the form
·
x = f (x, ψ), where

x = (q1, Zu1, q2, ϕ, µ, Zu2, q3)
T and ψ denotes the bifurcation parameter. At

·
x = 0, the

equilibrium state of the HPUDSC was obtained:

q1E = q2E = q3E =
−m2−

√
m2

2−4m1m3
2m1

Zu1E = [ 2(α2+α3)QT0
2

HT0
+ S5 − S7S8

S10
]q1E + S7

mg
S10

ϕE = 0
µE =

mg−S8q1E
S10

Zu2E = 2α3QT0
2

HT0
q1E

(15)

where m1 = α1QT0
2

HT0
; m2 = 2(α1+α2+α3)QT0

2

HT0
+ S5 − S7S8

S10
; and m3 =

S7mg
S10

.
Jacobian matrix of the HPUDSC is expressed as follows:

J(ψ) =



∂
·

q1
∂q1

∂
·

q1
∂Zu1

∂
·

q1
∂q2

∂
·

q1
∂ϕ

∂
·

q1
∂µ

∂
·

q1
∂Zu2

∂
·

q1
∂q3

∂
·

Zu1
∂q1

∂
·

Zu1
∂Zu1

∂
·

Zu1
∂q2

∂
·

Zu1
∂ϕ

∂
·

Zu1
∂µ

∂
·

Zu1
∂Zu2

∂
·

Zu1
∂q3

∂
·

q2
∂q1

∂
·

q2
∂Zu1

∂
·

q2
∂q2

∂
·

q2
∂ϕ

∂
·

q2
∂µ

∂
·

q2
∂Zu2

∂
·

q2
∂q3

∂
·
ϕ

∂q1

∂
·
ϕ

∂Zu1

∂
·
ϕ

∂q2

∂
·
ϕ

∂ϕ
∂
·
ϕ

∂µ
∂
·
ϕ

∂Zu2

∂
·
ϕ

∂q3

∂
·
µ

∂q1

∂
·
µ

∂Zu1

∂
·
µ

∂q2

∂
·
µ

∂ϕ
∂
·
µ

∂µ
∂
·
µ

∂Zu2

∂
·
µ

∂q3

∂
·

Zu2
∂q1

∂
·

Zu2
∂Zu1

∂
·

Zu2
∂q2

∂
·

Zu2
∂ϕ

∂
·

Zu2
∂µ

∂
·

Zu2
∂Zu2

∂
·

Zu2
∂q3

∂
·

q3
∂q1

∂
·

q3
∂Zu1

∂
·

q3
∂q2

∂
·

q3
∂ϕ

∂
·

q3
∂µ

∂
·

q3
∂Zu2

∂
·

q3
∂q3



(16)

where ∂
·

q1
∂q1

= − 2α1QT0
2

Tw1 HT0
− 2α1QT0

2

Tw1 HT0
q1E; ∂

·
q1

∂Zu1
= − 1

Tw1
; ∂

·
q1

∂q2
= 0; ∂

·
q1

∂ϕ = 0; ∂
·

q1
∂µ = 0; ∂

·
q1

∂Zu2
= 0;

∂
·

q1
∂q3

= 0; ∂
·

Zu1
∂q1

= QT0
Fu1 HT0

; ∂
·

Zu1
∂Zu1

= 0; ∂
·

Zu1
∂q2

= − QT0
Fu1 HT0

; ∂
·

Zu1
∂ϕ = 0; ∂

·
Zu1
∂µ = 0; ∂

·
Zu1

∂Zu2
= 0; ∂

·
Zu1
∂q3

= 0;

∂
·

q2
∂q1

= 0; ∂
·

q2
∂Zu1

= 1
Tw2

; ∂
·

q2
∂q2

= − 1
Tw2

( 2α2QT0
2

HT0
+ S5);

∂
·

q2
∂ϕ = − S6

Tw2
; ∂

·
q2

∂µ = − S7
Tw2

; ∂
·

q2
∂Zu2

= − 1
Tw2

;

∂
·

q2
∂q3

= 0; ∂
·
ϕ

∂q1
= 0; ∂

·
ϕ

∂Zu1
= 0; ∂

·
ϕ

∂q2
= S8

Ta
; ∂

·
ϕ

∂ϕ =
S9−Sp

Ta
; ∂

·
ϕ

∂µ = S10
Ta

; ∂
·
ϕ

∂Zu2
= 0; ∂

·
ϕ

∂q3
= 0;

∂
·
µ

∂q1
= 0; ∂

·
µ

∂Zu1
= 0; ∂

·
µ

∂q2
= − S8

btTa
; ∂

·
µ

∂ϕ = −( S9−Sp
btTa

+ 1
btTd

); ∂
·
µ

∂µ = − S10
btTa

; ∂
·
µ

∂Zu2
= 0; ∂

·
µ

∂q3
= 0;

∂
·

Zu2
∂q1

= 0; ∂
·

Zu2
∂Zu1

= 0; ∂
·

Zu2
∂q2

= QT0
Fu2 HT0

; ∂
·

Zu2
∂ϕ = 0; ∂

·
Zu2
∂µ = 0; ∂

·
Zu2

∂Zu2
= 0; ∂

·
Zu2
∂q3

= − QT0
Fu2 HT0

; ∂
·

q3
∂q1

= 0;

∂
·

q3
∂Zu1

= 0; ∂
·

q3
∂q2

= 0; ∂
·

q3
∂ϕ = 0; ∂

·
q3

∂µ = 0; ∂
·

q3
∂Zu2

= 1
Tw3

; and ∂
·

q3
∂q3

= − 2α3QT0
2

Tw3 HT0
.

Based on det[J(ψ)− λI] = 0, the characteristic equation is obtained:

λ7 + a1λ6 + a2λ5 + a3λ4 + a4λ3 + a5λ2 + a6λ + a7 = 0 (17)

where λ is eigenvalue.
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Assume that the following Equations (18)–(21) are satisfied under ψ = ψc.

ai(ψc) > 0, i = 1, 2, 3, 4, 5, 6, 7 (18)

∆i(ψc) > 0, i = 1, 2, 3, 4, 5 (19)

∆6(ψc) = 0 (20)

σ(ψc) = Re(
dλ

dψ

∣∣∣∣ψ = ψc
) 6= 0 (21)

where ∆i(ψc) =

∣∣∣∣∣∣∣∣∣∣∣

a1 1 0 · · · 0
a3 a2 a1 · · · 0
a5 a4 a3 · · · 0
...

...
...

. . .
...

a2i−1 a2i−2 a2i−3 · · · ai

∣∣∣∣∣∣∣∣∣∣∣
(i = 1, 2, 3, 4, 5 and 6).

The HPUDSC system (Equation (14)) goes through Hopf bifurcation under ψ = ψc.
The direction of the Hopf bifurcation is judged based on the transversal

coefficient σ(ψc):

σ(ψc) = Re(
dλ

dψ

∣∣∣∣ψ = ψc
) (22)

When σ(ψc) > 0, Hopf bifurcation is supercritical. The system is asymptotically stable
under ψ < ψc, and produces limited cycles under ψ > ψc. In contrast, when σ(ψc) > 0,
Hopf bifurcation is subcritical. The system is asymptotically stable under ψ > ψc, and
produces limited cycles under ψ < ψc.

3.2. Case Study

The example in this study is of a practical HPUDSC, whose data are presented
in Table 1.

Table 1. Data of a HPUDSC.

L1/m L2/m L3/m A1/m2 A2/m2 A3/m2 α1/(s2/m5) α2/(s2/m5) α3/(s2/m5) Fu1/m2

8711.2 1363.2 1580.1 121.49 51.935 89.59 7.94 × 10−5 1.53 × 10−5 4.23 × 10−5 400

Fu2/m2 H0/m Q0/(m3/s) S5/pu S6/pu S7/pu S8/pu S9/pu S10/pu Sp/pu

353 226.1 290.8 1.66 0.35 −1.4 2.61 −0.61 −1.4 0

As the governor parameters are changeable in the operation of a HPUDSC, this paper
selected Td as the bifurcation parameter. Based on Equations (18)–(21), the bifurcation
curve was obtained on the bt-Td plane, as demonstrated in Figure 2a. Subsequently, σ(ψc)
for all the bifurcation points were solved from Equation (22), as demonstrated in Figure 2.
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As shown in Figure 2b, σ(ψc) for all the bifurcation points was less than zero, showing
that Hopf bifurcation was subcritical. Hence, the stability domain was above the bifurcation
curve, as demonstrated in Figure 2a.

To verify the accuracy of the stability domain, three points P1, P2 and P3 were selected
for numerical simulation. Detailed data are shown in Table 2.

Table 2. Data of three points.

Point bt Td (s) Location Theoretical State

P1 0.9 12.1 Instability domain Limit cycle
P2 1.1 12.1 Bifurcation curve Limit cycle
P3 1.3 12.1 Stability domain Equilibrium point

Based on the data of the three points, the Runge–Kutta method was adopted to solve
the dynamic process of the HPUDSC. The time domain processes of the state variables (q1,
Zu1 and ϕ) and the phase space trajectories (q1-Zu1-ϕ) under P1, P2 and P3 are demonstrated
in Figure 3.
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Under the unstable point P1, the time domain processes gradually diverged and en-
tered a persistent oscillation state at last. Accordingly, the phase space trajectory went
through emanative motion and eventually entered a limit cycle as shown by the red curve in
Figure 3b. Under the bifurcation point P2, the time domain processes instantly entered the
persistent oscillation. Accordingly, the phase space trajectory eventually entered a limited
cycle. Under the stable point P3, the time domain processes experienced attenuated oscilla-
tions and converged at the equilibrium state at last. Accordingly, the phase space trajectory
shrunk gradually and stabilized at the equilibrium state at last. To sum up, the numerical
simulation results were identical to the stability domain based on theoretical analysis.

4. Influencing Factors on the Stability of the HPUDSC System

In this section, the influence of system parameters, i.e., the flow inertia of the pipeline,
and the head loss of the pipeline and areas of the USC and DSC on the stability domain
and dynamic behavior of the HPUDSC is analyzed in detail.

4.1. Influence of Flow Inertia on the Stability Domain and Dynamic Behavior

Table 1 demonstrates the default data of the HPUDSC. The stability domains under
different Tw1, Tw2 and Tw3 were solved based on Hopf bifurcation theory. The results are
demonstrated in Figure 4.
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As shown in Figure 4, as the flow inertia constant of the pipelines increased, the
stability domain gradually decreased, indicating that the flow inertia was unfavorable
for the stability of the HPUDSC. In addition, the flow inertia of the headrace tunnel had
noticeable impact on the stability domain, while the flow inertia of the penstock and tailrace
tunnel had little impact on the stability domain. The above results showed that the stability
of the HPUDSC was mainly affected by the flow inertia of the headrace tunnel.

To further study the dynamic behavior of the HPUDSC under different flow inertia,
the governor parameter P4 (bt = 1.5, Td = 15 s) was chosen for numerical simulation.
The time domain processes of the turbine rotational speed deviation ϕ are demonstrated
in Figure 5.
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Figure 5 shows the time domain process of ϕ consisted of head wave and tail wave.
The head wave occurred in the initial stage and attenuated quickly. The tail wave occurred
after the head wave disappeared and attenuated slowly, which was the main factor affecting
the dynamic quality of the HPUDST. With the increase of flow inertia of the headrace tunnel,
the head wave remained unchanged, and the attenuation of the tail wave gradually slowed
down. Additionally, the flow inertia of the penstock and the tailrace tunnel had little
influence on the time domain process of ϕ. The above results showed that the dynamic
behavior of the HPUDST was mainly affected by the flow inertia of the headrace tunnel.

4.2. Influence of Head Loss on the Stability Domain and Dynamic Behavior

Table 1 demonstrates the default data of the HPUDSC. The stability domains under
different α1, α2 and α3 were solved as demonstrated in Figure 6.
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As shown in Figure 6, with the increase of the headrace tunnel head loss and the
decrease of the penstock head loss and tailrace tunnel head loss, the stability domain
gradually increased. The above result indicated that the headrace tunnel head loss was
conductive to the stability of the HPUDSC, while the penstock head loss and tailrace tunnel
head loss was adverse to the stability of the HPUDSC. In addition, the headrace tunnel head
loss had obvious impact on the stability domain, while the penstock head loss and tailrace
tunnel head loss had little impact on the stability domain. The above results indicate that
the stability of the HPUDSC was mainly affected by the headrace tunnel head loss.

To further study the dynamic behavior of the HPUDSC under different head loss,
the governor parameter P4 (bt = 1.5, Td = 15 s) was chosen for the numerical simulation.
The time domain processes of the turbine rotational speed deviation ϕ are demonstrated
in Figure 7.
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As shown in Figure 7, with the reduction of headrace tunnel head loss, the attenuation
of the tail wave gradually slowed down. Additionally, the head loss of the penstock and
tailrace tunnel had little influence on the time domain process of ϕ. The above results
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showed that the dynamic behavior of the HPUDST was mainly affected by the headrace
tunnel head loss.

4.3. Influence of Areas of USC and DSC on the Stability Domain and Dynamic Behavior

Table 1 demonstrates the default data of the HPUDSC. The stability domains under
different Fu1 and Fu2 were solved as demonstrated in Figure 8.
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As shown in Figure 8, as the area of the USC increased, the stability domain gradually
increased. As the area of the DSC changed, the stability domain remained almost un-
changed. The above results showed that the stability of the HPUDSC was mainly affected
by the area of the USC.

To further study the dynamic behavior of the HPUDSC under different surge chamber
areas, the governor parameter P4 (bt = 1.5, Td = 15 s) was chosen for numerical simulation.
The time domain processes of the turbine rotational speed deviation ϕ are demonstrated
in Figure 9.
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As shown in Figure 9, with the rise of the area of the USC, the attenuation of the tail
wave gradually slowed down. Additionally, the area of the DSC had little influence on
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the time domain process of ϕ. The above results showed that the dynamic behavior of the
HPUDST was mainly affected by the area of the USC.

5. Discussion

Recently, a hydropower plant with a long headrace tunnel and tailrace tunnel has
become a vital development type for hydropower, and a HPUDSC is normally adopted.
Two water level oscillations of the USC and DSC and the unit oscillation interact with each
other, resulting in complex dynamic behaviors of the HPUDSC system. However, there are
few theoretical studies on the operational stability of a HPUDSC. Therefore, it is vital to
build a reasonable mathematical model of a HPUDSC and further study the operational
stability of a HPUDSC.

In this paper, a reasonable nonlinear mathematical model of a HPUDSC was deduced
and established. Hopf bifurcation theory was introduced to provide theoretical analysis for
the stability of the HPUDSC. The obtained critical bifurcation value can provide the basis
for setting the governor parameters during operation. The influencing factors of stability
and dynamic behaviors of the HPUDSC were fully revealed. The proposed conclusions are
of crucial engineering value for the stable operation of a HPUDSC.

Furthermore, this research could be expanded based on the following points: (1) The
interaction mechanism of the water level oscillation in the UST, the water level oscillation in
the DST and the unit oscillation could be further investigated. (2) This research focused on
analyzing the stability of a HPUDSC based on theoretical analysis and numerical simulation.
Further analysis of the frequency characteristics of a HPUDSC will be conducted. (3) The
HPUDSC in this paper is currently in the design stage. A verification of the numerical
model of the HPUDSC will be conducted when this HPUDSC is put into operation.

6. Conclusions

A nonlinear mathematical model of HPUDSC was built. The stability of the HPUDSC
was analyzed based on Hopf bifurcation theory and numerical simulation. The influencing
factors on the stability of HPUDSC were investigated. The main conclusions are as follows:
(1) The nonlinear HPUDSC system occurred at subcritical Hopf bifurcation. The stability
domain was above the bifurcation curve, and the other side was the instability domain.
When the governor parameters were selected in the instability domain, the nonlinear
HPUDSC system experienced persistent oscillation. (2) For the stability and dynamic
behavior of the HPUDSC, the flow inertia and head loss of the headrace tunnel and the
area of the USC had obvious effects, while the flow inertia and head loss of the penstock
and tailrace tunnel and the area of the DSC had little effect. Either increasing the head loss
of the headrace tunnel and area of the USC or decreasing the flow inertia of the headrace
tunnel could improve the stability of HPUDSC.

Author Contributions: Conceptualization, Y.L.; Methodology, Y.L., X.Y., X.G., W.Z. and S.C.;
Validation, S.C.; Investigation, W.Z.; Writing—original draft, Y.L.; Writing—review & editing, X.Y.;
Supervision, X.G. All authors have read and agreed to the published version of the manuscript.

Funding: This work was funded by the Open Research Fund of State Key Laboratory of Simulation
and Regulation of Water Cycle in River Basin (China Institute of Water Resources and Hydropower
Research), grant number IWHR-SKL-KF202011.

Data Availability Statement: Not applicable.

Acknowledgments: The authors sincerely appreciate the support of Open Research Fund of State
Key Laboratory of Simulation and Regulation of Water Cycle in River Basin (China Institute of Water
Resources and Hydropower Research), grant number IWHR-SKL-KF202011.

Conflicts of Interest: The authors declare no conflict of interest.



Energies 2023, 16, 4517 12 of 13

Nomenclature

A1, A2, A3 area of headrace tunnel, penstock and tailrace tunnel, [m2]
bt temporary speed droop constant, [pu]
Fu1, Fu2 area of USC and DSC, [m2]
HT working head of turbine, [m]
ht dimensionless deviation of working head of turbine, [pu]
L1, L2, L3 length of headrace tunnel, penstock and tailrace tunnel, [m]
MT kinetic moment of turbine, [N·m]
MG resisting moment of turbine, [N·m]
mt dimensionless deviation of kinetic moment of turbine, [pu]
mg dimensionless deviation of kinetic moment of turbine, [pu]
n rotational speed of turbine, [rad/s]
QT working discharge of turbine, [m3/s]
Q1, Q2, Q3 discharge in headrace tunnel, penstock and tailrace tunnel, [m3/s]
qt dimensionless deviation of working discharge of turbine, [pu]
q1, q2, q3 dimensionless deviation of discharge in headrace tunnel, penstock and tailrace tunnel, [pu]
S5-10 characteristic coefficients of turbine, [pu]
Sp load self-regulation coefficient, [pu]
Ta mechanical starting constant, [s]
Td dashpot time constant, [s]
Tw1, Tw2, Tw3 flow inertia constant in headrace tunnel, penstock and tailrace tunnel, [s]
Z1, Z2 water level in USC and DSC, [m]
Zu1, Zu2 dimensionless deviation water level in USC and DSC, [pu]
α1, α2, α3 head loss coefficient in headrace tunnel, penstock and tailrace tunnel, [s2/m5]
µ dimensionless deviation of guide vane open degree, [pu]
τ guide vane open degree, [◦]
ϕ dimensionless deviation of turbine rotational speed, [pu]
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