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Abstract: The technological process of aluminium electrolysis is a complex scientific and technical
task. This is due to a large number of internal, external and resultant factors. The aim of this work is
to analyse these factors, assess them and their influence on the technological process of electrolysis
and develop a comprehensive and mathematical model of aluminium production in the Soderberg
electrolyser. The work analyses the technological process of primary aluminium production on the
basis of the Bayer method and then on the basis of the Hall–Eru method. The existing methods and
technologies for computer modelling of the technological process are analysed. The modern methods
of analysis for thermal and electromagnetic fields in electrolysers are considered. On the basis of an
in-depth analysis, a number of factors influencing the process of primary aluminium production are
identified. Using the methods of system analysis to analyse the identified factors, a ranked list of
factors according to the degree of influence is obtained. Using the Pareto diagram, we obtain a list of
factors with maximum impact. A conceptual model of the technological process is derived. Based
on the obtained conceptual model, the mathematical model of the technological process is derived.
The conducted research may be useful to specialists in the field of metallurgy for the analysis of the
technological processes of primary aluminium production.

Keywords: mathematical model; Soderberg electrolyser; conceptual model of aluminium production;
correlation analysis; expert judgement

1. Introduction

Today, aluminium production ranks second in the world after steel. Every year, the
demand for the metal is increasing as it is in demand in various industrial and engineering
applications [1]. Production growth is primarily driven by Asia and the Middle East [2].
Since the beginning of 2002, China has been the world’s leading smelter of aluminium, and
today, its production exceeds half of the world’s total. India and Russia share the second
place and produce approximately the same amount of metal.

The importance of aluminium and its alloys in the life of a modern person cannot be
underestimated. First of all, it is used in the aviation and automotive industries, but it is also
widely used in mechanical engineering, instrumentation, electrical and chemical industries,
etc. Aluminium is not found in its pure form in nature. The development of science and
the appearance of electricity made it possible for man to discover aluminium only in the
19th century. For approximately 150 years, mankind has been producing aluminium using
the electrolytic method and has been improving the technology of its production for the
entire period of time.

The industrial production process of primary aluminium is carried out in electrolysers
by the electrolysis of metallurgical alumina in a molten cryolite. Over the years of produc-
tion, the design of the anodes has changed; they can be either pre-fired carbon-graphite
blocks or self-fired [3].
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The version with self-firing anodes was proposed by engineer C. Soderberg in the early
1920s. Since then, all aluminium smelters around the world have been using this technology
for almost a hundred years, as its use significantly reduces the cost of aluminium [4].

The process technology depends on many parameters, the importance of which is
determined during the development of a comprehensive mathematical model of aluminium
production. Understanding the physico-chemical processes in the apparatus and measuring
most of the parameters will allow the process to be automated to a greater extent. The
world task of mathematical modelling of aluminium production is the visualisation of all
processes and, as the simplest way of information perception for human is visual perception,
the mathematical model of Soderberg cell may partly simplify the work for human’s in
operating the unit [5,6]. An inherent property of a mathematical model is its adaptability
and ability to evolve. It is this parameter that is the qualitative result of modelling on a
large scale. Complex mathematical modelling reflects the change in parameters not only
depending on the location in space but also reflecting its change over time.

Thus, the basis of any technological process is a complex symbiosis between many
input, internal and output factors, which are closely related to the location of production.
Based on this, it is necessary to conduct a deep analysis of the existing factors, identifying
factors that have the maximum impact on the technological process or cutting off factors
that are insignificant or have minimal impact. The system of equations formed in this
way will make it possible to describe the physical processes occurring in the electrolyser
as accurately as possible. It is important to note that a feature of this approach is the
application of system analysis methods to metallurgical production [7].

2. Methodological Analysis of the Primary Aluminium Production Process

As a result of the study of a considerable number of literature sources and, accordingly,
ideas that were proposed to simplify the development of a mathematical model, it can be
concluded that not many of the previously considered options present the apparatus under
study in the form of such a mathematical model that would clearly display what happens in
the electrolyser during the process of aluminium production. The existing models describe
the change in various parameters of the electrolyser in time: a partial differential equation,
for example, such as the supply voltage of the electrolysis bath or the amount of metal
poured out of the electrolyser [8,9]. However, to understand this model, it is still necessary
to understand the basis, e.g., what each variable means, how the constant coefficients are
determined, etc. That is why it is necessary to pay special attention to the development
of complex mathematical models of aluminium production, reflecting the calculation of
basic parameters and their variation in the relationship. On this basis, virtual electrolysers
can be created, as the visibility of such models is much higher. This will make designing
and refurbishment of existing cells easier as all changes will be transparent and will not
require any complicated calculations, which will save time for other complicated issues. In
addition, a comprehensive mathematical model was constructed.

Taking into account the trends in the development of the electrolytic technology
of primary aluminium production, it can be concluded that the importance of solving
the problem of improving the operating parameters of the anode and cathode blocks
will only increase [10]. The complex approach, including the optimisation of both initial
raw materials and the introduction of additional stages in the technological process, was
acknowledged to be the best method for its solution. After testing the methods proposed
earlier under industrial conditions, it is possible to distinguish those variants that dealt
with impregnation with pitch and creation of variable resistance along the block length, as
their application improved the operational parameters of the object [11,12]. Due to errors
or human error, the data collected directly during the production process inevitably lead to
errors and noise. To ensure system stability, the control input data in real production are
limited to a certain range to keep the electrolyser temperature and average voltage within
the required range.
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Some scientific articles mention energy efficiency issues but focus on other things,
such as technology development or a computational model [13,14]. Energy intensity can
be reduced by implementing both current and new energy efficiency measures. In the
future, there may also be the prospect of achieving carbon-neutral and coal-independent
electrolysis. However, this will require further research and the development of measures
identified as new or emerging. Electrolysis shows more new methods compared to other
processes, which can also be explained by the high energy intensity. In many cases, the
measures presented can be combined, which implies that the best solution should be to
combine measures to achieve the highest energy efficiency improvement. The production
of secondary aluminium becomes increasingly important to meet the growing demand for
aluminium. The production of secondary aluminium requires only 5% energy compared
to primary aluminium [15]. This is important in terms of environmental and economic
concerns and increased competitiveness.

2.1. Description of the Technological Process

Aluminium is a metal that does not exist in nature in a free state; therefore, it is
produced by the electrolysis of cryolite–alumina melts in flat baths that are lined with
carbonaceous materials. Cryolite is a complex salt and makes up 80–90% of the total mass
of the electrolyte; it is a molten cryolite. Aluminium oxide—alumina, which occupies no
more than 5–8% of the mass of the melt, is used as a raw material for the electrolysis process;
it is produced by recycling aluminium-containing metals using hydrochemical methods.
This amount of alumina dissolves well in the electrolyte. In addition, the electrolyte contains
up to 6–10% various additives: as well as with the initial products, there are a number of
oxides, allowing us to improve the characteristics of the electrolyte [16].

The cryolite–alumina melt is very aggressive. The chemical interaction of the elec-
trolyte occurs with practically all materials, except some carbonaceous materials. The
molecular ratio of sodium fluoride to aluminium fluoride, the so-called cryolite ratio (CR),
an important characteristic of the electrolyte composition, is usually expressed as

NaF
AlF3

= 2, 6− 2, 8.

As it changes, the current yield of aluminium decreases; therefore, it is important to
maintain a stable electrolyte composition during electrolysis.

During electrolysis, the dissociation of molten cryolite produces positively charged
sodium cations and negatively charged complex anions. At a temperature equal to the
melting temperature of aluminium, the bonds between aluminium and fluorine in the
complex ions can be broken, after which the partial decomposition of the complex ion into
simpler ions occurs [17,18]. When alumina is introduced into the melt, the structure of the
electrolyte becomes much more complex. The dissolution of alumina is accompanied by
the formation of acceptor complexes in the electrolyte. Aluminium and oxygen ions are
strong complexing agents, so their existence in the melt in a free form is unlikely.

In its simplified form, the electrolyte consists of sodium cations and complex ions.
The most mobile of all sodium ions carry the current during the electrolysis process [19].
Compared to the other cations, the aluminium ions have the most positive release potential;
therefore, their discharge to the cathode is faster, leading to the reduction of aluminium
from the complex ion containing aluminium.

Aluminium, being heavier than the electrolyte (the specific weight of aluminium is
2.3 g/cm3; the electrolyte is 2.1 g/cm3), accumulates at the bottom of the electrolyser. The
phenomenon occurring at the anode can be described as follows: the discharge of the oxygen
ion from the complex anion occurs; meanwhile, during the adsorption of atomic oxygen by
carbon, intermediate oxides are formed, and then, the negatively charged anions migrate to
the anode [20]. Their decomposition and desorption of gaseous carbon dioxide from the
anode surface is the slowest stage. It determines a significant overvoltage at the anode.
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The electrolysis process normally takes place at the 950–965 ◦C temperature required
to decompose the alumina, but maintaining this temperature requires a constant feedstock
consumption of alumina, carbonaceous anode, fluoride salts and electrical power. Ap-
proximately 14,500 kWh of electricity is used to manufacture one tonne of raw aluminium.
The sodium fluoride and aluminium fluoride forming part of the electrolyte affect the
aluminium in the electrolyser tank to a certain extent, namely, the sodium under the alu-
minium layer attacks the carbonaceous materials at the bottom of the electrolysis tank, and
the aluminium sub-fluoride is oxidised by the carbon dioxide in the anode space, resulting
in a reduction in the metal current yield to 85–87%. In addition, the carbon monoxide
content in the anode gases increases with the increasing temperature as a result of the
reaction of aluminium with the electrolyte components. The aluminium current yield is
also influenced by the electrolyte temperature [21,22]. This temperature is maintained by
the side plating and skulls that act as liners and thermal regulators for the electrolysers. The
temperature regime largely depends on the inter-pole distance (IPD), which usually varies
between 4–6 cm. If it is reduced, the current consumption per tonne of aluminium imme-
diately decreases, but the risk of the reverse oxidation of metal by anode gases increases.
Increasing the distance leads to the overheating of the electrolyte and the disturbance of
the electrolysis process. During electrolysis, the composition of the electrolyte is corrected
with fluorosols. For this purpose, workers periodically take samples, which are then taken
to the laboratory for crystallo-optical analysis. The alumina content in the electrolyte is
important; if it is sufficient, it will wet the anode well. The bath voltage is 4–4.5 V, and
the gaseous products are not trapped on the surface of the anode and escape from the
electrolyte in the form of small bubbles. If the electrolyte is significantly depleted in the
alumina, the anode surface passivates and its potential increases, which leads to a discharge
of fluoride-containing ions. As a result, the wetting of the anode is reduced and the bubbles
form a continuous gas film on its surface. The electrical resistance at the anode–electrolyte
interface increases, and the voltage surges by a factor of 10 or more. At the bottom of the
anode, there are strong spark discharges, so the anodic effect occurs in the bath [23]. To
eliminate it, alumina is introduced into the bath, and the electrolyte is thoroughly mixed
with gases from dry wood distillation. After this, the normal regime is restored.

Let us take a look at the Soderberg S8BM aluminium smelter (Figure 1).
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Figure 1. Soderbergh S-8BM aluminium electrolyser with a self-igniting anode.

The cathode device of the electrolyser is a rigid metal casing, lined on the inside with
chamotte bricks. The inside of the tank shell is protected by carbon plates and blocks,
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which are thermal insulation. The cathode blocks, bonded in cast iron with steel rods,
form the bottom sections, which are stacked on top of the coal bedding, resulting in a fully
assembled aluminium bath substrate. Above the carbon bed is the molten aluminium layer,
the surface of which is the cathode.

Above the molten aluminium layer is the electrolyte. The electrolysis process takes
place at very high temperatures, so the cathode device must be resistant to such aggres-
sive conditions, as well as have properties such as heat and current isolation, electrical
conductivity, long-term operation and mobility.

The anode device of the electrolyser consists of 20 or more anodes, each assembled
from pre-fired carbon blocks, which are cast iron cast steel nipple anode holders. The anode
device conducts the current to the place where the electrolysis process takes place. The
anode rails are connected to the anode rails by means of special screw clamps that also act
as a supporting frame. The frame is insulated from the cathode housing. The frame can be
moved vertically by means of an electric motor, a gearbox and a jack. During electrolysis,
the frame is lowered downwards as the anodes are burned off.

The anode unit is fitted with pins that supply current and also stabilise the electromag-
netic fields of the electrolyser, as they are made from steel with an admixture of aluminium,
which has no magnetic properties. The pins themselves are attached to the anode frame,
which allows them to maintain the horizontal position of the anode.

An aluminium-3 system is used to automatically adjust the position of the anodes.
During the electrolysis process, the electrodes are burned off. When a 12–13 cm thick
layer of carbon remains below the steel nipple, the anode is removed, and a new anode
is installed in its place. The depth of the anode is set very precisely, as this has a major
influence on the efficiency of the bath. The anodes are placed in a staggered arrangement.
Near each new anode, there must be a burner in the first, as well as in the second anode.
This is necessary for an even distribution of the current load [24].

The choice of shim is very important. With a unilateral current supply, the magnetic
fields create misalignment of the metal in the bath, which leads to a violation of the inter-
pole distance and uneven combustion of the anodes. This reduces the current yield of the
aluminium. On the contrary, a bilateral current supply to the anode weakens the magnitude
of the magnetic fields; the metal takes horizontal position; the MPR does not change; and
the electrolysis process proceeds normally. The electrolyser arrangement is as follows:
first, the electric current flows through the anode risers to the anode busbar, and through
the anode-holders, it enters the anode blocks. From there, the current flows through the
electrolyte, heats it up with joule heat and carries out electrolysis. The current then flows
through the cathode rail to the next electrolyser.

The cathode metalwork is responsible for the lifetime of the electrolyser, and if it
breaks, the electrolyser is subject to overhaul; therefore, the metalwork must compensate
for the conditions in the cathode device.

In order to extend the life of the electrolyser, the interaction between the individual
parts of the electrolyser must also be taken into account. The occurrence of high stresses
leads to the formation of cracks in the substrate, so it is important to leave a small space for
its movement with the compensator. The compensator—the peripheral parts of the lining
and the joints—muffles the forces from the cathodic effect.

During the electrolysis process, heat is released into the environment, thus, consuming
electrical energy. The cathode liner, with its structural mechanical strength, helps to control
the temperature of the melt and to resist the effects of melt components. The fireclay used
as a refractory material prevents the electrolyte from entering the insulation space.

The bottom blocks, which are made from carbon materials and serve as cathodes,
are mounted in the electrolyser shaft. They conduct current and are resistant to molten
aluminium and electrolyte.

The end sides of the electrolyser are permanently sealed. The sidewalls are usually
made of the same materials as the pod units, so their properties are very similar. The
efficiency of such a shelter is 95%.
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In order to protect personnel from harmful gases, the electrolyser is equipped with
a hinged, flush-type shelter. When the electrolyser is being processed the shelter flaps
are electrically lifted to give workers access to the bath. The maintenance of electrolysers
involves a number of basic operations. They are carried out in a strictly regulated manner
using special machines and mechanisms.

2.2. Structural Identification of the Aluminium Production Process

The object of the study is the Soderberg electrolyser. The electrolyser is a complex,
multi-connected system; therefore, all the processes inside and outside the electrolyser
cannot be considered in isolation.

The conditions of the electrolyser cannot be neglected, as they have a significant
influence on the final product.

The main hall parameters that affect the electrolyser are

- Humidity in the workshop;
- Dust in the workshop;
- Temperature of the air in the workshop;
- Outdoor temperature that has an effect on the temperature in the shop;
- Noise levels in the workshop;
- The level of electromagnetic field outside the electrolyser at individual points;
- Number and location of electrolysers in the workshop.

Let us consider each of them in more detail:
In aluminium smelting shops, sulphur dioxide and fine ash particles are emitted. The

by-products from aluminium production have a negative impact on the human body and
the environment. The main components with which humans interact are alumina, cryolite,
fluorine salts, by-products and microclimates [25]. Due to the exposure to alumina dust,
humans develop chronic respiratory tract lesions. The exposure to high temperatures and
humidity is exacerbated by the dust content in the air. The air in the electrolysis workshops
is often saturated with sulphuric acid and zinc sulphate fog.

The thermal state of the electrolyser depends on the heat loss from the electrolyser
surfaces to the environment, the total heat accumulated by the anode and the bottom
separately, and the heat input from fuel combustion [26]. This condition is described by
means of an energy balance. Thermal losses at the anode and cathode increase rapidly at
ambient temperatures of −40 ◦C, as proven by numerous experiments in the static analysis
of the thermal field of the aluminium electrolyser. At an ambient temperature of +20 ◦C,
the heat loss decreases considerably. Due to this, the additional fuel consumption at each
electrolyser increases during the winter period [27]. Maintaining the thermal and energy
balance contributes to the stable operation and long-term operation of the electrolyser.

The temperature figures mainly have little influence on the quality of the finished
product, but they cannot be neglected, as the temperature inside the electrolysis bath
is considerably higher than the temperature outside and it is regulated by the melt and
cryolite. Since the aluminium production process is not yet fully automated, the control and
regulation of the process is carried out by the operating staff by measuring the parameters
of the electrolyser.

When using the Soderberg self-blasting anodes, the noise, vibration and thermal
radiation levels are higher than hygienic standards. Such working conditions correspond
to hazard classes 3.3–3.4. The prolonged exposure to these factors can lead to unintentional
errors and risks.

In aluminium electrolysis, the current flows vertically up and down through the
anodes and risers and horizontally along and across the bath, so the magnetic field has a
complex pattern at every point in the bath. Aluminium electrolysis requires high amperage;
hence, the current feeder elements are designed for high amperage currents and strong
magnetic fields are generated around them. The direction of the electromagnetic forces
depends on the direction of the currents in their interaction, which affects the surface of
the molten metal and its directional movement [28]. This parameter significantly affects
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the final product, since at high values of the electromagnetic field and its sources, the
rotating moment inside the electrolysis bath causes agitation of the metal. The design data
of the self-firing anode electrolyser refer to the input parameters and are constants in the
technological process.

Depending on the size of the plant, the average electrolysis facility contains up to
200 electrolysers, arranged in two rows. The length and width of a single enclosure is up
to 700 m and 27 m, respectively.

In the middle section, there is a transport corridor, through which all transport and
process communications, including transportation of metal, equipment, raw material and
other materials, can be carried out. At the end of each shop, there is an area up to 35 m
long called the repair technological zones where the main and auxiliary technological
equipment is repaired. Below, at the “0” mark, there are parts of the main equipment that
were dismantled, taken out for repair or were meant to be transported. At the +13.500 m
mark there are repair areas for the process equipment serving the electrolysers—process
hoisting cranes and installation cranes.

The specific layout of the electrolysis shops also affects the quality of the technological
process and the amount of aluminium produced, as the number and location of the adjacent
rows of electrolysers in the series affects the magnitude and pronounced influence of
the external electromagnetic field on the magnetic–dynamic stability of the melt in the
operating adjacent electrolysers in the series.

The electrolysis process inside the electrolyser itself is influenced by many input
parameters, the values of which can be measured, but it is not always possible to influence
them [29]. During the process, the operating staff performs technological routine operations,
determining the regulations of the overall technological process in the enclosure and the
series as a whole. All the technological manipulations performed by the machines and the
operating staff are the control actions determining the obligatory routine operations in the
process cycles within the overall electrolysis process.

All of the measured quantities and parameters derived from the mathematical model:
current output, energy consumption, quantity of poured metal, operating voltage, alumina
concentration, etc.—are the output (controllable) values. Furthermore, during the main-
tenance and operation of the electrolyser, random influences occur, which include raw
material loading, metal pouring, changing of anode pins, correction of the electrolysis pro-
cess, short circuits and variations: current and melt temperature, ambient air temperature
and the chemical composition of raw materials.

The main indicators responsible for TP efficiency are current and energy yield. These
indicators are determined by the following factors: electric power and non-electric power
parameters [30].

The non-electricity parameters of the TP are: alumina, anode mass, level and com-
position of cryolite, properties and temperature of the electrolyte and layer height of the
process aluminium.

In the electrolytic production of aluminium, alumina is used as the main raw material.
Its quality requirements are quite high, as it must be soluble in molten cryolite and contain
as few as possible electropositive elements that degrade the quality of the final product.
Alumina is divided into several grades, but the purest composition, corresponding to grade
1, is used in the aluminium industry. It is also worth noting that the alumina particles
should not be too fine or too coarse, as fine alumina is atomised during loading, while
coarse alumina is very insoluble.

Cryolite Na3AlF6 is very rare in nature and, therefore, artificial industrial cryolite
is used at aluminium smelters. It consists of sodium fluoride and excess aluminium
fluoride. The cryolite ratio of this salt is the main characteristic of the composition of the
electrolyte. In the molten state at a K.O. value of 2.6–2.8, the smallest aluminium losses in
the electrolyte and the highest current yield values are observed (Figure 2). The addition of
calcium fluoride and magnesium leads to a decrease in the electrolyte melting temperature
that, in turn, reduces the voltage; therefore, their content in the electrolyte can be as low as



Energies 2023, 16, 6313 8 of 28

10%. The content of fluoride salts in the molten electrolyte must not exceed the permissible
values as this can lead to insolubility of the alumina [31].
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Figure 2. Dependence of the current output on the composition of the electrolyte.

Fluoride salts also increase the density of the electrolyte and molten aluminium, which
allows aluminium to collect at the bottom of the bath under the electrolyte layer during the
electrolysis process, as the density of aluminium in the molten state is higher. The alumina
in the electrolyte, as well as calcium fluoride and magnesium, increase the viscosity of
the cryolite melts but also reduce their electrical conductivity. The bath temperature is
maintained thanks to the joule heat generated by the voltage drop in the electrolyte layer.
The composition of the electrolyte is adjusted by the content of the fluoride salts.

An insufficient concentration of alumina in the electrolyte and a critical current density
lead to anodic effects (spark discharges) at the boundary between the electrolyte and the
surface of the immersed anode. However, an excessive alumina content in the electrolyte
(7–8%) leads to the formation of precipitation. If the anodic effect occurs frequently, energy
and material consumption increase, and therefore, the frequency must be controlled [32].

The current density is influenced by the temperature and the natural character of the
salts, as well as the material from which the anode is made. The melting temperature of
alumina is 2050 ◦C, but the use of additives to the electrolyte has reduced the temperature
to 960 ◦C. Increasing the temperature of the electrolyte reduces the current yield but
dissolves the metal in the molten electrolyte (Figure 3). Maintaining the correct temperature
is necessary so that the metal and electrolyte densities are not disturbed and a stable
electrolysis pattern is observed.

It is important to note that temperature and mechanical disturbances lead to the
destruction of the substrate and premature failure of the electrolyser. The temperature
fluctuations are caused by poor series current and voltage control, and the mechanical
fluctuations are caused by incorrect electrolyser design.

The composition of the anode mass in Soderberg electrolysers is determined by the
requirements for high technical and economic performance, as the voltage at which alumina
decomposes depends on the anode material.

The current yield is one of the important indicators that determines the cost of the
final product. The height of the technical aluminium layer is one of the factors influencing
this parameter, as the height of the metal must increase with the increasing current density.
As the metal level decreases, the anode sinks deeper and is subjected to a greater thermal
load, which contributes to the faster consumption of the anode mass. With its high thermal
conductivity, aluminium dissipates heat through the sides of the cathode shroud, thereby
restoring the thermal field under the anode of the electrolyser [33].
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Figure 3. Dependence of the current output on the temperature of the electrolyte.

The energy input parameters of the TP are the pole distance (distance between the
electrodes), the electrolyser bath voltages, the electromagnetic field, the rotating force
and the current strength. The magnetic field can affect the measurement results, and
therefore, errors can occur. The measurement of these parameters is carried out using
special instruments.

The anode is periodically lowered to provide the necessary inter-pole distance, as
during the course of a day, a part of the anode is burned off by approximately 2 cm, and
oxidation occurs due to the oxygen released on the surface of the anode. The MPR and
the composition of the electrolyte are used to regulate the drop in operating voltage of
the electrolyser, the quality of the heat released, the rate of electrochemical processes, etc.
Increasing the MPR leads to an increase in current output and power consumption, which
results in a voltage drop (Figure 4).
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Figure 4. Dependence of the current output on the inter-pole distance.

In the workshop, all electrolysers are arranged in series and the current on one elec-
trolyser is regulated using make-up units. During the TP, there are anodic effects, voltage
fluctuations, treatment of the electrolysers, etc.—all of which prevent the current strength
from remaining constant. The current output is directly dependent on the current density
(Figure 5). At current densities above the allowable values, there is an excess of sodium
content in the aluminium, and at lower current densities, there can be complete or partial
discharge of the cations due to a reduction in voltage and depletion of electrons at the
cathode [34].
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3. Expert Analysis and Processing of Results by Means of Correlation Analysis

The relationship between the parameters of the object requires a new approach in
modelling, since this process is complex and multi-connected, and many previous develop-
ments broke the system into sub-processes, for which mathematical models were developed
and then linked; therefore, the synthesised mathematical model should generally reflect all
the relationships occurring in the electrolyser. In order to obtain a mathematical model of
the system and its further implementation based on technical means, a conceptual model
of the process of aluminium production in the Soderberg electrolyser is developed.

Based on all the above parameters, a resulting table (Table 1) showing all the parame-
ters affecting the TP of aluminium electrolysis can be made, which will subsequently be
sent for expert evaluation.

Table 1. Technological parameters of the electrolyser and the aluminium production process.

Process Parameters of the Electrolyser №

ou
tp

ut
pa

ra
m

et
er

s

Disturbances and external
parameters of the electrolyser

Humidity in the workshop 1
Air temperature in the workshop 2

Air temperature outside 3
Noise level in the workshop 4
Fluctuations of series current 5

Level of electromagnetic field outside the electrolyser at specific points 6
Electromagnetic field strength of neighbouring electrolysers in the workshop 7

Electrolyser team composition 8
Electrolyser model 9

Lifetime of electrolyser 10
Number of electrolysers in the workshop 11
Location of electrolysers in the workshop 12

Design parameters of the
electrolyser

Depth 13
Length 14
Width 15

Internal parameters of the
electrolyser and electrolysis

process Electricity parameters of
the electrolyser

Electrolysis series currents 16
Current distribution on an individual electrolyser 17

Current density 18

Voltage drop on
individual components

at the anode 19
at the cathode 20

in the armature 21
in the electrolyte 22

due to anodic effects 23
Decomposition voltage 24

Electrolysis power series 25
Electromagnetic field of the electrolyser 26
Electromagnetic force acting on the melt 27
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Table 1. Cont.

Process Parameters of the Electrolyser №

ou
tp

ut
pa

ra
m

et
er

s

Internal parameters of the
electrolyser and electrolysis

process

Rotational torque due to melt differential 28
Alumina characteristic 29

Anode mass characteristic 30
Level of cryolite 31

Cryolite ratio 32
Composition of cryolite (electrolyte) 33

Aluminium fluoride content in cryolite 34
Content of calcium fluoride in cryolite 35

Physico-chemical properties of the electrolyte 36
Electrolyte temperature 37

Homogeneity of the podium temperature field 38
Layer height of process aluminium 39

Specific raw material
costs

Specific consumption of alumina 40
Specific anode/anode mass consumption 41

Specific consumption of fluoride salts 42

Environment and external
factors

Techno-economic factors

Level of industrial production 43
State of production technology 44

Electricity sources 45
Electricity costs 46
Electricity tariffs 47

Costs of imported raw materials 48
Costs of final product exports 49

Labour resources 50
Availability of markets 51

Transport system development 52

Natural resources
Bauxite deposits 53
Water reserves 54

Environmental safety 55

Control actions
Alumina feed rate 56

Change in anode position 57

Electrolyser output parameters

Electrolyser output 58
Quantity of aluminium in electrolysis tank 59

Electrolyte volume in electrolyser 60
Alumina concentration in electrolyte 61

Distance between poles 62
Number of anode effects on the electrolyser 63

Current yield 64
Operating voltage 65

Heat content of electrolyser 66
Electrolyte temperature 67

Correlation analysis is used to build a conceptual model and to determine the rela-
tionship between the variables and their significance. The assessments are individual and
based on the opinion of individual experts.

The principle for selecting the expert panel is as follows: The experts involved in the
assessment of the technological parameters of the electrolyser must have practical and
research experience in the aluminium industry. When selecting experts, it is important to
consider their professional competence, personal interest in the results of the expert work
and conformity [35].

The experts are expected to respond with a completed worksheet and/or comments
on the work completed. When assessing the degree of importance of the dimensions, the
assessor assigns them a ranking number on a scale from 1 to 10, where the scores have the
following meaning:

v Minor importance 1–3;
v Minor importance 4–5;
v Significant 6–7;
v Important 8–10.

A summary matrix (Table 2) is, thus, generated from the data obtained.
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Table 2. Summary table of expert assessments.

Parameter Sequence Number (xi)
Experts

1 Exp. 2 Exp. 3 Exp. 4 Exp. 5 Exp.

х1 3 2 4 3 3
х2 5 2 4 4 4
х3 5 1 4 3 4
. . . . . . . . . . . . . . . . . .
х67 9 7 10 10 10

A total of 67 parameters are declared, i.e., their ideal sum is 2.278 (
67
∑

n=1
n ).

The ranks are reformulated as follows: the ranks are ranked from bottom to top
according to the scores obtained; then, an investigation is carried out to find the same scores
for different parameters. Next, the ordinal values of the parameters are added up (because
they are arranged in ascending order rather than simply numbered) and divided by the
number of parameters with the same value in that category (Table 3).

PAHΓ =
∑ (a1, a2, . . . an)

∑ (b1, b2, . . . bn)
;

where, an is sequential numbers in ascending order; bn is the number of parameters with
the same value in this category.

Table 3. Determination of ranks based on estimates.

Parameter Parameter Sequence
Number (xi)

Number in Ascending
Order Expert Assessment Rank

Noise level in the hall х1 1 1 1.00
Number of electrolysers in the workshop х2 2 2 2.00

Room humidity х3 3 3 5.50
. . . . . . . . . . . . . . .

Electrolyte temperature х67 67 9 64.00

This value is considered a rank and is assigned to all parameters in the same scoring
area. Table 3 shows the reformulation for one expert; similar calculations are performed for
the remaining experts.

Similarly, the scores are converted into ranks for all experts, and then, a summary
table of the ranks is generated (Table 4).

Table 4. Summary table of expert ranks.

Parameter Sequence Number (xi)
Experts

1 Exp. 2 Exp. 3 Exp. 4 Exp. 5 Exp.

х1 5.5 4.5 8.5 6 4
х2 14 4.5 8.5 11.5 8
х3 14 1.5 8.5 6 8
. . . . . . . . . . . . . . . . . .
х67 64 56 52 58 64.5

Next, for each parameter, the sum of the ranks is calculated, and the coefficient d is
calculated (Table 5).

d2 =

(
Ri −

∑i=1
i=n (Ri)

n

)2

=

(
Ri −

11, 390
67

)2
= (Ri − 170)2,
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where d is the deviation of the sum of the ranks from the arithmetic mean of the ranks;

d = (Ri − 170);

Table 5. Calculation of the d coefficient.

Parameter Sequence
Number (xi)

Experts
∑i=1

i=n(Ri) d d2
1 Exp. 2 Exp. 3 Exp. 4 Exp. 5 Exp.

х1 5.5 4.5 8.5 6 4 28.5 −141.50 20,022.25
х2 14 4.5 8.5 11.5 8 46.5 −123.50 15,252.25
х3 14 1.5 8.5 6 8 38 −132.00 17,424.00
. . . . . . . . . . . . . . . . . . . . . . . . . . .
х67 64 56 52 58 64.5 294.5 124.50 15,500.25
Σ 2278 2278 2278 2278 2278 11,390 0 357,322.50

n is the number of parameters to be investigated, n = 67.
The importance of the factors is ranked according to the total rank of each parameter.

The result is shown in (Table 6).

Table 6. Location of factors by importance.

Number in Ascending Order
of the Sum of the Ranks Parameter Parameter Sequence

Number (xi) ∑i=1
i=n(Ri)

1 Humidity in the workshop х1 28.5
2 Air temperature outside х3 38
3 Number of electrolysers in the workshop х11 39

. . . ... . . . . . .
67 Current output х64 305.5

Coefficient of concordance:

W =
S

1
12 ·m2·(n3 − n)−m·∑ Ti

,

where S = ∑ d2
i = 357, 322, 5- is summing the squares of the deviation of the sum of ranks

from the arithmetic mean of the ranks;
m = 5 number of experts.

Ti =
1

12
·∑ (ti

3 − ti),

where Ti—number of bundles (types of repeating elements) in the i-th expert’s assessments,
ti—number of elements in the l-th bundle for the i-th expert (number of repeated elements).

T1 = 1652; T2 = 768; T3 = 2700.5; T4 = 1225.5; T5 = 879.5; ∑ Ti = 7225.5;

W =
357, 322.5

1
12 ·52·(67− 67)− 67·7225.5

= 0.61

.
If W ≥ 0, 5, there is a consistency in the experts’ opinions.
Then, we assess the significance of the concordance coefficient; for this purpose, we

calculate Pearson’s consistency criterion:

χ2 =
S

1
12 ·m·n·(n + 1) + 1

n−1 ·∑ Ti
;

χ2 =
357, 322.5

1
12 ·5·67·(67 + 1) + 1

67−1 ·7225.5
= 180.7
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.
The specified significance level for the number of samples up to 100 units is 0.05.
The calculated value is χ2 = 180, 7 ≥ for table (85.965), so the obtained coefficient of

concordance W = 0.61 is not random; therefore, the calculated results make sense and can
be used in further studies.

K = n− 1 = 67− 1 = 66.

According to Table 6 “Location of factors by importance”, the weight (λ) of each
parameter is calculated based on the sum of ranks (R) of all experts. For this purpose, we
take the sum of rank sums as one and, according to the formula:

λi =
Ri

∑i=1
i=67 Ri

.

Furthermore, the weight for the first parameter was calculated, and similar calculations
were carried out for the rest (Table 7):

λi =
28.5

11, 390
= 0.00250219 ≈ 0.003 = 0.3%.

Table 7. Calculation of parameter weights.

Order Number in Ascending
Order of the sum of Ranks Parameter Title Parameter Sequence

Number (xi) ∑i=1
i=n(Ri) Weight (λi)

1 Humidity in the shop х1 28.5 0.0025
2 Air temperature outside х3 38 0.0033
3 Number of electrolysers in the shop х11 39 0.0034

. . . ... . . . . . . . . .
67 Current output х64 305.5 0.0268

Σ 11,390 1

According to Table 7 “Calculation of parameter weights” presented above, we decided
to take into consideration and consider significant only those parameters that, based on the
Pareto diagram (Figure 6), have a weight λ ≥ 0.0171. The selected parameters are presented
in Table 8.
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Table 8. The parameters selected as the most significant for the electrolysis process.

Parameter Title Parameter Sequence
Number (xi) ∑i=1

i=n(Ri) Weight (λi) Letter
Designation Unit

Bauxite deposits х53 192.5 0.0171 - -
Electricity costs х46 194.5 0.0173 Cp rub./MW·ч

Electrolyte temperature х37 200.5 0.0179 Telectrolit
◦C

Amount of aluminium in the electrolyser х59 204.5 0.0182 GAlt kg/w
Uniformity of the temperature field of the

bottom plate х38 207 0.0184 - -

Specific alumina consumption х40 210 0.0187 gAl2O3 kg/kgAl
Alumina concentration in the electrolyte х61 215 0.0192 Al2O3 %

Cryolite (electrolyte) composition х33 215.5 0.0192 M∂o kg
Electromagnetic force acting on the melt х27 218.5 0.0195 f H/cm3

Aluminium fluoride content in the cryolite х34 220 0.0196 AlF3 %
Cryolite ratio х32 221.5 0.0197 КО -

Process aluminium layer height х39 227.5 0.0203 hm cm
Physico-chemical properties of the electrolyte х36 235 0.0209 - -

Current density х18 235 0.0209 i A/сm2

Electricity tariffs х47 236 0.0210 Цээ. Цм rub./МW·h
State of production technology х44 237.5 0.0212 - -

Current distribution on an individual
electrolyser х17 248 0.0221 K -

Voltage drop in anode х19 251 0.0224 ∆Uanode W
Voltage drop in electrolyte х22 254 0.0226 ∆Uelectrolit W
Raw material import costs х48 255 0.0227 М rub/unit

Voltage drop in cathode х20 260.5 0.0232 ∆Ucathode W
Voltage drop in the busbar х21 265 0.0236 ∆Uwire W

Amount of heat in the electrolyser х66 273 0.0243 Q′ J
Pole-to-pole distance х62 292 0.0260 L cm

Operating voltage х65 292 0.0260 Uwork W
Electrolyte temperature (output) х67 294.5 0.0262 Telectrolit

◦C
Current output х64 305.5 0.0272 η unit

On the Pareto diagram, on the axis of ordinates, the weights of the parameters, both in
numerical and accumulated percentage terms, and on the axis of abscissas—the parameters
of the technological process, are arranged in descending order. The first columns of the
diagram show the most important process parameters, and all other parameters beyond the
separating cumulative curve remain unchanged because their ability to affect the outcome
is small. By taking into account the important factors, it is possible to focus on eliminating
the most significant problems [36].

Construction of Conceptual and Mathematical Model

Any system design or programme writing starts with the stage of building a conceptual
model of the object. A conceptual model is a set of concepts describing the area under study.
An important factor in its construction is the analysis of the scientific literature, which gives
a fairly clear idea of the structure of the object and the elements that are in the relationship.

The use of a graphical representation of the conceptual model is more preferable than
in the form of text, because the information expressed by a diagram or scheme clearly
demonstrates the direction of the main relationships [37].

All the concepts included in the conceptual model are concretised and interpreted so
that the conceptual model constructed can serve as a basis for the further development of
data collection techniques, etc. Some terms are used in mathematical concepts, making it
possible to describe them using equations and formulae.

The construction of the conceptual model is based on the data obtained at the stages
of expert assessment and the formation of significant parameters. Table 8 is the result, and
it is from its conclusions that the conceptual model will be built. The “central” object of
the model is the process under consideration: aluminium electrolysis taking place in the
Soderberg electrolyser.
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The most important parameters are the parameters with the highest weight, shown
in Table 8, and belonging to the group of input and output parameters. The constructed
conceptual model showing the significant technological parameters is presented in Figure 7.
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Figure 7. Conceptual model of aluminium production.

Based on the above study on identifying the most significant parameters of the techno-
logical process, it is possible to establish functional relationships between them.

It should be noted that most of the parameters have a non-linear relationship, so im-
provement of one of them may lead to the deterioration of another. There is no formula that
includes all TP variables simultaneously, but a system of equations describing individual
parameters can reflect the relationship between the parameters. Many parameters can be
described using the existing laws and mathematical formulae, but there is a category of
parameters that require qualitative descriptions.

The state of technology largely depends on the quality of the metal produced and
compliance with technological regulations. Primary aluminium containing 99.7–99.8% of
the main component has the maximum quotation on the London Metal Exchange. In order
to maintain the grade level of metal not lower than A7 at the production facility after the
overhaul of the electrolysers, its low grade primary metal (A0–A6) is diluted in the foundry
department with A8 grade to A7 grade during the first two weeks.

The bauxite raw material base in Russia is mainly low- and medium-grade, which
reduces the quality of the extracted alumina; therefore, nepheline ores also have to be used
as aluminium raw material. In order to meet the aluminium smelters’ demand for alumina,
raw materials are imported from abroad.

The calculation of raw material import costs is based on production and economic
indicators. In general terms, in order to calculate the cost of raw materials purchased from
abroad, it is necessary to summarise a number of indicators, which vary depending on the
circumstances.

A formula that can be used to calculate the cost of raw materials is

M =
Hp·ЦM·ктз

1000
, (1)
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where Hp—material consumption rate for products, kg.;
Цм—material price, RUB/tonne;
Ктз—coefficient that takes into account transport and procurement costs.
The material balance is the ratio between the materials produced in the electrolysis

process and those loaded into the electrolyser. According to the data obtained from
the material balance, the change in the composition of the electrolyte and the required
expenditure of raw materials, materials and electricity are determined [10].

The concentration of alumina in the electrolyte is expressed from the material balance
by the dissolved alumina and is strictly regulated by stabilisation within the permissible
range of variation, because insufficient concentration is the cause of the anodic effect, and
excessive concentration reduces the solubility of alumina in the electrolyte melt:

melectrolit·
dCAl2O3

dt
= ∆GAl2O3 − kAl ·GAlt, (2)

where melectrolit is the mass of the electrolyte melt, kg;
CAl2O3 is the concentration of alumina in the electrolyte, wt. fraction;
∆GAl2O3 is the flow rate of loaded alumina, kg/s;
kAl is the stoichiometric coefficient of the alumina decomposition reaction, which

allows us to determine the quantitative and qualitative relations between the used compo-
nents of raw materials.

The amount of aluminium in the electrolyser is the aluminium formed during the
electrolysis process and is represented as the following equation:

GAlt = kelchem·I·η. (3)

The capacity of the electrolyser PAl (kg/h) is the amount of aluminium released per
unit time:

PAl = I·kelchem·η,

where I is the current on the electrolyser, A;
kelchem = 0.009·10−6 is the electrochemical equivalent of aluminium, kg/A·с;
η is the current yield, mass fraction.
The material input to the electrolysis bath is calculated from the capacity of the

electrolyser: 
GAl2O3 = PAl ·gAl2O3

Ga = PAl ·g
G f = PAl ·g

, (4)

where gAl2O3
, g, g is the specific consumption of alumina, anode mass and fluoride salts,

respectively, kg/kgAl;
GAl2O3 Ga G f is the consumption of alumina, anode mass and fluoride salts, respec-

tively, kg.
The aluminium fluoride content in the cryolite is necessary to maintain the chemi-

cal composition of the electrolyte; the quality of aluminium fluoride has the following
requirements:

- Contains at least 30% aluminium and 61% fluorine;
- Contains impurities: Na ≤ 0.5%, SiO2 + Fe2O3 ≤ 0.38%, SO4 ≤ 0.5%, P2O5 ≤ 0.04%.

In order to control the cryolite ratio, the concentration of the aluminium fluoride
content in the electrolyte must be maintained. The aluminium fluoride bath is fed with
aluminium fluoride by means of an automatic control system that monitors the electrolyte
level. The control is based on daily discrete measurements and qualitative analyses updated
at least three times a week. The automatic control systems of cryolite ratio “TROLL”
and “Stella” calculate the optimal additives by the sum of three independent variable
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components dynamically reacting to the perturbation each on its own channel for deviation
from the nominal value [14]:

Mдoб = Mкo + Mтемп + Mнoрм, (5)

where Mдoб is the total (calculated) addition of fluorosols for the correction of KO and the
technological state of the electrolyser, kg;

Mкo is the current KO additive (laboratory data), kg;
Mтемп is the temperature additive (measured value), kg;
Mнoрм is the additive taking into account the normative consumption of fluorosols—

the amount of fluorides required for obtaining a certain mass of metal and maintaining KO
in the absence of other factors.

The additive for the current KO is equal to:

Mкo =
2·Mэл·(KOтек −КОбаз)

С·КОбаз·КОтек + 2·КОбазКОтек + 2
,

where Mэл is the mass of electrolyte in the electrolyser, kg;
КОбаз is the basic KO (set KO for the given bath);
КОтек is the current DO (data from the laboratory);
is the constant characterising the raw material used.

Correction by KO occurs only when both are not equal to each other.
The temperature additive allows correction and is calculated by the following formula:

Mтемп = Ктемп·( − баз),

where is the temperature of the electrolyser, K;
Ктемп = 1, 2 кг/град is the temperature coefficient;
баз is the electrolysis temperature, K.
The system also contains a formula for calculating the variable component Mnorm:

MHOPM =
HMET

Hбаз
·HOPMбаз,

where HMET is the electrolyte level in the electrolyser;
Hбаз is the basic electrolyte level in the electrolyser;
НОРMбаз is the standard consumption of fluorosols.
The height of the molten aluminium layer at the bottom of the electrolyser is measured

by various methods, such as using a steel rod by hand, but the efficiency of such methods is
low, so currently, a method based on the interface trace on steel rods is used. When a steel
rod is vertically immersed in an electrolyte solution and molten aluminium, a trace called
the interface trace is formed. This method measures the distance between the reference
point on the steel rod and the trace formed. The height of the molten aluminium layer is
calculated according to the expression [38]:

hm = XТ.φ.−Π − (XТ.φ.−Т.О. + Т.О.−след), (6)

where XТ.φ.−Π is the distance from the fixation point to the electrolyser bed, cm, which
is determined once during rod calibration and is further corrected as the electrolyser bed
wears out at least twice a year; XТ.φ.−Т.О. is the distance from the fixation point to the
reference point, cm, determined once during rod calibration;

Т.О.−след is the distance from the reference point to the trace of the interfacial boundary
between the electrolyte and the molten aluminium, cm, determined at each measurement
of the height of the molten aluminium layer.

The amount of heat in the electrolyser is described by the energy balance equation:
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dQ
′

dt
= Qenergy + ∑

i
Qin −∑

j
Qout −Qloss −Qchem_e f f ect, (7)

where Q
′

is the amount of heat in the electrolyser, including the heat of the electrolyte
melting, J;

Qenergy is the electric power consumption (electric power), W;
Qin, Qout is the heat of the input and output material flows (alumina, anode, carbon,

aluminium, exhaust gases), W;
Qloss is the flow of the heat losses into the environment, W;
Qchem_e f f ect is the energy effect of all chemical reactions in the electrolyser (at reaction

temperature), W.
Electricity consumption:

Qenergy = I·U = I2·Relectrolit + I·Eo. (8)

where U is the voltage on the electrolyser, V;
Relectrolit is the electrolyte resistance, Ohm;
I·Eo is the reversible part of the energy effect of the chemical reaction (change in

internal energy of the reacting substances), W.
Heat loss flux to the environment:

Qloss = Qloss1 + Qloss2 , (9)

where Qloss1 is the heat loss flux through the electrolyte melting boundary, W;
Qloss2 is the heat loss fluxes through the boundary of the electrolyser bottom and

anodes, W.
Heat loss flux through the electrolyte melting boundary:

Qloss1 = ksmelt·Selectrolit·(Tsmelt − To), (10)

where ksmelt is the heat transfer coefficient in the melting zone, W/(m2·◦C);
Selectrolit is the area of contact between the electrolyte and anodes, m2;
Tsmelt is the temperature in the melting zone, ◦C;
To is the ambient temperature, ◦C.
Heat loss flux through the electrolyte melting boundary under the electrolyser and

anodes:
Qloss2 = kbottom·Sbottom·(Telectrolit − To), (11)

where kbottom is the heat transfer coefficient from the electrolyte through the electrolyser
bottom and anodes to the atmosphere, W/(m2·◦C);

Sbottom is the total area of the electrolyser base and anodes, m2.
Telectrolit is the electrolyte temperature, ◦C.
Energy effect of all chemical reactions occurring in the electrolyser:

Qchem_e f f ect = I·E0 + Qp, (12)

Qp is the irreversible part of the energy effect of the chemical reaction (Peltier heat), W;
In the process of electrolysis, the mass of the liquid electrolyte is not constant, as there

is an inflow and outflow of substances, so the interfacial heat balance equation determines
the change in mass over time:

qelectrolit·
dmsmelt

dt
= aelectrolit·Selectrolit·(Telectrolit − Tsmelt)− ksmelt·Selectrolit·(Tsmelt − T0), (13)

where qelectrolit is the specific heat of melting for the electrolyte, J/kg;
msmelt is the mass of the alumina melt, kg;
aelectrolit is the heat transfer coefficient from the electrolyte to the alumina melting zone.

W/(m2·◦C).
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Substituting Equations (8)–(13) into (7), we obtain the energy balance equation for
determining the temperature of the electrolyte in the electrolyser:

melectrolit·celectrolit· dTelectrolit
dt = I2·R− aelectrolit·Selectrolit·(Telectrolit − Tsmelt)−

−ksmelt·Selectrolit·Sbottom·(Telectrolit − T0),
(14)

where celectrolit is the heat capacity of the electrolyte, W/(kg·◦C), calculated from the heat
capacity of the substances that make up the electrolyte.

The magnetic field in the electrolyser appears near the current carrying elements of
the electrolyser. The electromagnetic force acting on the melt results from the interaction of
the magnetic field with the current flowing through the electrolyser.

fx = 0.1·(iy·Hz − iz·Hy)
fy = 0.1·(iz·Hx − ix·Hz)
fz = 0.1·(ix·Hy − iy·Hx)

, (15)

where ix, iy, iz are the components of current density, A/cm2;
Hx, Hy, Hz are the components of magnetic field strength, A/m.
The operating voltage on the electrolyser is taken from the anode and cathode ties and

characterises the stationary state of the operating mode:

Uwork = I·R + Eo,

where R is the resistance of the electrolyser, Ohm;
Eo is the reverse ЭДC on the electrolyser, V.
To control and calculate the pole-to-pole distance, the following equation is used:

dlmpr

dt
= vanode − vAl ,

where vanode is the anode burn rate, m/s;
vAl is the rate of change in the aluminium level, m/s.
Since the resistance of the electrolyte is proportional to the resistance of the interpole

distance, the value of the interpole distance can be expressed using the indirect method:

L =
Selectrolit·Rmpr

ρelectrolit
, (16)

where Selectrolit is the cross-sectional area of the electrolyte, m2;
Rmpr is the resistance of the electrolyte in the interpole distance, Ohm;
ρelectrolit is the specific resistance of the electrolyte, Оhm·m.
The electric balance is based on the calculation of the current values and voltage drop

in the structural elements of the electrolyser. The voltage drop in various nodes and areas
depends on the resistance of these elements and the variation of the series current:

Uwork = E + ∆Uanode + ∆Ucathode + ∆Uelectrolit + ∆Uwire, (17)

where E is the polarisation voltage, V.
The empirical equation of M.A. Korobov reflects the dependence of the voltage drop

on the design parameters of the anode and conducting pins, as well as the specific resistance
of the anode and current density [6]. For electrolysers with top current supply, the voltage
drop in the self-firing anodes is calculated from the following expression:

∆Uanode =

(
26, 000−

(
16, 000− 10.9·Sa

npin
− 805·lmiddle_pin −

lmiddle_pin·Sa

6.85·npin

)
·i
)
·ρanode·10−3, (18)

where npin is the number of current-carrying pins;
lmiddle_pin is the average distance from all current-carrying pins to the anode bottom, m;
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ρanode is the average specific resistance of anode Ohm·m;
i is the anode current density, A/m2;
Sa is the anode area, m2.
The voltage drop in the cathode device is also determined by M.A. Korobov’s equation:

∆Uathode =
lway ·ρblock_kathode ·103+(3.83·10−2·b2

cell/2+2.87·bcrust ·b1/3
crust)·bblock_kathode

Skathode_rod
·

·janode,
(19)

where lway is the length of the current path along the block, m;
ρblock_kathode is the specific electrical resistance of the cathode block, Ohm·m;
bcell/2 is half of the width of the bath shaft, m.
Skathode_rod is the cross-sectional area of the cathode rod, taking into account the cast

iron casting, m2.
G.V. Forsblom and V.P. Mashovets proposed a formula for calculating the voltage drop

in the electrolyte:

∆Uelectrolit =
I·ρelectrolit·L

Sa + 2·(lanode + banode)·(2.5 + L)
, (20)

where 2·(lanode + banode) is the anode perimeter, m.
The voltage drop in the electrolyte accounts for a large share of the bath voltage;

therefore, it is important to control this indicator. Reducing the MPR to permissible values
helps to reduce the amount of heat generated in the electrolyte during the flow of the
electric current, as well as to stabilise the electric balance.

The voltage drop in the harness is determined by the sum of the voltage drop at the
anode and cathode, as well as in the electrolyser contacts:

∆Uwire = ∆Ua.wire + ∆Uc.wire + падениев контактах, (21)

where ∆Ua.wire is the voltage drop on the anode harness, V;
∆Uc.wire is the voltage drop on the cathode harness.
The anodic current density, current density in the pins and in the electrolyte are equal

to:
ia/ш/el =

I
Sa/o/Al

, (22)

where So—total area of pins, mm2;
SAl—area of the metal mirror, cm2.
The critical current density ic can be estimated by the Pionte equation:

ic =
[5.5 + 0.0018·(− 1323)]·(%Al2O3

0.5 − 0.4)

S0,1
a

,

The limiting current density ilim is equal to

ilim = 0.0029·%Al2O3
0.56,

The greatest influence on the current yield is the shape of the metal–electrolyte inter-
face and the circulation of the electrolyte and aluminium; therefore, the current yield is
determined by Korobov’s empirical formula, which reflects the relationship with various
characteristics of the electrolysis bath:

η =
1− 256, 700·S0.21

a

I0.58
a × L× e1294/Telectrolit

. (23)

The current redistribution on the electrolyser elements occurs continuously as the
anode pins are repositioned, anode blocks are replaced, the electrolyser is treated, and other
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technological operations are performed. To ensure a uniform energy input into electrolysis
and its corresponding consumption, it is necessary to maintain the energy balance of the
electrolyser, depending on the state of the production technology, which determines the
optimal technical and economic indicators of the process [7]. It is accepted to estimate the
change in the current distribution over the electrolyser nodes by the value of the current
distribution non-uniformity coefficient K:

Kн =
1

Iср
·

√(
1
n

)
·∑ (Ii − Iср)

2, (24)

where Ii is the average current value;
Iср is the current value of current on the i-th current conduit;
n is the number of branches.
It is worth noting that the measurement of the current value by individual elements of

the electrolyser is hindered by powerful magnetic fields and high current values, since the
current reaches several thousand Amer.

The electricity costs are determined by the specific energy consumption W (kW·h/kg)
for aluminium production, which is equal to the ratio of energy input to the amount of
metal produced:

W =
A

GAlt
=

Umiddle
kelchem·η

,

where A is the total electrical work, J;
Umiddle is the average voltage, V.
Reducing the cost of electricity is a consequence of reducing the power consumption,

which is one of the main tasks for energy systems. Electricity consumption is not simulta-
neous, as some electricity consumers work only at certain time intervals; most often the
peak of consumption is observed during morning and evening working hours, as most of
the maintenance machinery, lighting equipment, etc., do not use electricity during night
hours. The uniform distribution of electricity is a production problem. In order to solve
this problem, single-rate and two-rate tariffs have been introduced in Russia [39–41].

The single-rate tariff is designed for small capacity, which does not exceed 100 kW. In
this tariff, payment is based on the results of electricity meter readings.

The two-rate tariff implies two rates—basic and additional. This payment system
was in effect for a long time in the USSR [42–45]., but it was not profitable for aluminium
producers, because the basic rate was paid for the maximum load controlled by special
meters during the month during peak hours and amounted to 1 MW, and the additional rate
was paid for the electricity consumption recorded by the meters. Generating companies do
not take into account the fact that the power consumption of the aluminium electrolyser
series is stable. Rates for declared capacity are determined by the company on a monthly
basis (RUB/MW·h), and for consumed electricity—on an hourly basis (RUB/MW·h) [46].

Cp = Цээ + (
Цм

24·Nд
), (25)

where Nд is the number of days in the month (Nday = 28, 29, 30, 31);
Цээ is the price for electricity fixed by meters, rub./MW·h;
Цм is the price for the declared capacity, rub./MW·h.
It should be noted that the cost of electricity produced by hydroelectric power plants

is lower than that of thermal power plants. The transport of purchased electricity is also
paid according to tariffs, depending on the network—federal or interregional, through
which it is delivered to the consumer. Thus, in case of interregional transport, the share of
electricity transport can be up to 70% and federal transport up to 20%.

The mathematical model is a system of equations that allows us to estimate and
determine the parameters of the technological process that influence the main performance
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indicators of the electrolyser, as well as to establish internal and external relations for the
object.



1. М =
Нр·Цм·к

1000

2. melectrolit·
dCAl2O3

dt = ∆GAl2O3 − kAl ·GAlt
3. GAlt = kelchem·I · η

4.


GAl2O3 = PAl ·gAl2O3

Ga = PAl ·g
G f = PAl ·g

5. М = М +М +М
6. hm = XТ . .−Π − (XТ . .−Т . . + Т . .−)

7. dQ′
dt = Qenergy + ∑

i
Qin −∑

j
Qout −Qloss −Qchem_e f f ect

8. melectrolit·celectrolit· dTelectrolit
dt = I2·R− aelectrolit·Selectrolit·(Telectrolit − Tsmelt)−

−ksmelt·Selectrolit·Sbottom·(Telectrolit − T0)

9.


fx = 0.1 · (iy·Hz − iz·Hy)
fy = 0.1 · (iz·Hx − ix·Hz)
fz = 0.1 · (ix·Hy − iy·Hx)

10. L =
Selectrolit ·Rmpr

ρelectrolit

11. Uwork = E + ∆Uanode + ∆Ucathode + ∆Uelectrolit + ∆Uwire

12. ∆Uanode =
(

26000−
(

16000− 10.9·Sa
npin

− 805 · lmiddle_pin −
lmiddle_pin ·Sa

6.85·npin

)
· i
)
· ρanode·10−3

13. ∆Uathode =
lway ·ρblock_kathode ·103+(3.83·10−2·b2

cell/2+2.87·bcrust ·b1/3
crust)·bblock_kathode

Skathode_rod
·

·janode

14. ∆Uelectrolit =
I·ρelectrolit ·L

Sa+2·(lanode+banode)·(2.5+L)
15. ∆Uwire = ∆Ua.wire + ∆Uc.wire + в контактах
16. ia/ш/el =

I
Sa//Al

,

17. η = 1−256700·S0.21
a

I0.58
a ×L×e1294/Telectrolit

18. Kн = 1
I ·
√(

1
n

)
·∑ (Ii − I)2

19. = Ц +
(

Цм
24 ·Nм

)

(26)

The title of the formulae included in the mathematical model (26) are given in Table 9.
The results obtained in the chapter can be used as a basis for the development of algorithms
for optimal electrolyser control.

Table 9. Name of mathematical model formulas.

№ Formula Title № Formula Title

1. Raw material costs 11. Electrical balance
2. Alumina concentration in electrolyte 12. Voltage drop in anodes
3. Amount of aluminium in the electrolyser 13. Voltage drop in cathode
4. Input of materials to the electrolysis bath 14. Voltage drop in electrolyte
5. KO control 15. Voltage drop in the busbar
6. Al melt layer height 16. Current density
7. Amount of heat in the electrolyser 17. Current output
8. Energy balance 18. Current distribution non-uniformity coefficient
9. Electromagnetic forces 19. Electricity costs
10. Pole-to-pole distance

4. Discussion

The level of the technological production of aluminium is determined by the area
of improvement in the functioning of the technological process of electrolysis. Most of
the techniques for optimisation of the technological process are of a point local nature.
This study attempts to describe the technological process as a dynamic non-stationary
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process with a large number of perturbing influences. The authors, relying on the works in
the field of spatially distributed systems and the theory of system analysis, analysed the
technological process of aluminium production. The input, output and resultant parameters
of the electrolyser with self-firing Soderberg anodes were covered in sufficient detail. We
obtained a complex and mathematical model of the electrolysis process.

The scientific interest of this work consists in the mathematical model, which differs
from the existing ones in spatial distribution. It allows us to determine the technical
parameters of the electrolyser at any stage of the technological process.

The industrial interest of this work consists of the possibility of the technical control
and forecasting of the technological process development. The modern electrolyser is a
very dynamic object. Determination of the cryolite ratio in laboratory conditions takes
up to 8 h, and the run-up process is 10–12 h. Thus, the result of the determination loses
its relevance almost at the measurement stage. Indirectly, the cryolite ratio can be judged
by the state of the temperature field, but this type of measurement has a large error. The
presented mathematical model reduces the error of indirect calculation by 7–10%.

However, this work is not without its shortcomings. The following number of aspects
can be attributed to them. The development of a conceptual model of technological process
should take into account a number of economic factors [47,48]; this is not considered in
this paper because of the emphasis on the technical part of the issue. Moreover, this paper
does not consider the environmental side of the issue [49,50]. It should be noted that the
use of pure aluminium is effective in various industries: mechanical engineering [51,52], in
the processes of natural resources extraction [53,54] and in the process of automation and
control systems [55,56]. A special place in the structure of these studies is occupied by the
works of Pershin I.M., who clearly showed the possibility of improving the control systems
of mining and mining systems [57,58]. Furthermore, this work does not consider alternative
technologies, where the results obtained can be applied. For example, technologies for
obtaining environmentally friendly fuels [59,60], which would significantly increase the
economic efficiency of the process.

The undeniable positive side of the work is the high technical accuracy of the developed
model. This is confirmed by many experiments carried out on the basis of this model.

5. Conclusions

The demand for aluminium in today’s market is leading to a significant increase in
production. Experts estimate that the annual growth in aluminium production will increase
by an average of 3–5 percent annually [61]. This will lead to the need to modernise the
existing production facilities. This task cannot be accomplished without a comprehensive
understanding of the technological process. In this study, an in-depth analysis of the
technological process was carried out, the factors affecting the state of the technological
process were identified, and a model was developed to describe each element of the
technological process in relation to the others.

The main results of the work should include the following:

1. A formalised description of the input and output parameters, as well as control and
disturbance influences, was given, on the basis of which the resulting table was
generated and sent for expert evaluation. Based on the obtained data and the results
of the correlation analysis, a conceptual model of the process of aluminium production
in an electrolyser was built.

2. A mathematical model was built that makes it possible to determine the degree of
influence of the changing individual parameters of the process on its final results and
on the quality of the products obtained.

The mathematical model obtained in this study can be used by scientific and industrial
organisations for a mathematical description of the process of obtaining primary aluminium.
However, the results obtained are not limited to this. The demonstrated technique for
obtaining a mathematical model by the methods of system analysis makes it possible to
apply the results of this study in related fields [62–81]. In these works, this technique was
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adapted to economic and physical processes of various natures. Authors would especially
like to note the importance of the obtained results for metallurgical production. The models
obtained earlier gave an error in the calculations from 10–20 percent. The error obtained in
this study gives an error of no more than 7%, which is undoubtedly a contribution to the
scientific and technological development of the industry.
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