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Abstract: In the fracture propagation model, the assumption that hydraulic fractures with non-
uniform widths have been successfully utilized to predict fracture propagation for decades. However,
when one conducts post-fracture analysis, the hydraulic fracture is commonly simplified with a
uniform width, which is contradictory to the real fracture models. One of the reasons for over-
simplifying the fracture geometry in the post-fracture analysis can be ascribed to the fact that we are
still lacking a model to characterize the pressure transient behavior of the nonuniform-width fractures
which can induce three-dimensional flow around the fractures. In this work, on the basis of the Green
function and Newman product method, the authors derived a semi-analytical model to account for
the effect of non-uniform width distribution of the hydraulic fractures in a three-dimensional domain.
In addition, the effect of the fracturing strategies on the well performance is investigated based on
the developed semi-analytical model. The calculated results from the developed model show that the
vertical flow in the vicinity of the fracture cannot be neglected if the fracture height is sufficiently
small (e.g., hf = 10 m), and one can observe vertical elliptical flow and vertical pseudo-radial flow
during the production. A nonuniform-width fracture can penetrate further into the reservoir with
a lower injection rate (e.g., qi = 1.44 × 103 md). For the scenarios of high fracture permeability (i.e.,
kf = 1 × 105 md), a smaller fracture height, lower injection rate, and larger Young’s modulus can be
more favorable for enhancing the well productivity. Compared to the influence of fracture height, the
influences of injection rate and Young’s modulus on the well performance are less pronounced.

Keywords: semi-analytical model; nonuniform-width fracture; transient flow analysis; production
performance

1. Introduction

Field-monitored data shows that hydraulic fractures can have non-uniform width
both along the horizontal direction and the vertical direction [1–3]. Such fractures can
be characterized with the Perkins–Kern–Nordgren (PKN) model [4]. In practice, the
nonuniform-width fractures model is normally used in scenarios where the fracture length
is much larger than the fracture height [5]. Especially in the reservoir with a partially
penetrating fracture, the slender fracture tends to exhibit a thicker middle with thinner
edges subject to closer stress (as shown in Figure 1). In the case shown in Figure 1, the fluid
flow along the vertical direction cannot be neglected near the fracture due to the effects of
fracture width variation as well as partial penetration. Hence, for the fractures shown in
Figure 1, if the transient flow analysis (TFA) is conducted with an over-simplified fracture
that has a uniform width and neglects the vertical flow, the properties of the fracture
can be inaccurately estimated; thus, it is highly necessary to develop a mathematical
model to simulate the pressure transient behavior of the nonuniform-width fractures in the
three-dimensional domain.
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the numerical method unattractive to conduct the TFA work. Besides the numerical 
method, various semi-analytical methods have been proposed to characterize the transi-
ent flow behavior of complex fractures. For example, Gringarten and Ramey [6] developed 
several instantaneous sources with different boundary conditions based on the Green 
function. Subsequently, the pressure distribution within a reservoir caused by an infinite-
conductivity vertical fracture and an infinite-conductivity horizontal fracture is studied 
by them, respectively [7,8]. Rodriguez et al. [9] discussed the transient flow behavior of a 
vertical well intersecting with a partially penetrating fracture on the basis of discretizing 
a vertical fracture. To the authors’ knowledge, the implementation of hydraulic fracturing 
in the presence of natural fractures results in intricate fracture networks. Zhou et al. [10] 
introduced a semi-analytical approach to simulate the well performance from such com-
plex fracture networks by use of the plane-source function. Yang et al. [11] derived a slab-
source function in the Laplace domain and applied this function to construct a semi-ana-
lytical model to evaluate the performance of a horizontal well with multiple fractures in 
tight formations. More studies on the semi-analytical method can be referred to Luo and 
Tang [12], Chen et al. [13], Jia et al. [14], Xiao et al. [15], and Teng and Li [16]. Although 
these above-mentioned semi-analytical models can handle different fracture patterns, all 
of these models are studied with the assumption that the fractures have a uniform width. 
Among all the existing semi-analytical models, to our knowledge, the only one involving 
the non-uniform width fracture is proposed by Yu et al. [17], who aims to predict the pro-
duction from non-planar fractures in 2-dimension. However, their model also bears strin-
gent restrictions when being applied to simulate the pressure transient behavior of a non-
uniform-width fracture due to the fact that they neglected the fracture width variation 
and fluid flow along the vertical direction. 

On the basis of the aforementioned arguments, one can find that the obstacles that 
prevent us from investigating the pressure transient behavior of the nonuniform-width 
fractures lie in two facts: first, the fracture has non-uniform width both along the horizon-
tal direction and the vertical direction, and a fracture can partially penetrate a reservoir; 
and second, the fluid flow along the vertical direction cannot be neglected, thus, the exist-
ing semi-analytical models that are developed in two-dimension are not applicable. In this 
work, we proposed a new semi-analytical model in a three-dimensional domain to 
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Although the numerical simulation method is powerful in characterizing the pressure
transient behavior of the fractures that have non-uniform width distribution, the heavy load
of setting up the reservoir models and the low computational efficiency make the numerical
method unattractive to conduct the TFA work. Besides the numerical method, various
semi-analytical methods have been proposed to characterize the transient flow behavior of
complex fractures. For example, Gringarten and Ramey [6] developed several instantaneous
sources with different boundary conditions based on the Green function. Subsequently, the
pressure distribution within a reservoir caused by an infinite-conductivity vertical fracture
and an infinite-conductivity horizontal fracture is studied by them, respectively [7,8].
Rodriguez et al. [9] discussed the transient flow behavior of a vertical well intersecting
with a partially penetrating fracture on the basis of discretizing a vertical fracture. To the
authors’ knowledge, the implementation of hydraulic fracturing in the presence of natural
fractures results in intricate fracture networks. Zhou et al. [10] introduced a semi-analytical
approach to simulate the well performance from such complex fracture networks by use
of the plane-source function. Yang et al. [11] derived a slab-source function in the Laplace
domain and applied this function to construct a semi-analytical model to evaluate the
performance of a horizontal well with multiple fractures in tight formations. More studies
on the semi-analytical method can be referred to Luo and Tang [12], Chen et al. [13], Jia
et al. [14], Xiao et al. [15], and Teng and Li [16]. Although these above-mentioned semi-
analytical models can handle different fracture patterns, all of these models are studied
with the assumption that the fractures have a uniform width. Among all the existing
semi-analytical models, to our knowledge, the only one involving the non-uniform width
fracture is proposed by Yu et al. [17], who aims to predict the production from non-planar
fractures in 2-dimension. However, their model also bears stringent restrictions when
being applied to simulate the pressure transient behavior of a nonuniform-width fracture
due to the fact that they neglected the fracture width variation and fluid flow along the
vertical direction.

On the basis of the aforementioned arguments, one can find that the obstacles that
prevent us from investigating the pressure transient behavior of the nonuniform-width
fractures lie in two facts: first, the fracture has non-uniform width both along the horizontal
direction and the vertical direction, and a fracture can partially penetrate a reservoir;
and second, the fluid flow along the vertical direction cannot be neglected, thus, the
existing semi-analytical models that are developed in two-dimension are not applicable.
In this work, we proposed a new semi-analytical model in a three-dimensional domain to
overcome such obstacles. With the aid of the proposed model, we conduct a thorough study
of the transient flow behavior of the nonuniform-width fractures. The flow regimes of
the nonuniform-width fracture are distinguished. Furthermore, we combine the proposed
model with the PKN fracture-propagation model to predict the well performance with
different fracturing strategies.
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2. Methodology

In this section, we will provide a detailed introduction to the derivations of the
semi-analytical model for modeling the transient flow behavior of the nonuniform-width
fractures. The meanings of all the used symbols can be found in the nomenclature section.

2.1. Assumptions

In this section, a semi-analytical model is developed to characterize the transient
flow behavior of a nonuniform-width fracture. Note that the proposed model ignores the
fracture width change during production, which can be considered by the model of Barton
et al. [18] if necessary. In addition, by rotating the coordinate system, the transient flow
behavior of a nonuniform-width fracture with an arbitrary azimuth can also be simulated.
Subsequently, according to earlier studies [11,19], we make the following fundamental
assumptions:

• The reservoir is horizontally infinite, while vertically bounded with upper and lower
impermeable boundaries;

• The matrix permeability, matrix porosity, formation thickness, and initial pressure are
homogeneous and isotropic in the reservoir;

• The fluid has a constant value of compressibility and viscosity;
• Only single-phase flow is studied in this work;
• The fracture is symmetrical with respect to the wellbore along the horizontal direction

and located at the center of the reservoir along the vertical direction;
• The effect of leak-off is neglected;
• The fracture is vertical; and
• The fracture width will not change during the production, and the properties of the

proppant-pack are uniform.

2.2. Fracture Propagation Model

In this work, the calculation procedures of the transient flow behavior of the nonuniform-
width fractures contain two parts. The first part is predicting the geometry of the fracture
propagation model with non-uniform widths, and the second part is calculating the pres-
sure transient behavior of the nonuniform-width fractures. In the fracture propagation
model, the pressure drawdown, which is caused by the fluid flow, is given as Nordgren [20]:

q = −β1β2
π

64
h f W3

µi

∂∆p f

∂x
(1)

whereas the fracture width is a function of time and position, which can be expressed as
Nordgren [18]:

W(x, t) =
(1− v)h f ∆p f (x, t)

E
(2)

Inserting Equation (2) into Equation (1) yields:

q = −β1β2
π

256
E

(1− v)µi

∂
(
W4)
∂x

(3)

Figure 2 shows the top view of the discretion of the fracture segments. Thus, the
discretion form of Equation (3) at the mth time step can be written as:

qi+ 1
2
= −β1β2

π

256
E

(1− v)µi∆x

[(
Wm

i+1
)4 − (Wm

i )4
]

(4)
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The mass balance equation that neglects the leak-off is given by Nordgren [18]:

∂q
∂x

+
πh f

4
∂W
∂t

= 0 (5)

Equation (5) can be discretized into:

∆t
2

1
∆x

(
qm+1

i+ 1
2
− qm+1

i− 1
2
+ qm

i+ 1
2
− qm

i− 1
2

)
+

πh f

4

(
Wm+1

i −Wm
i

)
= 0 (6)

Applying Equations (4) and (6) to the fracture segments, and solving the system of
equations with the Newton–Raphson method, the fracture propagation can be readily
predicted.

2.3. Formulation of Fracture Flow

Since we assume that the fracture is symmetrical corresponding to the wellbore and
located at the center of the reservoir along the vertical direction, one-quarter of the fracture
is sufficient to represent the entire fracture. In Figure 3a, we divided the fractured reservoir
model into four regions, and the sub-fracture in Region I is investigated in this work. In
Figure 3b, the sub-fracture in Region I is discretized into Nf small segments. According
to the mass balance theory, the transient flow equation for the oil flow can be written as
Ertekin et al. [21]:

∂2 p f

∂x2 +
∂2 p f

∂z2 +
Bµq

β∆x∆lwk f
=

µφ f ct f

βk f

∂p f

∂t
(7)
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Applying the finite difference approximation to Equation (7), the fracture flow equation
for an arbitrary fracture segment (i, j) at the nth timestep can be expressed as:

1
∆x2

[(
pn

f ,i+1,j − pn
f ,i,j

)
−
(

pn
f ,i,j − pn

f ,i−1,j

)]
+ 1

∆z2

[(
pn

f ,i,j+1 − pn
f ,i,j

)
−
(

pn
f ,i,j − pn

f ,i,j−1

)]
− Bµ

β∆x∆zw f k f
qn

f ,i,j =
µφ f ct f
βk f ∆t

(
pn

fi,j
− pn−1

fi,j

) (8)
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Rearranging Equation (8) has the following:

Ti+ 1
2 ,j

(
pn

f ,i+1,j − pn
f ,i,j

)
− Ti− 1

2 ,j

(
pn

f ,i,j − pn
f ,i−1,j

)
+Ti,j+ 1

2

(
pn

f ,i,j+1 − pn
f ,i,j

)
− Ti,j− 1

2

(
pn

f ,i,j − pn
f ,i,j−1

)
+qn

f ,i,j =
(∆x∆zw f φ f ct f

B∆t

)
i,j

(
pn

f ,i,j − pn−1
f ,i,j

) (9)

where 
Ti± 1

2 ,j = 2
[(w f ∆zβ1k f

µB∆x

)−1

i,j
+
(w f ∆zβ1k f

µB∆x

)−1

i±1,j

]−1

Ti,j± 1
2
= 2

[(w f ∆xβ1k f
µB∆z

)−1

i,j
+
(w f ∆xβ1k f

µB∆z

)−1

i,j±1

]−1 (10)

Applying Equation (9) to all the fracture segments in Region I will lead to Nf linear
equations.

2.4. Formulation of Matrix Flow

According to the Newman product method, the pressure change at the nth timestep
at fracture segment (i, j) that is caused by a flux that occurs at the kth timestep at fracture
segment (I, J) can be expressed as an integration of the product of three source functions.
These three source functions include an instantaneous plane source function along the
x-direction in an unbounded reservoir, an instantaneous line source function along the
y-direction in an unbounded reservoir, and an instantaneous plane source function along
the z-direction in a bounded reservoir [6]. Thus, the pressure change can be calculated with

1
qk

f ,I,J
∆pn

f ,i,j =
1

φmctm∆xI,J ∆zI,J

∫ tk

tk−1

1
2

{
erf
[

0.5∆xI,J+(xi,j−xI,J)√
4ηm(tn−τ)

]
+ erf

[
0.5∆xI,J−(xi,j−xI,J)√

4ηm(tn−τ)

]}
τ

· exp
[
− (yi,j−yI,J)

2

4ηm(tn−τ)

]
/
√

4πηm(tn − τ)

·∆zI,J
ze

{
1 + 4ze

π∆zI,J

∞
∑

m=1

1
m exp

[
−m2π2ηm(tn−τ)

h2

]
sin mπ∆zI,J

2h cos mπzI,J
h cos

mπzi,j
h

}
dτ

(11)

A detailed introduction of the derivation of Equation (11) can be found in Teng
et al. [19]. For the sake of convenience, Equation (11) is rewritten as:

∆pn
f ,i,j = qk

f ,I,JGn,k
I,J (i, j) (12)

where the G term in Equation (12) denotes the term on the right-hand side of Equation (11).
On the basis of the superposition principle, the total pressure change at the nth timestep
at fracture segment (i, j) can be calculated by summing up the pressure changes that are
induced by all the fracture segments from the 1st timestep to the nth timestep, which can
be expressed as:

∆pn
f ,i,j =

k=n

∑
k=1

qk
f ,I,J

 ∑
ΩI

Gn,k
I,J (i, j) + ∑

ΩII

Gn,k
−I,J(i, j)

+ ∑
ΩIII

Gn,k
−I,−J(i, j) + ∑

ΩIV

Gn,k
I,−J(i, j)

 (13)

where the fracture segment (−I, J), (−I, −J), and (I, −J) present the counterpart of fracture
segment (I, J) in Region II, Region III, and Region IV, respectively. Equation (13) is a linear
equation. Applying Equation (13) to all the fracture segments in Region I will result in Nf
linear equations.
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2.5. Formulation of Wellbore

Along the vertical direction, for one-quarter of the nonuniform-width fractures, there
are nw fracture segments that are connected to the wellbore. For an arbitrary fracture
segment that is connected to the wellbore, the fluid flow can be described with Darcy’s law:

qn
f−w,i,j =

β1k f w f ,i,j∆zi,j

Bµ

pn
f ,i,j − pn

w

0.5∆xi,j
(14)

The total production can be calculated with:

qn
w = 4∑nw

1 qn
f−w,i,j (15)

Applying Equation (14) to the nw fracture segment that are connected to the wellbore
and Equation (15) to the wellbore, we will have nw + 1 linear equations. Thus, by combining
the matrix flow equations, fracture flow equations, and wellbore equations, we will have
2Nf + nw + 1 linear equations. In addition, we have 2Nf + nw + 1 unknowns, including
Nf fracture pressure pf, Nf matrix-fracture flux rate qf, nw fracture-wellbore flux rate qf-w,
and 1 well production rate qw for constant bottomhole pressure condition (or 1 bottomhole
pressure pw for constant production rate condition). Thus, the system of the linear equation
can be readily solved with the Gaussian Elimination method.

3. Validation

The proposed semi-analytical model is validated against commercial software (Eclipse
2006). The values of the parameters that are used in the model are as follows: km = 0.01 md,
xf/2 = 25 m, ctm = 0.012 MPa−1, ctf = 0.012 MPa−1, µ = 1 mPa·s, φm = 0.2, φf = 0.2, pi = 30 MPa,
h = 30 m, hf = 25 m, the production length is 10,000 days, and the dimension of the reservoir
model is 1010 × 1010 × 30 m3, which is sufficiently large to avoid the boundary effect. The
validation is conducted under the constant production rate condition of qw = 1 m3/day.
Figure 4 shows a local side view of the permeability distribution of the nonuniform-width
fractures used in the Eclipse. The local refined grid technique is applied to characterize the
fracture. In order to make the fracture conductivity distribution of the model in Eclipse
consistent with that of the model in the semi-analytical model, we remain the fracture
width unchanged and vary the fracture permeability through the fracture in Eclipse, while
maintaining the fracture permeability unchanged and vary the fracture width through
the fracture in the semi-analytical model. Figure 5 compares the pressure drop plot and
pressure derivative plot from the proposed model to those from Eclipse. As shown in
Figure 5, the results from the proposed model present excellent agreements to those from
Eclipse, implying that the proposed model is reliable to characterize the transient flow
behavior of the nonuniform-width fractures. It is worth noting that, although the numerical
software can simulate the nonuniform-width fracture, the proposed model has obvious
advantages in computational efficiency.
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4. Results and Discussion

Combining the proposed semi-analytical model with the PKN fracture model, we
carried out a comprehensive study of the pressure transient behavior of the nonuniform-
width fractures. In this work, the benchmark values of the parameters that are used in this
work are listed in Table 1. The reason the benchmark parameters are different from the
validated parameters is because the smaller size fracture built in the numerical software
can improve computational efficiency.

Table 1. Benchmark values of the parameters that are used in this work.

Parameter Value Parameter Value

qi 4.32 × 103 m3/day Qi 4.32 × 105 m3

µi 100 mPa·s hf 40 m
E 4.5 × 104 MPa v 0.2
ti 6.94 × 10−3 day h 50 m
µo 1 mPa·s kf 1 × 106 md
km 1 × 10−2 md ctm 1.12 × 10−3 MPa−1

ctf 1.12 × 10−3 MPa−1 φm 0.2
φf 0.2 pw 5 MPa

4.1. Flow Regimes

In order to recognize the flow regimes that can be observed during the production
of a PKN-type fracture, the transient flow behavior of the fractured well is investigated
under the constant flow rate condition, such that the flow regimes can be diagnosed by
identifying the slopes of the pressure derivative plot. Figure 6 presents the pressure drop
plot together with the pressure derivative plot of the benchmark PKN-type fracture. It
can be found in this figure that at the early production period, there is a 1/4-slope region
on the plot, which denotes bilinear flow [22]. As the production proceeds, a 1/2-slope
region, which indicates the formation of linear flow [22], appears on the pressure derivative
plot. At the late production period, the 0-slope region implies the appearance of horizontal
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pseudo-radial flow. Figure 7a–c show the top view of the schematics of the bilinear flow,
formation linear flow, and horizontal pseudo-radial flow, respectively.
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Furthermore, the flow regimes of the PKN-type fracture are investigated with a smaller
fracture height (hf = 10 m) and less injection volume (Qi = 1.08 × 105 m3). Figure 8 shows
the pressure transient plots of the new fracture model. In Figure 8, it can be found that
in addition to the bilinear flow, formation linear flow, and horizontal pseudo-radial flow,
two more flow regimes can be observed on the pressure derivative plot. The 1/3-slope
region in Figure 8 indicates elliptical flow and the first 0-slope region indicates vertical
pseudo-radial flow. Figure 9 shows a side view of the schematic of the elliptical flow and
the vertical pseudo-radial flow. As shown in Figure 9, since the new fracture model has a
much lower fracture height (hf = 10 m) than the reservoir thickness (h = 50 m), the fluid flow
along the vertical direction exerts a significant influence on the flow regimes. Therefore,
one can observe the regimes of elliptical flow and pseudo-radial flow along the vertical
direction in Figure 8.



Energies 2023, 16, 7920 9 of 17

Energies 2023, 16, x FOR PEER REVIEW 9 of 17 
 

 

Figure 6. Pressure transient plot of the benchmark PKN-type fracture. 

   
(a) (b) (c) 

Figure 7. Top view of the schematics of (a) bilinear flow, (b) formation linear flow, and (c) horizontal 
pseudo-radial flow. 

Furthermore, the flow regimes of the PKN-type fracture are investigated with a 
smaller fracture height (hf = 10 m) and less injection volume (Qi = 1.08 × 105 m3). Figure 8 
shows the pressure transient plots of the new fracture model. In Figure 8, it can be found 
that in addition to the bilinear flow, formation linear flow, and horizontal pseudo-radial 
flow, two more flow regimes can be observed on the pressure derivative plot. The 1/3-
slope region in Figure 8 indicates elliptical flow and the first 0-slope region indicates ver-
tical pseudo-radial flow. Figure 9 shows a side view of the schematic of the elliptical flow 
and the vertical pseudo-radial flow. As shown in Figure 9, since the new fracture model 
has a much lower fracture height (hf = 10 m) than the reservoir thickness (h = 50 m), the 
fluid flow along the vertical direction exerts a significant influence on the flow regimes. 
Therefore, one can observe the regimes of elliptical flow and pseudo-radial flow along the 
vertical direction in Figure 8. 

 
Figure 8. Pressure transient plot of the PKN-type fracture with fracture height of 10 m. Figure 8. Pressure transient plot of the PKN-type fracture with fracture height of 10 m.

Energies 2023, 16, x FOR PEER REVIEW 10 of 17 
 

 

  
(a) (b) 

Figure 9. Side view of the schematics of (a) elliptical flow and (b) vertical pseudo-radial flow. 

4.2. Sensitivity Analysis 
In this section, the authors carried out a comprehensive study of the effects of fracture 

height, injection rates, and Young’s modulus on the well performance. The transient flow 
behavior of the PKN-type fractures is studied with the constant bottomhole pressure con-
dition. 

4.3. Fracture Height 
The fracture height is varied from 10 m to 50 m in order to explore the effect of frac-

ture height on the propagation and well performance of the PKN-type fractures. Figure 
10 shows the fracture lengths that are calculated with the PKN model. It is shown in this 
figure that as the fracture height is increased, the fracture length is decreased. This is be-
cause the geometries of the PKN-type fracture are calculated with the same injection vol-
ume. In addition, it can be observed that the decrease in fracture length can be more sig-
nificant if the change in fracture height occurs at a smaller value. For example, as the frac-
ture height is increased from 10 m to 20 m, the fracture length is decreased from 417.2 m 
to 239.6 m, whereas as the fracture height is increased from 40 m to 50 m, the fracture 
length is decreased only from 137.6 m to 115.1 m. 

 
Figure 10. Fracture length of the PKN-type fractures as a function of fracture height. 

Figure 9. Side view of the schematics of (a) elliptical flow and (b) vertical pseudo-radial flow.

4.2. Sensitivity Analysis

In this section, the authors carried out a comprehensive study of the effects of frac-
ture height, injection rates, and Young’s modulus on the well performance. The tran-
sient flow behavior of the PKN-type fractures is studied with the constant bottomhole
pressure condition.

4.3. Fracture Height

The fracture height is varied from 10 m to 50 m in order to explore the effect of fracture
height on the propagation and well performance of the PKN-type fractures. Figure 10
shows the fracture lengths that are calculated with the PKN model. It is shown in this figure
that as the fracture height is increased, the fracture length is decreased. This is because
the geometries of the PKN-type fracture are calculated with the same injection volume. In
addition, it can be observed that the decrease in fracture length can be more significant
if the change in fracture height occurs at a smaller value. For example, as the fracture
height is increased from 10 m to 20 m, the fracture length is decreased from 417.2 m to
239.6 m, whereas as the fracture height is increased from 40 m to 50 m, the fracture length
is decreased only from 137.6 m to 115.1 m.
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Figure 11 illustrates the width distribution of one-quarter of the PKN-type fractures
that are calculated with different fracture heights. It is worth noting that the axes in the
sub-figures indicate dimensionless length and height. The coordinate of x/xf/2 = 0 indicates
the position of the wellbore, and the position of (x/xf/2 = 0, z/hf/2 = 0) indicates the center
of the fracture. In Figure 11a–e, the widest part of the fracture can be found at the center
of the PKN-type fractures, while the narrowest part appears at the edge of the fractures.
Comparing the fracture width distribution of the sub-figures, it can be readily found that a
larger fracture height can induce a lower fracture width distribution.
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Figure 12a,b compares the well production rate with different fracture heights of
kf = 1 × 105 md and kf = 1 × 103 md, respectively. In Figure 12a, it is shown that the
well production rate is decreased as the fracture height is increased. It is noted that a
smaller fracture height leads to a larger fracture length (see Figure 10), thereby the oil from
further well area can be extracted. Thus, a larger fracture length can be more favorable
for improving the well productivity for larger fracture permeability. For a small fracture
permeability (e.g., kf = 1 × 103 md in Figure 12b), one can find that the highest well
production rate happens at the fracture height of 10 m, while the lowest happens at the
fracture height of 20 m. The fracture heights of 30 m through 50 m lead to intermediate well
productivity. This implies that for the scenarios of low fracture permeability, the fracture
height, together with the fracture length, both play important roles in influencing the well
productivity.
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4.4. Injection Rate

Figure 13 illustrates the fracture length of the PKN-type fracture that is calculated
with the same injection volume (i.e., Qi = 1.08 × 105 m3) while different injection rates
(i.e., 1.44 × 103 m3/day, 2.88 × 103 m3/day, 4.32 × 103 m3/day, 5.76 × 103 m3/day, and
7.20 × 103 m3/day). One can find that a higher injection rate will result in a smaller fracture
length. Figure 14 shows the fracture width distribution of the PKN-type fractures with
different injection rates. It is observed in Figure 14 that as the injecting rate is increased,
the fracture width is decreased. The calculated results shown in Figures 13 and 14 can
be explained as follows: a lower injecting rate implies a smaller fluid pressure within the
fracture, which will lead to a higher fracture closure stress. A higher closure stress will
render the fracture open less but propagate further into the reservoir. Therefore, a lower
injection rate will induce narrower but longer fractures.

Figure 15 compares the fracture production rate of the PKN-type fractures with dif-
ferent injection rates of kf = 1 × 105 md and kf = 1 × 103 md. As shown in Figure 15a,
the fractured well exhibits a smaller well production rate with a higher injection rate of
kf = 1 × 105 md. This is because the fracture has a smaller length with higher injection, and
a smaller fracture length can induce lower well productivity for high fracture permeability
(i.e., kf = 1× 105 md). Figure 15b shows that the fracture productivity undergoes a small dif-
ference with kf = 1 × 103 md. Comparing the calculated results presented in Figures 13–15
to those shown in Figures 10–12, one can see that the effect of injection rate on the fracture
length and well productivity is less noticeable than the effect of fracture height.
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4.5. Young’s Modulus

The Young’s modulus varies from 2.5 × 104 MPa to 6.5 × 104 Mpa in order to study its
effect on fracture geometry and well performance. Figure 16 exhibits the fracture lengths
that are calculated with different Young’s moduli. As shown in this figure, the fracture
length is positively correlated with Young’s modulus. Figure 17 presents the fracture width
distribution of the PKN-type fracture with different Young’s moduli. It is observed that a
larger Young’s modulus results in narrower fractures. This is because Young’s modulus
represents the stiffness of the rock matrix. A larger Young’s modulus indicates that the rock
matrix is more difficult to deform. Thus, the hydraulic fracture has a smaller width with a
larger Young’s modulus. Since the injecting volume remains unchanged, a larger fracture
width will result in a narrower fracture.
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Figure 18 demonstrates the production rate of the PKN-type fractures with different
Young’s moduli of kf = 1 × 105 md and kf = 1 × 103 md. In Figure 18a, the fracture
production rate is higher with smaller Young’s modulus. This is because the fracture length
plays a more significant role in influencing the well productivity. Hence, for the scenario of
the largest Young’s modulus (i.e., E = 6.5 × 104 MPa), which has the longest fracture, the
well production rate presents the highest value through the production. In Figure 18b, the
well performance shows a negligible difference with different Young’s moduli, implying
that Young’s modulus exerts a slight influence on the well performance with small fracture
permeability (e.g., kf = 1 × 103 md).
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5. Conclusions

In this work, the authors conducted a comprehensive study of the transient flow behav-
ior of the nonuniform-width fractures. The contributions of this work can be summarized
into two aspects: first, the author proposed a semi-analytical model in a three-dimension
to consider the fluid flow along the vertical direction around the PKN-type fractures; sec-
ond, the proposed semi-analytical model is combined with the PKN fracture propagation
model to investigate the effects of fracturing treatments and rock matrix properties on the
well performance. On the basis of the calculated results, the following conclusions can
be formed:

1. If a PKN-type fracture has a sufficiently large height, one can observe the bilinear
flow, formation linear flow, and horizontal pseudo-radial flow during the production.
If the fracture height is sufficiently small compared to the formation thickness, the
vertical flow around the fracture cannot be neglected, and one can observe the vertical
elliptical flow and vertical pseudo-radial flow during the production;

2. With the same injection volume, a larger fracture height can induce a shorter fracture
length. For the scenarios of high fracture permeability (e.g., kf = 1 × 105 md), a longer
but lower-height fracture can be more favorable for improving the well productivity;

3. A lower injecting rate can render the PKN-type fracture penetrate further into the
reservoir, leading to a higher well productivity of the high-permeability fractures.
If the fracture permeability is sufficiently small, the injecting rate can only slightly
influence the well performance.

4. A larger value of Young’s modulus can result in a longer but narrower PKN-type
fracture as well as a higher well productivity for high-permeability fractures. The
influence of Young’s modulus on the well performance is negligible for the scenarios
of low fracture permeability.

5. In comparison to the fracture height, the injection rate and Young’s modulus exert a
smaller influence on the fracture growth and well productivity.
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Nomenclature

B formation volume factor
ctf total compressibility of the fracture system, MPa−1

ctm total compressibility of the matrix system, MPa−1

E Young’s modulus, MPa
h formation thickness, m
hf fracture height, m
kf fracture permeability, md
nw number of fracture segments that are connected to the wellbore
pf fracture pressure, MPa
q flux within the fracture, m3/day
qf flux rate from matrix to the fracture, m3/day
qf-w flux rate from the fracture to the wellbore, m3/day
qi injection rate, m3/d
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qw well production rate, m3/d
Qi total injection volume, m3

t time, day
ti injection time, day
T transmissibility, m3/(day MPa)
v Poisson ratio
w fracture width, m
W the maximum fracture width of a cross section of the PKN-type fracture, m
x, y, z x-, y-, z-coordinates, m
∆p pressure difference, MPa
∆t time interval, day
∆x length of the fracture segment along x-axis, m
∆z length of the fracture segment along z-axis, m
β1 0.0853, unit conversion factor
β2 1.01 × 1015, unit conversion factor
ηm β1km/(µφmctm), diffusivity, m2/day
µ oil viscosity, mPa·s
µi viscosity of the injection fluid, mPa·s
τ time the instantaneous source occurs, d
φf fracture porosity
φm matrix porosity
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