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Abstract: Hydrogen can play a key role in the gradual transition towards a full decarbonization of
the combustion sector, e.g., in power generation. Despite the advantages related to the use of this
carbon-free fuel, there are still several challenging technical issues that must be addressed such as
the thermoacoustic instability triggered by hydrogen. Given that burners are usually designed to
work with methane or other fossil fuels, it is important to investigate their thermoacoustic behavior
when fueled by hydrogen. In this framework, the present work aims to propose a methodology
which combines Computational Fluid Dynamics CFD (3D Reynolds-Averaged Navier-Stokes (RANS))
and Finite Element Method (FEM) approaches in order to investigate the fluid dynamic and the
thermoacoustic behavior introduced by hydrogen in a burner (a lab-scale bluff body stabilized burner)
designed to work with methane. The case of CH4-air mixture was used for the validation against
experimental results and benchmark CFD data available in the literature. Numerical results obtained
from CFD simulations, namely thermofluidodynamic properties and flame characteristics (i.e., time
delay and heat release rate) are used to evaluate the effects of the fuel change on the Flame Response
Function to the acoustic perturbation by means of a FEM approach. As results, in the H2-air mixture
case, the time delay decreases and heat release rate increases with respect to the CH4-air mixture. A
study on the Rayleigh index was carried out in order to analyze the influence of H2-air mixture on
thermoacoustic instability of the burner. Finally, an analysis of both frequency and growth rate (GR)
on the first four modes was carried out by comparing the two mixtures. In the H2-air case the modes
are prone to become more unstable with respect to the same modes of the case fueled by CH4-air, due
to the change in flame topology and variation of the heat release rate and time delay fields.

Keywords: hydrogen; combustion; thermoacoustic; Helmholtz solver; CFD; Flame Response Function

1. Introduction

Hydrogen, being a carbon-free fuel, can play an important role in the current global
decarbonization process in the power generation sector [1–3]. The power generation sector
is mainly based on combustion technologies, predominantly with gas turbines. Therefore, it
is necessary for academia and industry to make this field more sustainable, often defined as
one of the hardest-to-abate sectors. Hydrogen can play a key role in gas turbine technology
in the gradual transition towards full decarbonization of the combustion field. On this topic,
Stefanizzi et al. [4] presented a review of modern combustion strategies in gas turbines for
aviation and power production, with an emphasis on specific elements relating to next-gen
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fuels, burners, and combustion procedures. Griebel [5] presented modern gas turbine
technologies, and explored combustion basics pertinent to gas turbines operating with
hydrogen-rich fuels. In this framework, gas turbines fueled by hydrogen or hydrogen–
methane blends would permit a significant long-term reduction in emissions [6,7]. The
technical literature presents several studies (both experimental and numerical) which
investigate the effects of hydrogen on the behavior of gas turbine combustors. For instance,
Guiberti et al. [8] carried out experimental studies on premixed combustion in a gas
turbine burner fueled by a methane–hydrogen mixture in order to evaluate the influence of
hydrogen on stabilizing an M-flame (flame shape in which combustion takes place between
the outer and inner recirculation zone). According to the experimental investigations on
the PRECCINSTA burner [9] carried out by Chterevet et al. [10,11], hydrogen enrichment
influences flame topology, highlighting the transition from an M- to V-shaped flame. Schefer
et al. [12] drew attention to the variation in flame structure and the increase in the OH peak
concentration due to the addition of hydrogen in a methane–air mixture in a premixed
swirl-stabilized flame.

An important aspect to consider is related to the fact that hydrogen enrichment in
gas turbine burners can lead to the displacement of combustion instabilities. Combustion
instability is a physical phenomenon that occurs during the combustion process due to the
interaction between acoustic waves propagating inside the combustion chamber and thermal
release fluctuations. Thermoacoustic instability is mainly investigated by means of three
approaches, which are based on: low-order numerical models [13–15], CFD (Computational
Fluid Dynamics) models [16–20], and Helmholtz solver models (FEM) [21–24]. In details,
low-order models divide the thermoacoustic system into a network of elementary acoustic
domains (e.g., pipes, burner, flame, etc.), where the acoustic field is represented as a solution to
the Helmholtz equation. The CFD models (e.g., solving RANS, URANS, and LES approaches)
allow the analysis of the thermo-fluid dynamic flow fields inside the combustor, in a more
realistic configuration; however, this requires high computational costs. FEM models are used
to transform time domain-based differential equation problems into eigenvalue problems in
the frequency domain by using the Fourier transform.

In the last decades many research groups have devoted significant efforts to studying
this phenomenon by means of experimental and numerical approaches (mainly based
on CFD and low-order models) [22,25–27]. For instance, an exhaustive review on the
influence of hydrogen and hydrogen-enriched natural gas on the thermoacoustic instability
was carried out by Beita et al. [28]. Janus et al. [29] investigated a sub-scale combustor
fueled by natural gas, propane, and some hydrogen–hydrocarbon mixtures. Numerical and
experimental results highlighted that the shift in instability is primarily due to the change
in reaction rate. Æsøy et al. [30] scaled the flame transfer function (FTF) of an M-flame on a
non-swirled bluff body-stabilized burner fueled by different hydrogen and methane blends.
Aguilar et al. [31] used scaled distributed time lag in order to predict the linear stability
limit by means a low-order network model on a perfectly premixed combustor fueled by
several methane–hydrogen blends. The measurements of bulk velocity and flame length
were enough in order to predict the flame transfer function (FTF). The shape of the flame
changes in function of hydrogen quantity in the blend. The increase in hydrogen in the
blend led to a decrease in the characteristic flame length. Shanbhogue et al. [32] proved that
the critical equivalence ratio, that indicates the transition between stability and instability of
a swirl-stabilized combustor burning at atmospheric pressure and temperature, decreases
when using methane–hydrogen mixtures. The influence of the equivalence ratio on the
azimuthal instabilities of an annular laboratory-scale burner fueled by methane–hydrogen
mixtures was studied by Ahn et al. [33]. López et al. [34] studied the thermoacoustic
instabilities of lean hydrogen–air premixed flames in a quasi-2D geometry, highlighting the
importance of the equivalence ratio and the role of channel thickness. Jin Kim et al. [35]
observed using dynamic pressure sensors and OH planar laser-induced fluorescence (OH
PLIF), the multi-mode combustion instabilities in GE7EA combustor fueled by mixture
enriched with hydrogen by means of a partial premixed flame that can restrict flashback.
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FEM simulations based on Helmholtz solvers with respect to low-order models offer
the possibility to account for the actual geometry of the burner with the fluid-dynamic
properties obtained by CFD simulation. Indeed, the FEM approach requires information
on the heat release, time delay, flow field, pressure, and temperature distribution, in order
to correctly model instabilities during the combustion process. For this reason, appropriate
CFD simulations are needed to investigate the combustion process and to provide the
information required by the FEM models. Therefore, it is interesting to combine CFD with
FEM approaches in order to investigate the themoacoustic behavior of a burner fueled by
hydrogen–air mixture. In detail, the lab-scale bluff body stabilized premixed burner studied
at the Vanderbilt University has been investigated by means of a fully 3D RANS approach.
The choice of this burner fueled by methane-air mixture is due to the presence of many
numerical and experimental studies in the literature. Indeed, Pan et al. [36] performed
an experimental study that highlighted the influence of the blockage ratio, turbulence
intensity, value of the vertex angle, and equivalence ratio on the recirculation zone after
the bluff body. In addition, Nandula et al. [37] experimentally characterized this burner.
Regarding numerical investigations, Cannon et al. [38] used an “in situ tabulation method”,
with a five-step mechanism as a chemical model in order to predict the behaviour of the
aforementioned burner. Andreini et al. [39] compared LES and RANS simulations on this
burner by using the OpenFoam®and ANSYS Fluent® codes. Finally, Sudarma et al. [40]
compared the k-ε and Reynolds stress turbulence model in RANS simulations.

In this paper, the aforementioned burner, both in the case of CH4–air and H2–air
mixtures, was simulated. In the case of the CH4–air mixture, the numerical set-up was
validated against experimental results [37] and benchmark CFD data [39]. Moreover, the in-
fluence of turbulence models, k-ε, k-ω-SST, and Reynolds stress, was investigated. A study
of the burner fueled with a H2–air mixture was carried out in order to compare the flame
shape with the case fueled by the CH4–air mixture. Finally, a study of the acoustic modes
(frequency and growth rates) by using an FEM approach (COMSOL Multiphysics®) was
carried out using the two fuel mixtures in order to understand the influence of hydrogen
on the thermoacoustic behaviour.

The paper is organized as follows: Section 2 describes the burner geometry, Section 3
describes the governing equations and numerical setup of the employed CFD code (ANSYS
Fluent), both in the case of the burner fueled with CH4–air and H2–air mixtures. In the same
section, the thermoacoustic model and numerical setup of the Helmholtz solver (COMSOL
Multhiphysics) are presented. Section 4 presents a comparison between CFD results of
the two mixtures investigated in terms of velocity, temperature, density and heat release
rates distributions. These CFD results were used to perform a comparison between the two
mixtures in terms of the thermoacoustic analysis. Finally, Section 5 ends up the work with
a sum up and the discussion of the results.

2. Combustor Geometry

In this work, a lab-scale stabilized premixed burner developed at the Vanderbilt
University has been investigated. Its geometry has been retrieved by [36–40]. In Figure 1,
the geometry of the whole experimental setup is displayed. Moreover, in the same figure a
representation of the whole experimental setup is reported. In the same figure, a close up of
the region representing the numerical domain studied in this work is shown (highlighted
in the red rectangular). The rest of the geometry (grey) has been discarded in order to
minimize the computational cost of the CFD simulations. As depicted in Figure 1, the
burner consists of a conical stainless steel bluff body with a diameter D = 44.45 mm and a
vertex angle of 90°. The bluff body installation is co-axial with the combustion chamber. As
Pan et al. described in [36], a turbulence grid was inserted at 58 mm upstream of the bluff
body. The combustion chamber shows a squared cross section (79 mm × 79 mm) with a
length of 342 mm. The blockage ratio of this burner is equal to 25% (i.e., the ratio between
bluff body section and the squared cross section of the inlet channel).
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Figure 1. Representation of the numerical domain of the Vanderbilt University lab-scale burner.
Dimensions are expressed in mm.

3. Governing Equation and Numerical Setup

The mathematical models of the CFD code and thermoacoustic combustion model
are presented in this section. In Section 3.1, the boundary conditions, the mesh used in the
CFD simulation, and the governing equations of the CFD simulations on the Vanderbilt
burner are presented. Section 3.2 contains the thermoacoustic governing equations utilized
to determine the stability of the system. Section 3.3 presents the boundary conditions and
numerical setup for the thermoacoustic simulation of the burner powered by a mixture of
pure methane or pure hydrogen.

3.1. CFD Simulations

Concerning a fully premixed flame, to model the flame front propagation, the transport
equation of the progress variable, θ, which varies from 0 (fresh reactants) to 1 (burnt gases),
was solved [41]. The progress variable is provided in terms of reduced fuel mass fraction,
given by:

θ =
Y−Yu

Yb −Yu
(1)

where Y, Yu, and Yb are local, unburnt, and burnt species mass fractions. The density-
weighted mean reaction progress variable, represented by θ is used to model the propaga-
tion of the flame front:

∂

∂t
(ρθ) +∇ · (ρuθ) = ∇

((
k
cp

+
µt

Sct

)
∇θ

)
+ ρSc (2)

where Sct is the Schmidt turbulent number and Sc is the product formation rate that
represent the reaction progress source term, s−1. The energy equation in terms of sensible
enthalpy, h, for the fully premixed fuel is

∂

∂t
(ρh) +∇ · (ρuh) = ∇ ·

(
k + kt

cp
∇h
)
+ Sh,chem + Sh,rad (3)

where Sh,rad is the heat loss due to radiation and Sh,chem represents the heat gain due to the
chemical reaction:

Sh,chem = ρSc HcombYf uel (4)
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where Hcomb is the lower heating value of the fuel and Yf uel is the fuel mass fraction of the
unburnt mixture. The mean reaction rate in Equation (2) is modeled as:

ρSc = ρuUt|∇θ| (5)

where ρu is the density of the unburnt mixture and Ut is the turbulent flame speed. The
chemical kinetic mechanism used in this work is the GRIMECH-3.0 [42], and the Zimont
model has been adopted to derive the turbulent flame velocity [43]:

Ut = A(u′)3/4U1/2
l α−1/4

u l1/4
t = Au′(τt/τc)(1/4)

(6)

where A is the model constant, u′ is the velocity fluctuation, Ul is the laminar flame speed,
αu = k/(ρcp) is the thermal diffusivity of the unburnt mixture, lt is the turbulence length
scale, τt = lt/u′ is the turbulence time scale, and τl = αu/U2

l is the chemical time scale.
The turbulence length scale is calculated as follows:

lt = CD
(u′)3

ε
(7)

where ε is the turbulence dissipation rate. Three turbulence models, i.e., k-ε, k-ω-SST and
Reynolds stress were employed. The main parameters, which characterize the CH4–air
or H2–air mixtures, used for CFD simulations are summarized in Table 1. The inlet axial
velocity of the fuel mixture, uax, was calculated starting from the inlet air mass flow rate,
ṁair = 70.78 g/s, indicated in [37,40] and the thermal power of the burner, Pburner = 120 kW.
As a result, the air–methane mixture was introduced through the inlet section with an
average velocity of 10.81 m/s. A turbulence intensity of 24% was used. The operating
conditions of the fuel mixture were T = 300 K and at atmospheric pressure. Furthermore,
the surface of the chamber was treated with a non-slip wall type boundary condition. The
outflow condition was applied to the outlet surface of the combustion chamber. In the same
Table 1, the main parameters of the new mixture proposed for hydrogen–air combustion
are reported.

Table 1. Comparison of the main parameters characterizing the two mixtures employed in this work:
CH4–air and H2–air.

Parameter CH4-Air H2-Air

φ (−) 0.586 0.481
αst (−) 17.20 33.9

MWmix (Kg/kmol) 28.11 24.31
α (−) 29.30 70.6

ṁair (g/s) 70.78 70.78
ṁ f uel (g/s) 2.42 1

ρmix (Kg/m3) 1.14 0.99
Uax,mix (m/s) 10.81 12.26
LHV (MJ/Kg) 50.0 119.9

Tad (K) 1641 1577

Three different unstructured meshes were generated. As shown in Figure 2, in which
Mesh #3 is reported, the domain was divided into five zones to gradually increase the
element size from the bluff body zone (zone 2) to the outlet zone (zone 5). The results, in
terms of axial velocity and temperature, will be reported in Section 4.1.1.
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Figure 2. View of Mesh # 3 with zone partitioning for grid refinement.

3.2. Thermoacoustic Combustion Instability Modelling

Heat release and pressure fluctuations may interact to generate thermoacoustic in-
stabilities. Instability is generated if the energy supplied is larger than the rate at which
acoustic energy dissipates according to the Rayleigh criterion [44].∫ T

0

∫ V

0
p′(x, t)q′(x, t)dvdt ≥

∫ T

0

∫ V

0
Ed(x, t)dvdt (8)

where p′ and q′ are the pressure and heat release fluctuations, respectively, T is the period
of oscillation, V is the control volume, and Ed is the wave energy dissipation. According
to the inequality in (8), when p′ and q′ are in phase instability occurs. In the combustion
chambers the flow velocity is negligible with respect to the speed of sound. Under this
hypothesis, the inhomogeneous wave equation in the presence of heat release fluctuations,
becomes:

1
c2

∂2 p′

∂t2 −∇
2 p′ =

γ− 1
c2

∂q′

∂t
(9)

where γ represents the ratio between the specific heat at constant pressure, Cp, and constant
volume, Cv. The speed of sound is indicated by c and the over-bar identifies the average
non-fluctuating quantity. In harmonic analysis the fluctuation of acoustic pressure p′ and
velocity u′ are defined as follows:

p′(x, t) = p̂(x) exp(iωt) (10)

u′(x, t) = û(x) exp(iωt) (11)

where the symbol ˆ introduces a complex quantity, i is the imaginary unit, ω is the complex
angular frequency, and t is time. In the case of finite disturbances, the flame model q′(x, t)
is periodic and hence can be described by the Fourier series:

q′(x, t) =
∞

∑
m=0

q̂me(imωt) (12)

where m is the order of the harmonics. In this thermoacoustic analysis, neglecting non-
linear and non-normal effects, we consider that the flame modes act independently from
each other. Therefore, considering a single frequency:

q̂′(x, t) = q̂(x)e(iωt) (13)

Introducing Equations (10) and (13) into Equation (9) and considering a spatial vari-
ation of the base flow thermodynamic variables, the inhomogeneous Helmholtz Equa-
tion (14) can be derived as:

λ2

c2 p̂(x)− ρ̂(x)∇ ·
(

1
ρ̄(x)
∇ p̂(x)

)
= −γ− 1

c2(x)
λq̂(x) (14)
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where λ = −iω and x is the spatial coordinate. A relation that correlates the unsteady
heat release rate fluctuation q̂ with the pressure waves is needed in order to close the
thermoacoustic problem. In the frequency domain, in the case of small perturbations, the
local flame response to an acoustic perturbation can be represented by the Flame Response
Function (FRF). This is a complex function that depends only on the excitation or angular
frequency ω = 2π f . This function is defined as the ratio of the heat release fluctuation to
the velocity fluctuation at a reference position:

q̂(x)
q̄(x)

= FRF(ω, x)
ûj

ūj
(15)

More complex model take into account the non-linear effect of the amplitude of ûj of
the acoustic velocity through a FDF (flame-describing function) depending on the acoustic
velocity expressed by ûj, not examined here. In Equation (15), the subscript j denotes
the reference position. The FRF can be expressed in terms of its gain, G = |FRF(ω, x)|,
and phase, ϕ = arg(FRF(ω, x)). FRF is used to define the spatial distribution of the
flame response along the flame front in order to produce a more accurate response of the
system than that obtained from a flame-sheet model. The evaluation of the FRF is the most
important aspect of the thermoacoustic analysis because it describes the coupling between
the acoustic field and the heat release fluctuations. The FRF (Equation (15)) depends on the
flame characteristics, as described by Lieuwen [45] and Camporeale et al. [22]. Different
physical mechanisms can be adopted in order to model the fluctuations of heat release
oscillations and they are characterized by a different characteristic timescale [45]. This
work is focused on the thermoacoustic instabilities occurring in a combustor equipped
with a perfectly premixed burner [46]. For these kinds of combustor, the flame is fed with
a premixed fuel–air stream, whose mixture is formed before entering in the burner. In
perfectly premixed burners stabilized by a bluff body the driving mechanism that mostly
leads to heat release fluctuations is the Flame Vortex Interaction, directly depending on
the velocity fluctuation in the combustion zone. As described in [47–49] the velocity
fluctuations (u′) at the entrance of the combustion chamber may trigger existing “shear
layer” disturbances caused by flow separation at the burner exit producing large-scale
coherent vortical structures (see Figure 3). In the initial stage of their formation, these
vortices generally consist of a combustible mixture. Later, as they convect towards the flame
front, these vortices entrain hot combustion products and get ignited. This is followed by
rapid combustion and a sudden breakdown of the vortical structures with the consequence
energy transfer to lower–scale turbulence structures. If these vortical structures reach the
flame front, they may distort the flame and cause its surface area to oscillate, producing
fluctuations in the heat release. Figure 3 shows the recirculation zone around the bluff body
for the two combinations, CH4–air and H2–air, that generate the vortical structures that
lead to instability.

Figure 3. Schematic view of vortical structures downstream from the bluff body for the two different
fuel mixtures.

The definition of the FRF model requires further attention. The FRF has been devel-
oped in several works in the literature. For instance, Durox et al. [50] studied the acoustic
response of an inverted conical flame anchored on a central bluff body. In this work, the
experimental campaign highlighted that the phase difference between the heat release and
velocity fluctuations evolved almost linearly with frequency. In addition, Gatti et al. [51]
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investigated the frequency response of three different methane–air flames. The first of
them was a flame stabilized with a bluff body without swirling (as is in our case). The FRF
gain curve of this flame showed typical low-pass filter behaviour with a large gain at low
frequencies. For high frequencies, the FRF phase increases with constant slope. As reported
in [30], in premixed combustion a mechanism contributing to the heat release rate fluctua-
tion is the interaction of velocity perturbations, starting at the flame base, with the flame
front. This process appears to be characterized, in first approximation, by a convective time
delay τ (with a negligible chemical time scale). In the present work, following [27,52], this
time delay was computed using a particle tracking technique. Released at y/D = 0, particles
are tracked and a convective time computed until the flame front is reached (Yf = 0). This
time value, known as the “time delay”, is assigned to the position of the flame front reached
by the particle. This convective delay approach appears physically sound and improves
upon the one used by Alemela et al. [53], according to which the average convective delay
time for premixed flames was evaluated as the ratio of the distance at which the highest
reaction occurs to the effective transport velocity. With particle tracking, fluctuations of the
heat release due to velocity perturbations can be more accurately tracked. Following the
previous physical model, the FRF can be written as:

FRF = n exp(−iωτ(x)) (16)

In fact, both n and τ are function of the frequency ω. The interaction index n could
be modelled as a first-order low-pass filter whose cut-off frequency ωc is defined as the
angular frequency at which the gain begins to decrease [54,55]. A sensibility analysis
on the interaction index and a validation on the time delay calculation will be shown in
Section 4.2.2.

3.3. Thermoacoustic Numerical Setup

The thermoacoustic analysis was conducted using COMSOL Multiphysics® code as
a FEM solver of the Helmholtz problem. Figure 4 depicts the numerical domain used in
COMSOL.

Figure 4. Numerical domain and relative boundary conditions used in the COMSOL Multiphysics®.
The area in light blue represents the domain of the burner object of the aforementioned CFD simula-
tion. Dimensions are expressed in mm.

In the experimental test-rig described in [36], a turbulence grid was inserted 58 mm
upstream from the bluff body. Upstream from the turbulent grid there is a volume in which
the mixture is injected. In order to account the acoustic wave propagation this volume was
considered. A boundary condition of closed wall was imposed at the inlet section (u′ = 0),
while the outlet section of the combustion chamber was considered as acoustically open
(p′ = 0) considering the characteristics of the experimental setup [31].

In order to carry out the acoustic characterization of the burner, the module acous-
tic pressure and frequency domain of COMSOL Multiphysics® was used. COMSOL
Multiphysics® solves the complete wave equation for each cell into which the 3D acoustic
domain can be divided. Indicated with QCM, the monopole source:
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QCM = − (γ− 1)
ρc̄2 λq̂ (17)

then the Helmholtz equation (see equation (18)), solved in COMSOL code, becomes:

λ2

c̄2ρ̄(x)
p̂(x)− ∇

2 p̂
p̄

= QCM (18)

In the thermoacoustic analysis, in order to take into account the combustion process, it
is necessary to transfer the results obtained from the numerical CFD simulation, carried
out through ANSYS Fluent® (i.e., flame shape, reaction rate, density, temperature molec-
ular weight and time delay), to the FEM code COMSOL Multiphysics® simulation. This
procedure required the development of special Matlab code. Since the COMSOL mesh is
coarse compared to the Fluent one (700 k elements of Fluent mesh with respect to 123 k
elements of COMSOL mesh), the code was developed with the purpose of interpolating
3D data from Fluent to COMSOL. The Matlab code works as follows: the nodes of the two
meshes are read in terms of their 3D coordinates (x, y, z). It is important to highlight that
the coordinate system origins of both meshes are the same. Then, for each node of the
COMSOL mesh, the code associates the thermodynamic property value of the Fluent mesh
closest node. These fields were used in the monopole source defined in COMSOL.

4. Results

The outcomes of this work are presented in this section. The first part presents a sensi-
tivity analysis of the grid and the turbulence model for the CFD simulation, followed by a
comparison of the simulations of the burner fueled by pure methane and pure hydrogen
mixtures. The comparison of the thermoacoustic stability between the burners fueled by
the two aforementioned mixtures is shown in the second section.

4.1. Simulation of Combustion with CH4 and H2
4.1.1. Grid Sensitivity Analysis of the RANS Simulations

In Table 2, the zone extension along the axial distance (mentioned in Section 3.1), y, are
expressed as a function of the bluff body diameter (D). Mesh #1 and #2 are characterized
by a uniform grid size, i.e., 4.5 and 3 mm, respectively. On the other hand, Mesh #3 is
characterized by an element size of 3 mm in zones 1 and 5 with different levels of refinement
in zones 2, 3 and 4.

Table 2. Summary of the grid refinement strategy applied in this work. For each zone, the cell
dimension is reported (D is the bluff body diameter).

Zone Stream
Direction Mesh #1 Mesh #2 Mesh #3

ZONE 1 0–1.3D 4.5 mm 3 mm 3 mm
ZONE 2 1.3D–2.5D 4.5 mm 3 mm 1.6 mm
ZONE 3 2.5D–3.5D 4.5 mm 3 mm 2 mm
ZONE 4 3.5D–4.5D 4.5 mm 3 mm 2.5 mm
ZONE 5 4.5D–7.7D 4.5 mm 3 mm 3 mm

N. of elements 200 k 700 k 2.4 M

Figure 5 shows the comparison between the axial velocity profiles at different positions
y/D for the three grid refinements. The results refer to a reacting case with a methane–air
mixture. All the cases were computed by using the k-ω-SST model for turbulent closure.
Finally, the numerical results are in good agreement with the experiments. In conclusion,
Mesh #2, with 700,000 elements, was chosen in order to retain good accuracy together with
a reasonable computational cost.
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(a) (b)

(c) (d)
Figure 5. Mesh refinement: comparison between the experimental and the numerical results in terms
of the axial velocity profiles at different axial positions ((a) y/D = 0.1, (b) y/D = 0.3, (c) y/D = 0.6,
(d) y/D = 1) − reacting case.

4.1.2. Turbulence Model Sensitivity Analysis of the RANS Simulations

The Reynolds Averaged Navier Stokes (RANS) equations were solved, thus the solu-
tion is related to the integral effects of the fluctuations, also called the “turbulence effects”,
on the mean flow. The closure of the momentum equations is based on the estimation of
the Reynolds stresses. Several models are widely used in CFD codes. Concerning RANS
simulations, the choice of the proper model should be made according to the flow charac-
teristics. Here, the results of three different turbulence models (k-ε, k-ω-SST, and Reynolds
Stress Model) are compared in order to select the best compromise between reliability of
the solution and computational cost. The k-ε model is a two-equation turbulent model
used for the free shear layer away from the surfaces [56], thus expected to fail in capturing
the downward recirculation of the bluff body. In order to extend the limitations of the k-ε
model for separate flow regions, a two-equation turbulent model k-ω SST model could
be considered, where ω stands for the specific turbulence dissipation rate. Moreover, the
Reynolds stress turbulence model solves the transport equations for all components of the
Reynolds stress together with the dissipation rate. This leads to solve a system of seven
equations in 3D flows and for this reason, the computational cost becomes very high.

The RANS numerical setup of the burner fueled with the CH4–air mixture was used to
perform combustion analysis and to select the most suitable turbulence model that matches
the experimental findings. Figure 6 shows the comparison between measured [36,37] and
numerical axial velocity profiles for different axial positions (i.e., y/D = 0.1, 0.3, 0.6 and
1). It is possible to note the presence of an internal recirculation zone, which is due to
the presence of a bluff body. When the RSM and k-ω-SST turbulence models were used,
the axial velocity profiles at y/D = 0.1 (cyan and green line, respectively) showed good
agreement with experimental data (see Figure 6a). Instead, the k-ε model (red line) is
unable to catch the correct flow recirculation level as demonstrated by the axial velocity
profiles compared along the radial direction (z/D). Therefore, y/D = 0.3 and y/D = 0.6
(see Figure 6b,c), highlight the not physical behaviour of the numerical solution due to the
k-ε model. Otherwise the k-ω-SST and Reynolds stress model solutions showed similar
results. Finally, at y/D = 1.0 the recirculation zone shrinks; thus, the flow is less affected
by the turbulence model and the different solutions get closer the experimental profile
(Figure 6d). In addition, the three turbulence models listed above were compared in terms
of temperature (see Figure 7). The turbulence model with the best agreement with the
experimental results was the k-ω-SST. In conclusion, as shown in Figures 6 and 7), the
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predicted velocity profiles obtained with the k-ω-SST turbulence model and RSM better
approximate the experimental results. Moreover, comparing the numerical results with the
experimental ones in terms of the maximum radial length (z/D) of the recirculation zone,
the k− ε model involves an error up to 39%, whereas RSM and k− ω SST models show
the maximum error within 6%. The computational cost of the RANS simulations with the
Reynolds stress model (RSM) turbulence closure is higher than with the k-ω-SST. In fact,
the RSM resolves more equations with respect to the k-ω SST model because this last model
is based on the resolution of only two equations regarding the turbulence kinetic energy
(k) and the specific dissipation rate ω. Since these two model showed similar results in
terms of the experimental velocity, the k-ω SST model was chosen because it required less
simulation computation time.

(a) (b)

(c) (d)

Figure 6. Study of turbulent closure: a comparison between the experimental and numerical results in
terms of the axial velocity profiles for the different turbulence models (k-ε, k-ω SST, RSM) at different
axial positions ((a) y/D = 0.1, (b) y/D = 0.3, (c) y/D = 0.6, (d) y/D = 1) − reacting case.

(a) (b)

(c) (d)

Figure 7. Study on turbulent closure: comparison between the experimental and numerical results in
terms of the temperature profiles for the different turbulence models (k-ε, k-ω SST, RSM) at different
axial positions ((a) y/D = 0.1, (b) y/D = 0.3, (c) y/D = 0.6, (d) y/D = 1) − reacting case.



Energies 2023, 16, 3272 12 of 26

4.1.3. Results of the CFD Simulations

Herein, the impact of the two fuel mixtures on the performance of the burner were
investigated. In particular, the 100% hydrogen case was compared to standard methane.
CFD simulations were carried out to perform thermoacoustic analysis via the FEM ap-
proach. As previously presented, Table 1 compares the main parameters of the two fuel
mixture compositions. The inlet axial velocity of the air–hydrogen mixture was calculated
by assuming the inlet air mass flow rate, ṁair = 70.78 g/s, and the thermal power of
the burner, Pburner = 120 kW as constants. As a result, the air–hydrogen mixture was
introduced through the inlet section with an average velocity of 12.26 m/s, higher than the
methane case.

In the first analysis a comparison between the RANS simulations of the burner fueled
by methane–air mixture and the RANS simulations of the same burner developed by
Andreini et al. [39] was conducted. Figure 8 shows the comparison in terms of the progress
variable θ. The model developed in this work is in good agreement with respect to the
RANS simulation of the burner developed by Andreini et al.

1 
 

 
 
 

 

100% CH4 RANS 
Simulation 
 
Andreini et al. (2014) 
RANS Simulation 

   0.00 × 100                      1.50 × 10−1                   3.00 × 10−1                   4.50 × 10−1                    6.00 × 10−1                   7.50 × 10−1                   9.00 × 10−1      1.00 × 100  

Figure 8. Comparison of the progress variable θ for a burner fueled with the methane–air mixture
with respect to the RANS simulation of the burner developed by Andreini et al. [39].

After this analysis, a comparison in terms of the heat release rate (HR) distribution
between the burner fueled by the CH4–air and H2–air mixtures was carried out. The heat
release rate (J/m3s) was calculated by developing a custom field function, multiplying
the point values of the reaction rate (mol/m3s) by the heating value (J/Kg) and molecular
weight of the fuel (g/mol). The reaction rate was also calculated by a custom field function,
multiplying the product formation rate (1/s) by the fuel concentration (mol/m3), calculated
by the RANS simulation. The product formation rate (Sc), as reported in Section 3.1, was
defined as the source term in the progress variable transport equation of the premixed
combustion model used to model the flame propagation front. Figure 9 shows the contours
of the heat release rate for the two mixtures. In detail, the H2–air mixture shows a change
in the flame topology due to the greater reactivity of hydrogen compared to methane. This
is a typical effect encountered in adapting burners designed to work with methane to the
new H2–air mixture: due to the reduction in density of the fuel mixture, its axial speed
increases, introducing another variation in the operating point of the burner. Furthermore,
Figure 9 shows that the max value of the heat release rate of the H2–air mixture flame is an
order of magnitude greater than the CH4–air mixture.

Figure 10 highlights the reaction zone of the combustion chamber, by the progress
variable θ for the two mixtures. The shape of θ underlines the greater chemical reactivity of
hydrogen–air fuel than the methane–air.
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Figure 9. Contours of the heat release rate for the two different mixtures: methane−air and
hydrogen−air.

Figure 10. Contours of the progress variable θ for the two different mixtures: methane–
air and hydrogen−air.

Figure 11 shows a comparison of the axial velocity profiles between the pure methane
and pure hydrogen mixture combustion cases at several axial positions (i.e., y/D = 0.1,
0.3, 0.6 and 1). The two cases were solved by applying the k-ω SST turbulence model. At
y/D = 0.1 (Figure 11a), the axial velocity profile for the two cases is different. Specifically,
at the smallest radii until z/D = 0.25 the velocity of the pure hydrogen case was smaller
than the benchmark. At radii higher than z/D = 0.25, there was a reversal trend. From the
second axial position y/D = 0.3 (Figure 11b) the recirculation zone for the H2–air mixture
becomes smaller with respect to the CH4–air mixture (the area interested in negative axial
velocities reduces). At y/D = 0.6 and y/D = 1 (Figure 11c,d) concerning the H2–air mixture
the axial velocities were positive for all coordinates z/D. Furthermore, in this case the
recirculation zone becomes smaller than the CH4–air mixture, as it can be seen in Figure 12.
The axial velocity profile variation between the two cases is due to differences in the input
velocity and flame topology, which considerably modify the temperature field downstream
of the bluff body (see Figure 13).
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(a) (b)

(c) (d)

Figure 11. Comparison between the axial velocity profiles for the two different mixtures for the
reaction flow, at different axial positions ((a) y/D = 0.1, (b) y/D = 0.3, (c) y/D = 0.6, (d) y/D = 1).

Figure 12. Comparison between the axial velocity contours for the two different mixtures. Transversal
lines represent the cross-sections in which the temperature, velocity, and density profiles were
measured and compared.

Figure 13. Comparison between the temperature contours for the two different mixtures. Transversal
lines represent the cross-sections in which the temperature, velocity, and density profiles were
compared.
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The hydrogen flame was still anchored to the bluff body, but its different opening
affects the shape of the recirculation zone. In particular, at the axial positions y/D = 0.1 the
temperature of the two mixtures (see Figure 14a) up to the radius z/D = 0.5, in the case fueled
by CH4-air mixture is equal to 1616 K, while when the fuel mixture is H2-air the temperature
is equal to 1592 K. At the radii higher than z/D = 0.5, the maximum difference between the
temperature of two mixtures is 4.7%. At y/D = 0.3 (see Figure 14b), until radius z/D = 0.5,
the temperature of CH4-air mixture is constant equal to 1623 K, while in the case of H2-air
mixture the temperature increase from 1594 K to 1614 K. After radius z/D = 0.5, the difference
between the temperature of two mixtures increases up to 28%. The temperature of H2-air
mixture is higher than CH4-air mixture at y/D = 0.6 and y/D = 1, (see Figure 14c,d).

(a) (b)

(c) (d)

Figure 14. Comparison between the temperature profiles for the two different mixtures at different
axial positions ((a) y/D = 0.1, (b) y/D = 0.3, (c) y/D = 0.6, (d) y/D = 1).

Figure 15 shows the differences between the two mixtures in terms of their density
at four axial positions along the radial direction. In each section, the density of the H2–air
mixture is less than the CH4–air mixture.

(a) (b)

(c) (d)

Figure 15. Comparison between the density profiles of the two different mixtures, at different axial
positions ((a) y/D = 0.1, (b) y/D = 0.3, (c) y/D = 0.6, (d) y/D = 1).
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4.2. Influence of Fuel on the Thermoacoustics
4.2.1. Grid Sensitivity Analysis of the Thermoacoustic Simulations

Furthermore, for the COMSOL setup, a grid sensitivity analysis was carried out. The
mesh was divided in two domains, i.e., upstream (domain 1) and downstream (domain 2)
of the turbulence grid. Table 3 compares three different meshes in terms of the number of
elements, element sizing and computational time.

Table 3. Mesh refinement for the FEM simulations in COMSOL.

Domain Parameter Mesh A Mesh B Mesh C

Max element size 92 mm 63.4 mm 40.3 mm
Domain 1
(upstream of grid) Min element size 11.5 mm 4.61 mm 1.73 mm

Max element growth rate 1.45 1.4 1.35

Max element size 40.3 mm 23 mm 23 mm
Domain 2
(downstream of grid) Min element size 1.73 mm 0.24 mm 0.24 mm

Max element growth rate 1.35 1.3 1.3

Number of elements (-) 31 k 123 k 255 k
Computation time (s) 64 332 623

Moreover, a comparison between the three meshes was carried out by computing
the first eigenmodes (see Figure 16). Specifically, the growth rate (GR) in this figure corre-
sponds to the imaginary part of each eigenmodes and allows the identification of the stable
(GR < 0) and unstable modes (GR > 0). The results from the grid sensitivity analysis point
out the low sensitivity of the results to the grid size. The largest difference corresponded to
the third frequency ( f ∼ 460 Hz) in terms of the GR. For the other points, the difference was
negligible. Hence, Mesh B was chosen to be the best compromise between the reliability of
the results and computational cost. On this grid, the results of the CFD simulations were
transferred to perform accurate FEM analyses. In order to have good interpolation of the
results from one grid (CFD–Fluent) to the other (FEM–COMSOL), Mesh B was considered
equally appropriate (see Table 3). As summarized in Table 3, this mesh had a number
of elements close to 123,000, a maximum element size of 63.4 mm in domain 1, and a
maximum element size of 23 mm in domain 2.

Figure 16. Comparison between the eigenmodes obtained by using different mesh refinements in COM-
SOL.

4.2.2. Results of the Thermoacoustic Simulations

Regarding the assumption on the n value, a sensitivity analysis on the interaction
index n was carried out. In Figures 17 and 18 the frequencies and growth rate (imaginary
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part of the complex frequency) are reported for the first four modes in the burner fueled
with the CH4–air and H2–air mixtures. It can be observed that only the interaction index
n influenced the absolute frequency and gain but not the mode types. In particular, the
main difference between the absolute growth rate values was only reached for the first and
third modes. In this work, a comparison between the burner fueled with methane–air and
hydrogen–air mixture was developed by fixing the n value to equal one. This assumption
was conducted to only highlight the influence of compactness on flame shape in the 100%
hydrogen case. Naturally, the assumption of n = 1 is very strong but it is necessary to
develop a sensibility analysis on the different time delays between the two mixtures.

Figure 17. Sensibility analysis on the interaction index n for the benchmark CH4–air mixture.

Figure 18. Sensibility analysis on the interaction index n for the H2–air mixture.

Time delay differs from one point to another; therefore, instead of using a single time
delay, a spatial distributed τ(x) was introduced to the model. In general, the distributed
time delay is evaluated as:

τ(x) =
∫ x

0
||ds/u|| (19)

where u is the local spatial velocity, x is the spatial coordinate of the flame front, and ds
is the infinitesimal distance covered by points on the curvilinear trajectory. This method
leads to a distributed time delay calculation with a constant time delay proposed by Æsøy
et al. and Aguilar et al. [30,31]. Starting from Equation (20), where H is the flame length
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and ubulk is the bulk velocity, the constant time delay developed for the CH4–air and H2–air
mixtures are equal to 0.0135 and 0.0059 s, respectively.

τ = H/ubulk (20)

The values of H, shown in Figure 19, are equal to 0.188 and 0.0919 m for pure methane
and pure hydrogen, respectively. The flame length was calculated as the distance between
the plane y/D = 0 and the “centre of gravity” for the heat release rate (HRR), as reported
in [31] (see Equation (21)). The values of ubulk are equal to 13.67 and 15.5 m/s for the
CH4–air and H2–air mixtures, respectively.

H =

∫
V y HRR(x, y, z) dV∫

V HRR(x, y, z) dV
(21)

Figure 19 shows the flame length H, used in Equation (20), for the two different
mixtures. The red and cyan solid lines represent the flame front for pure methane and pure
hydrogen, respectively. The flame front was identified by isolines corresponding to the
heat release rate equal to 12.5% of the max value for methane and hydrogen.

Figure 19. Schematic of the flame for the two different mixtures. The solid line denotes the flame
front and H represents the length of the flame for the two mixtures.

Figure 20 shows the heat release rate against time as obtained by RANS simulations.
The colours refer to different particles which are followed from the base of the flame to
the flame front. The peak of the heat release rate in the burner fueled with CH4–air (see
Figure 20a) was around the time value 0.013 s. In the case of the burner fueled with H2–air
(see Figure 20b) the peak corresponds to 0.0058 s. These values, obtained by the RANS
simulations, agree with respect to the constant time delay calculated by Equation (20).

In Figure 21, a scatter plot of the distributed time delay against the heat release rate
(HRR) for the two mixtures is reported. The HRR was obtained by multiplying the reaction
rate by LHV and the molecular weight of the fuel. The ranges of the distributed time delays
were 0.005÷ 0.018 and 0.002÷ 0.008 s for the pure methane and pure hydrogen mixtures,
respectively. The constant values computed by the formulation proposed by Æsøy and
Aguilar [30,31] for both cases are within the corresponding ranges of the distributed time
delay. The combustion rate of the hydrogen–air mixture in the burner was higher than
the methane–air mixture due to the greater LHV of hydrogen compared to methane, see
Figures 9 and 20. Therefore, the time delay of the hydrogen–air mixture is importantly
lower than the methane–air mixture. These parameters are the most important in order to
take into account the actual HRR in Acoustic Pressure and Frequency Domain of COMSOL
Multiphysics®.
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(a)
(b)

Figure 20. Heat release rate trends against time: (a) CH4–air mixture, (b) H2–air mixture.

In Figure 22a,b, a comparison between the temperature and the reaction rate fields
of both the CFD solution (lower half section) and the data interpolated from the mesh
employed on COMSOL (upper half section) is reported for the burner fueled with the
CH4–air mixture. These fields have been developed by Matlab code, aforementioned in
Section 3.3. Despite the coarse mesh of FEM code, the comparison between the fields in
Figure 22 shows that the results of the CFD results are well interpolated on the mesh of FEM
code. This allowed us to take into account the combustion process in the thermoacoustic
analysis of the burner.

Figure 21. Comparison of the time delay versus the heat release rate for the methane–air and
hydrogen–air mixtures.

The general formulation of the Rayleigh index R̂a, in the frequency domain [57,58], is a
good tool in order to individuate the region of combustion chamber in which the instability
occurs. The post-processing COMSOL facilities allow to calculate the real part of Rayleigh
index Re(R̂a) as follows:

Re(R̂a) = | p̂||q̂|cos(ϕq − ϕp) (22)

where | p̂| and |q̂| indicate the absolute value of p̂ and q̂, respectively, ϕq is the phase of q, and
ϕp is the phase of p. Figure 23 shows the contour plot of the local Re(R̂a) of Equation (22)
in the medium plane of the burner fueled by the CH4–air and H2–air mixtures. In order to
perform a comparison of the results, the maximum value of Re(R̂a) of the fourth mode for
the two mixtures was used as the normalization factor. It is possible to notice that the shape
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is very different between the two mixtures. The higher positive value of Re(R̂a) obtained
in the case of the H2–air mixture (Figure 23b) confirms that the use of the hydrogen–air
mixture in the burner yields an unstable mode with respect to the burner fueled with
CH4–air mixture.

In Figure 24, a distribution of the time delay τ in the burner fueled with the two
mixtures is represented. When the H2–air mixture was used the time delay τ is smaller
compared to the CH4–air mixture due to the high combustion velocity of the H2–air fuel
with respect to the CH4–air mixture.

After studying the Rayleigh index and time delay, the next step concerns the sensibility
of the burner to the different fuel mixtures. In the case of the hydrogen–air mixture the
acoustic modes of the burner are reported in Figure 25. The frequencies and Growth Rate
(GR) values are reported in Table 4. In the case of the burner fueled by the hydrogen–air
mixture, the magnitude of the frequency and growth rate values increases with respect to
the methane–air mixture. The greater reaction rate and smaller time delay of the hydrogen-
air mixture stimulates a change in the relationship between the pressure fluctuation and
the unsteady heat release [28]. The compactness of the flame shape in the 100% hydrogen
case (see Figure 9) influences the relationship between the unsteady heat release and the
pressure fluctuations and, hence, the thermoacoustic characteristics of the burner. Therefore,
flame position has a crucial role in determining of the dynamic state of the burner fueled
by pure hydrogen.

(a) Temperature fields.

(b) Reaction Rate fields.

Figure 22. Comparison between the CFD solutions and the same fields interpolated on the COMSOL
mesh for the burner fueled with CH4–air mixture (Temperature field (a) and Reaction Rate field (b)).

Furthermore, in this work, due to the aforementioned causes, the thermoacoustic
behaviour of the burner changes. Indeed, Figure 25 shows the increase in instability of the
first two modes in the model fueled by the hydrogen-air mixture. For the same mixture,
the modes at frequencies greater than 400 Hz shift towards even greater values.
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(a) Rayleigh index CH4-air mixture.

(b) Rayleigh index H2-air mixture.

Figure 23. Comparison of the Rayleigh index for the methane–air (a) and hydrogen–air (b) mixtures.

(a) Time delay CH4-air mixture.

(b) Time delay H2-air mixture.

Figure 24. Comparison of the time delay τ for the methane–air and hydrogen–air mixtures.

In Figure 26, the total acoustic pressure for the first four modes with the hydrogen–
air and methane–air mixtures are reported. For the first two modes (Figure 26a,b), the
acoustic pressure values for the hydrogen–air mixture were similar to the methane–air
mixture. However, for the third mode (Figure 26c), the position of the acoustic pressure
peak shifts towards the inlet section when the H2–air mixture was used. In the fourth
mode (Figure 26d), the acoustic pressure value decreases in the model of pure hydrogen
compared to the CH4–air mixture.
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Table 4. Eigenmode comparisons between the H2–air and CH4–air mixtures.

Mode Type CH4 with No
Flame CH4 with Flame H2 with No

Flame H2 with Flame

Longitudinal 47.68 Hz 49.44 + 1.99i Hz 54.18 Hz 60.11 + 4.15i Hz
Longitudinal 259.73 Hz 259.96 + 0.17i Hz 281.89 Hz 281.21 + 0.87i Hz
Longitudinal 453.87 Hz 457.74 + 0.70i Hz 541.78 Hz 539.06 + 2.88i Hz
Longitudinal 571.88 Hz 571.65 − 0.038i Hz 628.95 Hz 628.48 + 0.30i Hz

Figure 25. Comparison of the frequency and growth-rates for the two cases fueled with CH4–air and
H2–air.

(a) First mode

(b) Second mode

(c) Third mode

(d) Fourth mode

Figure 26. Comparison of the acoustic pressure for the first four modes when the two mixtures
(CH4–air and H2–air) were employed.



Energies 2023, 16, 3272 23 of 26

5. Conclusions

In this work, the preliminary analysis of a lab-scale-stabilized burner fueled with
a hydrogen–air mixture was conducted. A CFD simulation was carried out to predict
the thermodynamic properties of the mixtures in the hot regions. The CFD analysis of
the hydrogen–air mixture showed a reduction in the recirculation zone near the bluff
body. Moreover, the data from the CFD simulations were used to develop aforementioned
field proprieties and then interpolated by means Matlab code on a coarser grid used in
COMSOL Multiphysics® in order to perform a thermoacoustic analysis. The time delay
and heat release rate were calculated by means of the CFD simulations. In the hydrogen–air
mixture case, the time delay decreased and the heat release rate increased with respect
to the methane–air mixture due to the high LHV of hydrogen. A study on the Rayleigh
index was carried out to analyze the influence of the H2–air mixture on the thermoacoustic
instability of the burner. Finally, an analysis of both the frequency and growth rate on the
first four modes was carried out by comparing the two different mixtures. In the burner
fueled by the hydrogen–air mixture, the modes were prone to becoming more unstable
with respect to the same mode when fueled by the methane–air mixture due to the change
in flame topology and variation in the heat release rate and time delay. In the next future,
the develop of Flame Transfer Function by introducing perturbations on URANS-LES
simulations will be carried out. Starting from this work, a study on the acoustic velocity
fluctuation will be carried out in order to calculate the value that produces the limit cycle.
The results will shed light on the main parameters affecting burner performance in the
design of a new generation of hydrogen burners in the energy production sector.
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Nomenclature

Subscript
ax Axial component
mix Fuel mix
f uel Fuel
j Reference position
air Air
st Stoichiometric
burner Burner
t Turbulent
b Burnt
u Unburnt
l Laminar
Superscript

Mean
ˆ Acoustic quantity
′ Fluctuation
m Harmonic order
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Greek letters
τ Time delay
ω Complex angular frequency
γ Ratio between specific heat
ρ Density
∂ Partial derivative
α Fuel–air ratio
φ Equivalence ratio
ϕ Phase
λ −iω
θ Progress variable
µ Viscosity
Symbols
n Acoustic–combustion interaction index
D Bluff body max diameter
Dc Diffusion coefficient
T Temperature
p Pressure
u Velocity
ubulk Bulk velocity
P Thermal power
y y-coordinate
z z-coordinate
Cp Specific heat at constant pressure
Cv Specific heat at constant volume
q Heat release rate
c Speed of sound
MW Molecular weight
V Control volume
f Frequency
x Spatial coordinate
Re Real part
Ra Rayleigh index
Ed Wave energy dissipation
Sc Schmidt number

Abbreviations

CFD Computational fluid dynamics
FRF Flame response function
RANS Reynolds-averaged Navier–Stokes
FEM Finite element method
GR Growth rate
LHV Lower heating value
FRF Flame transfer function
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