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Abstract: The vapour microturbine set’s mathematical model has been updated to consider the
partial admission of turbine stages. Experimental data from two distinct microturbine sets were
used to verify the model. The model of the microturbine set was tested under varying operating
conditions. Examples of a comparison between the experimental results and simulations are presented
and analysed. It has been shown that, when simulating the off-design operation of multistage
microturbines, not taking into account power losses due to partial admission may lead to significantly
incorrect results. This conclusion does not apply to single-stage microturbines.
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1. Introduction

Microturbine sets are power systems that comprise a microturbine and mechanical
energy receiver. In general, they are used for the local production of electricity and heat
energy [1]. Both gas and vapour microturbines are applied. The literature describes the
applications of microturbines. Sample items [2,3] can be pointed out in the case of gas
turbine plants, while articles [4,5] can be indicated in the case of vapour turbine plants.
For electric power generation from low-temperature heat sources, such as geothermal [6,7],
ocean [8], or waste heat recovery systems [9], vapour microturbines can be used in conjunc-
tion with installations that employ the organic rankine cycle (ORC) [10] or organic flash
cycle (OFC) [11].

For small power systems, such as individual households, off-design operation should
be expected [12]. Simulation tests of microturbines are of great practical importance for
this reason. Methods for simulating turbine operation in non-design conditions are being
developed [13]. However, it should be noted that the established methodology is most often
applicable to high-power turbines. Calculation methods that are effective for high-power
applications may not be appropriate for microturbines, as the loss components remain the
same, but their quantitative contribution may differ. Models for gas microturbines have
been developed in most of the available literature (e.g., [14–17]). Most available simulations
of vapour microturbines are related to CFD analysis. (e.g., [18–20]) or do not describe the
cooperation between the turbine and electric generator [21].

There are few simulation studies linking the operating parameters of vapour microtur-
bine sets with the electrical load. A model of a vapour microturbine set is described in [22].
This is an empirical model. The structure of the model is determined by observed exper-
imental relations. The model assumes a linear relationship between electrical load and
speed of rotation. However, the relationship between the mentioned variables is non-linear.
It can be concluded that the mentioned model provides acceptable accuracy for operations
with relatively small changes in device load.

The vapour microturbine set’s mathematical model was also developed in [23]. The
relationships are partially derived from the generic equations. The mentioned model was
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validated using experimental data from the single-stage axial microturbine set. This model
offers a wider operational area.

Tests carried out by the authors, which have not yet been published, indicate that the
mentioned model [23] does not provide adequate accuracy for multi-stage microturbines.
To investigate the cause of this phenomenon, it was hypothesized that it resulted from
neglecting the impact of partial admission of microturbine stages.

Vapour microturbines are typically designed with partial admission stages, which
is due to the small volume flow rate of the working medium. This solution allows for
the design of turbine blades with sufficient efficiency by enabling the determination of
the appropriate height. However, this introduces additional energy losses to the turbine
stage. The mentioned mathematical models of the vapour microturbine set do not take this
phenomenon into account. It has not yet been proven that excluding this phenomenon from
the calculations does not significantly affect the accuracy of the simulation, particularly
when analyzing the operation of the microturbine set in a wide load range. Therefore, it is
necessary to develop or modify a mathematical model of a vapour microturbine set that
includes the partial admission effects of the turbine stages. Verification should involve
comparing calculation results with experimental data, preferably using a complete set
comprising a microturbine and an electric energy generator. The conclusions would be
helpful for studying operational aspects or engineering applications. A literature survey
shows limited research on this topic.

The aim of this study is to investigate whether the partial admission issues men-
tioned above should be included in the analysis of vapour microturbine sets. This study’s
significant contributions and innovations are:

1. The mathematical model of the microturbine set has been modified to take into account
the partial admission of turbine stages.

2. The model has been verified through unique experimental research. The analysis
covered two structurally comparable microturbine sets that differed in the number
of turbine stages with partial admission. The findings of such studies have not yet
been published.

The paper is structured as follows: Section 1 provides an introduction, Section 2
describes the microturbine sets studied and analyses their mathematical model, Section 3
presents the results and discusses the model verification, and Section 4 draws conclusions.

2. Mathematical Description of a Microturbine Set

Figure 1 shows the scheme of a microturbine set under consideration. A microturbine
set comprises a microturbine and a three-phase permanent magnet generator that are
connected to each other. A turbine is approached by a working medium at pressure p1 and
temperature T1. After the turbine, there is a medium pressure of p2. The rotor’s rotational
speed is denoted by n. A diode rectifier is connected to a generator to convert alternating
current into direct current. The direct current energy is converted into heat in a load resistor
with a resistance R.

Figure 1. Schematic diagram of a microturbine set with a diode rectifier.

Two mathematical models of a microturbine set have been considered.
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2.1. Model without the Effect of a Partial Admission—Base Model

The model is described in ref. [23]. The model is intended for vapour microturbine
sets; however, it does not take into account the effect of partial admission energy losses.
The model resulting from the generic equations presents the steady-state relation between
the thermodynamic parameters of a working medium, a load resistance, and the angular
speed of a vapour microturbine set.

(k1
√

Hs − k2ω)
√

p2
1 − p2

2 =
Rω(pke)2(

π2R+18Rs
3
√

6π

)2
+

(
pωL

√
6

π

)2 , (1)

where k1, k2 are turbine coefficients, Hs is the isentropic turbine enthalpy drop, ω is the
rotor angular speed, p1, p2 are turbine inlet and outlet pressure, R is the resistance of a
system load, Rs is the generator stator resistance, p is the number of the generator magnet
poles, ke is the generator constant, L is the single-phase inductance of a generator stator.

Equation (1) represents the torque on a turbine shaft on the left side and the electro-
magnetic torque of a generator on the right side.

In this paper, the mentioned model will be called the base model.

2.2. Model with the Effect of a Partial Admission—Developed Model

In some turbine stage cases, the volume flow rate of the working medium is so small
that the admission along the entire nozzle circumference would necessitate a very short
nozzle height and—as a result—very high energy losses. This is one of the reasons why
nozzles are placed only on a fragment of the circumference. Rotor blades are placed on the
whole circumference of the disc and they periodically enter and leave the area with flow
from the nozzles. The mechanism of losses in this type of solution is extremely complex
(Figure 2). The losses appear in different places and are of various natures. In an area with
no admission, the rotor blades cause working medium circulation, acting as a fan. This is
known as windage losses, which are proportional to the length of the part of the turbine
stage circumference without admission. Other complicated flows appear at the ends of
the arc of admission, resulting in medium expansion losses in blade channels entering and
leaving the admission segment, as well as losses resulting from the mixing of fluid and
stagnant gas. In cases where the medium is only admitted in one segment, the power losses
due to partial admission can be calculated from the formula [24]:

NV = kV(1 − ϵ) d l u3 1
v
= kV(1 − ϵ) d4 l ω3 1

8v
(2)

where d—mean turbine stage diameter; kV—coefficient (depends mainly on turbine stage
construction); ϵ—ratio of admission, defined as the length of the arc of admission τ to
the entire circumference; ϵ = τ

π d ; l—rotor blade height; u—blade speed at diameter d;
v—mean specific volume of a working medium (as the discussed turbine stages have a very
low degree of reaction, it is possible to write v ≈ v1 ≈ v2, where indexes 1 and 2 denote
parameters before and after the rotor blade cascade).

Figure 2. Diagram showing the mechanism of energy loss formation due to partial admission.
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The equation for the ventilation torque of a turbine stage can be derived as follows:

MV = kV(1 − ϵ) d4 l ω2 1
8v

. (3)

Equation (3) describes the torque of ventilation of a single turbine stage. For a multi-
stage turbine, the following relation can be used:

MV = kV1(1 − ϵ1) d4
1 l1 ω2 1

8v1
+ . . . + kVi (1 − ϵi) d4

i li ω2 1
8vi

+ . . .

+kVf (1 − ϵ f ) d4
f l f ω2 1

8v f
,

(4)

i = 1, 2, . . . , f , where f is the number of turbine stages.
In a steady state, the torque of a turbine should be equal to the sum of the electromag-

netic and ventilation torques.
MT = ME + MV (5)

where MT is a turbine torque, and ME represents the electromagnetic torque of a generator.
Taking Equations (1), (4) and (5) gives the following expression:

(k1
√

Hs − k2ω)
√

p2
1 − p2

2 =
Rω(pke)2(

π2R+18Rs
3
√

6π

)2
+

(
pωL

√
6

π

)2 +

+
f

∑
i=1

kVi (1 − ϵi) d4
i li ω2 1

8vi
.

(6)

Formula (6) shows the steady-state relationship between the thermodynamic parame-
ters of a medium, a load resistance, and the angular speed of a microturbine set with partial
admission stages. It is important to note that this model is empirical rather than theoretical
and does not isolate the known components of energy losses in turbines.

In this paper, the mentioned model will be called the developed model.

3. Models Validation

The results of the experiments were used for the validation of the models of a micro-
turbine set. Two models have been considered: the model described in the literature [23]
(base model), and the modified model with the effect of a partial admission of a turbine
stage (developed model). Both models have been tested on two microturbines: single-stage
and five-stage turbines, each with partial admission stages. Compressed air was used as
the working medium for this consideration.

The considered microturbine sets are presented in Figure 3. Both microturbine sets
have been designed to operate in the ORC micropower station and have turbine stages
with partial admission. The arc of admission of the third-stage nozzle cascade from the
five-stage microturbine is indicated in Figure 4. The ratio of admission of the single-stage
microturbine is equal to 0.079. The ratios of admission for the five-stage microturbine
are given in Table 1. Comprehensive information about the microturbine set devices and
laboratory test stands can be found in references [23,25] (single-stage turbine) and [22]
(five-stage turbine).
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Figure 3. Single-stage (left) and five-stage (right) microturbine set.

Figure 4. The third-stage rotor disc (left) and nozzle diaphragm (right) from the five-stage microturbine.

Table 1. Ratios of admission for the five-stage microturbine.

Stage Number Ratio of Admission

1 0.067
2 0.109
3 0.171
4 0.236
5 0.323

Figures 5 and 6 show the data used to determine the coefficients k1 and k2 for the
models. The figures illustrate the experimentally obtained relationships between rotational
speed and load resistance while maintaining constant inlet and outlet pressure values.
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Figure 5. Rotational speed n versus load resistance R of the single-stage microturbine set.
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Figure 6. Rotational speed n versus load resistance R of the five-stage microturbine set.

The generator data for the single-stage microturbine set were taken from [23]
(Rs = 1.00 Ω, ke = 0.0249 Vs

rad , L = 0.00201 H).
The generator phase stator resistance for the five-stage microturbine set was measured.

Its value is Rs = 1.84 Ω. The generator constant ke and inductance L were obtained from
the relationship [23]:

(pωke)
2 = (ULL + IsRs)

2 + (pωLIs)
2. (7)

Based on the experimental data shown in Figure 7, the solution was found using a
minimum square error: ke = 0.102 Vs

rad , L = 0.00721 H.
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Figure 7. Rotational speed n, phase current intensity Is and phase-to-phase voltage ULL versus load
resistance R of the five-stage microturbine set.

A series of calculations were performed to compare the mentioned relations with
the experimental data. The simulation results were compared to experimental data using
graphs. The relative differences between the calculated and experimental results were also
determined using the following formula:

δn =

∣∣∣∣nexp − ncal

nexp

∣∣∣∣, (8)

where nexp is the rotational speed obtained from the experiment, and ncal is the calculated
rotational speed.

Different sets of observations were used to validate the models than the ones used to
determine their coefficients.

3.1. Base Model

Turbine coefficients k1, k2 for base model calculations were obtained from Equation (1).
The following values were determined: k1 = 4.03 × 10−9 m2s, k2 = 3.25 × 10−10 m3s

rad (for
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the single-stage microturbine) and k1 = 2.11 × 10−8 m2s, k2 = 6.81 × 10−10 m3s
rad (for the

five-stage microturbine).
The analysis was performed to compare the model’s results with the experimental

findings. The rotational speed values were obtained by solving the Equation (1). The
experimental values of the working medium parameters and load resistance were used as
input data for the calculations. The resulting rotational speeds were then compared with
the experimental data. The diagrams present the sample results.

Figure 8 displays the relationship between rotational speed and load resistance of the
single-stage turbine during compressed air operation. The data are obtained from both
experiment and base model calculations, with the pressure at the turbine inlet and outlet set
at 5 bar and 1 bar, respectively. The graphs also display the relative differences between the
results of the simulations and experiments. The maximum relative error for the rotational
speed was 18.3%, but in most of the load range, errors were only a few percent.
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Figure 8. Rotational speed n versus load resistance R of the single-stage microturbine set and relative
errors δn between the experiment and base model calculations.

Figure 9 shows a similar example for an inlet pressure of 6 bar. In this case, the
maximum error occurred at the edge of the load range and was equal to 16.5%. In the other
parts of the load range, the errors did not exceed 5.9%.
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Figure 9. Rotational speed n versus load resistance R of the single-stage microturbine set and relative
errors δn between the experiment and base model calculations.
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The base model’s inaccuracy for low values of load resistance is much higher than the
results presented in [23]. However, it is important to note that the tests in this article were
conducted over a much wider range of loads.

Figures 10 and 11 present validation results for the five-stage turbine at an inlet
pressure equal to 5 and 6 bars. In these cases, the differences between the experiment and
the calculation results were much larger. The base model overestimated the rotational
speed over almost the entire load range. Relative errors ranged from a few to almost 30%.
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Figure 10. Rotational speed n versus load resistance R of the five-stage microturbine set and relative
errors δn between the experiment and base model calculations.

35 40 45 50 55 60 65 70 75

R [ ]

10

12

14

n
 [
rp

m
 x

 1
0
0
0
]

five-stage turbine, p
1
 = 6 bar, T

1
 = 283 K, p

2
 = 1 bar

calculations

experiment

0

10

20

30

n
 [
%

]

35 40 45 50 55 60 65 70 75

R [ ]

Figure 11. Rotational speed n versus load resistance R of the five-stage microturbine set and relative
errors δn between the experiment and base model calculations.

3.2. Developed Model

The values of the kV coefficient were calculated from the following relation [24]:

kV = (0.14 + 1.8
l
d
) sin(β2), (9)

where l is the rotor blade height; d is the mean rotor cascade diameter; and β2 is the relative
flow angle at the rotor blade cascade exit. The following values were determined: kV = 0.0890
(for the single-stage microturbine) and kV = 0.0852 (for the five-stage microturbine).
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Performing developed model calculations requires determining the mean specific
volume of the working medium before and after the rotor blade cascade. In the case
of single-stage turbine tests, a pressure equal to 1 bar and a temperature of 283 K were
assumed for the average specific volume determination. In the case of five-stage turbine
tests, the algorithm given in Appendix A was applied.

Turbine coefficients k1, k2 for developed model calculations were obtained from Equation (6).
The following values were determined: k1 = 3.75 × 10−9 m2s, k2 = 2.21 × 10−10 m3s

rad (for

the single-stage microturbine) and k1 = 2.54 × 10−8 m2s, k2 = 2.71 × 10−9 m3s
rad (for the

five-stage microturbine).
The experimental data were used to compare the results. The rotational speed values

were calculated by solving the Equation (6). The experimental values of the working
medium parameters and load resistance were used as input data for the calculations. The
sample results are presented in the diagrams.

The rotational speed of the single-stage turbine is presented in Figures 12 and 13 as a
function of the load resistance. The data were obtained from both experimental and model
calculations for compressed air operation. The pressure at the turbine inlet was set at 5 bar
and 6 bar. In most parts of the load range, the differences between the experiment and the
calculation results did not exceed a few percent. The maximum values of errors (up to
17.6%) were observed for the smallest values of load resistance.

The results of the developed model validation for the five-stage turbine are shown
in Figures 14 and 15 (for inlet pressure equal to 5 and 6 bars). The relative errors for the
rotational speed exceeded 10%.

3.3. Discussion

It should be noted that the accuracy of the developed model for the single-stage
turbine is practically the same as for the base model. Including partial admission of the
turbine stage in the model did not increase its accuracy. The change in the turbine inlet
pressure value did not significantly affect the accuracy of the results. In most of the load
range, the considered model inaccuracy did not exceed a few percent. However, a visible
decrease in accuracy was observed at the lowest values of the load resistance. Therefore, it
should be considered whether, in this case, the accuracy of the model is not influenced to a
greater degree by the simplifications related to the electric part of the set (e.g., not taking
into account the energy losses in the diode rectifier) than with the turbine flow part.

The analysis of the results for the five-stage turbine leads to other conclusions. Sim-
ulating the operation of the five-stage microturbine set by the relation of the base model
significantly overestimates the value of the rotational speed. The calculations had relative
errors as high as 30% compared to the experiment. Such accuracy in practical applications
can be unacceptable. The developed model has significantly improved the accuracy of
the simulation of the five-stage microturbine. The simulation error values decreased to
about 10%.

This phenomenon can be explained by analysing Equation (2). The power losses due
to partial admission of a turbine stage depend on its construction, rotational speed, and
the specific volume of the working medium in the rotor blade area. The construction of
the considered single and five-stage microturbines was similar. Both microturbines were
operated within similar rotational speed ranges and similar thermodynamic parameters of
the working medium. It is important to note that the distribution of the expansion of the
working medium in a single-stage turbine differs from that in a multi-stage turbine. Most
of a drop in pressure in a single-stage turbine with partial admission takes place in a nozzle
cascade (discussed turbine stages have a very low degree of reaction). This means that
rotor blades operate at a specific volume of the working medium close to a turbine outlet
pressure. In a multi-stage turbine, the working medium expansion is realised successively
in the next stages. The turbine stages (except the last one) operate at smaller values of
the specific volume, so power losses due to partial admission will be greater than in an
equivalent single-stage turbine.
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This leads to the conclusion that, when simulating the off-design operation of multi-
stage microturbines, not taking into account power losses due to partial admission may
lead to significantly incorrect results.

However, it should be mentioned that the conclusions were drawn from research on
only two objects. Therefore, it cannot be ruled out that these results were accidental and
should be verified in the future using another research method.
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Figure 12. Rotational speed n versus load resistance R of the single-stage microturbine set and relative
errors δn between the experiment and calculations with the developed model.
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Figure 13. Rotational speed n versus load resistance R of the single-stage microturbine set and relative
errors δn between the experiment and calculations with the developed model.
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Figure 14. Rotational speed n versus load resistance R of the five-stage microturbine set and relative
errors δn between the experiment and calculations with the developed model.
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Figure 15. Rotational speed versus load resistance R of the five-stage microturbine set and relative
errors δn between the experiment and calculations with the developed model.

4. Conclusions

This paper describes modifications made to the mathematical model of a set compris-
ing a vapour microturbine, a three-phase permanent magnet synchronous generator, and a
diode rectifying unit. The established relationships include the energy losses of the partial
admission of a turbine stage. In particular, the following tasks were carried out:

• The experimental data were used to determine the model parameter values. The
data from the two distinct microturbine sets were utilised. The microturbines were
structurally comparable, however, they differed in the number of turbine stages with
partial admission.

• Calculations were performed to simulate the performance of both microturbine sets.
The simulation data were compared to the results of the experimental tests. Tests were
performed within a large range of operational areas.

• The results of the single-stage microturbine set have indicated that the developed
modification of the model did not increase the simulation accuracy.

• The analysis of the tests of the five-stage microturbine leads to different conclusions.
Simulating the operation of the five-stage microturbine set by the relation that does
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not include partial admission results in accuracy that can be unacceptable in practical
applications. The developed model has significantly improved the accuracy of the
simulation of the multi-stage microturbine.

The results allow for the conclusion that, when simulating the off-design operation of
multistage microturbines, not including power losses due to partial admission may lead to
significantly incorrect results. This statement can be useful for studying the operational
aspects of vapour microturbine sets or for power engineering applications in general. The
presented model can be practically applied to simulate the operation of vapour microturbine
sets, even with limited experimental data availability.
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Appendix A

Performing developed model calculations requires the determination of the mean
specific volume of the working medium before and after the rotor blade cascade. In the
case of five-stage turbine tests, the following algorithm was applied. The relations result
from the axial turbine stage theory [26]. Ideal gas flow through convergent channels was
assumed. The results of the calculation were compared with the experimental data.

Appendix A.1 Calculation Algorithm

The following relations are expressed:

m2

mmaxni
2 +

(
p1i
p0ti

−β
)2

(1−β)2 = 1,

m2

mmaxri
2 +

(
p2i
p1ti

−β
)2

(1−β)2 = 1,

mmaxni = Ani

√
κ

p0ti
v0ti

( 2
κ+1

) κ+1
2(κ−1) ,

Ani = ϵiπdilni sin α1i,

mmaxri = Ari

√
κ

p1ti
v1ti

( 2
κ+1

) κ+1
2(κ−1) ,

Ari = ϵiπdilri sin β1i,
T0i = T2i−1 , p0i = p2i−1 , c0i = c2i−1 (for i = 2 . . . f ),
ani =

√
κRT0i,

Mni =
c0i
ani

,

T0ti = T0i

(
1 + κ−1

2 M2
ni

)
,

p0ti = p0i

(
T0ti
T0i

) κ
κ−1 ,

v0ti =
RT0ti
p0t

,

p1i = p0ti

[
β + (1 − β)

√
1 −

(
m

mmaxni

)2
]

,
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T1i = T0i

(
p1i
p0i

) κ−1
κ ,

c1i =
√

c2
0i + 2Cp(T0i − T1i),

w1i =
√

c2
1i + u2

i − 2uic1i cos α1i,

ari =
√

κRT1i,
Mri =

w1i
ari

,

T1ti = T1i

(
1 + κ−1

2 M2
ri

)
,

p1ti = p1i

(
T1ti
T1i

) κ
κ−1 ,

v1ti =
RT1ti
p1ti

,

p2i = p1ti

[
β + (1 − β)

√
1 −

(
m

mmaxri

)2
]

,

T2i = T1i

(
p2i
p1i

) κ−1
κ ,

w2i =
√

w2
1i + 2Cp(T1i − T2i),

c2i =
√

w2
2i + u2

i − 2uiw2i cos β2i,

v1i =
RT1i
p1i

,

v2i =
RT2i
p2i

.
The following list contains a collection of the symbols used in the equations presented

above :
A—flow area at the cascade outlet,
a—speed of sound,
c—absolute velocity,
d—mean cascade diameter,
f —number of turbine stages,
l—blade height,
m—mass flow rate,
M—Mach number,
p—pressure,
R—gas constant,
T—absolute temperature,
v—specific volume,
w—relative velocity,
α1—flow angle at the nozzle cascade exit,
β2—relative flow angle at the rotor blade cascade exit,
β—critical pressure ratio,
ϵ—ratio of admission,
κ—exponent of isentropic process.
List of used indexes:
0—at the turbine stage inlet,
1—at the nozzle cascade exit, at the rotor blade cascade inlet,
2—at the rotor blade cascade exit, at the turbine stage exit,
n—concerning the nozzle cascade,
r—concerning the rotor blade cascade,
t—total parameters.
The scheme of flow velocity vectors at the axial turbine stage is shown in Figure A1.
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Figure A1. Flow velocity vectors at the axial turbine stage.

Appendix A.2 Calculation Results vs. Experiment

The results of the calculations were compared with the measurement data. Data from
the experimental studies described in the [27] were used. The five-stage microturbine for
the cogeneration micro-power plant was examined. The microturbine was tested with
compressed air as a working medium. The experimental test stand was designed to enable
the measurement of pressure in points located along the microturbine circumference. One
of the nozzle segments with visible pressure-measuring holes is shown in Figure A2.

Figure A2. Nozzle segment with pressure-measuring holes.

Figures A3 and A4 display the pressure distribution in the five-stage microturbine
during compressed air operation. The pressure at the turbine inlet was set to 3.9 bar and
5.8 bar, and the results were obtained from both experiments and calculations. Pressure
measurements were taken behind each turbine stage. The experimental results correspond
with the calculated results. It can be concluded that the results of the pressure distribution in
the microturbine obtained from the considered algorithm are reliable in a qualitative sense.

inlet 1 2 3 4 5

turbine stage number [-]

2

3

4

p
 [
b
a
r]

experiment

calculations

Figure A3. Pressure distribution in the five-stage microturbine.
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Figure A4. Pressure distribution in the five-stage microturbine.
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