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Abstract: Concrete barely possesses tensile strength, and it is susceptible to cracking, which leads
to a reduction of its service life. Consequently, it is significant to find a complementary material
that helps alleviate these drawbacks. The aim of this research was to determine analytically and
experimentally the effect of the addition of the steel fibers on the performance of the post-cracking
stage on fiber-reinforced concrete, by studying four notch-to-depth ratios of 0, 0.08, 0.16, and 0.33.
This was evaluated through 72 bending tests, using plain concrete (control) and fiber-reinforced
concrete with volume fibers of 0.25% and 0.50%. Results showed that the specimens with a notch-to-
depth ratio up to 0.33 are capable of attaining a hardening behavior. The study concludes that the
increase in the dosage leads to an improvement in the residual performance, even though an increase
in the notch-to-depth ratio has also occurred.

Keywords: steel-fiber-reinforced concrete; hook-end steel fiber; post-cracking behavior; notch-to-
depth ratio; ductility; toughness; fracture energy

1. Introduction

Concrete is the most used construction material around the world due to its versatility,
formability, and the widespread availability of its ingredients [1–3]. However, concrete
barely possesses tensile strength, and it is susceptible to cracking, which leads to a reduction
of its service life, since, once cracks start developing, concrete lacks mechanical strength
and fails suddenly [4–8].

Consequently, material science and concrete technology have strived to find a com-
plementary material that allows for alleviating these drawbacks and, once the first-crack
load is attained, to provide the ability to prevent complete fracture. In other words,
they are striving to find a material that favors the improvement on strain capacity and
energy absorption.

One of these materials is steel fibers. Several studies with steel fibers have proven
a minimum improvement in the concrete compressive strength [9–13]. However, a large
influence in performance has been attained on tensile strength tests [14–16], and even more
significant on impact loading and residual strength tests [17–20].

Steel fibers are suitable for reinforcing concrete since they provide an energy dissi-
pation mechanism and control the crack propagation in residual stages more efficiently
than plain concrete. This latter is one of the main advantages in the use of this reinforcing
material. However, other characteristics can be affected due to the effective concrete area,
for instance, the residual performance of the fibers, which is one of the primary factors
in the transmissibility of stresses through the bond developed between the fiber and the
cementitious matrix [21].

The study of the residual performance is possible through notched specimens with
controlled-induced crack, from where representative data are obtained, and for which the
dispersion coefficients are less than those for un-notched specimens [22,23].
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Several advantages have been reported on the use of steel-fiber-reinforced concrete
(SFRC), for instance, the reduction in terms of costs and an improvement in the quality
of structures, mainly in crack control and under cyclic loading [24]. Some authors have
focused on the tension stiffening effect on reinforcing bars embedded in plain concrete and
steel-fiber-reinforced concrete ties, varying the main parameters, such as the fiber volume,
the maximum aggregate size, and the diameter of the steel reinforcement, observing the
effectiveness of steel-fiber-reinforced concrete in controlling the crack pattern of reinforced
concrete structures [25]. On the other hand, it has been reported that the flexural crack
width is significantly reduced with the addition of steel fibers and that the first cracking load
and maximum load are increased with the addition of steel fibers [26]. Other studies with
other kinds of fibers, i.e., polypropylene fibers (PFRC), have found that the fracture energy
is higher because of the strong dependency between PFRC post-cracking performance and
fiber distribution and orientation [27].

Regarding bending tests for characterizing fiber-reinforced concrete, it has been found
that the failure mode of the specimen is influenced by its span-to-depth ratio; this means
that its failure mode is governed by shear or bending [28].

For the residual strength assessment, international codes and standards have proposed
three-point bending tests on beam specimens notched at midspan, to control the crack
development, by establishing a notch-to-depth ratio (i.e., a/d) of 0.16 [20].

In this study, the effect of the notch-to-depth ratio in the fiber-reinforced concrete was
studied, by utilizing two dosages of steel fibers added, one of 20 kg/m3 (0.25%) (Series 1)
and another of 40 kg/m3 (0.50%) (Series 2), in specimens subjected to flexural tension (i.e.,
three-points bending test) on prismatic specimens of 150 mm × 150 mm × 600 mm. The
crack initiation was controlled by inducing a notch in the specimens [15,17,18,29] of 13, 25,
and 50 mm, which led to a notch-to-depth ratio (a/d) of 0.08, 0.16, and 0.33, respectively.
The purpose of the herein research was to study the effect on the residual performance
of the steel fibers, the reduction of the concrete area through the computation of the
characteristic residual stresses, and the classification of residual strength to determine the
strength provided by steel fibers by the enlargement and the propagation of the macrocrack
toward the reduced concrete areas.

The novelty of the present research lies in the determination of the residual perfor-
mance of the fiber-reinforced concrete for notch-to-depth ratios (a/d) lower than 0.16; this
differs from other studies found in the literature where larger notch-to-depth ratios are
considered. The consideration of lower ratios allows for the study of the post-cracking
behavior and the fracture energy in a fracture process zone larger than that of the standards.

2. Theoretical Aspects

To understand the influence of the (a/d) ratio, it is necessary to mention some of the
concepts of nonlinear fracture mechanics in concrete. In general terms, fracture mechanics
is defined as a failure theory of great utility, since it utilizes energetic criteria that, together
with strength criteria, account for the propagation of the crack through the structures [30].
However, despite its utility, it has been found out that the behavior of the concrete is not
defined through the linear elastic fracture mechanics (LEFM), since concrete develops a
fracture process zone (FPZ) relatively larger, which endures progressive damage due to
softening caused by microcracking. This leads to a reduction in energy flow released at the
tip of the crack; at the same time, the combined surface area of cracking increases, which
improves the capacity of the energy absorption at the fracture process zone (FPZ), and thus,
to understand the behavior of concrete, it is essential to elaborate on nonlinear fracture
mechanics [30].

The nonlinear fracture mechanics is one of the theories that better describes the
concrete behavior; nonlinear fracture mechanics is the study of the cracking of solid bodies
that show a nonlinear constitutive response in nature, contrary to LEFM, where geometrical
and material linearity is considered [31].
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The construction materials can show several behaviors depending on the applied loads;
some materials can manifest barely or null deformation capacity, so they are considered
to be fragile materials. On the contrary, there exist materials considered to be ductile.
Concrete is a special case, as its behavior cannot be characterized completely as fragile,
since it is more likely described as a quasi-fragile material. Concrete shows a gradual
decay of the tensile stress (strain softening) with or without an improvement on the tensile
strength, after the development of the first crack (strain hardening); hence, in general terms,
the failure can be presented without yielding [32,33].

Another important aspect to consider is the capacity of energy absorption, which is
obtained as the area under the curves of load-displacement or load-crack opening. The
consideration of energy absorption is necessary, especially under dynamic loading, since
it determines the ductility of the structure. In fragile materials, the elastic energies are
dissipated as superficial energy, without an FPZ. Meanwhile, in ductile materials, the FPZ
is a plastic zone that can dissipate a large amount of energy, larger than the superficial
energy; for quasi-fragile materials, such as concrete, the FPZ is usually larger than the zone
for ductile or fragile materials [34,35] and dissipates an important amount of energy before
the failure, which provides a post-cracking nonlinear response (softening) [32].

The addition of steel fibers to the concrete, in a determined fraction of volume, im-
proves ductility and increases the initial width of the FPZ, which gives, as a result, the
enlargement of the zone due to the extraction of the fibers [36]. The steel fibers, randomly
distributed, show their most important effect after the cracking of the matrix, by delaying
the formation of cracks, by limiting their growth, and by reducing the crack tip opening
displacement, since the fibers suppress the cracks by means of a bridging mechanism
during their extraction process [37,38].

In the same manner, the use of steel fibers largely increases the energy absorption and
ductility [39]. It is important to mention that the concrete fragile behavior is proportional
to the increase of its compressive strength, and the addition of steel fibers aids to withdraw
such fragility induced, leading to the production of a material with improved behavior of
tensile strength, ductility, and toughness [40,41].

In comparison with plain concrete, this material shows an extended softening branch
that is characterized by a significant tensile residual strength and higher fracture energy [9],
with the latter being a prime ingredient to measure the fracture process of quasi-fragile
materials.

3. Materials and Methods

For this research, 4 plain concrete mixtures were produced, one for each notch-to-
depth ratio used. Furthermore, 8 mixtures of fiber-reinforced concrete (4 for each fiber
percentage used) were also produced. The mixtures were produced by using cement
OPC 40, which satisfies NMX-C-414-ONNCCE-2014 [42]; standard crushed limestone as
aggregate, with a maximum size of 19 mm (3/4′′) and a fineness modulus of 2.42; water;
and a polycarboxylate superplasticizer as additive.

The steel fibers utilized were “hooked-end” fibers, with a length (lf) of 50 mm, a di-
ameter (df) of 1 mm, an aspect ratio (lf/df) of 50, and a tensile strength of 1130 MPa; the
fiber volumes were 0.25% and 0.50%, which are the volumes recommended to obtain a
residual strength according to the standard EN 14845-1, 2007 [43]. This standard also
states a maximum cement content of 350 kg/m3 and a water/cement ratio of 0.55. The
composition for each mixture is shown in Table 1.

3.1. Fracture Test Method

Three different mixtures were used, along with four different notch depths (i.e., 0, 13,
25, and 50 mm). The first mixture was required as the reference series (i.e., volume fiber,
Vf = 0%). From this mixture, 6 beams of 150 mm × 150 mm × 600 mm for each depth were
fabricated; thus, a total of 24 specimens were constructed.
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Table 1. Mixture composition.

Material
Mix

S-1 S-2 S-3

Cement (kg/m3) 350 350 350
Additive (ml/kg) 1.9 1.9 1.9

Gravel (M.S. 19 mm) (kg/m3) 810 810 810
Sand (kg/m3) 1027 1020 1014
Water (kg/m3) 193 193 193
Fiber (kg/m3) 0 20 40

Air content (%) 1.8 2.5 2.8
Slump (mm) 130 115 105
Vebe time (s) 6 7 9

In the second and third mixes, volumes of fibers (Vf) of 0.25% and 0.50% were used,
respectively. Consequently, a total of 24 specimens were also constructed for each mix and
for each notch depth. Hence, a total of 48 prismatic specimens were constructed with fibers,
with the dimensions and notch depths aforementioned.

The effect of the addition of steel fibers on the post-cracking performance was evalu-
ated in the 72 specimens (plain concrete and fiber-reinforced concrete), through a flexural
tension test of the notched beams with notch depths previously described, and with their
corresponding notch-to-depth ratio (a/d) of 0, 0.08, 0.16, and 0.33, respectively. It is worth
mentioning that the notching procedure was carried out according to the standard EN
14651-2005, where the common notch depth is 25 mm [20].

In this experimental program, the crack-mouth-opening displacement method (CMOD)
was used, plotted against the applied load. The measurements of the openings were con-
ducted by employing clip-on-type extensometers, with a gauge length of 20 mm and a
stroke of +12 mm/–2 mm (see Figures 1a and 2a), with the objective of estimating the
capacity to transfer stresses of the fibers through the cracking faces of the specimen by
preventing the enlargement of the induced crack. In addition, a linear variable differential
transformer (LVDT) with a linear range of 12.7 mm was placed at midspan of the specimen,
to measure the displacement due to the applied load and to determine the contribution of
the steel fibers in toughness and ductility of the composite material (see Figures 1b and 2b).
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Figure 1. Tensile bending test in prismatic specimens. (a) Measurement of the crack-mouth opening
by means of extensometer clip-type Epsilon brand. (b) Measurement of the deflection at midspan of
specimen through a linear variable differential transformer (LVDT), VISHAY brand.
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Figure 2. Configuration of the 3-point bending test, dimensions in mm. (a) Measurement of the
crack-mouth opening. (b) Measurement of the displacement at midspan by an LVDT.

3.2. Load and Stress at the Proportional Limit

Experimental results were obtained from the load at the proportional limit or from the
load for the first crack (FL), which is the larger value of load recorded up to a CMOD of
0.05 mm [9,36]. The corresponding acting stress, at the occurrence of the first crack, was
computed by means of Equation (1) [20].

fL =
3FLL

2b(hsp)2

(
N/mm2

)
(1)

where fL = stress at the proportional limit (N/mm2), FL = load at the proportional limit
(N), L = span of the specimen (mm), b = width of the specimen (mm), and hsp = distance
between the top face of the specimen and the tip of the induced crack (mm).

3.3. Normal and Characteristic Residual Stresses

The contribution of the steel fibers is of major importance at the residual stage. This
contribution, at the post-cracking stage, is obtained through the normal stresses (fRj), at each
specific value of the measured CMOD, and computed by Equation (2) [20].

fR,j =
3FRL

2b(hsp)2

(
N/mm2

)
(2)

where fR,j = normal residual stress at the point j (N/mm2), fRk,j = characteristic residual
stress at point j (N/mm2), and FR = load for a given crack-mouth opening displacement
measured.

The values of fR,1, fR,2, fR,3, and fR,4, are the normal residual stresses (N/mm2) for a
0.5, 1.5, 2.5, and 3.5 mm crack-mouth opening, respectively. In a similar manner, the values
of fRk,1, fRk,2, fRk,3, and fRk,4 are the characteristic residual stresses (N/mm2) for a 0.5, 1.5,
2.5, and 3.5 mm crack-mouth opening, respectively.

In this research, the assessment of the characteristic residual strength was obtained
according to the procedure established in CEB-FIP model code 2010 [44], through Equa-
tion (3), with the factors obtained in Molins and Arnau 2012; Rilem TC-162, 2003, as listed
in Table 2 [45,46].

fRk,j = fR,j − kx

(
N/mm2

)
(3)
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where n = number of tested specimens, kxN = statistical factor when the coefficient of
variation of the population set is known, and kxn = statistical factor when the coefficient of
variation of the population set is unknown.

Table 2. Factor kx as a function of the number of tested specimens.

n 1 2 3 4 5 6 8 10

kxN 2.31 2.01 1.89 1.83 1.8 1.77 1.74 1.72
kxn 3.37 2.63 2.33 2.18 2 1.92

3.4. Fracture Energy

Two models were utilized in the estimation of the fracture energy in the fiber-reinforced
concrete specimens, where their respective parameters and principles differ from each
other. For model 1, proposed by Barros et al. [47], shown in Equation (4), parameters such
as the mass of specimen and final displacement measured are needed. On the other hand,
for the second model, the use of graphs is required [48].

GF =
Wf + m

(
1− a2)gSu

b(d− a0)
(N−m) (4)

Model 2, proposed by Kazemi et al. [48], is presented in Equation (5), and it assumes
that the required work to fracture a specimen is proportional to the cracked surface:

GF =
1
b

(
dWf
dr

)
(N−m) (5)

where GF = total fracture energy (N/m); Wf = area under the curve load vs crack opening
(or displacement), work due to fracture (N-m) or (J); m = mass of the specimen (kg); a =
relation between the total length of the specimen (l) and span (length between supports)
(L); a0= initial notch depth (m); b = width of the specimen (mm); d = beam depth (m);
g = gravity acceleration constant (9.8 m/s2); Su = maximum value of displacement or
crack opening measured (m); S = standard deviation of the set (N/mm2); L = length of
the specimen (mm); and r = distance between the top face of the specimen and the crack
tip (m).

4. Results and Discussion
4.1. Behavior at the Proportional Limit

Figure 3 shows the obtained results for the load at the proportional limit for each of
the three series. It is observed that, as the notch-to-depth ratio (a/d) increases, the load
capacity decreases, where reductions of the order of 33%, 53%, and 66% were obtained
for the ratios (a/d) = 0.08, 0.16, and 0.33, respectively. Hence, as the notch-to-depth ratio
increases, the concrete becomes prone to cracking failure. This behavior is due to the
reduction of the fracture process zone (FPZ), also known as ligament length, which allows
for a higher dissipation of energy during the cracking process [48]. This load reduction
was also recognized by Zihai Shi [49], where the reduction of the ligament length led to a
reduction of peak load.

In the same manner, in Figure 3, it can be also observed that the load resistance
depends primarily on the concrete resistance area and not on the amount of fibers added.
This can be recognized by observing the similar values of load attained for each ratio (a/d)
at different fiber volumes, Vf, which indicates that, for a stage prior to the development of
the first crack, the fibers provide barely or null influence on the strength of the composite
material. From this behavior, a general graph (see Figure 4) was obtained, and its behavior
can also be described by Equation (6).

FL(a/d) = −308, 966
( a

d

)3
+ 372, 190

( a
d

)2
− 146, 386

( a
d

)
+ 28, 621 (N). (6)
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The required stresses for the first crack to appear, for each studied series, are presented
in Table 3. In this table, the computed stresses tend to decrease as the notch depth increases.
In addition, for those specimens without an initial induced notch, a higher stress was
required for the first crack to appear, with respect to those with an initial notch. This
behavior is consistent with a larger amount of concrete area presented in the specimen,
in comparison to those with an initial induced notch. However, it is worth noting that the
specimens with an (a/d) = 0 ratio showed the larger variation coefficient (CV) since the
cracking process is not controlled and the crack may appear in different zones throughout
the length of the specimen, leading to a variation in the residual behavior.

Materials 2021, 14, x FOR PEER REVIEW 7 of 18 
 

 

 

Figure 3. Experimental behavior at the proportional limit. 

 

Figure 4. General behavior at the proportional limit. 

FL(a/d) = −308,966 (
a

d
)

3
+ 372,190 (

a

d
)

2
− 146,386 (

a

d
) + 28,621 (N). (6) 

The required stresses for the first crack to appear, for each studied series, are 

presented in Table 3. In this table, the computed stresses tend to decrease as the notch 

depth increases. In addition, for those specimens without an initial induced notch, a 

higher stress was required for the first crack to appear, with respect to those with an initial 

notch. This behavior is consistent with a larger amount of concrete area presented in the 

specimen, in comparison to those with an initial induced notch. However, it is worth 

noting that the specimens with an (a/d) = 0 ratio showed the larger variation coefficient 

(CV) since the cracking process is not controlled and the crack may appear in different 

zones throughout the length of the specimen, leading to a variation in the residual 

behavior. 
  

Figure 3. Experimental behavior at the proportional limit.

Materials 2021, 14, x FOR PEER REVIEW 7 of 18 
 

 

 

Figure 3. Experimental behavior at the proportional limit. 

 

Figure 4. General behavior at the proportional limit. 

FL(a/d) = −308,966 (
a

d
)

3
+ 372,190 (

a

d
)

2
− 146,386 (

a

d
) + 28,621 (N). (6) 

The required stresses for the first crack to appear, for each studied series, are 

presented in Table 3. In this table, the computed stresses tend to decrease as the notch 

depth increases. In addition, for those specimens without an initial induced notch, a 

higher stress was required for the first crack to appear, with respect to those with an initial 

notch. This behavior is consistent with a larger amount of concrete area presented in the 

specimen, in comparison to those with an initial induced notch. However, it is worth 

noting that the specimens with an (a/d) = 0 ratio showed the larger variation coefficient 

(CV) since the cracking process is not controlled and the crack may appear in different 

zones throughout the length of the specimen, leading to a variation in the residual 

behavior. 
  

Figure 4. General behavior at the proportional limit.

The least dispersion in the results was obtained for Series 1 and 2, with a ratio
of (a/d) = 0.16, which is the notch-to-depth ratio suggested by the standard EN 14651,
2005 [20], whereby the best control in the cracking process was observed, in comparison
with the remaining (a/d) ratios studied. Furthermore, with the ratio (a/d) = 0.16, a more
representative behavior of the capability of the fibers was attained in the post-cracking
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stage. Moreover, at this ratio, the depth is large enough to favor the occurrence of the first
crack in the desired zone and to generate a concrete area that is sufficiently large enough
for the fibers to properly transfer stresses during the residual stage.

Table 3. Computed stresses at the proportional limit (N/mm2).

Series

Reference S-1 S-2

Ratio (a/d)

0 0.08 0.16 0.33 0 0.08 0.16 0.33 0 0.08 0.16 0.33

V01 6.84 4.70 4.13 4.82 4.75 4.84 4.34 4.65 6.41 5.04 4.35 4.88
V02 6.39 4.83 4.05 4.88 6.26 4.69 4.64 4.84 6.74 5.58 4.28 5.27
V03 7.98 4.80 4.09 4.98 4.80 4.90 4.32 4.55 6.95 5.50 4.45 4.51
V04 7.48 4.73 4.34 4.89 7.51 4.96 4.33 4.53 6.14 6.41 4.59 5.43
V05 8.40 4.95 4.17 4.95 7.10 4.83 4.40 4.81 5.67 4.83 4.29 5.22
V06 7.92 4.92 4.03 4.73 6.64 - 4.31 4.82 5.81 5.63 4.45 4.79

S 0.76 0.10 0.11 0.09 1.17 0.10 0.04 0.14 0.51 0.55 0.12 0.35
.
X 7.50 4.82 4.13 4.87 6.18 4.84 4.34 4.70 6.29 5.50 4.40 5.02

CV
(%) 10.16 2.04 2.73 1.85 18.87 2.04 0.85 3.01 8.09 9.98 2.74 6.93

4.2. Post-Cracking Behavior

Figures 5–8 show the results obtained in the flexural tensile test for both series with
steel fibers and for each (a/d) ratio. In these figures, it can be noticed that the load at the
proportional limit (linear part of the curve) is independent of the amount of fibers used,
as previously discussed. Furthermore, it can be also observed that the main effect of the
fibers is obtained in the post-cracking stage [13,15,50].

Materials 2021, 14, x FOR PEER REVIEW 8 of 18 
 

 

Table 3. Computed stresses at the proportional limit (N/mm2). 

 

Series 

Reference S-1 S-2 

 Ratio (a/d)  

0 0.08 0.16 0.33 0 0.08 0.16 0.33 0 0.08 0.16 0.33 

V01 6.84 4.70 4.13 4.82 4.75 4.84 4.34 4.65 6.41 5.04 4.35 4.88 

V02 6.39 4.83 4.05 4.88 6.26 4.69 4.64 4.84 6.74 5.58 4.28 5.27 

V03 7.98 4.80 4.09 4.98 4.80 4.90 4.32 4.55 6.95 5.50 4.45 4.51 

V04 7.48 4.73 4.34 4.89 7.51 4.96 4.33 4.53 6.14 6.41 4.59 5.43 

V05 8.40 4.95 4.17 4.95 7.10 4.83 4.40 4.81 5.67 4.83 4.29 5.22 

V06 7.92 4.92 4.03 4.73 6.64 - 4.31 4.82 5.81 5.63 4.45 4.79 

S 0.76 0.10 0.11 0.09 1.17 0.10 0.04 0.14 0.51 0.55 0.12 0.35 

Ẋ 7.50 4.82 4.13 4.87 6.18 4.84 4.34 4.70 6.29 5.50 4.40 5.02 

CV (%) 10.16 2.04 2.73 1.85 18.87 2.04 0.85 3.01 8.09 9.98 2.74 6.93 

The least dispersion in the results was obtained for Series 1 and 2, with a ratio of (a/d) 

= 0.16, which is the notch-to-depth ratio suggested by the standard EN 14651, 2005 [20], 

whereby the best control in the cracking process was observed, in comparison with the 

remaining (a/d) ratios studied. Furthermore, with the ratio (a/d) = 0.16, a more 

representative behavior of the capability of the fibers was attained in the post-cracking 

stage. Moreover, at this ratio, the depth is large enough to favor the occurrence of the first 

crack in the desired zone and to generate a concrete area that is sufficiently large enough 

for the fibers to properly transfer stresses during the residual stage.  

4.2. Post-Cracking Behavior 

Figures 5–8 show the results obtained in the flexural tensile test for both series with 

steel fibers and for each (a/d) ratio. In these figures, it can be noticed that the load at the 

proportional limit (linear part of the curve) is independent of the amount of fibers used, 

as previously discussed. Furthermore, it can be also observed that the main effect of the 

fibers is obtained in the post-cracking stage [13,15,50]. 

 

(a) (b) 

Figure 5. Curves of bending tensile test for the ratio (a/d) = 0: (a) Series 1 and (b) Series 2. Figure 5. Curves of bending tensile test for the ratio (a/d) = 0: (a) Series 1 and (b) Series 2.

In the figures corresponding to Series 2, a larger performance in the post-cracking
stage is shown, in comparison with those corresponding to Series 1, reaching a residual
load equal to, or even larger than, the average load obtained in the first crack-occurrence
stage. This results in a hardening behavior due to the larger amount of fibers used (i.e.,
Vf = 0.50%), which improves the performance in the post-cracking stage by increasing the
capacity to transfer stresses through the cracked faces.
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By analyzing the results of both series of the obtained curves, in Figures 5–8, the
maximum performance of the specimens can be observed in the residual stage at values less
than 4 mm of CMOD, which is equivalent to 3.44 mm of the displacement at the midspan,
after which the post-cracking performance is reduced. This is of prime importance since
this value is usually considered for computation of the fiber performance, which is obtained
for 3.5 mm of CMOD or 3 mm of the deflection at midspan [9]
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4.3. Normal Residual Stresses

In Figure 9, the results of the normal residual stresses (fR,j) are shown, for both studied
series. Based on the (a/d) ratios utilized, it can be noticed that, from Figure 9a–d, the load
at the proportional limit is consistent in value, independent of the amount of fibers used.
This indicates that the fibers barely have an influence in the stage before the occurrence
of the first crack. It is also worth noting that, by increasing the ratio (a/d), the residual
performance developed is improved by the increase in the dosage of the fibers. For instance,
the specimens with a ratio (a/d) = 0 manifested an increment in the residual performance
of 61%. Meanwhile, an increment of 157%, 129%, and 86% was attained for the series with
(a/d) ratios of 0.08, 0.16, and 0.33, respectively.

In the same manner, the maximum performance was reached with the increment
on the dosage of fibers for the ratios between 0.08 and 0.16, while for 0.33, its residual
performance decreased.

4.4. Characteristic Residual Stresses

In Figure 10a,b, the experimental results of the characteristic residual stresses (fRk,j) for
each (a/d) ratio, for both Series 1 and 2, are shown, along with their corresponding average
stress curves for each case. It can be noticed that the characteristic residual stresses are
significantly sensitive to the variation of the normal residual stresses; this can be verified in
Figure 10a, where the ratios (a/d) = 0 and 0.08 showed a lower residual performance than
those obtained for the ratios (a/d) = 0.16 and 0.33. Hence, the ratios (a/d) = 0 and 0.08 do
not meet the minimum requirements established in the standard EN 14845-2, 2006 [41].

For Series 1, by increasing the ratio (a/d), a more suitable performance in the post-
cracking stage was attained, this suggests that there is an adequate transmission of stresses
on the faces of the specimens. On the other hand, in Figure 10b, by using a larger amount
of fibers (Series 2), the characteristic residual stresses meet with the minimum requirements
of the standard [41].

However, the behavior with respect to the ratios (a/d) of Series 2 is not consistent
with what was obtained in Series 1, since the ratio (a/d) = 0.08 provides the best residual
performance of all the ratios utilized (see Figure 10b). This can be the result of the influence
of the amount of fibers, which can have better distribution in a larger area of concrete. For
both series, the ratio (a/d) = 0 showed the poorest performance.
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The assessment of the characteristic residual stress close to the average normal stress,
obtained from experiments, requires a lower dispersion between tests. This can be attained
from the increment on the number of specimens. This will result in a decrease in the
statistical uncertainty factor, kx, and, thus, the variation in the results will be lower.

In Table 4, the classifications of the residual strength for both series are shown. Accord-
ing to the recommendations of the model code 2010 (MC-2010) [44,45], for the classification,
factors kxn = 2.33 and 2.18 were used, for the series where five and six specimens were
tested, respectively. The (a/d) ratios that do not show any classification are those that did
not attain the minimum characteristic residual strength of 1 N/mm2.

The results obtained for the ratios (a/d) = 0 and 0.08 of Series 1 are low and insufficient
in order to be able to reach the minimum characteristic residual stress and to be able to
classify their residual behavior. On the contrary, the ratios (a/d) = 0.16 and 0.33 showed
perfectly plastic behavior and a hardening behavior, in their respective residual response.
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Table 4. Classification of the residual stress for Series 1 and 2.

Ratio (a/d)
CMOD (0.5 mm) CMOD (2.5 mm)

fRk,3/fRk,1 Classification Post Cracking Response
fRk,1 (N/mm2) fRk,3 (N/mm2)

Series 1

0 0.48 0.36 0.74
0.08 0.52 0.37 0.72
0.16 1.27 1.23 0.97 1c Perfectly plastic
0.33 1 1.72 1.73 1e Hardening

Series 2

0 1.5 1.07 0.71
0.08 3.09 3.19 1.03 3c Perfectly plastic
0.16 1.93 2.17 1.13 1d Soft hardening
0.33 1.19 1.63 1.36 1e Hardening

The results for Series 2, as shown in Table 4, indicate that, by increasing the (a/d) ratio,
an increase in the performance in the residual stage will also occur, which can result in a
hardening behavior, as presented on the (a/d) = 0.33 ratio. This proves that the fiber content
is high enough to exhibit a hardening behavior under bending [50]; this suggests that, even
though the peak load to reach the first crack decreases, by increasing the ratio (a/d), the
addition of fibers can equate or even surpass such load, by improving the performance
in the residual stage. This behavior will not depend on the amount of total fibers on the
cracked surface, but rather on the amount of fibers that have an effective contribution in
the control of the cracking process of the cement matrix.

4.5. Fracture Energy for the Steel-Fiber-Reinforced Concrete

The increase in the (a/d) ratio for Series 1 has the adverse effect in the fracture energy,
as computed with the fracture work model 1, as it is observed in Table 5. This suggests
that the reinforced matrix with fibers is not capable of arresting the crack growth; this is
contrary to what it was observed in Series 2, whereby, by using a larger amount of fibers
(i.e., 40 kg/m3), the fracture energy increases even if the (a/d) ratio increases. This behavior
implies that, due to the presence of a larger amount of fibers, the cracking strength increases
by means of a bridging mechanism of the stresses throughout the cracked faces, which can
generate a multiple cracking condition in the matrix.
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Table 5. Computed fracture energy with model 1 [47] for the specimens reinforced with fibers (Series 1 and Series 2).

Series 1 Series 2

Specimen GF (N/m)
.
X (N/m) S (N/m) CV (%) GF (N/m)

.
X

(N/m)
S (N/m) CV (%)

(a/d) = 0

V01 1263.87 1258.56 398.11 31 2226.93 1976.32 439.29 22
V02 1797.68 1460.97
V03 959.26 2450.16
V04 1441.45 1998.46
V05 714.19 2299.28
V06 1554.9 1422.09

(a/d) = 0.08

V01 873.39 1107.31 304.31 27 2541.02 2451.36 136.96 6
V02 1350.57 2571.27
V03 1400.2 2360.64
V04 1206.25 2532.56
V05 706.12 2216.17
V06 - 2486.53

(a/d) = 0.16

V01 1654.08 1159.33 277.34 24 2261.91 2019.59 336.09 17
V02 1099.61 1432.05
V03 941.06 2185.08
V04 946.92 2069.61
V05 1009.75 1836.91
V06 1304.58 2332.01

(a/d) = 0.33

V01 1022.07 924.6 130.75 14 2328.8 2383.8 555.05 23
V02 999.66 2283.87
V03 960.7 1739.47
V04 966.51 2905.11
V05 933.33 3155.94
V06 665.36 1889.57

In this manner, the fracture energy obtained in the post-cracking stage will be influ-
enced by the amount of fibers located in the cement matrix and by the capacity of these
to transfer stresses in the residual stage, since the extraction process of the steel fibers
generates a higher consumption of energy due to the straightening of their hooked end.
These will also have the same capacity of diminishing the stress concentration in the up-
per end of the crack, by limiting the crack propagation and also by limiting the cracking
occurrence [36,37,51–57].

As formerly mentioned, the fracture energy indicates an important contribution of
the fibers in the residual stage, given that the average increment of the fracture energy
for Series 2 was of more than 100%, for the ratios (a/d) = 0.08 and 0.33, with respect to
those results obtained for Series 1. For the ratio (a/d) = 0, the difference is only 57%; this
indicates that the notch absence in the specimen does not allow for the efficient behavior of
the fibers, thus limiting the increase of energy fracture.

Figure 11a,b show the graphs used for the computation of the fracture energy in the
residual stage, for the slope fracture work model (model 2). In these graphs, each set of
the tested specimens is represented, along with the initial size of the ligament (the area
between the top face of the specimen and the notch tip). It is taken into consideration that
the fracture work is proportional to the cracked surface, and such cracked final area is
equal to the initial area of the ligament [48].
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In the graphs, the necessity of zero energy is considered to fracture beams whose
notch goes from top to bottom; this means that the curve is assumed to start at the origin.
Furthermore, the slope of the curve represents the energy consumed for the crack to grow
a unit in depth. By dividing this slope by the width of the beam (b), it gives as result the
fracture energy required.

It is worth mentioning that the results of the fracture energy obtained through this
model are relatively close to those obtained by the first model. Such values are represented
in Table 6, where GF (1) and GF (2) stand for the fracture energy computed from model 1
and 2, respectively.

Table 6. Fracture energy (GF) computed through the studied models [58].

(GF)
(N/m) ∆GF

(N/m)
∆GF
(%)

Series GF (1) GF (2)

1 1119.95 1549.2 429.25 38.33
2 2207.77 2089.07 118.70 5.38

It can be observed that the second model has a direct relation with the variation of the
results, since, by obtaining high variation coefficients, the factor R2 will also increase. This
may lead to a problem to obtain representative results for the behavior of the post-cracking
stage of the composite material.

5. Conclusions

The results presented in this article are limited to fiber-reinforced concrete with steel
fibers, and with the percentage of volume fibers already described. Therefore, experiments
with other types of fibers (synthetics and naturals) and with different characteristics are
desirable to extend the range of opportunities in the improvement of the post-cracking
response of the concrete.
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Based on the results, the following conclusions can be drawn:

1. The load at the proportional limit is not affected by the addition of steel fibers, given
that the obtained values of load were closed in each of the studied series. This
indicates that, for this stage, the performance of the material depends mostly on the
cement matrix and the remaining concrete area.

2. The load and the stresses at the proportional limit exhibited an inversely proportional
behavior to the notch-to-depth ratio, where an increase in such ratio will result in the
concrete to be prone to failure.

3. The increase in the dosage of fibers leads to an improvement in the normal and
characteristic residual stresses.

4. For Series 2, the increase of the notch-to-depth ratio (a/d) enhances the normal and
characteristic residual performance. For the ratio (a/d) = 0, the increment in the
normal residual stress was 61%, while for the ratios (a/d) = 0.08, 0.16, and 0.33, the
increment was 157%, 129%, and 86%, respectively. The ratio (a/d) = 0.08 provides the
best characteristic residual performance of all the ratios considered.

5. For Series 1, the notch depth of 25 mm, equivalent to a ratio (a/d) of 0.16, was the only
ratio that met the minimum residual stress requirements established in international
standards.

6. For a low amount of fibers (in this case, 20 kg/m3) and for low (a/d) ratios (i.e., a/d <
0.16), it was not possible to reach the minimum classification of residual strength, due
to the fact that the specimens were unable to reach the minimum values.

7. The larger classification of residual strength was attained by the ratio of (a/d) = 0.33,
which implies that the performance in the post-cracking stage does not depend on
the concrete, but rather on the capacity of the fibers to transfer stresses through the
cracked faces of the specimen and also on the amount of fibers located in an analyzed
section.

8. The fracture energy increased in about 97% (model 1) and in about 35% (model 2), by
increasing the volume of fibers from 20 to 40 kg/m3. This implies that the steel fibers
contribute to improving the residual performance of the composite material.

9. For Series 2, the fracture energy increased even if the (a/d) ratio also increased. The
presence of a larger amount of fibers allows the cracking strength to be incremented
and to generate a multiple cracking condition in the matrix.

10. The mathematical models used showed similar results, particularly for high contents
of steel fibers in the concrete.

11. The results obtained in this research will offer an experimental frame of reference for
different ratios (a/d), with respect to the one recommended in the standard, which can
facilitate having a criterion of analysis with respect to the residual stresses determined
from laboratory tests.
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