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Abstract: The Kuramoto-Sinelshchikov—Velarde equation describes the evolution of a phase
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1. Introduction

In this paper, we investigate the well-posedness of the following Cauchy problem:

Osut + x(9xu)? + g(9xu)® + r(9yu)* + 603u

+B20%u + nd2u, + yuoiu = 0, £F>0, xeR, (1)
u(0,x) = up(x), x € R,
with
v=0, B#0, or )
g=r=0, B#0, x=2y. ®)

Under Assumption (2), we assume on the initial datum
uy € H2(R). (4)
Instead, under Assumption (3), we assume (4) or
uy € H3(R). (5)
Observe thatif g =r = = y = f = v = 0, Equation (1) reads
Osut + x(dxu)* + 893u = 0. (6)
Using the variable (see [1]),

v = Oyl (7)
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Equation (6) is equivalent to the Korteweg-de Vries equation [2]
/0 + k9,0 + 6330 =0, 8)

that has a very wide range of applications, such as magnetic fluid waves, ion sound waves,
and longitudinal astigmatic waves.

From a mathematical point of view, in [3-5], the Cauchy problem for (8) is studied, while in [6],
the author reviewed the travelling wave solutions for (8). Moreover, in [7-9], the convergence of the
solution of (8) to the unique entropy one of the Burgers equation is proven.

Taking x =¥ = § = y = B = v = 0 and using the variable (7), (1) becomes

00 + qaxv3 + (58?671 =0, )

which is known as the modified Korteweg-de Vries equation.

[10-15] show that (9) is a non-slowly varying envelope approximation model that describes the
physics of few-cycle-pulse optical solitons. In [3,5], the Cauchy problem for (9) is studied, while in
[9,16], the convergence of the solution of (9) to the unique entropy solution of the following scalar
conservation law

d1v + qaxv3 =0. (10)

Assumingx =land g =r =7 =0, (1) reads
Oput + (9yu)? + 693u + B2o%u + ud2u = 0. (11)

Equation (11) arises in interesting physical situations, for example as a model for long waves
on a viscous fluid owing down an inclined plane [17] and to derive drift waves in a plasma [18].
Equation (11) was derived also independently by Kuramoto [19-21] as a model for phase turbulence in
reaction-diffusion systems and by Sivashinsky [22] as a model for plane flame propagation, describing
the combined influence of diffusion and thermal conduction of the gas on the stability of a plane
flame front.

Equation (11) also describes incipient instabilities in a variety of physical and chemical
systems [23-25]. Moreover, (11), which is also known as the Benney-Lin equation [26,27], was derived
by Kuramoto in the study of phase turbulence in the Belousov—Zhabotinsky reaction [28].

The dynamical properties and the existence of exact solutions for (11) have been investigated in
[29-34]. In [35-37], the control problem for (11) with periodic boundary conditions, and on a bounded
interval are studied, respectively. In [38], the problem of global exponential stabilization of (11) with
periodic boundary conditions is analyzed. In [39], it is proposed a generalization of optimal control
theory for (11), while in [40] the problem of global boundary control of (11) is considered. In [41],
the existence of solitonic solutions for (11) is proven. In [1,42], the well-posedness of the Cauchy
problem for (11) is proven, using the energy space technique and the fixed-point method, respectively.
In particular, in [1], the well-posedness is proven, under the assumption

6=0, u=p*=1 (12)
Observe that thanks to (7), Equation (11) is equivalent to the following one
910 + 9,0% 4 0930 + B2tv = 0. (13)

Consequently, following [8,9,43], in [44], it is proven that when J, ,82 go to zero, the solution of
(13) converges to the unique entropy one of the Burgers equation.
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Taking g = r = 0, (1) is known as the Kuramoto-Velarde (KV) equation [45,46], which describes
slow space-time variations of disturbances at interfaces, diffusion-reaction fronts and plasma instability
fronts.

From a mathematical point of view, in [47] the exact solutions for the KV equation are studied,
while in [48], the initial boundary problem is analyzed. In [49], the well-posedness of the Cauchy
problem for the KV equation is proven in the energy spaces.

The main result of this paper is the following theorem.

Theorem 1. Let T > 0 be given. The following statements hold.

(i) If (2) and (4) hold then there exists a solution u of (1), such that
u € HY((0,T) x R) N L®(0, T; H*(R)). (14)

(ii) If (3) and (4) hold then there exists a solution u of (1) satisfying (14).
(iii) If (3) and (5) hold then there exists a solution u of (1), such that

ue HY((0,T) x R)NL®(0, T; H*(R)). (15)

(iv) If (2) and (4) hold then u is unique.
(v) If (3) and (5) hold then u is unique.
(vi) If (2) and (4) hold and uy and uy are two solutions of (1), we have that

e (£ ) = ua(t, )|l 2wy < € ung — w20l 12wy (16)

for some suitable C(T) > 0, and every 0 < t < T.
(vii) If (3) and (5) hold then we have (16).

Theorem 1 improves the existing literature (see [1]) because it gives the well-posedness of (1)
under Assumption (2), without additional assumption on the constants. Under Assumptions (3)
and (4), Theorem 1 gives only the existence of the solution, while the uniqueness is guaranteed by
Assumption (5). The argument of Theorem 1 relies on deriving suitable a priori estimates together
with an application of the Cauchy-Kovalevskaya Theorem [50]. We conjecture that our argument
can be applied also to the the initial boundary value problem and to multidimensional version of the
problem.

The paper is organized as follows. In Section 2, we prove Theorem 1, under Assumption (2)
and (4). In Section 3, Theorem 1 is proven, under Assumption (3) and (4) or (5). We state the conclusions
in Section 4.

2. Proof of Theorem 1, under the Assumptions (2) and (4)

In this section, we prove Theorem 1, under the assumptions (2) and (4). Thanks to (2), (1) reads

{atu +x(9xu)? + q(9xu)® + r(0xu)* + 603u + B2Ou + pdiu,, t>0, x€R, a”

1(0,x) = up(x), x eR.
Let us prove some a priori estimates on u. We denote with Cy the constants which depend only

on the initial data, and with C(T), the constants which depend also on T.
We prove the following lemma.

Lemma 1. Fix T > 0. Then, we have that

2

w2t to_us
() 22 ) + € /32/0 e 7 |B3u(s, )

ds < C(T), (18)
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forevery0 <t <T.

Proof. Let0 < t < T. Multiplying (17) by —292u, an integration on R gives
4 [9xu(t, )| :—z/ 92 udsudx
dt 4 L (R) R X

:2K/R(8xu)28,zcudx+2q /IR(axu)3dx+2r/R(axu)4a,%udx

2
+on /R 3 ududx + 262 /R 2udt )| e
2 2
— 21153 . .
= ayu(t,-) () u(t, ) )
Therefore, we have that
4 %) ? t ’ 19
St ), 0t )|y = 20 B0 - (19)
Observe that
u(t )H2 =2 02udludx = -2 O uddudx < 2|u| | |9yu||03uldx
x 4 LZ(R) =Zp R XY - I3 R xXHYx S 2| R X x .
Consequently, by the Young inequality,
2 d
) H xu 3,
2t ) [y < |B%ul d
2
< st ) e 8y
It follows from (19) that
] e’ <
Vot + B2 [t )| ) < g Nt ey
The Gronwall Lemma and (4) give
P Bt 2 2 B
[oxu(t, ey + 827 [ e 7 ou(s, )| 4 < B2 uolfagey < C(T),
thatis (18). O
Lemma 2. Fix T > 0. There exists a constant C(T) > 0, such that
t 2
2 2 Cot —Cos ||52
Ju(t, Vg + 2 [ e |22uts, ), as < (D), 20)
forevery 0 < t < T. In particular,
Hu||L°°((O,T)><]R) < C(T). (21)
Moreover,
[ 05, ey s < (1), 2)

forevery0 <t <T.
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The proof of the previous lemma is based on the regularity of the functions u and the
following result.

Lemma 3. For each t > 0, we have that

[, tullosuPx <2/t )2 e ¢||82 Mrzqey 192t )2z (23)
[, lullos [t ) 72 (4)

Proof. We begin by proving (24). Thanks to the regularity of the function u# and the Holder inequality,

[t )l 2wy

X
w2(t,) =2 [ ududy <2 [ Julldsuldx <2 ult, ) e [0t ) 2

Therefore,
[t Yooy < 211 ) |2 1920 (E )l 2 g (25)

Again, by the regularity of the function 1 and the Holder inequality,

(@xu(t x)) —2/ axuazudy<2/ cu |l < 2 [0su(t, ) 12ge [[22u(e, )|, -
Hence,
2
[9xte(t, ) ooy < 2 19ttt )ll 2y |[Fu4( ) L) (26)
Consequently, by (25) and (26),
/Rlullaxulg'dxSllu(t/')lle 195t (t, ) | oy 1914t ) |72y
<2 Nt ) 2y /193008, oy 193t ) ey
that is (23).
Finally, we prove (24). By (25) and (26),
/R\ullaxul‘*dxéIIu(f/')HLw 9x(t, ) |7y 114t ) 172y
u(t, 2wy 91t (t, ) [72 ().

which gives (24). O

Proof of Lemma 2. Let 0 <t < T. Multiplying (17) by 2u, integrating on R, we have that

o, ) ey =2 [ o
:—ZK/Ru(axu)zdx—Zq/Ru(axu)?’dx—Zr/Ru(axu)‘de
—20 / ua3udx—2,8/ ua4udx—2y/ ududx
:—ZK/ nes u)zdx—2q/ Oxll 3dx—21*/]R u(9yu)tdx
+25/ axuazuderz;aZ/ dxuddudx + 2u[|0xu(t, )| e,

:—ZK/R ne, xu)zdx—Zq/ Oxli 3dx—21’/R u(dyu)tdx
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x”(tr')

+2y |loxu(t,

. Mzqe

Therefore,

) 2
tr')HLZ(R u(t, ) 12(R)
= —ZK/Ru(axu)de—Zq/ u(9yu)ddx

—2r/Ru(axu)4dx+2yHaxu( )||L2

d
at [ (

Due to (18), (23), (25) and the Young inequality,

2| /Rlul(axu)deSZIKl et )l ooy 0wt ) 12

<Co [lu(t, )|l (w) <*II u(t, )| Lo () + Co
<t )l 2y 10x2e(t ) 72wy + Co
<Co [|u(t, )IILz +Co
<Collu(t, ") |72 + Co,
20g| [ lul[sudx <4lq|/lut, mmww Mz 13t )2y
<Coy/lu(t, Mgy /133 (t, ) 2y
<Co l[u(t, )|l 2wy + || xu(t, ) 2R
_ , L 18l
=Co lutt, Mz + 17 [t )| g
/32 2 1
<Collu(t, )||L2 +Co + wu(t, ) LZ(R)_‘_E
2
<Co llu(t, )If2(g ]awnﬂmm+%,
mm@wmwfwghémMW@wmm> (e )] 2 gy V1048 e
< . .
<Coy/llut, ) 2wy || Oxu(t, -) P®)
_Go , 2,0+
=1 ez 81 [PRuce ), o
2 ) 2
<Co [lult, )2y + 5 ||Oxue(t, ) P®)
2 ﬁz 2 2
<Co [[ult, ) t2(r) + 5 |[Oxme(t ) pE
It follows from (18) and (27) that
d 5 0y 2
ORI Rl cCR]
<Collut, )| T2y + Co + 2|l 3xu(t, ) |72 (g

<Collut, )| f2(m) + Co-

6 of 22

(27)
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The Gronwall Lemma and (4) give
t 2

2 2 ,Cot —Cos |52
(e, Vg + B2 [ [Rus, )|, o

t
<o ol e + o' [ e Cs < C(T),

ds

which gives (20).
Equation (21) follows from (18), (20) and (25).
Finally, we prove (22). We begin by observing that ([51] Lemma 2.3) says that

2
214t ) faqz) < 6 (et ) Eag) + 1920t )y ) |20t -
Consequently, by (18) and (20),
2
ottt scey < Co Rt )y
Integrating on (0, ), by (20), we have that
2
/ ||9xe (s, ||L4 ds <CO <u(s,-) 1) ds
of 2
< Cot / —Cos 2 . <
<Cpe x ayu(s,-) 1(R) ds < C(T),
which gives (22). O
Lemma 4. Fix T > 0. There exists a constant C(T) > 0, such that
[[0xt]| Lo (0,7) x ) < C(T). (28)
In particular, we have that
2
. <
ozu(t,-) 12 ® ds < C(T), (29)

forevery0 <t <T.

Proof. Let0 < t < T. Multiplying (17) by 201y, an integration on R gives
4

2
xu(t) L2(R)

=2 /R Ot udiudx

— 2% / (3xu)20%udx — 2¢ / (9x11)30 udx — 2r / (9x0) 0t udx
R R R

2
3,94 2 2 4
—Zé/Raxuaxudx—Zﬁ cu(t,-) 2(®) —Zy/]lkaxudxaxudx
:—2K/R(axu)28‘}cudx—2q /R(axu)g’aiudx+8r/R(8xu€)38§u8§’cudx
2p? il BN
=267 ||ut ) L2(R) wi(tr-) I2(R)
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Therefore,
d |2 2 2 2
dt dxult, ) LZ(JR)jLZl3 wi(t) L2(R)
=—2k /R(axu)zaiudx—Zq /R(axu)38§udx (30)
2
+87/R(axue)33§ua§ 2t ) ®)
Due to the Young inequality,
z|x|/ 3,u)2[9t “/334
2
,32 ||axu( )||L4(R (/) 2(R)’
2q(0xu
2lgl [ 0. ftuldx = [ "7(")’ ot dx
2‘7 )6 /3 2
/axu R CUIOR] .

2 2 /3 2
= ‘Bz ||ax”||L°° (0,T)xR) [[0xu(t, )||L4(R = ||9xu(t,-) 2®)’
87| . 0l ]2l <8 000172y [, 1103022l
<4r*||oulf} [k
<4r” || xu||L°°((O,T)><R) ")
4ol Yu(t, )|
lLe(01)xR) || O )| 5 gy -
Therefore, by (30),
d 2 2
ar || =) e®) )| 2y
2
ﬁz ||axu( Wisw) + ' 19t Foe ((0,7) xRy 19wt ) 1y
) 2
+ 40 ([ [Feo 0,1 ) || 051 (E ) @)
4ol u(t, )|
xU{[ Lo ((0,T)xR) ||xU\Ls 2R)
It follows from (4), (18), (20) and an integration on (0, ¢) that
d |32 2 B 2
dt dxu(t,) LZ(R)+7 wult) I2(R)
2 K2t 4
< ||uo||Hz<R> + i ) owts, iy s
2 ol o1y / J0xta(s, )| gy ds
2
2
+4r ||ax”||L°°((o,T)xR) A Zu(s, ) @) ds 31)
3 ! 2
+ 4 (|91l (0,7)xR) 0 wu(s, ) 2w *
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< (1) (1+ el o1 cr) )

t 2
2 3 Cot —Cos ||52
+4r° [|0xu |1 (0,1)xr) € /0 e~ ~0% |19%u(s, ) L) s
3 202 [T i p2 2
+4||axu||L°°((0,T)><R) et p /oe KB ||oyu(s, ) 12(R) ds

< C(T) (1 + 10st o)) + 135 0,1y ) -
Due to the Young inequality,

D 1

3 1 4
[10xu]| Lo ((0,7)xR) < =~ ||axu||L°° ((0,T)xR) T 2Dy 10| Lo ((0,7) ) +
where D; is a positive constant, which will be specified later. It follows from (31) that

d

dt

2
u(t,) L2(R)

1
<c(m) (1+ (1-+ D1) [0 17k + 7 35l om))

2ut)||, +5 ]
TN Am) 2

(32)

We prove (28). Thanks to (18), (26) and (32),

1
9l 0,1y < C(W (1 + (14 D) 3suE o1y xm) + ||axu||%m<<o,wm).

Hence,

c(1)
(1= 52 ) Posulte oz = CT) 1+ D1) sl eoryzy = C(T) < 0.

Choosing
D1 =2C(T), (33)

we have that .
3 1914l Feo 0,1y x ) — C(T) I9xtel[F o 0,7y ) — C(T) <0,

which gives (28).
Finally, (29) follows from (28), (32) and (33). O

Lemma 5. Fix T > 0. There exists a constant C(T) > 0, such that

o ] onu(s, ) ey s < c(m), 4
forevery0 <t <T.

Proof. Let 0 <t < T. Multiplying (17) by 20;u, an integration on R gives

d

5ZE oqu(t,- )

R T 2[ou(t, )HLZ
=2 /R(axu)zatudx —2q /ﬂ%(axu)‘q’atudx (35)

—Zr/R(axu)‘latudx—2(5/Ra,3cuatudx—2y/Raiuatudx.



Algorithms 2020, 13, 77

Due to the Young inequality,

20x] [ (0.1

2
K(axu) “Jﬁzatu)dx
||3xu( )HL4R + D; |[9ru(t, )||L2
(R)
2Iq|/ |01 [0sue|dx :2/ ‘a"”“\/ﬁzatu‘dx
R R| /D

2
<D o @ew)®dx -+ Do [Pru(t, ) [z,

<i||a oy 195, [y + D [0,
C

sﬁnax( My + Da R0t )| oy

(9 u)* “ ﬁatu

<D— (axu)de—i-DzHat“( )||L2

2lr \/ 9,10 9u|dx =

2
L ol a1y 1wt )z + D2 ot
C
s#nam sy + Da ot e,
2

503u
2 3 — / o0xH
|5|/R\axu|\atu|dx 2 R‘ D, ‘|D28tu|dx
2

5 2
<—
B [0y + D2 1190(t, ) Fagey
o2u
2Ap| [ 10%ulfpruldx =2 [ 155
‘M 2
<5 [P [ g, + D2 12t ) e

2wy

2wy

where D; is a positive constant, which will be specified later. It follows from (35) that

d 2
2 2
525 [t g, + 2= 5D ot >||Lz
C(T) 4 2 #
STz|\ax”(tr')\|L4(R) vu(t, ) () = |[9xu(t, )
Choosing Dy = %, we have that
d 2
et g, + N0t ) ey
2
2
<CUT) st ) s +56% o3t )| g + 50 R
Integrating on (0, t), by (4), (18), (20) and (22), we obtain
o L onts, e
2
<Co+C(T /Haxu Wiy ds 562 [ [o2uts, ), ds

2
t-) ®

10 of 22
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2
us,) L2(R) &
t 2
< 2 it z/ — 125 2 _
<C(T)+56%""'p x B ||ozu(s,-) ®) ds

+5y2 Cgt/o —C(]S

2
2 .
u(s, )HLZ(R) ds < C(T),

which gives (34). O
Now, we prove Theorem 1.

Proof of Theorem 1. Fix T > 0. Thanks to Lemmas 1, 2, 4 5 and the Cauchy-Kovalevskaya Theorem
[50], we have that u is solution of (1) and (14) holds.
We prove (16). Let u; and u; be two solutions of (1), which verify (14) that is

ot + K(axul)z + q(axu1)3 + 7(9x1q)* 4 603uq + yaiul + ﬁzajtul =0, t>0,x€R,
u1(0,x) = u,0(x), xeR,
Osuty + Kk (dyup)? + q(axu2)3 + 7(0xun)* 4 603y + yaiuz + ﬁ26§u2 =0, t>0,xeR,
u1(0,x) = uy,0(x), xR,
Then, the function
w=u —up (36)

is the solution of the following Cauchy problem:

01w + & [(a1)? = (3x102)?] + 9 [(@a11)* = (2102)°]

+7 [(9yu1)* — (dxup)*] + 603w

+pdiw + pPozw =0, t>0x€eR,
w(0,x) = uy o(x) —uz,0(x), xeR.

(37)

Observe that thanks to (36),

(9xu1)® = (9x12)? =(
(9x141)° = (0xu2)° =|
=[
[
[
[

Oxtq + Oxup)(0xtt; — dxin) = (Oxty + dxlp)dxw,
Oyl )2 (0x1t2)? + Oy 1t10x1t2] (dytty — Oxity)

+ (9x142)? + 0141051420,
x142)?][(0x11)? — (9x14)?]

Ox112)*] (Oxtty + Ox1iz) (Ox 1ty — Oxiz)

Axt12)?] (dxuy + Oxtin)dyew.

(

(9xu1)” + (
(ax“1)4 — (0 xu2 =[(9xu1 (0
( (
( (

Consequently, (37) is equivalent to the following equation:

0rw + 1 (dytty + Ax1tn)dxw + q[(Dxtty)* + (dxtin)? + Oy 11y 12w
r[(3x11)? + (3xun)?] (Dxtty + Dx1in) Ay + 603w + pdw + B2otw = (38)
Since
25/ wa3w =— 25/ axwazwdx =0,
20 [ it = =20 [0sc0(t, )2 39)

2
w(t,-)

Zﬁzéwaiwdx = —Zﬁz/Raxwaf’cwdx = 2p2 L)
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multiplying (38) by 2w, an integration on R gives,

2
vt )

d 2
i 10t o) +28 .

= 2 [0x0(t,) [y — 2% [ (@xtts + datiz)wdseodx
& (40)
—2q /R[(axul)z + (axuz)z + 0xU10xUp ]| wdywdx

—2r /R[(axul)2 + (0x112)?] (dx 1ty + Oxttn )W wdx.
Observe that since uq, u, € HZ(R), for every 0 < t < T, we have

l[0xu1l| oo (0,1) xR » 19xt2ll L ((0,7) ) < C(T). (41)
Thanks to (41), we have that
(@etr + 252 < (19001 07y c) + 3162l 0178 ) < C(T),
[(0x141)* + (dxun)? + Dxtt1 dxti]?

< (Haxulni‘”((o,T)xR) + 1105tz | T (0,7 xR + 195241 | oo (0,7 xR) ||axM2||Lm((o,T)xR))
<C(T),

2
[(9x11)* + (9xu)*] < (Haxulni‘x’(((),T)xR) + ||axu2||%°°((0,T)><R)) < C(T).

Consequently, by the Young inequality,

2|K|/ |(Bxity + dxtta)||w][dxco|dx
< @ty ) e+ [ (@a +3xt02)(3500) e
< et ) ey + C(T) [3s0(t, ) ey
20g) [ 1@x1)? + @cta)? + Drurdes ol Prco
< @ty + 07 [ [@s11)? + (@512 + dyand1: (2sc0)

< lw(t, ) T2gmy + C(T) 19w (t, ) [ T2(r)
2IrI/ |(0xu1)? + (Ox12)?|[0x 11 + x| |w||9xw]|dx

< IIw(fr)Ile( C(T) || (t, )| aqm)

It follows from (40) that

2
Zw(t, ) L®) @)

<3lw(t, ) F2m) + C(T) [z (t, ) F2m

d
St ) g

Due to the Young inequality,

C(T) [[3xeo(t, )| = —C(T)/Rwa,%wdx gc(T)/]R |wl|82w]dx = 2/R ’C T

Zﬁw‘ ’ﬁaiw'dx
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200(t, |

L*(R)

<C(T) ||w(fw)|\%2(R)

Therefore, by (42),

200(t, |

2(R)

< C(T) [leo(t, )12 g

Hw( M2y

The Gronwall Lemma and (37) gives

t
2 2 ,C(T)t —C(T)s
ot )2y + B [ emCM

Equation (16) follows from (36) and (43). O

2w(s,-) ’
T em)

ds < “DH [lwo| 2y - (43)

3. Proof of Theorem 1, under the assumptions (3) and (4) or (5)

In this section, we prove Theorem 1, under the assumptions (3) and (4). Thanks to (3), (1) reads

{atu +29(9xu)? + 803u + B20%u + udiu, + yudiu = 0, t>0, x€R, m

M(O, X) = uo(X), x € R,

Let us prove some a priori estimates on u. We denote with Cy the constants which depend only
on the initial data, and with C(T), the constants which depend also on T.

Lemma 6. Fix T > 0 and assume (4) or (5). There exists a constant C(T) > 0, such that

¥ et s
u(t, )2 + ze’;z e Fﬁz 02u ?
L%(R) Jo

N C(T), (45)

forevery0 <t < T.
Proof. Let 0 <t < T. Multiplying (44) by 2u, an integration on R gives
ot )z =2 | wdiutx
=— 47/Ru(axu)2dx - Zé/Ruaiudx —2p2 /Ruaiudx
—Zy/ uaiudx—Z'y/ w22 udx
— 4y / dy11)2dx + 28 / 9, udludx + 262 / 9 uddudx

—nyRuaiudx—i-él’y/Ru (02u)?dx

2
2 ([52, (s . _ 2
osu(t,-) m) 2]1/Ruaxudx.
Therefore,
a l|u(t,-) 2 u(t,-) ? =2 /uazudx (46)
dt 7 X 7 LZ(R) - ,'l/l R X N
Due to the Young inequality,
il [ Iuli3? T ||piu] ax
gy + B 2| -
'82 L (R) X 4 LZ(R)
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Consequently by (46),

d
a7 () 2qz)

2
2
xu(tr ) 12(

W 2
R = 5 Ju(t, ) |72 (w)

It follows from the Gronwall Lemma and (4) that

2

2
2 25 [T
et 2@y + B |

;421‘

S,BzcoeﬁT S C(T)/

us, )

S
L2(R)

which gives (45). O

Lemma 7. Fix T > 0 and assume (4) or (5). There exists a positive constant C(T) > 0, such that (21) holds.
In particular,

2
xu(s, )

2
[Bcu(t, ) 2y + 28 .

ds < C(T), (47)

for every 0 < t < T. Moreover, (22) holds, for every 0 <t < T.

Proof. Let0 < t < T. Multiplying (44) by —292u, an integration on R gives
d 2 2
T [0xu(t, ) [T2m) = — Z/RuE)xudx

—2x /R (3x1)202udx + 26 /R 2uddudx + 2 /R 2udtudx

u(t,-) ? —Z'y/ u(9%u)?dx
X 4 LZ(R) R X
2 2
_ 301 . . _ 22
= u(t, )HLZ(R) u(t, ) ) Z'y/Ru(axu) dx.
Hence,
) 2
Vst ) ey + 26° [22u, ) o
=-2 02 i
= —2y [ u(@n) )|
2
< 2 .
<2yl [ [ Iul(@w) )|
2 2
< o ) )
<2|y| lull o 0,1y xm) ) @) u(t, ) 2®)
2
<Co (1 llimqoryemy ) [0 )| o -
It follows from (4), (45) and an integration on (0, t) that
ot e () i
B2t s 2
2 g2 2
< Co+Co (1+||”||Lw((o,T)xR)) f /0 e dxu(s, ) Lz(R)dS

< C(T) (1+ ull (o) ) -



Algorithms 2020, 13, 77 15 of 22

We prove (21). Thanks to (25), (45) and (48),

2
el oz < DY (14 Il oy
Thus, we obtain that

el Feo (0,7 i) — C(T) N1t | o 0,1 ) — C(T) < 0.

Arguing as in [52, Lemma 2.4] or [53, Lemma 2.3], we have (21).
Finally, (47) follows from (21) and (48), while thanks to (45) and (47), arguing as in Lemma 2, we
have (22). O

Lemma 8. Fix T > 0 and assume (4) or (5). There exists a positive constant C(T) > 0, such that

o+ | Noru(s, )y ds < (), (49)

for every 0 < t < T. Moreover, (28) holds.

Proof. Let 0 <t < T. Multiplying (44) by 20;u, an integration on R gives

L 2u, P 2100t )l
dt 1173V ) 7 JILA(R)
= 29 /R(axu)zatudx—Zé/Raiuatudx (50)

—Zy/Ra,zcuatudx—ZW/Ruajzcuatudx.
Due to (21) and the Young inequality,
2
2|’y|/R(axu)2|8tu|dx :2/R"Y(agl)‘ ‘\/Dgatu‘dx

Ha u(t, )7y + Da 9 (t, ) T2y

200] [ |93l ruldx z/ 2 )@atu\dx
52
<o [ute )| g+ D3 1ot ey
3 L2(R)
o2u
ZI;tI/IBiuHatuldx:Z/ FAE| |/ Dadiu| dx
R VD3
f ’ D3 ||
< [, [ g+ D ot ) e
2
20y [ okl =2 ||\ T |/ D

<7/ (03u)%x + D [9su(t, ) 2 e)

2
,)

g T D3 9t (t, ) |17 my

SH ]| (0,7 )

2
xu(t, ")

< (
- L2(R)

D3

+ D3 [[9su(t, |72 (g
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where Dj is a positive constant, which will be specified later. Consequently, by (50),

24 2(t-)2 +2(1—2D3) |[0su(t,-)
B [t )| g, +2(1 = 2D5) vt ) 2y
2 2 C(T) 2
Y 4
< 1 . . . .
< B laentt, Mtsqey + 5 [0t + 757 [0
Taking D3 = %, we have
2
SO Py L CRIIETEY
<29*|0 26% ’ c(r) |[2utt, )|
d u( >||L4 420 [3u(t, )|, + D) BB )] -
It follows from (4), (45), (47) that
SRS QCYER
<||uo||Hz +29? / Jxtu(s, )£z s
2
2 : <
+26 A H ds—I—C )/0 wu(s,-) L) ds < C(T),

which gives (49). O

Lemma 9. Fix T > 0 and assume (5). There exists a positive constant C(T) > 0, such that

2
x”(tr')

2R ds < C(T),

2(R)

"

forevery 0 < t < T. In particular, we have that

xH ‘L“’((O,T)XR) < C(D)-

Proof. Let0 < t < T. Multiplying (44) by —20%u, an integration on R gives

4 33u(t,

L2(R)

=— 2/ d0udsudx
R

—2y /R ()28 udx + 26 /R 3 udbudx + 22 /R 9 udbudx

+2y/RaiuaguderZ'y/Ruaiuagudx

2
=— 4y /]R 01> ududx — 26 /R Otuddudx — 2% ||03u(t, -) H

—2y/ aiuaiudx—Z'y/ axuaiuaiudx—Z'y/ udduddudx
R R R

2
xu(t/')

L2(R) M(t, )

=—67 /R 0 ud>ududx —

—Z'y/Ruaiuaiudx.

L2(R)

16 of 22

(51)

(52)
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Therefore, we have that

4113 (t, -)H2 +28% ||95u(t, ) ’
dr [|%x" L2(R) B ||oxult, L2(R)
2 o5 2 3 55 )
= —67/Raxu8xu8x xu(t")HU(R) —Zy/Ruaxuaxudx.
Due to (21), (28), (49) and the Young inequality,
2 1145 'ya ua u 5
6\7|/ |0xuoul||oyuldx 6/ ‘,B\/D48
<3l/(a u)Z(aZu)de+3ﬁZD ut, )|
=Dy Jr T SIS TGy
(X 2u(t, ) 2 +3p%D u(t,-) ?
=gzp, 1ML (or) ) [[ O ]| o ) B"Dy ||0zult, P®)
C(T) 5 2
<=\ .
=Dy, ot )| gy
2|'y|/ 40|95 u|dx =2 / 7”3 u ‘ﬁw/D@Sudx‘dx
2
< 2(53,12 2 )
_,32D4 /Ru (ax”) der,B Dy xu(tr ) [2(R)
0% 5 3 2 5 2
SIBQTHMHLW ((0,T)xR) ||%x (t’.)HU(R)—Fﬁ Dy ||07u(t,-) 2R

C(T)
Dy

2
xu(t/')

L2(R)’

< 2u(t, )7, g + 201

where D; is a positive constant, which will be specified later. Therefore, by (53),

d -l 2(2—4D -k
e %540 ) oy P72 = 4D [Pl )] (54)
<@+@ u(t.)z u(t.)z
~ Dy Dy 177707 Tlli2(r) T m)
Observe that
2
_ 4. ~N4 _ 3.5
Tu(t,) @ _Zy/Raxuaxudx— —Z‘u/Raxuaxudx.

Thus, by the Young inequality,

u(t,-) : <2|y|/ 3uddudx
N pw) = R XOx
3
Hou ‘,B\/D@?Cu dx
Dy
VZ 2 ) 2
= () LZ(R)+ﬁD4 w(tr:) 12(R)
It follows from (54) that
d 143 2 2 2
7 ayu(t,-) LZ(R)+‘B (2 —5Dy) ||0yu(t,-) ()
C(T) | C(1) 2
< . .
~ Dy * Dy wit) L2(R)
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Choosing Dy = %, we have that

ANRui P 2158wt |IP
B, + 8 [P
2
<C(T) +C(T) ||23u(t,-) .
Integrating on (0, f), by (5) and (47), we obtain that
2 t 2
3.0t . 2 5 0c .
ayu(t,-) LZ(R)+ﬁ /0 ayu(s,-) P® s
t 2
< ol + CT+C(T) [ 3uts, ), s < €(T),

which gives (51).
Finally, we prove (52). Due to (49), (51) and the Holder inequality,

X
(2%u(t, x))? :2/700 02uddudy < /R|8§u\\aiu\dx

< ||Zu(t,-) Ru(t,-)

(T).

[2(R) L2(R)
Hence,

5 2
X

c(T),

<
L=((0,T)xR) —
which gives (52). O

Now, we prove Theorem 1.

Proof of Theorem 1. Let T > 0. Assuming (3) and (4), thanks to Lemmas 6, 7, 8 and the
Cauchy-Kovalevskaya Theorem [50], we have that u is solution of (1) and (14) holds.

Instead, assuming (3) and (5), thanks to Lemmas 6, 7, 8, 9 and the Cauchy-Kovalevskaya
Theorem [50], we have that u is solution of (1) and (15) holds.

We prove (16), under Assumptions (3) and (5). Let 11 and u; be two solutions of (1), which verify
(15) that is

Ostty 4 2v(dxu1)? + 603Uy + poduy + B2otuy +qu102u =0, t>0,x €R,
u1(0,x) = uy,0(x), x €R,

dtun + 2’y(axu2)2 + éaiuz + yaiuz + ﬁ2a;tu2 + 'yuzaiuz =0, t>0,x€R,
u1(0,x) = uy,(x), x € R,

Then, the function w, defined in (36), is the solution of the following Cauchy problem:
orw + 27y [(axul)Z - (axuz)Z] + 03w + pdtw

+B20%w + yu 3uy — yupd2up; =0, t>0,x €R, (55)
w(0,x) = ug,0(x) — uz,0(x), x €R.

Observe that thanks to (36),

ulaiul — uza}%uz = ulaiul — uzaiul + leaibq — uzaiuz = waiul + uzaiw,
(0x11)? — (9xttn)? = (ytiy + Oxitn)Oxw.
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Consequently, (55) is equivalent to the following equation:
01w + 27y (dytty + 9y )dxw + YWy + YUupiw + 603w + udiw + B*Atw = 0. (56)

Therefore, multiplying (56), by (39) and an integration on R of, we have that

d 2
gt 10t +26 ot ) [
=20 0xco(t, )2y = 27 [ @uitn + dutz)odseortx 7)

—Z'y/lRaiulwzdx—27/Ru2w8§wdx.
Since u1, up € H3(R), for every 0 < t < T, we have

10x1i1 || oo 0,7y x ) # 1931421 [ Lo (0,7) x ) < C(T),

ax X H (58)

L=((0,T)xR) Hu2”L°°((o,T)XR) < C(T).

Due to (58) and the Young inequality,
2|fy\/R(axu1 + Oxlip ) woywdx
2 2 2 2
< lleolt, MiFagmy +17 [, (@xtns +0512)% @s0)x
< [lw(t, )||L2 +9° (||axul||L°° ((0,T)xR) + |[9x “2HL°° (0,T)xR ) [[9xew(t, )||L2
< w(t, ) If2e) + C(T) lBxo(t, ) lIZ2()
2171 [ 9% |w?dx

lew(t, N T2my < C(T) lw(t, )72

2
xth HLOO((O,T)xR)
zm/ lp |92 dx

R

ZZ/R

'yuzw

‘ ‘,Bazw‘dx

’Y
< T Il oy ot ey o] .
< C(T) lw(t,)|? Eo)|
(T) flot, 5] .
It follows from (57) that
d > 2
et ) o

<C(T) w(t, )| T2y + C(T) [9xw(t, ) | T2 gy
Therefore, arguing as in Section 2, we have (16). [

4. Conclusions

In this paper, we prove the well-posedness of the classical solutions for the Cauchy problem of
the Kuramoto-Sinelshchikov—Velarde equation, that describes the evolution of a phase turbulence
in reaction-diffusion systems or the evolution of the plane flame propagation, taking in account the
combined influence of diffusion and thermal conduction of the gas on the stability of a plane flame
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front. Our result requires very general assumptions on the coefficients and the argument is based on
energy estimates and the Cauchy—-Kovalevskaya Theorem.
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