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Abstract: In this paper, a family of Steffensen-type methods of optimal order of convergence
with two parameters is constructed by direct Newtonian interpolation. It satisfies the
conjecture proposed by Kung and Traub (J. Assoc. Comput. Math. 1974, 21, 634-651) that
an iterative method based on m evaluations per iteration without memory would arrive at
the optimal convergence of order 2~!. Furthermore, the family of Steffensen-type methods
of super convergence is suggested by using arithmetic expressions for the parameters with
memory but no additional new evaluation of the function. Their error equations, asymptotic
convergence constants and convergence orders are obtained. Finally, they are compared with
related root-finding methods in the numerical examples.
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1. Introduction

Solving the nonlinear equation f(z) = 0 is a fundamental problem in scientific computation.
Besides Newton’s method (NM), Steffensen’s method (SM):
f ()

Tpt1 = Tp — f(xn‘i‘f(xn)) _f(xn)a n:071727"' (1)

is also a famous method for dealing with such a problem, because it is derivative free and maintains

quadratic convergence (see [1]). Since Kung and Traub conjectured in 1974 that a multipoint iteration
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based on m evaluations without memory has optimal order 2”1 of convergence (see [2]), NM and SM
are methods of optimal order. The efficiency index of them isy/2 = 1.4142.

In order to achieve higher order of convergence, the self-acceleration of SM (SASM) was introduced
in Traub’s book as follows (see [3]):

Tyt = Ty — 'Yan(xn)
" ! f(@n +ymf(wn)) — f(2n)

_ ’Yn—lf(xn—l)
f(xn—1+’Yn—1f(xn—l))_f($n—1) ’

achieves super convergence of order 1 + /2 = 2.4142. Tts efficiency index isy/1 + /2 = 1.5538.
The other two choices were also introduced for Steffensen-type methods by Zheng, et al., (see [4,5]):

)

where v, = which was obtained recursively by using memory. SASM

Tn—Tn—1 Tn—Tn—1

T = e and v, = o The latter is the same as the above expression of -y, for SASM,

but different from the above for the multi-step methods. These expressions of y,, ensure the methods to
achieve super convergence by using the same number of evaluations of f as before. Local and semilocal
convergence of Steffensen-type methods and their applications in the solution of nonlinear systems and
nonlinear differential equations were discussed in the literature (see [1,5,6]).

Moreover, DZunié¢, Petkovi¢ introduced generalized biparametric multipoint methods as follows
(DPM, see [7]):

Y1 = Yko + Ve f (Yr0), Uko = T,
_ . f(Yk,0)
Yk,2 = Yko Flyrk,0.9k,11+pk f(Yr,1)°

o o F(Wr,j—1) . 3)
ki = Ykij—1 NIy Uk, j—13U0,0,¥k, 15 Yk, —1) 7 j=3sm,
_ _ f(yk,n) _
Thtl = Yk ™ N (g 0k, oiom) k=0,1,...,
where 7 ——.pp = — N W) (m =1 n + 1), and N;(z;Yro,y Yr.i)
k N (yr0)’ k 2N':n+l(yk71)’ PICII ) J sy Yk,05 Yk,19 - - -5 Yk,j
( =2,...,n) was Newton’s interpolating polynomial of degree j.

This paper is organized as the following. In Section 2, by using Newton’s method for the
direct Newtonian interpolation of the function, we construct an optimal Steffensen-type method of
second-order which has one more parameter than that in SASM, establish an optimal Steffensen-type
method of fourth-order which generalizes Ren-Wu-Bi’s method (RWBM, see [8]), deduce their error
equations and asymptotic convergence constants, and induce to a general optimal Steffensen-type family
of 2™~ th-order without memory. Furthermore, in Section 3, we obtain the family of Steffensen-type
methods by accelerating with memory, and Steffensen-type methods of super second-order and super
fourth-order of convergence by doubly accelerating with memory. In Section 4, we compare the proposed
families with NM, SM, SASM, RWBM and DPM by solving nonlinear equations in numerical examples.
Finally we make conclusions in Section 5.

2. A Steffensen-Type Family of Optimal Order without Memory

Let x, be an approximation of the simple root of a nonlinear equation f(z) = 0 and
Zn = Zn + Yuf(x,). By direct Newtonian interpolatory polynomial of degree one, such that
Ni(z,) = f(x,) and N1(z,) = f(z,), we have

Ni(z) = f(wn) + flon, zn](x — 20)
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and f(z) = Ny(z), where Ry(z) = f(z) — Ni(x) = flzn, 2n, z](z — z,) (2 — 2,).
So, for some i, =~ f[x,, z,, x|, we have

NQ(£) = f(zn) + flTn, 20] (7 — 20) + pin(z — 20) (2 — 25)

and f(z) ~ Ny(z), which is a polynomial of degree two based still on f(z,) and f(z,),
but f(z) ~ Na(z) could be better than f(z) ~ N;(z) by adding a higher-order term. We suggest

that the next approximation z,,, of the root of f(z) be obtained from Newton’s iteration for Ny(z) as

_ No(zn) _ f(@n)
$n+1 - xn o ]\N/vé(:vn) - :En o f[$n73n]+ﬂn($n_zn).

method: F()

flon, 2n] + pin(Tn — 2,)°
where z, = z,, + Vo f (), {7} and {p,, } are bounded constant sequences. This method gives SM when

Then, we have an optimal second-order Steffensen-type

Tl = Tn — n=012... (4)

Yn = 1 and p,, = 0.
Similarly, an optimal fourth-order Steffensen-type method is obtained as follows:

fln, 2n] 7 ®)

— _ f(yn) —
xn+1 - yn f[yn,xn}+f[yn7xnvzn](yn_$n)+0¢n (yn_$n)(yn_zn)’ n= 07 17 2’ T

Yn = Tn —

where 2z, = x,, + Vo f (%), {7n} and {a,,} are bounded constant sequences. This method gives RWBM

when v, = 1 and o, = .

Theorem 1. Let f : D — R be a sufficiently differentiable function with a simple root a € D, D C R be
an open set, xq be close enough to a, then the method Equations (4) and (5) are at least of second-order

and fourth-order, respectively, and satisfy the error equations:

ent1 = [(1+ /an/(a))CQ - :un’)/n]ergz + 0(62) (6)
enir = (1 4+ f'(a))2ca]c2 — s + f‘,?; )]e;t +O(ed) 7)

; _ W@ _
respectively, where ¢, = Hf(a)y &n = Tn — @0 = 0,1,2,---

Proof. The theorem can be proved by the definition of divided difference and Taylor formula, see [9] or
the proof of Theorem 2.

By successive Newtonian interpolatory polynomials up to m + 1 points, we can derive the optimal
2™th-order Steffensen-type family, moreover we are able to write it in a preferable explicit form as

follows: for any m > 0, x,,.1 = ¥, is obtained forn = 0,1, -- -, by
— o _ _fo)
Yo=Y = Tyl o)
_ _ Y1
Y2 = Y1~ Fhnwol T vrvov—11w1-v0)’ (8)
f(ym—l)

Ym = Ym-1 — Flym—1,ym—2]++flym—1, y=1](¥m—-1—ym—2)(Um-1—90) +vn (Ym—-1—ym—2) = (Yym-1—y-1)

where y_1 = z,, + Y f(zn), Yo = Tn, {7n} and {v,,} are bounded constant sequences. When v,, = 0, it
gives the general optimal Steffensen-type family in [9].
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Theorem 2. Let f : D — R be a sufficiently differentiable function with a simple root a € D, D C R
be an open set, x( be close enough to a, then the family Equation (8) converges with at least 2™ th-order,

and moreover satisfies the error equation:

eni1 = Dmes” + O(el" ) 9)
where
Dl - (1 + ’Y’nf,(a))CQ — UnVYn, fOI" m=1
and
Dm = Dmfl[CQDmfl + (—1)m71(0m+1 — %)DmQ s Dfl], form >1
here D_y = 1+ v,f'(a),Dy = 1, Dy = (1 + vuf'(a))ca, -+, Dy = Dyys[caDpy o + (—1)"72
CmDm—3-+-D_1], ¢y = fr;mf—igzg,anden =x,—aforn=0,1,---

Proof. We prove the theorem by induction. For m = 1, the theorem is valid by Theorem 1. For m > 1,
letd, =yp —a, k=—1,0,--- ;m,thend_; = D_ye, + O(€?), dy = Dye,, dy = D1€2 + O(e2), - - -,

dmfl = l)mfleq%m*1 + O<€%m71+1>

and noting that dm,Q s d,1 = O(e}b+1+2+"'+2m_2) = O(eQm_l), we have

n

d — d f[ymfl7ym727a}dm72+f[ym717ym72aym73}(dm71_dm72)+"'+V'n(dm71_dm72)"'(dm71_d71)
m M=y 1 ym—2]FF f Ym—1, 7?}*1}(dmfl_dm72)"'(dm71_dO)+V7L(dm71_d7n72)"'(dm71_d:n17)1
dm 1 f[ymfl7ym72,ym73]dmfl_f[ym71,ym72,ymffg76)’4}d’ron(72(§m—3+"'+(_1)ml’ndm72"'dfl“l'o(e% +1)
— ! a + 6n
d Flym—1,Ym-2,Ym—3]dm-1+(=D" " (flym—1, »y—l711]—Vn)dm—z'“d_1+0(€%m_1+1)
m—1 f'(a)+O0(en)
= Dm_l[CgDm_l + (—1)m71(0m+1 - %)DW—Q e D—l]ei + 0(6721 +1)

3. A Steffensen-Type Family of Super Convergence with Memory

The added high-order terms in the denominators in Equations (4) and (5) at least have no bad effect
by now. Furthermore, by adjusting these coefficients of the high-order terms, i.e., only using several
arithmetic operations of old evaluations of f to express the parameters, the asymptotic convergence
constants of the optimal second-order and fourth-order methods can tend to zero, respectively, and the
obtained methods of super-convergence can exceed SASM and RWBM, respectively. For example:

The super second-order method: Iterate Equation (4) with
Ty flrn, 2]

" flan, 2
The super fourth-order method: Iterate Equation (5) with

flzn—1, Tn, 2n) (10)

flZn, 2n, yn]g
flZn, Ynl

Theorem 3. Let f : D — R be a sufficiently differentiable function with a simple root a € D, D C R

be an open set, x( be close enough to a, then the methods Equations (10) and (11) satisfy the following

(11)

Qan = f[xnflaxnyznayn] -

error equations:
ens1 = —(1+7f'(a))lesen-1ey + O(ey_ye7)] (12)
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ens1 = (1+ 7 f'(a))*[c2csen-16, + O(eq_se€p)] (13)

(k) .
where ¢, = ;;Tézg en =, —a,n =0,1,2,..., and achieve convergence of order at least 1 + /2 and

2 + /5 respectively.

Proof. By the definition of divided difference and Taylor formula, we also have

f[znflaxnv Zn] = @ + %(j)enl + 0(6721—1>7
Fltnt,Tns 2nyyn] = T2 4 L2081 O((en-1)?)

Equation (12) follows from Equation (6) by

1 n ! a 1! a 111 a
po = HBIOI 0, 402 ))

The order 1 + /2 & 2.4142 is obtained as the positive root by solving s> — 2s — 1 = 0.
Equation (13) follows from Equation (7) by

an, = f'(a)lcs — Cg + c4€p1 + 0(631—1)]

The order 2 + /5 ~ 4.2361 is obtained as the positive root by solving s> — 4s — 1 = 0.
Generally, we have the super 2™th-order Steffensen-type family: Iterate Equation (8) with

CoDp1

Up = m—2; Ym— Cmy1 + (=1 mel 14

Slym—2, ym—1](Cmsr + (1) D_1~--Dm_2) (14)
where Dy = 1 + % flYm2Ym-1,,D0 = 1, D1 = (1 + Yuf[Ym-2,Ym-1])C2s -,
D1 = Dy o[ Dy o+ (=1)" 28 D5+ D_1], G = Lottt and 6, = Lo tittinns]

Theorem 4. Let f : D — R be a sufficiently differentiable function with a simple root a € D, D C R
be an open set, xy be close enough to a, then the family Equation (14) is super 2™th-order convergent,

and satisfies the following error equation:

eni1=(=1)"Dpq--- D_1Cm+2€n_1€im + O(ei_leQm),m > 1 (15)

n

where D_y = 1+ y,f'(a), Dy = 1, Dy = (L + . f'(a))ca, -+, D1 = Dima[caDpg + (=1)"72
CmDm_3++D_1], ¢ = —j::;),gzg,anden =x,—aforn=0,1,---.
Proof. Since

Vo = Flyme2 Y] G + (1) 5205

= f(@)(emrr + ()" 522+ Csen1) + Ol )

we obtain Equation (15) by Theorem 2 from

Up,
Dy = Dya[c2Dip1 + (—1)™ N (Cngr — W)Dm—2 - D_q], form > 1

Furthermore, we propose two doubly-accelerated Steffensen-type methods:

1
compute Equation (10) with ~,, = —m (16)
ny “n—1
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compute Equation (11) with ~,, = —; 17)
fln, 201
Theorem 5. Let f : D — R be a sufficiently differentiable function with a simple root a € D, D C R be
an open set, xq be close enough to a, then the doubly-accelerated Steffensen-type methods Equations (16)
and (17) achieve third-order and 4.74483 order convergence, respectively.
Proof. Denoting e’ := 2, — a and e,, := x,, — a, if z,, converges to a with order p > 1 and satisfies the
error equation

¢, = Cuep, +o(ep)

where (), tends to the asymptotic convergence constant C', and if z,, converges to a with order » > 2 and
satisfies the error equation

ent1 = Dpel +o(el)

where D,, tends to the asymptotic convergence constant D, then

€, = Cn(Dn—le:L—l)p + 0(6?—1) = Can—lerp + 0(6:11)—1)7

n n—1

2

eny1 = Dp(Dy1e; )" + 0(622—1) = DnD:L—le::—l +o(e;, 1)

By Taylor formula, for Equations (10) and (16), we also have

z — _ f[(En,CL}Bn
en - efTL f[xnyznfl}
Tn,2Zn—1,0 _ p+r p+r
Wef%len = CQCnlenflenil + O(anl)
and
_ flzn,alen
€n+]‘ - en - Mns<n— xr ale
Fonenl+(1—2o22nly (o 2] flEntlen,
f[:cn,zn,a](zn—a)—l—( f[ir[iz»,;ajﬂ - ff[g[crnn,’zﬂ] )f[znflaxnazn]en

= € Tn,a Tn,a

T flen el (et - FEl flan 1 mnsznlen
B e G 7 s AN 75y 7 D st

" Hlansen]+ (o 2y = 20 fln—1. 0 2nlen
— 62 f[xnvzn»a]f[xn’zn}(f[xnzznfl]ff[znva})+f[z'fl*17xn7Zn]f[xn9a](f[xn’zn}7f[xnvzn71])

n Flen,zn)? fln,2n—1]+(flzn,2n]— flTn,2n—-1]) f[Tn,a] f[2n—1,%n,2n]en
— 62 (flzn,2n,alf[#n,2n] = Fl2n—1,Zn,2n] f[#n,a]) f[Zn,2n— 1]+ (f[2n—1,Zn,2n] = f[2n,2n,a]) f[Tn,2n] f[2Zn,a]

n f[xn7Z7L]2f[x’naznfl}+(f[$n7zn}_f[x7uzn71])f[$n7a}f[zn71,xnyzn]en
o 62 (f[zn—lyxmzn]f[afn%nya efl_f Zn—hxnyznya]f Tn,2n ezfl)f[xrwzn—l +f[zn—1an:Zn»a]f[lnvzn}f[xn70«}6271
- n f[xn7Zn]2f[xn7znfl}+(f[l'n7Zn]—f[xn,anl])f[xnya]f[znflﬁﬂn,zn]en
o 62 f[znfl7$n7Zn]f[fﬂn,2n7a]f[znfl,xn]ei_f[znflﬁﬂn,a]f[znfl71'n7zn,a]f[mn,2n}(efl_1)2
- n f[xn7z7l]2f[22n—léxn]+(f[xgyzn]2_f[zn—l7xn])f[$nya]f[zn—l7xnvzn]5n
— 2 2 r+2p r+2p
= —ce3Cy Dy 4 o(e ).

Comparing the exponents of e,,_; in two expressions of e? and two expressions of e, respectively,
we have two equations in the following system:

rp=p+r,
r2=2r+2p
From its non-trivial solution p = % and » = 3, we prove that Equation (16) achieves

third-order convergence.
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For Equations (11) and (17), we have

z _ flzn,alen  _ flzn,zn—1,0] = o p+r p+r
€, = €y ;azmz?—ﬂ _f[f[xn,zn]-ﬂ e;_en =c2Cph_1D, 216 T —1—02( P,
[ — _ JIZn.alen __ J|Tn,Zn,a] z _ 2 2 p+ r p+ N
= e fhead = fhea] tnen = GO Dy +o(ely)
and
= e¥ — flyn,alen
en+1 B en flzn,2zn, yn]2

f[yn:$n}+f[yn7xn7Zn](yn—zn)+(f[fﬂn717$n73n7yn} W)(yn wn)(yn_zn)

Flznynalen-tflyn@n,2n] (Un—n)+(f[En—1,80,20,yn]— LERE0) (4, —20) (yn— 20)

— Yy flen,yn]

" flynon )+ fln n zn) (U —Tn)+(Fl2n—1.@n.7n gn] - LBy ) (g2

. yf[yn,xn,zn]e%—f[:cn,yn,zn,a]eien—k(f[xnfl,wn72n7yn] %)(en—en)(en—en)

n

flzn,zn, yn
flzn,yn]

)€flen+(f[fﬂnflyxnyznvyn} f[xn,yn,Zn,a})enen+0(eflenen71)

Flyn znl+fyn Zn,2n](Yn —2n )+ (f[Tn—1,2n,2n,Yn] - )(Yn—2n)(Yyn—2n)

( flyn,zn,znlflen,2zn.a] flen.zn.un)?
— ey flzn,zn] flzn,yn]

f[wnﬁzn,yn]Q

f[ynJn}+f[ynvznvzn](yn—xn)*‘(f[a?nflJn7znvyn}—m)(yn—$n)(yn_zn)

flyn,zn,z2n](flzn,zn.alflzn.yn]=flzn.2n,ynlflzn,2n])
flzn,zn] flzn,yn]

Flyn @l +Flyn zn,zn] (Yn—2n) +(fl2n—1,2n,2n,yn] - [””f’;fli"yi’l"

f[ynﬂin;Zn](f[wnyZn,yn]f[%’nyynyzn](5%*ei)*f[wnxznvynxa]f[wnxyn]en)

. ey eflen‘i’f[xn 1,$n,zn7yn,a]€ enen— 1+0(€ 6n3n71)
- n

) (Yn—25) (Yn—2n)

enen +f[$n71 sTn,Zn 7yn7a} efy,enenfl +O(ei€n enfl)

— ey flzn,znlflzn,yn]
n _ f[inyzn»yn]z _
f[ynvxn]+f[ynyxnvzn](yn Tn)+(flTn—1,2n,2n,Yn]— Flen,yn] )(yn zn)(Yn—2n)
_ 2 2 p+r 2p+47"+1
= CQCn 1D 1 C4CQCn 1Dn 1677, an_le _16n-1 = 62640 n 16n—1

Comparing the exponents of e,,_; in two expressions of e’ and two expressions of e, respectively,
we have two equations in the following system:

rTp=p+T,
r2=2p+4r+1
From its non-trivial solution » = 4.74483 and p = 1.26704, we prove that Equation (17) achieves
4.74483 order convergence.

4. Numerical Examples

The proposed families are compared with NM, SM, SASM, RWBM and DPMs by solving some
nonlinear equations in the following examples. We compute Equation (4) with v, = 1 and p, = 1,
Equation (5) with v, = 1 and oo, = 0 or 7,, = 1 and «,, = 1, Equation (16) with v, = 1 and py = 0,
Equation (17) with v, = 1 and ay = 0, Equation (16) with vy = 1 and g = 0, and Equation (17)
with 79 = 1 and oy = 0. DPMI(1) is denoted as one-step DPM without memory where 7, = 1 and
pn = 1; DPMI1(2) is denoted as one-step DPM with memory where v,, = 1 and py = 1 and DPM1(3) is
denoted as one-step DPM with memory where 7y = 1 and py = 1. DPM2(1), DPM2(2) and DPM2(3)
are denoted similarly. The computational order of convergence is defined as:

COC — 10g<‘€n|/‘€n71‘)
log(|en—1/len—2])

Example 1. The numerical results in Table 1 agree with the theoretical error equations and asymptotic
convergence constants in the theorems.
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Table 1. f(z) =2? —e* — 3z + 1,a = 0,29 = 0.2.

1118

Method n 1 2 3 4 5

NM len|  0.12618e-1  0.39224e-4  0.38462e-9  0.36982e-19  0.34192e-39
CcoC 171685 2.08950 1.99746 2.00000 2.00000

SM len| 090483e2  0.20376e-4  0.10379%-9  0.26931e-20  0.18132e-41
CoC  1.92349 1.96916 1.99926 2.00000 2.00000

SASM len|  0.10005e-1  0.27820e-5  0.42758¢-14  0.31858¢-35  0.27123e-86
coC  1.86107 273351 2.47855 239725 241719

DPMI(1) len|  0.35098¢-1  0.8970le-3  0.60310e-6  0.27280e-12  0.55816¢-25
CcoC  1.08123 2.10714 1.99216 1.9999 2.00000

DPMI(2) len|  0.35098e-1  0.1705le-4  0.85716e-12  0.1044e-29  0.77854¢-73
coC  1.08123 438445 22027 2.45446 2.40742

DPMI(3) len| 011379 0.58486e-4  0.45402e-15  0.14730e-44  0.49933¢-136
COC 0350412 13.4287 3.07383 3.01572 3.0001

Equation (4) len|  0.90483¢-2  0.83467e-4  0.6965%-8  048524e-16  0.23546e-32
CcoC  1.92349 1.51366 2.00414 1.99999 2.00000

Equation (16) len| 0904832 0.12295e-5  0.1137le-14  0.13249%-36  0.16634e-89
CcoC  1.92349 2.87612 233626 242792 241188

Equation (16) len|  090483¢-2  049807e-7  0.69167e-23  02069e-70  0.55353¢-213
CoC  1.92349 39118 3.01513 2.99697 3.0000

DPM2(1) len|  0.19766e-3  0.1919e-15  0.15768e-64  0.48294e-260  0.42497¢-1042
COC 429934 4.0663 3.99998 4.0000 4.00000

DPM2(2) len|  0.19766e-3  0.37718¢-18  0.16139e-85  0.64139¢-393  0.34726¢-1795
COC  4.29934 4.89812 457687 456296 456169

DPM2(3) len|  0.19766e-3  0.61235e-21  0.17871e-109  0.18862e-556  0.37821¢-2814
COC  4.29934 5.82639 5.05656 5.04859 5.04881

RWBM len|  0.47770e-4  0.18986e-18  0.47372e-76  0.18361e-306  0.41433¢-1228
(Equation (5), v = 1,a, =0) COC  5.18173 3.97604 4.00000 4.00000 4.00000

RWBM len|  0.11363e-3  0.14757e-16  0.41995e-68  0.27538¢-274  0.50918¢-1099
(Equation (5), v, = 1,an, =1) COC  4.64333 3.97050 4.00000 4.00000 4.00000

Equation (17) len|  047770e-4  0.52156e-20  0.1841e-87  0.31207e-373  0.90942¢-1584
coC 518173 440707 4.22584 423664 423604

Equation (17) len|  047770e-4  0.8438e-23  0.29043e-111  0.32054e-531  0.86331e-2524
coC 518172 5.17772 471725 474726 47447

Example 2. The numerical results of self-acceleration of Steffensen’s method (SASM),

Equations (16) and (17), DPM1(3), Equations (16) and (17) and DPM2(3) are in Table 2 for the following

nonlinear functions:

%(e’”_2 —1),a =229 =2.5,

e® +sinz — l,a=0,29 =0.25
e~ et _ 1 g = —1, 35 = —0.85,
e

¥ —arctanr — 1,a = 0,29 = 0.2

Table 2. Numerical results for f;(z),i = 1,2, 3, 4.

SASM Equation (16) Equation (16) DPM1(3) Equation (17) Equation (17) DPM2(3)

f1:lea| 0.245e-40 0.784e-14 0.107e-28 0.164e-23 0.101e-195 0.727e-273 0.426e-231
cocC 2.41353 2.45350 3.00734 2.98211 4.23599 4.74517 5.04588

f2:)ea]  0.396e-44 0.194e-17 0.177e-35 0.304e-29 0.524e-176 0.148e-254 0.188e-283
CcoC 241316 2.32334 3.01791 2.94762 4.23567 4.74606 5.04155

f3:ea| 0.380e-49 0.346e-14 0.300e-38 0.172e-32 0.168e-168 0.689¢-258 0.618e-265
CcoC 2.41295 2.51251 3.16594 3.12621 4.23622 4.74895 5.04542

f4:)ea]  0.344¢-86 0.696¢-37 0.112e-70 0.326e-60 0.111e-399 0.115e-560 0.437e-555
cocC 2.41721 2.43146 3.00078 2.99954 4.24283 4.7598 5.04856
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5. Conclusions

In this paper, the general optimal 2™ 'th-order Steffensen-type family with two parameters is
constructed by using Newton’s iteration for the direct Newtonian interpolatory polynomial of the
function, and its corresponding accelerated Steffensen-type family is derived by using the expression
of one of the parameters with memory but no additional new evaluation of the function. In the
theoretical analysis and the numerical examples, the proposed families without and with memory only
use m evaluations of f to achieve optimal 2™ !th-order of convergence and super 2" 'th-order of
convergence for solving a simple root of nonlinear functions, respectively. Their asymptotic convergence
constants and orders of convergence compared with NM, SM, SASM, RWBM, DPM are verified.
The advantage of the proposed methods is that they can offer high precision roots in scientific and
engineering computation efficiently.

The biparametric Steffensen-type family Equation (8) is not only an alternative to the biparametric
multipoint root finding family Equation (3) from [7], but also brings about methods Equations (16) and
(17), which doubly accelerate SM and RWBM, respectively. Moreover, when the second parameter
v, = 0, the family Equation (8) gives the single-parametric Steffensen-type family in [9]. Furthermore,
this single-parametric Steffensen-type family was improved to be the self-accelerating method in [10] by
self-correcting the parameter ~,, with memory. Additionally, one-step Steffensen methods with memory
were derived from Equation (4) in [11,12], and a general multi-step Steffensen method with memory
different from Equations (3) and (8) was proposed in [13].
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