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Abstract: Stratigraphic uncertainty is widely present in nature, but it has not been well considered
in the stability analysis of unsaturated soil slopes in the past. In this study, the stability of the
unsaturated soil slope is evaluated based on borehole data considering stratigraphic uncertainty.
Firstly, an enhanced coupled Markov chain model is used to simulate stratigraphic uncertainty.
Then, a finite element algorithm for automatically calculating the safety factor (FS) and the average
groundwater table (AGT) of the unsaturated soil slope is developed. At last, a hypothetical slope
located in the stratum from Perth, West Australia is analyzed using the proposed algorithm under
different borehole schemes. The results show that with the increase in the borehole number, the
statistics of FS and AGT will not monotonically increase or decrease. But the trend is that the mean
values of FS and AGT gradually approach and eventually converge to the real values, and the
standard deviations of FS and AGT decrease. There is a linear relationship between the standard
deviation of FS (or AGT) and the average information entropy. The FS and AGT are negatively
correlated considering stratigraphic uncertainty.

Keywords: stratigraphic uncertainty; unsaturated soil; slope stability; coupled Markov chain; ground-
water table; finite element

1. Introduction

Natural soils often exhibit various types of uncertainty due to material composition,
depositional conditions, stress history, weathering, and other geological effects [1,2]. The
uncertainty can be mainly divided into two categories: inherent variability of soil parame-
ters and stratigraphic uncertainty [3,4]. The inherent variability of soil parameters is the
difference in soil parameters at different spatial points within one nominally homogeneous
layer. Many random field models, such as stationary and non-stationary random fields [5,6],
isotropic and anisotropic random fields [7] and conditional and unconditional random
fields [8], are usually used for characterizing the inherent variability of soil parameters.
Stratigraphic uncertainty is specific to the heterogeneous layer and refers to the fact that
different types of soil are usually staggered in the actual stratum. More and more attention
has been paid to stratigraphic uncertainty, and several methods have been proposed to
simulate stratigraphic uncertainty. Tang et al. [9] proposed a model to describe the stratum
consisting of two soil types. Kohno et al. [10] introduced a Poisson process to simulate
the distribution of rock types along the tunnel axis. These two models can be utilized to
simulate the strata containing two types of soil. However, none of these approaches is
sufficiently suitable for the strata containing more types of soil. Elfeki and Dekking [11,12]
proposed the coupled Markov chain (CMC) model for simulating stratigraphic uncertainty
based on borehole data. Li et al. [13] and Wang et al. [14,15] put forward a kind of Markov
random field theory to simulate stratigraphic uncertainty, but in this method, the orienta-
tion of the strata should be known in advance. Wang et al. [16] and Cao et al. [17] believed
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that machine learning can solve many engineering problems [18,19], including simulating
stratigraphic uncertainty. They used Bayesian identification approaches for underground
soil stratum identification and soil classification based on cone penetration tests. Other
models, such as the random field-based approach [20] and the multiple point statistics
approach [21], have recently been presented to describe stratigraphic uncertainty. Among
these models, the CMC model is widely used in stratigraphic modeling for its simplicity in
theory and other advantages [22]. Based on the CMC model, some improvements have been
made by researchers to enhance the abilities of stratigraphic uncertainty simulation [23–25].
For example, to apply the CMC model to small-scale geological engineering problems,
Qi et al. [22,26] proposed a method to estimate the horizontal transition probability matrix
(HTPM) by using borehole data. Li et al. [27] developed a direction-dependent CMC model
to solve the problem of simulating the strata with different dip directions and prisms.

It has been recognized that uncertainty has a significant influence on the stability of
geological structures such as slopes. However, in the stability analysis of unsaturated soil
slope, the stratum was usually considered to be deterministic in the past [28–35]. Recently,
increasing attention has been paid to the unsaturated slope stability analysis considering
the spatial variability of soil properties [36–42]. For example, Srivastava et al. [43] treated
the value of saturated hydraulic conductivity as a random variable distributed in the
stratum and investigated the effect of the variability of the permeability properties on slope
stability analysis. Jiang et al. [44] proposed a non-intrusive stochastic finite element method
based on Latin hypercube sampling and applied it to the reliability analysis of unsaturated
soil slopes considering the spatial variability of multiple soil parameters. Le et al. [45,46]
studied the failure probability and the size of failure of an unsaturated soil slope under
constant rainfall considering the spatial variability of porosity. The saturated permeability
was considered to be related to the porosity. The results indicated that the mean value and
the variability of the safety factor (FS) depended on the correlation length and the coefficient
of variation of the porosity field. Ng et al. [47] investigated the influence of 3D rotational
anisotropy of the permeability coefficient on the reliability of unsaturated soil slope under
rainfall infiltration. An ABAQUS-Matlab-Python interface framework was adopted to
perform random finite element analysis. Python script was applied to extract required
results such as groundwater table and FS. The results showed that the rotational anisotropy
of permeability coefficient has a significant influence on the groundwater table and FS.
These studies have quantified the influence of inherent spatial variability of soil parameters
on the unsaturated slope stability analysis. However, few studies have incorporated the
effect of stratigraphic uncertainty on the stability of unsaturated soil slopes. Until now,
the existing research on slope stability analysis considering stratigraphic uncertainty has
been limited to dry or saturated slope. Rotaru et al. [48] investigated the slip surface and
FS of slope with four different soil characteristics using the limit equilibrium method and
the finite element method (FEM). He pointed out that for non-homogeneous slopes, the
discontinuity of the soil parameters will lead to discontinuities of the stress field, and then
lead to the difficulty to determine the critical slip surface and FS. Li et al. [49] first introduced
stratigraphic uncertainty into the reliability analysis of slopes and investigated the influence
of borehole schemes on the slope safety factor and failure probability. Liu et al. [50] studied
the effect of the stratigraphic boundary uncertainty on the reliability analysis of slope
in spatially variable soils and found that the traditional reliability analysis of slope with
deterministic stratigraphic boundary conditions can overestimate the reliability of slope.
Gong et al. [51] used the stochastic Markov random field-based approach to simulate
stratigraphic uncertainty and studied the influence of stratigraphic uncertainty on a slope
reinforced by a single row of stabilizing piles. Ghadrdan et al. [52] proposed a simplified
method for probabilistic stratigraphic analysis within a finite element software to assess the
influence of stratigraphic uncertainty on slope stability. Deng et al. [3,53] proposed a slope
reliability analysis method considering both the inherent variability of soil parameters
and stratigraphic uncertainty. The results showed that these two uncertainties have a
non-negligible impact on the reliability of slopes.
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This paper aims to study the influence of stratigraphic uncertainty on unsaturated
soil slope stability. The enhanced CMC model with an analytical method for estimating
HTPM is utilized to simulate stratigraphic uncertainty. The concept of information en-
tropy is adopted to quantify the level of stratigraphic uncertainty. Then the simulated
strata are mapped into the finite element method model of the unsaturated soil slope to
analyze the stability of slopes. Based on the proposed numerical implementation strate-
gies, a hypothetical unsaturated soil slope located in the stratum in Australia consisting
of three soil types is taken as an example to study the influence of stratigraphic uncer-
tainty on slope stability. Different borehole layout schemes are designed to study their
effect on the statistics (including mean value and standard deviation) of safety factor and
groundwater table.

2. Methodology
2.1. Enhanced CMC Model for Simulating Stratigraphic Uncertainty

Markov property means that the future state only depends on the current state rather
than previous states and it is widely present in strata. Elfeki and Dekking [11,12] coupled
two Markov chains in the horizontal and vertical directions and proposed the CMC model.
The CMC model is an effective approach for simulating stratigraphic uncertainty in practical
engineering [49,54]. But in geotechnical engineering problems, the boreholes are usually
sparse due to budget restrictions. Therefore, the horizontal transition probability matrix
(HTPM) of the CMC model is difficult to determine. Two improvements have been made to
enhance the traditional CMC method. Firstly, an analytical method for estimating HTPM
based on the maximum likelihood estimation method is proposed. Secondly, the simulation
sequence is determined by the overall tendency of strata [55], not always from left to right.
To solve this problem, an analytical method for estimating HTPM is proposed and then
used to enhance the traditional CMC model. In the estimation of HTPM, the only parameter
to be determined is K (Walther’s constant). The K value corresponding to the maximum
value of the likelihood L of the observed scenario (see Figure 1) is taken as the estimated K.
After the K value is estimated, the HTPM can be calculated based on Walther’s law. Note
that the K value should be calculated both from left to right and from right to left (denoted
as KLR and KRL, respectively), and the larger one of KLR and KRL is taken as the estimated
K. As shown in Figure 1, when estimating the K value from left to right, the likelihood of
the observed scenario can be expressed as [20]:

L = ∏N−1
i=2

 ph(Ci−Ci−1)
SCi−1,1

,SCi ,1
ph(Nx−Ci)

SCi ,1,SNx ,1

ph(Nx−Ci−1)
SCi−1,1,SNx ,1

ph(Ci−Ci−1)
SCi−1,2,SCi ,2

ph(Nx−Ci)
SCi ,2,SNx ,2

pv
SCi ,1,SCi ,2

∑n
f=1 ph(Ci−Ci−1)

SCi−1,2, f ph(Nx−Ci)
f ,SNx ,2

pv
SCi ,1, f

. . .
ph(Ci−Ci−1)

SCi−1,Nz ,SCi ,Nz
ph(Nx−Ci)

SCi ,Nz ,SNx ,Nz
pv(Nz−1)

SCi ,1,SCi ,Nz

∑n
f=1 ph(Ci−Ci−1)

SCi−1,Nz , f ph(Nx−Ci)
f ,SNx ,Nz

pv(Nz−1)
SCi ,1, f

, (1)

where ph
ij and pv

ij are the elements of HTPM and vertical transition probability matrix
(VTPM), respectively. si,j represents the soil state at cell (i, j). Ci represents the column
where borehole i is located. Nx and Nz stand for the numbers of soil cells in the horizontal
and vertical directions, respectively.

Once the HTPM is estimated, the enhanced CMC model can be utilized to simulate
the strata following a specific sequence. The generating sequence is also determined by
the relationship of KLR and KRL. If KLR ≥ KRL, the generating sequence is from left to right.
If KLR < KRL, the generating sequence is from right to left. As shown in Figure 2, when
the generating sequence is from left to right, the probability of state Sk at cell (t, j) can be
calculated by

Plm,k|q = Pr
(
Zt,j = Sk | Zt−1,j = Sl , Zt,j−1 = Sm, ZCi+1,j = Sq

)
=

ph
lk ph(Ci+1−t)

kq pv
mk

∑n
f=1 ph

l f ph(Ci+1−t)
f q pv

m f

, k = 1, · · · , n, (2)
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where Sl , Sm and Sq are the states of the cells (t− 1, j), (t, j− 1) and (C i+1, j
)
, respectively.

ph(Ci+1−t)
kq is the (Ci+1 − t)-step horizontal transition probability from Sk to Sq, and pv

mk is
the one-step vertical transition probability from Sq to Sk.
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Two information entropy indexes are introduced to quantify the uncertainty of strata.
One information entropy index is Hij, which represents the uncertainty for soil cell (i, j) of
the stratum, and it is defined as:

Hij = −∑m
k=1 pk

ijln
(

pk
ij

)
(i = 1, 2, · · · , Nx; j = 1, 2, · · · , Nz), (3)

where m is the number of the soil types in the stratum, pk
ij is the probability of soil type k

occurring at soil cell (i, j). pk
ij can be obtained by the frequency statistics from the simulated

strata. The other information entropy index is called average information entropy (AVH),
which is defined as the average value of Hij of all the stratum soil cells:

AVH =
1

Nx Nz
∑Nx

i=1 ∑Nz
j=1 Hij. (4)

The greater Hij and AVH indicate the higher level of stratigraphic uncertainty at cell
(i, j) and the whole stratum, respectively.
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2.2. Mapping the Simulated Strata into the FEM Model of Slope

To consider the uncertainty of strata when analyzing the stability of unsaturated soil
slope, the simulated strata should be mapped into the FEM model of slope. An initial FEM
model with a homogeneous material needs to be established and the mesh should be the
same with the simulated strata. Then we need to set up all the soil materials revealed
in the boreholes and map the soil type distribution of the simulated strata into the FEM
model of slope, which can be performed through the following three steps (see Figure 3):
(i) Read the simulated strata information and store it in the matrix Z(1:Nx, 1:Nz). For
example, if Z(i, j) = ’A’ (i = 1, · · · , Nx, j = 1, · · · , Nz), the soil type of cell (i, j) is set
to be type A. (ii) Calculate the coordinates of the center point of the meshed elements.
(iii) Assign the soil material to all the elements according to the center point coordinates of
the elements. If the coordinates of the center point of element η are

(
x(η)c , z(η)c

)
, the soil type

Z
(〈

x(η)c
∆x

〉
, Nz + 1−

〈
z(η)c
∆z

〉)
(〈θ〉 denotes the minimum integer greater than θ, ∆x and ∆z

are the horizontal and vertical length of the element, respectively) will be assigned to this
element. After repeating these three steps until the entire simulated strata are mapped
into the FEM model of slope, the FEM analysis can be performed on the slope features
simulated strata. Note that the material type of element η is related to the coordinates of the
element center point

(
x(η)c , z(η)c

)
; therefore, all the material parameters including γ (unit

weight), E (Elastic modulus), ν (Poisson’s ratio), c (effective cohesion), ϕ (effective friction
angle), k (fully saturated hydraulic conductivity) and parameters for water retention model
(i.e., the van Genuchten model). a and n are changed with the coordinates of the element
center point

(
x(η)c , z(η)c

)
. If there are three soil types A (clay), B (sand) and C (silt), the
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material parameter vector Ω(η) =
(

γ(η), E(η), ν(η), c(η), ϕ(η), k(η), a(η), n(η)
)

of element η

can be determined by the equation below:

Ω(η) =



ΩA = (EA, νA, cA, ϕA, kA, aA, nA),
(

Z
(〈

x(η)c
∆x

〉
,Nz + 1−

〈
z(η)c
∆z

〉)
= A

)
ΩB = (EB, νB, cB, ϕB, kB, aB, nB), Z

(〈
x(η)c
∆x

〉
,Nz + 1−

〈
z(η)c
∆z

〉)
= B)

ΩC = (EC, νC, cC, ϕC, kC, aC, nC), Z
(〈

x(η)c
∆x

〉
,Nz + 1−

〈
z(η)c
∆z

〉)
= C)

. (5)

Sustainability 2023, 15, x FOR PEER REVIEW 6 of 24 
 

𝑍(〈
𝑥𝑐
(𝜂)

∆𝑥
〉 , 𝑁𝑧 + 1 − 〈

𝑧𝑐
(𝜂)

∆𝑧
〉) (〈𝜃〉 denotes the minimum integer greater than 𝜃 , ∆𝑥  and ∆𝑧 

are the horizontal and vertical length of the element, respectively) will be assigned to this 

element. After repeating these three steps until the entire simulated strata are mapped 

into the FEM model of slope, the FEM analysis can be performed on the slope features 

simulated strata. Note that the material type of element 𝜂 is related to the coordinates of 

the element center point (𝑥𝑐
(𝜂)
, 𝑧𝑐
(𝜂)
); therefore, all the material parameters including 𝛾 

(unit weight), E (Elastic modulus), 𝜈 (Poisson’s ratio), 𝑐 (effective cohesion), 𝜑 (effec-

tive friction angle), k (fully saturated hydraulic conductivity) and parameters for water 

retention model (i.e., the van Genuchten model). 𝑎 and 𝑛 are changed with the coordi-

nates of the element center point (𝑥𝑐
(𝜂)
, 𝑧𝑐
(𝜂)
). If there are three soil types A (clay), B (sand) 

and C (silt), the material parameter vector 𝛀(𝜂) = (𝛾(𝜂), 𝐸(𝜂), 𝜈(𝜂), 𝑐(𝜂), 𝜑(𝜂), 𝑘(𝜂), 𝑎(𝜂), 𝑛(𝜂)) 

of element 𝜂 can be determined by the equation below: 

𝛀(𝜂) =

{
 
 

 
 𝛀A = (𝐸A, 𝜈A, 𝑐A, 𝜑A, 𝑘A, 𝑎A, 𝑛A), (𝑍(〈

𝑥𝑐
(𝜂)

∆𝑥
〉 , 𝑁𝑧 + 1 − 〈

𝑧𝑐
(𝜂)

∆𝑧
〉) = A)

𝛀B = (𝐸B, 𝜈B, 𝑐B, 𝜑B, 𝑘B, 𝑎B, 𝑛B), 𝑍(〈
𝑥𝑐
(𝜂)

∆𝑥
〉 , 𝑁𝑧 + 1 − 〈

𝑧𝑐
(𝜂)

∆𝑧
〉) = B)

𝛀C = (𝐸C, 𝜈C, 𝑐C, 𝜑C, 𝑘C, 𝑎C, 𝑛C), 𝑍(〈
𝑥𝑐
(𝜂)

∆𝑥
〉 , 𝑁𝑧 + 1 − 〈

𝑧𝑐
(𝜂)

∆𝑧
〉) = C)

. (5) 

Therefore, the uncertainty of strata is considered in the stability analysis of unsatu-

rated soil slope. 

 

(a) Step 1 

  

(b) Step 2 (c) Step 3 

Figure 3. Steps of mapping the simulated strata into the FEM model of slope. 

2.3. Coupled Pore Fluid Flow and Stress Analysis 

The coupled global equations for unsaturated soil FEM analysis including the me-

chanical equilibrium equation and seepage equilibrium equation are shown below: 

𝐊′𝐔̇ − 𝐋𝐔̇w = 𝐅̇
ex𝐭, (6) 

𝐋′𝐔̇ + 𝐒𝐔̇w +𝐇𝐔w = 𝐐̇
ex𝐭, (7) 

Figure 3. Steps of mapping the simulated strata into the FEM model of slope.

Therefore, the uncertainty of strata is considered in the stability analysis of unsaturated
soil slope.

2.3. Coupled Pore Fluid Flow and Stress Analysis

The coupled global equations for unsaturated soil FEM analysis including the mechan-
ical equilibrium equation and seepage equilibrium equation are shown below:

K′
.

U− L
.

Uw =
.
F

ext
, (6)

L′
.

U + S
.

Uw + HUw =
.

Q
ext

, (7)

where U and
.

Uw are the vectors of nodal displacement and pore pressure, respectively.

L and L′ are coupling matrices, and S and H are seepage matrices.
.
F

ext
and

.
Q

ext
are the

vectors of global external force rate and fluid supply, respectively. K′ is the global stiffness
matrix, and it has the following relationship with the element stiffness matrix:

K′ = ∑elem.

∫
Velem.

BT
uD′(η)BudV, (8)
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where Bu is the strain-displacement shape function matrix, and D′(η) is the stiffness matrix
of element η.

Bishop’s effective stress is adopted to describe the mechanical behavior of unsaturated
soil. For element η, its formula is

σ′(η) = σ(η) +
(

χ(η)u(η)
w +

(
1− χ(η)

)
u(η)

a

)
I, (9)

where σ′(η) is the effective stress, σ′(η) is the total stress and u(η)
w and u(η)

a are the pressure
of liquid and gas, respectively. χ(η) is an effective stress factor that depends on saturation. I
is the identity matrix. Assuming that the air pressure u(η)

a is equal to zero and χ(η) is taken
as the degree of saturation S(η)

r for simplicity, Bishop’s effective stress is defined as

σ′(η) = σ(η) + S(η)
r u(η)

w I. (10)

There is a relationship between saturation and matric suction s(η) (s(η) = −u(η)
w ),

which is characterized by the soil–water characteristic curve (SWCC). Herein the van
Genuchten model is utilized to describe the SWCC curve,

S(η)
r =

 1

1 +
(

s(η)/a(η))n(η)

(1−1/n(η))

, (11)

where a(η) and n(η) are the parameters of van Genuchten model and a(η) is usually called the
air entry value. The values of a(η) and n(η) also change with the coordinates of the element
center point. For the mechanical behavior, the stress–strain relationship is influenced by
the matric suction. Therefore, the effective stress is used to describe mechanical behavior of
the unsaturated soil. For element η, the formula of the elastic stress–strain is

dσ′(η) = D′(η)dε(η). (12)

The Mohr–Coulomb criterion is used to describe the shear strength of soil. The formula is

1
2

(
σ
′(η)
1 − σ

′(η)
3

)
− 1

2

(
σ
′(η)
1 + σ

′(η)
3

)
sinϕ(η) − c(η)cosϕ(η) = 0. (13)

The values of c(η) and ϕ(η) are also related to the coordinates of the center point of
meshed elements.

Darcy’s law is used to describe the seepage law of liquid. The seepage matrix H is
calculated by the equation below:

H = −∑elem.

∫
Velem.

BT
w

k
(η)

γw
BwdV, (14)

where Bw = ∇Nw (Nw is the pore pressure shape function matrix), γw is the unit weight of

pore fluid and k
(η)

is the matrix of unsaturated hydraulic conductivity for element η. The

matrix of unsaturated hydraulic conductivity k
(η)

is calculated using the equations below:

k
(η)

= ks
(η)k(η), (15)

k(η) =

k(η) 0 0
0 k(η) 0
0 0 k(η)

 = k(η)I, (16)
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where k(η) is fully saturated hydraulic conductivity and ks
(η) is a parameter that depends

on the degree of saturation. Generally speaking, with the degree of saturation increases, the

unsaturated hydraulic conductivity decreases. To describe this relationship, ks
(η) =

(
S(η)

r

)3

is adopted in this paper. In the homogeneous soil slope, the values of k(η) are unchanged
for all the elements (k(η) = k0). While when the uncertainty of the strata is considered,
the values of k(η) are related to the coordinates of the center point of meshed elements.
Therefore, the seepage matrix H can be expressed as

H = −∑elem.

∫
Velem.

BT
w

k(η)ks
(η)I

γw
BwdV, (17)

where the value of k(η) is determined by Equation (5).

2.4. Algorithm Development for Automatically Calculating the Safety Factor of Unsaturated
Soil Slope

The stability analysis of slopes includes the limit equilibrium method, the finite
element method, etc. [48]. The finite element method can consider the heterogeneity of soil
and the nonlinearity of materials, and it does not need to assume the position of the sliding
surface in advance. So, the finite element method is increasingly widely used in the slope
stability analysis. In order to consider the uncertainty factors in slope stability analysis,
many researchers [5,49,50] combined Monte Carlo simulation with finite element method
to propose a stochastic finite element method for slope stability analysis. In this paper, an
algorithm based on the stochastic finite element method for automatically calculating the
safety factor of the unsaturated soil slope considering the uncertainty of strata is developed
based on ABAQUS and built-in Python language. In the analysis program, ABAQUS
software (version 6.14) is mainly used to calculate the safety factor of slope based on the
strength reduction method and obtain the groundwater table. Python scripts are primarily
utilized for the strata simulation, mapping the strata to FEM model, driving ABAQUS
software for slope stability analysis, calculation results extraction, Monte Carlo simulation,
statistical analysis, etc. There exists a stress field in the initial state of unsaturated soil
slope under the action of gravity. Therefore, it is necessary to establish the initial stress
field before the slope stability analysis. In the proposed analysis program, the initial stress
field is obtained by analyzing the initial FEM model of slope with mapped strata using the
“Soil (Steady State)” analyze step in ABAQUS. Then the initial stress field is incorporated
into the FEM model of slope by editing the input file. The edited FEM model is further
used to calculate the safety factor of slope using the strength reduction method. Similar to
Liu et al. [50], the flow of the proposed program for analyzing the stability of unsaturated
soil slope considering stratigraphic uncertainty is summarized in Figure 4. The whole
procedure of the proposed program mainly includes ten steps. The details of each step are
as follows:

(1) Collect the necessary data for slope stability modeling including the borehole data of
the stratum, the parameters of various types of soil, the slope geometric parameters,
the boundary conditions of slope and other information contained in the site.

(2) Discretize the stratigraphic profile into cells of appropriate size. Estimate the VTPM
and HTPM based on the borehole data. Determine the simulation sequence according
to the estimated values of KLR and KRL, and then use the enhanced CMC model
introduced in Section 2.1 to generate the stratum.

(3) Establish the initial FEM model of slope in ABAQUS software based on the infor-
mation collected in Step 1 including the geometry and the boundary conditions
of slope.

(4) Map the simulated stratum into the FEM model of slope through python script and
generate the input file named “Slope.inp”.

(5) Calculate the initial stress field under the action of gravity by submitting the input file
“Slope.inp” to analysis in ABAQUS. The initial stress field is saved in the “Slope.odb” file.
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(6) Incorporate the initial stress field into the FEM model of slope and modify the finite
element model by editing the “Slope.inp” file. The input file of the modified model is
named “Slope-New.inp”.

(7) Submit the “Slope-New.inp” file to the ABAQUS solver through python script. The
safety factor of slope is calculated using the strength reduction method, and the results
are stored in the file named “Slope-New.odb”.

(8) Extract the calculation results such as safety factor and groundwater table of slope
from the “Slope-New.odb” file using python script.

(9) Perform Monte Carlo simulation. Repeat steps 1–7 until the required N times
are reached.

(10) Conduct statistical analysis based on the results containing the slope safety factor and
the groundwater table.
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3. Case Study

The proposed program is utilized in this section to evaluate the stability of an unsatu-
rated soil slope under steady-state seepage flow considering stratigraphic uncertainty. The
influence of borehole schemes on the slope stability evaluation and the groundwater table
is investigated.
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3.1. Borehole Data

The borehole data used in this paper are from Perth, West Australia collected by
Li et al. [49]. This stratum contains a variety of soil types and shows obvious stratigraphic
uncertainty. As shown in Figure 5a, to obtain the profile of the stratum, all the boreholes
are projected in a straight line. Figure 5b shows the stratigraphic profile revealed by the
six known boreholes. The stratigraphic profile is 70.2 m long and about 30.0 m deep. The
soil layer within the boreholes can be classified into three types: clay, sand and silt.
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3.2. Simulation and Evaluation of Stratigraphic Uncertainty for Different Borehole Schemes

According to the minimum thickness of the geological unit in the boreholes and
considering the calculation efficiency, the cell size 0.9 × 0.3 m2 is used to divide the
stratigraphic profile in this paper. After the first-order Markovian property of the stratum
is confirmed by Li et al. [49] using the method of hypothesis test, the enhanced CMC model
can be used for stratigraphic uncertainty simulation.

3.2.1. The “Real” Stratum

To test the difference between predicted and real results of the slope safety factor, the
enhanced CMC model is used to generate a “real” stratum (see Figure 6). Due to the limited
number of actual boreholes and the large spacing, to study the relationship between slope
stability and borehole schemes, five virtual boreholes are selected in the “real” stratum. As
shown in Figure 6, the eleven boreholes are re-labeled B1, B2, . . . , B11 from left to right for
brevity. Assuming that there is a slope excavated in this stratum, and the geometry of the
slope is also shown in Figure 6.
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3.2.2. Borehole Schemes

To investigate the influence of borehole schemes on the stability of the slope and the
groundwater table, seventeen borehole schemes (see Table 1) are adopted to reflect the effect
of both borehole number and location. In the borehole schemes, the number of boreholes
ranges from 3 to 11. To study the overall trend of FS and groundwater table changing with
the number of boreholes, 2–3 schemes are selected for the same number of boreholes, except
for individual cases. Using the estimation method introduced in Section 2.1, the VTPM and
HTPM for each borehole scheme can be estimated based on the known boreholes. For all
the borehole schemes, the value of KLR is always greater than or equal to KRL. Thus, KLR
is taken as the estimated K value and the simulation sequence is from left to right. After
estimating the VTPM, K and HTPM, the enhanced CMC model can be used to simulate the
stratum of a specific borehole scheme.

Table 1. Different borehole schemes considered in the study.

Borehole
Scheme

Number of
Boreholes B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 B11

Scheme 1 3
√ √ √

Scheme 2 4
√ √ √ √

Scheme 3 4
√ √ √ √

Scheme 4 5
√ √ √ √ √

Scheme 5 5
√ √ √ √ √

Scheme 6 5
√ √ √ √ √

Scheme 7 6
√ √ √ √ √ √

Scheme 8 7
√ √ √ √ √ √ √

Scheme 9 7
√ √ √ √ √ √ √

Scheme 10 8
√ √ √ √ √ √ √ √

Scheme 11 9
√ √ √ √ √ √ √ √ √

Scheme 12 9
√ √ √ √ √ √ √ √ √

Scheme 13 9
√ √ √ √ √ √ √ √ √

Scheme 14 10
√ √ √ √ √ √ √ √ √ √

Scheme 15 10
√ √ √ √ √ √ √ √ √ √

Scheme 16 10
√ √ √ √ √ √ √ √ √ √

Scheme 17 11
√ √ √ √ √ √ √ √ √ √ √

Note: The symbol “
√

” indicates that the borehole is known.

3.2.3. Stratigraphic Uncertainty for Different Borehole Schemes

Due to different known boreholes, different borehole schemes show different levels of
stratigraphic uncertainty. Two information entropy indexes introduced in Section 2.1 are
used to evaluate the level of stratigraphic uncertainty of different borehole schemes. Take
the number of simulations as 1000 and calculate the information entropy Hij for every soil
cell of the stratum by using Equation (3). Then the information entropy maps can be drawn
to analyze stratigraphic uncertainty at different locations. Figure 7 shows the information
entropy maps of Schemes 1–7. The information entropy map is affected by the borehole
boundary conditions, the transition probability matrix (VTPM and HTPM), the borehole
spacing and other factors. Generally speaking, the smaller the spacing between boreholes,
the smaller the information entropy Hij of the soil cell. But the information entropy of soil
cells is also affected by borehole boundary conditions. The emergence of new soil types at
the same height will increase the local information entropy.
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The average information entropy AVH of the whole stratum, which is calculated by
using Equation (4), is affected by the number of simulations. As shown in Figure 8, it
can be seen that for all borehole schemes, the AVH remains stable when the number of
simulations is more than 200. Therefore, 400 simulations are performed using the enhanced
CMC model in this paper and the AVHs are calculated based on these simulated strata.
The stable AVHs for different borehole schemes are different, which represent the different
degrees of stratigraphic uncertainty. The AVHs for Scheme 1 and Scheme 17 are 0.302
and 0.118, respectively, which means that the simulated strata for Scheme 1 have higher
uncertainty. Figure 9 shows the variations of AVH with the number of boreholes. As the
number of boreholes increases, the AVH tends to decrease, but not monotonically.
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3.3. Stability Analysis of Unsaturated Soil Slope Considering Stratigraphic Uncertainty
3.3.1. FEM Model of Slope

The FEM model of unsaturated soil slope is shown in Figure 10. The slope is affected
by gravity, and the gravity acceleration is 10 m/s2. The left and right sides of the slope
are fixed in the horizontal direction. The bottom boundary is fixed in both the horizontal
and vertical directions. The matric suction of the area 3 m down from the surface is set
to be 60 kPa [28]. The groundwater tables at the left and right sides of the slope are 15 m
and 9 m (0 at the bottom), respectively, and other boundaries of the slope are impermeable.
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Three virtual groundwater table observation boreholes (BW1, BW2 and BW3) are arranged
at the top, middle and toe of the slope to observe the groundwater table in the vicinity
of the slope. The parameters of the unsaturated soil are shown in Table 2. Here, the van
Genuchten model with two parameters, a and n, are used for describing the SWCC curve
of unsaturated soil. The SWCC curves of the three types of soil are shown in Figure 11.
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Table 2. Parameters of the three types of soils.

Soil
Type

Unit
Weight,

γ (kN/m3)

Elastic
Modulus,
E (MPa)

Poisson’s
Ratio, ν

Effective
Cohesion,

c (kPa)

Effective
Friction Angle,

ϕ (Degree)

Fully Saturated
Hydraulic

Conductivity,
k (m/s)

a
(kPa) n

Clay 20 30 0.3 18 25 5 × 10−5 100 1.5

Sand 20 50 0.3 2 33 5 × 10−4 10 2.5

Silt 20 30 0.3 6 28 1 × 10−4 20 2.0
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draulic Conductivity, 

k (m/s) 

𝒂  
(kPa) 

𝒏  

Clay 20 30 0.3 18 25 5 × 10−5 100 1.5 

Sand 20 50 0.3 2 33 5 × 10−4 10 2.5 

Silt 20 30 0.3 6 28 1 × 10−4 20 2.0 

 

Figure 11. SWCC curves of the three types of soil. Figure 11. SWCC curves of the three types of soil.

3.3.2. Stability of Unsaturated Soil Slope for Different Borehole Schemes

The slope stability is analyzed under the “real” stratum at first using ABAQUS soft-
ware based on the strength reduction method. To consider the groundwater table in the
vicinity of the slope, as shown in Figure 10, three groundwater tables at the top, middle
and toe of the slope, are extracted from the odb files and the average value of the three
groundwater tables is denoted as AGT in this paper. For the slope with the “real” stratum,
the “real” values of FS and AGT are 1.213 and 13.507 m, respectively. As discussed in
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Section 3.2.3, the degree of stratum uncertainty is different among the 17 borehole schemes.
Since the stability of unsaturated soil slope is closely related to the strata, the statistics
of FS will also be different among the borehole schemes. In this section, the developed
stability analysis algorithm for unsaturated soil slope considering stratigraphic uncertainty
is used to calculate the FS and the AGT under various borehole schemes, and the results
are analyzed.

The number of Monte Carlo simulations has a significant impact on the statistics of FS
and AGT. In this paper, different numbers of simulations are taken for Scheme 7 (randomly
selected), and the variations of statistics of FS and AGT with a number of simulations are
drawn in Figures 12 and 13, respectively. According to Figures 12 and 13, when the number
of simulations is greater than 400, the mean value and standard deviation of FS and AGT
are all stable. Therefore, the number of Monte Carlo simulations is taken as 400.
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The statistics of FS and AGT for different boreholes are shown in Figure 14. It can be
seen that the number of boreholes and the location of boreholes have an important impact
on the statistics of FS and AGT. For example, when the number of boreholes is set to be
five, there are three schemes, namely Scheme 4, Scheme 5 and Scheme 6. The statistics of
FS and AGT show significant differences among these three schemes, indicating that the
location of boreholes exerts on the stability of the slope and the groundwater table. When
the number of boreholes is different, the statistics of FS and AGT are also significantly
different. With the increase in the number of boreholes, the mean values of FS and AGT do
not increase or decrease monotonically. This is because the additional borehole information
may make the predicted stratum closer to or deviate from the “real” stratum. To further
study the influence of borehole number, the trend lines of the statistics of FS and AGT are
drawn in Figure 14. It can be seen from the trend lines that the mean values of FS and AGT
gradually approach and finally converge to the real values with the increase in the borehole
number. It is because as the number of boreholes increases, “bad” data exists, while “good”
data dominates. The standard deviations of FS and AGT basically decrease with the
increase in the borehole number. It implies that a greater number of known boreholes in
the scheme leads to a greater probability that the mean values of FS and AGT are closer to
the real values and a greater probability that the standard deviations of FS and AGT are
less. In practical engineering, some additional boreholes may lead to a deviation between
the calculated mean value of FS (or AGT) and the real value, as the added boreholes may
be “bad” data. However, the number of boreholes should be obtained as much as possible.
Because the overall trend is that the more boreholes are drilled, the closer the calculated
mean value of FS (or AGT) is to the real value, and the more stable the estimation of FS
(or AGT). On the other hand, if the stratagraphic uncertainty is ignored, the calculated FS
(or AGT) is more likely to be close to the real value. The standard deviations of both FS
and AGT are related to the uncertainty of strata, and the relationship between the standard
deviation of FS and the standard deviation of AGT is drawn in Figure 15. It is found that
the Pearson’s R between them is 0.986, indicating that there is a good linear relationship
between them. The standard deviation of FS increases with the increase in the standard
deviation of AGT.
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3.3.3. Relationship between the Standard Deviation of FS (or AGT) and the Average
Information Entropy

As mentioned in Section 3.3.2, the standard deviation of FS (or AGT) is related to the
uncertainty of the strata. The level of stratigraphic uncertainty can be quantified using
the average information entropy AVH; therefore, the relationship between the standard
deviation of FS (or AGT) and the AVH is drawn in Figure 16 (or Figure 17). It can be seen
from Figure 16 that the Pearson’s R between the standard deviation of the FS and the AVH
is 0.901, which shows that there is a good linear relationship between them. The greater the
AVH, the stronger the uncertainty of the stratum and the greater the standard deviation of
FS. Similarly, there also exists a good linear relationship between the standard deviation of
AGT and the AVH, and the Pearson’s R between them is 0.909 (see Figure 17).
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3.3.4. Relationship between FS and AGT for Different Schemes

The groundwater table significantly influences the safety factor of the unsaturated
soil slope for the case with a deterministic stratum. Here, the relationship between FS and
AGT is investigated considering the uncertainty of strata. It is noted that the groundwater
tables at the left and right boundaries of the stratum are deterministic in this case, so the
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variation of the groundwater table in the stratum is completely caused by the uncertainty
of the stratum. The relationship between FS and AGT for different schemes is shown in
Figure 18. It can be seen from Figure 18 that the distribution of sample points of various
borehole schemes is different. Most of the sample points are centralized and distributed in
a downward-inclined band, and some scattered sample points are distributed below the
band. Especially for the boreholes schemes with more than six boreholes (Schemes 8, 10,
11, 14 and 17), the scattered sample points are more obvious. This phenomenon may be
attributed to the fact that FS is more sensitive to the local soil type distribution, whereas
AGT is not. The widths of the bands are different among the borehole schemes, and they
are related to the uncertainty of the stratum. When there are fewer known boreholes, the
uncertainty of the stratum is generally greater, and the band is wider. The sample points are
linearly fitted, and the parameters of linear fitting are listed in Table 3. When the borehole
number is less than or equal to 6 (Schemes 1, 2, 4 and 7), the absolute values of Pearson’s R
vary from 0.596 to 0.717, indicating that there is a strong linear relationship between FS
and AGT. When the borehole number is larger than six (Schemes 8, 10, 11, 14 and 17), the
absolute values of Pearson’s R vary from 0.161 to 0.410, indicating that there is a weak
linear relationship between FS and AGT. The slope of the fitting line B varies among the
borehole schemes, ranging from −0.044 to −0.077. The values of B are negative for all
the borehole schemes, which means that FS is negatively related to AGT. The greater the
absolute value of B, the more sensitive FS is to AGT.

Table 3. Parameters of linear fitting for the sample points of different borehole schemes.

Borehole
Schemes

Borehole
Number Intercept A Slope B Pearson’s R Residual Sum of

Squares

1 3 2.050 −0.059 −0.596 0.700

2 4 2.182 −0.069 −0.717 0.471

4 5 2.146 −0.070 −0.604 0.346

7 6 2.223 −0.075 −0.669 0.282

8 7 2.256 −0.077 −0.410 0.251

10 8 2.162 −0.070 −0.351 0.204

11 9 1.801 −0.044 −0.161 0.202

14 10 1.835 −0.046 −0.217 0.150

17 11 2.068 −0.063 −0.231 0.148
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4. Conclusions

In this paper, stratigraphic uncertainty is simulated using the enhanced CMC model
which has the advantage of high accuracy in simulating strata [24] and stratigraphic
uncertainty is quantified by information entropy. The effect of borehole schemes on the
level of stratigraphic uncertainty and the stability of unsaturated soil slope is evaluated
through a typical stratum in Australia using the proposed algorithm. The following
conclusions can be drawn from the study:

(1) Information entropy can well quantify the overall and local uncertainty of strata.
There is a linear relationship between the standard deviation of the FS (or AGT)
and the average information entropy. Since the calculation of information entropy is
simple and fast, the variation of FS and AGT can be estimated by information entropy
in practical engineering.

(2) When the number of boreholes is 11, the mean values of FS and AGT are close to
the “real” values, which proves that the proposed algorithm can accurately calculate
the FS and AGT. The statistics of FS and AGT will not monotonically increase or
decrease with the increase in the borehole number. But the trend is that the mean
values of FS and AGT gradually approach and eventually converge to the real values
and the standard deviations of FS and AGT decrease. Therefore, when there are more
known boreholes, the mean value of FS (or AGT) is more likely to be close to the real
value, and the standard deviation of FS (or AGT) is more likely to be small. Although
some additional boreholes may be “bad” data and increase the deviation between the
estimated values of FS and AGT and the true values, the overall trend is still that the
more boreholes are drilled, the more accurate the estimation is. Increasing boreholes
is beneficial in practical engineering.

(3) The sample points with AGT and FS as abscissa and ordinate, respectively, are
centralized and distributed in a downward inclined band, and some scattered sample
points are distributed below the band, especially for the borehole schemes with more
than six boreholes. The widths of the bands are related to the uncertainty of the
stratum. The FS and the AGT are negatively correlated considering stratigraphic
uncertainty. In practical engineering, the FS of slope can be roughly estimated by
observing the groundwater table according to this negative correlation property.
However, the estimated results are not deterministic, have probabilistic properties
and have a certain level of credibility.

(4) The influence of stratigraphic uncertainty on the stability of unsaturated soil slopes
is investigated in this paper. In the future, we will consider both the stratigraphic
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uncertainty and uncertainty of soil parameters and study their influence on the
stability of unsaturated soil slopes.
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