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Abstract: Cavitation is a physical process that produces complex effects on the machines and compo-
nents working in conditions where it acts. One effect is the materials-mass loss by corrosion–erosion
when components are introduced into fluids under cavitation. The analysis of the damages produced
by cavitation is generally performed by using different destructive and non-destructive experimental
techniques. Most studies on materials’ behavior in cavitation refer to the erosion–corrosion mecha-
nism, and very few investigate the fissure propagation by fractal methods. None have investigated
the fractal characteristics of the sample surface after erosion–corrosion or the multifractal character-
istics of materials’ mass variation in time in a cavitation field. Therefore, this research proposes a
computational approach to determine the pattern of materials’ damages produced by ultrasound
cavitation. The studied material is a brass, introduced in seawater. Fractal and multifractal techniques
are applied to the series of the absolute mass loss per surface and the sample’s micrography after cor-
rosion. Such an approach has not been utilized for such a material in similar experimental conditions.
This study emphasizes that the box dimension of the series of the absolute mass loss per surface is
close to one, and its behaviour is close to a non-/monofractal. It is demonstrated that the material’s
surface corrosion is not uniform, and its multifractal character is highlighted by the f(α)− spectrum
and the multifractal dimensions, which have the following values: the capacity dimension = 1.5969,
the information dimension = 1.49836, and the correlation dimension = 1.4670.

Keywords: erosion–corrosion; cavitation; ultrasound; fractal dimension; multifractal

1. Introduction

An ultrasound signal passing through a liquid produces the cyclic apparition, increase,
and collapse of the vapor bubbles formed in the liquid. This phenomenon is called cavita-
tion [1]. It is accompanied by discontinuities in the liquid’s state (as a result of the pressure
decrease under critical limits) [2] and high temperatures at the time of the bubbles’ collapse.
Other consequences of cavitation are vibrations, noise, sonoluminescence, emulsification,
unpassivation, corrosion of the materials immersed in the liquid, and the apparition of an
electrical signal at the boundary of the cavitation region [3–6].

Copper alloys are used in different industries, such as in naval engineering for building
propellers, ballast installation, and bilge systems. Given their industrial applications,
different scientists [7–11] have analyzed the behavior of such alloys under cavitation.
Schüssler and Exner [7], Wharton and Stokes [9], and Wharton et al. [10] studied the
corrosion of bronzes with Ni and Al in seawater, aiming to explain the corrosion mechanism
and the unpassivation effect. The same kind of alloys attracted the interest of Basumatary
and Wood [11], who presented their experimental results on Ni-Al bronze in a NaCl
solution (3.5%). The behavior of some materials for ship propellers has been investigated
by Basumatary et al. [10], who found a better resistance of the bronze sample to corrosion–
erosion produced by cavitation compared with that of the stainless steel in their experiment.
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Some mechanical properties’ variations of Cu alloys after the corrosion in differ-
ent solutions of electrolytes with concentrations between 0 and 0.71 M were studied by
Hamidah et al. [12]. Alfantazi et al. [13] investigated the influence of the pH variation
(from 6.5 to 10) on the potentiodynamic polarization behavior (in 1 M NaCl solution) of
Cu–30Ni, Cu-30Zn, and 90Cu–8Al–2Fe alloys.

The most used investigation methods in this type of research are open circuit potential
(OCP) [14,15], electrochemical impedance spectroscopy (EIS) [14], electrochemical noise
measurement [16], and synergy tests [10]. These methods show that the resistance of
some copper alloys to cavitation in seawater increases when Sn is added to bronze [17].
Furthermore, adding Ni to their composition improves the mechanical characteristics of
the bronzes with Al and Fe in a cavitation field.

Apart from the corrosion mechanism and the variation of the metallic materials’
mechanical properties, another research direction has been to model the variation of the Cu
alloys in the cavitation field in various liquids [7,18–20].

Introduced by Mandelbrot [21], the fractal theory has been developed and applied
to assess the time series characteristics in many scientific fields, such as hydrometeorol-
ogy [22,23], geology [24], signal analysis [25], and remote sensing [26]. The fractal study
of images is a valuable tool in the medical sciences for correct diagnostics, such as for
pulmonary diseases [27,28], dental imaging [29,30], and trabecular bone investigations [31].
Moreover, fractal analysis has become a tool to determine materials’ structures’ behavior
during the working and failure periods. The fractal applications to corrosion and crack-
ing problems can be classified into (a) the experimental study of fractal characteristics
of sections (in materials) and the determination of the fractal measures [32], (b) estab-
lishing the correlations between the materials’ mechanical properties and their fractal
dimensions [33,34], and (c) detecting the physical mechanism of fractal fracture [35,36].

Zavdoveev et al. [37] studied the variation of the fractal dimension of different metals
in the severe plastic deformation process. The variation of the fractal dimension of the
crack propagation in Ni-Cr steel in two heat treatments was analyzed by Dlouhý and
Strnadel [38]. The characterization of some concrete surfaces cracking and their correlation
with the corrosion of the steel bars that reinforce the concrete was reported by Ji et al. [36],
Li et al. [39], and Xu et al. [40].

The roughness of different steel surfaces was investigated by Davis and Hall [41]
and Karolczak et al. [42]. Their studies can be successfully applied to surfaces’ corrosion
evaluation. Kim and Hwang [43] proposed the evaluation of a fractal technique for corro-
sion studies. They used the Hust parameter to analyze the electrochemical noise collected
during the corrosion of two types of steel in a NaCl solution.

Songbo et al. [44] investigated the critical pit’s fractal character in relation to corroded
steel’s degradation. Zhang et al. [45] studied the surfaces of corroded thin steel plates. The
corrosion inhibition of steel in a bromide solution was investigated using the rescaled range
analysis (introduced by Hurst), which belongs to the fractal techniques [46].

Despite various studies using the fractal methodology for corrosion analysis, only a
few scientists [47,48] have studied the corrosion of copper alloys by fractal methodology,
none of which focused on the ultrasound cavitation field. In the presented context, this
article proposes a computational approach to determine the pattern of the damages of
a brass sample subject to the ultrasound cavitation produced in seawater using fractal
and multifractal techniques. The fractal dimensions of the series of absolute mass loss
variation per surface and of the image of the corroded sample’s surface are estimated.
The results complete the findings from [18,19,49], which proposed different mathematical
models for the mass loss and mass loss per surface of some copper alloys in the cavitation
field in similar conditions. The main advantage of this methodology is that it provides
a non-destructive evaluation of corrosion using the fractal dimensions of the corrosion
surface [50].
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2. Materials and Methods
2.1. Materials

The experimental plant built for studying the corrosion–erosion in ultrasound cavita-
tion is presented in Figure 1.
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Figure 1. Setup for the cavitation study [5].

The principal components are [5,6]:

- The reservoir (1) for the liquid;
- The generator (8) that produces the ultrasounds, working at 220 V, 18 kHz, and 80,

120, or 180 W;
- The piezoceramic transducer (7) that enters into oscillation as a response to the high-

frequency signal received from the generator, producing the cavitation;
- The control panel (9) used to select the ultrasound generator’s working regimen;
- The cooler (11) utilized for keeping constant the liquid’s temperature;
- The measurement electrodes employed for capturing the signal induced by cavitation

in the experiments designed for this aim;
- The acquisition data unit (14), which collects the electrical signal produced by the

ultrasound cavitation;
- The pump (3), which is switched on for experiments in the circulating liquid medium.

The following conditions were met in the experiments whose results are presented
here. The material samples were immersed in seawater (with pH = 7, the concentration of
sodium chloride = 22.17 g/L, sulfate ion = 0.31 g/L, Fe (and Ni) 0.051 (and 0.0033) mg/L,
and total hardness = 6.27 meq/L) in the cavitation field for 1320 min. Every 20 min, they
were extracted, cleaned, and weighed. The water temperature was maintained at 20 ◦C.
The studied material was brass with 2.75% Pb and 38.45% Zn besides Cu (57.95 %).

The time series of the absolute mass loss (computed as the difference between the
initial sample mass and its mass at the measurement moment) per surface was built from
the collected data. The corrosion effect on the material was observed using a scanning
electron microscope (SEM, JSM-6360, JEOL, Tokyo, Japan).

Finally, the fractal and multifractal analyses of the absolute mass loss curve and the
corroded surface were performed, as described in the next section.

2.2. Methodology

“Fractal” is a word derived from “fractus,” a Latin adjective meaning “fragmented”
or “irregular.” A characteristic of the fractals is their length or area dependence on the
measurement scale [26]. Fractal objects also have a self-similarity property (the scale
invariance of the object shape), which does not hold exactly for objects found in nature.
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Therefore, the dimension of such a set, called fractal dimension, d, is empirically estimated
by the Formula (1), as for the self-similar mathematical sets:

d =
ln(nε)

ln(1/ε)
, (1)

where nε is the number of the set’s parts and ε is the scale ratio [21].
The most used method to evaluate fractal dimension is box counting. It relies on

covering the figure with a quadratic grid whose cell edge length increases at each step of
the algorithm. The counted cells are those containing at least one point. The dimension
computed by this procedure is called the box dimension ( dbox).

Generally, the procedure of empirical evaluation of dbox is the following:

• Set different sizes of the sides and determine the “cells” necessary to cover the object,
• Fit the least squares linear regression of the measured cells vs. the sizes of the sides in

a log-log scale,
• Determine dbox as the slope of the line from the previous step.

In this study, the box dimension was estimated by increasing the dimensions of the
boxes that covered the curve from two pixels to the maximum possible size, using an
arithmetic progression with a ratio equal to two and a grid rotation of 12◦.

To obtain the correlation dimension (dcorr), windows (circular or square) were built
around the points of the analyzed figure, and the average number of points contained by
the windows was counted. The procedure was repeated for different values of the sizes
(from the smallest to the highest ones) [51].

The capacity dimension (dcap) is defined by:

dcap = − lim
ε→ 0
ε > 0

ln(Nε)

ln(ε)
, (2)

(when this limit is defined), ε > 0 and Nε being the element’s size and the number of
elements (of a certain size) covering the set, respectively [52].

The information dimension (din f ) is estimated by [53]:

din f = lim
ε→ 0
ε > 0

∑Nε
i = 1 Pi(ε) ln(Pi(ε))

ln(ε)
, (3)

where ε is the element’s size and Pi(ε) is the normalized probability that the ith cell is not
empty.

From a practical viewpoint, the set whose dimension should be evaluated is covered
with boxes for computing din f . If the size of the box edge is ε, Pi(ε) is the ratio between
the number of points in the ith box and the total number of points. The numerator, infor-
mation entropy (I(ε)), is computed first. The slope of the regression line of I(ε) vs. ln(ε)
approximates din f .

It can be proved [53] that the following inequalities are true:

dcorr ≤ din f ≤ dcap. (4)

The reader may see [54,55] for details on these dimensions.
There are different methods utilized to assess multifractality. One of them involves

the computation of the singularity spectrum of a certain measure used to estimate the
differences between the pixels of the analyzed images. In our study, it needed to distinguish
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the corroded parts from the non-altered ones. For this aim, giving a 2-dim field covered by
a grid, a measure function is defined by:

Pjk(ε) = njk/ ∑ njk (5)

where njk and Pjk(ε) are the percentage of the grey value and the probability of its
apparition, in the (j,k) box with an ε size, respectively. Therefore, the probability of the
apparition of some pixels in a certain box depends on the box size to an exponent that is
variable when covering the image. Thus, a partition function is constructed by:

Zq(ε) = ∑ Pq
jk(ε) = ετ(q), (6)

where q ∈ R is the moment’s order.
In the case of the multifractal character, τ(q), called the mass exponent, can be estimated

by fitting a least squares linear curve of lg
(
Zq(ε)

)
vs. lg(ε) [56]. It can also be computed by:

τq = lim
ε→0

lg(∑ Pq
jk(ε)

lg(ε)
. (7)

In the case of a monofractal field, the chart of τq versus q is a straight line for all values
of q.

Another way to characterize the multifractal sets is by using a Legendre transform to
define the f(α)- spectrum function (or singularity spectrum), by

f (α(q)) = qα(q)− τ(q) = q
dτ(q)

dq
− τ(q), (8)

where α is the singularity (Hölder) exponent [55,57].

Plotting f(α) against α gets the multifractal spectrum.
The multifractality strength can be evaluated by the singularity spectrum amplitude ∆α =
αmax − αmin. The multifractality’s strength increases with ∆α.

Renyi [58] introduced Dq, Renyi’s dimension (or generalized dimension), as a multifractal-
ity measure, by:

Dq =
1

q− 1
lim
ε→0

lg(∑ Zq(ε))

lg(ε)
, (9)

where ε is the box size. The relationship between Dq and τq is [58]:

τq = (q− 1)Dq. (10)

In the multifractality case, the graph of the curve obtained by plotting Dq vs. q had a
reverse sigmoid shape, whereas, in the monofractal situation, the shape of the curve was
linear (tending to be horizontal).

To perform this analysis, the software utilized was FracLac for ImageJ 4.5.2. (Charles
Sturt University, Australia/Canada) [59].

3. Results and Discussion
3.1. Analysis of the Absolute Mass Loss Per Surface Curve

The absolute mass loss of the sample per surface is presented in Figure 2.
According to [49], the trend of mass loss (∆mt) per surface (S) can be described by the

equation:
∆mt/S = 0.0732 + 0.1922t + 0.0008t2, (11)
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where t is the time and the determination coefficient is R2 = 0.9957. A good evaluation of
the trend of the mass loss per surface is also given by the linear model, with R2 = 0.9951 :

∆mt/S = 0.0138 + 0.2105t. (12)
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Figure 2. The absolute mass loss of the sample per surface.

The fractal analysis was performed in the first stage. It included the box dimension
estimation, as presented in Figure 3. In Figure 3a, the average number of boxes (Avg Count)
used to cover the curve in the experiment is plotted against the box size (ε). The chart has
an exponentially decreasing shape. The same dependence was represented in an ln-ln scale
to determine the box dimension, resulting in the chart from Figure 3b. The slope of the
least squares regression line through the points of coordinates (ε, lnε) is the box-counting
dimension.
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showing the box dimension of the curve from Figure 2. (c) Plot of the average number of boxes for
the cover with the highest R2. (d) Regression line showing the box dimension estimation using the
cover with the lowest box dimension. The charts are processed from the output of FracLac.
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Since experiments were performed by rotating the boxes that cover the curve from
Figure 2 by multiples of 15◦, different values of the box dimensions were obtained. Figure 3c,d
show the same results as in Figure 3a,b, but for the experiments with the lowest box
dimensions among all the experiments.

In all experiments (30–given that the rotation angle was set to 15◦) the dbox varied
between 1.0637 and 1.0889, with R2 above 0.995, and the standard deviation (SD) under
0.0368. Taking into account the ln(average count) (denoted in Figure 3 by Ln(Avg Count)),
dbox = 1.0777, with R2 = 0.9965, and SD = 0.0115. Therefore, 1.0777 can be considered
a good estimation of the box dimension. Moreover, dbox is close to one, which is in
concordance with the remark that a linear equation describes the mass loss trend (so, the
series exhibits a nonfractal/monofractal behavior).

Figure 4 displays the chart of the mass exponent, τq, computed for the curve in Figure 2.
The chart shows a straight line, indicating a monofractal behavior of the series of mass loss
per surface. The slope of the line is 1.0895, close to the value of the box dimension.
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Figure 4. The chart of the mass exponent, τq.

To determine the multifractal character of the series, Renyi’s dimension was computed,
and the shape of the Dq chart vs. q was observed. Conclusions were drawn based on the
knowledge that a sigmoidal S-shape on the chart is to be expected in a multifractal case.
Figure 5 presents the plot of Dq as a function of q, for q ∈ [−10, 10]. The chart of Dq vs. q
shows a straight line, indicating that Dq is a constant, equal to D0 = 1.22. Therefore, this
remark led to the same conclusion of the multifractality absence, already drawn from the
analysis of Figure 4.
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Figure 6a,b contain the chart of the f (α)–spectrum in two experiments. Figure 6c
shows the f (α)–spectrum for the average values in all the experiments. The maximum
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f (α) value in Figure 6c is 1.0546, for α = 1.0751. In half of the performed experiments, the
f (α)–spectrum indicated a non-/monofractal behavior (f (α) converges). In the other half, a
multifractal behavior was indicated, but the ∆α values were very small, suggesting a low
multifractality intensity. Therefore, in the absence of concordance in all the experimental
results, the series multifractality must be rejected. By combining these findings with those
drawn from the charts of τq, and Dq, one may conclude that the analyzed time series does
not present the multifractality property.
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3.2. Fractal Analysis of the Sample Surface after Corrosion

Figure 7 shows the corrosion morphology before (Figure 7a) and after (Figure 7b) the
experiment, for comparison purposes. The black dots from Figure 7a, found in Figure 7b
as well, indicate the material’s compounds. The black zones from Figure 7b represent the
corroded regions, while the white ones are those not affected by corrosion–erosion.

Before running the experiments for detecting the fractal/multifractal property of the
sample’s surface after the ultrasound action, the sample’s picture was binarized using
ImageJ, with the default setting. Figure 7b indicates the presence of a certain pattern and
some shapes’ irregularities and orientations. Only a few local corrosion points are isolated
(characteristics of pitting), most of them being connected. The morphology becomes
more complex when the corrosion processes advance, at the same time as the mass loss
augmentation. This observation is in concordance with the findings of Xu et al. [40] for
other metallic materials.
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Figure 8a contains the plot of the logarithm of the number of occupied boxes used
to cover the image (Ln(count)) vs. the logarithm of the box side length (Ln(ε)) and the
regression line fitted to determine the box dimension of the corroded part of the sample
from Figure 7b.
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Figure 8. The computation of the box dimension of the image from Figure 7b: (a) The least squares
regression line drawn to determine the box dimension. (b) Grid covering the image of the corroded
sample, used in the box dimension computation.

The dots in Figure 8a (the experimental values) are aligned along the regression
line, indicating a very good fit of the least squares regression line whose slope is the box
dimension. Figure 8b shows a cover of the binary image by a red grid, used during the
computation procedure of the box dimension. The settings for running the algorithm
were similar to those from the experiments related to the sample mass loss on the surface.
With these settings, the box dimension varied in the interval [1.5257, 1.6689], with an
average dbox = 1.5692, and a standard deviation of 0.0269. R2 was above 0.989 in all cases,
indicating the estimation accuracy.

Figure 9 presents the chart of the τq exponent against q, for q∈ [−10, 10.9].
The existence of at least two segments with different slopes is noticed in this chart.

For q ∈ [−10, 0.6], the slope of the least square regression line of τq as a function of q is
2.1792 (with R2 = 1). For q ∈ [0.6, 2.0], the slope of the regression line is 1.6714 (R2 = 0.9987),
and for q ∈ [ 2.1, 10.9], it is 1.4064 (R2 = 0.9999). Such a chart emphasizes the multifractal
character of the analyzed image. To confirm this finding, the dimension spectrum was
determined in each experiment and as an average of all experiments.
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Figure 10 depicts the average Dq spectrum. The shape is inverse-sigmoidal, as
expected in the multifractal case. Therefore, the capacity, information, and correlation
dimensions were computed to characterize the multifractality degree. They correspond to
particular values of q = 0, 1, and 2, respectively: dcap = D0 = 1.5969, din f = D1 = 1.49836,
and dcor = D2 = 1.4670.
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Figure 11 presents the f (α) –spectrum in one of the experiments for the corroded
sample. The maximum value, max f (α) = 1.6534, approximates the box dimension. The
value in this experiment is in the range of the box dimension that was previously computed,
[1.5257, 1.6689].

Another parameter used to characterize the multifractality in Fraclac software is the
aperture, which is the slope of the segment joining the points A(q = 1, f(α(q = 1))) and
B(q = −1, f (α(q = −1))). In these experiments, it varied between 0.2903 and 0.3567, with
an average of 0.3213, corresponding to aperture lengths of 0.3692, 0.3943, and 0.3849,
respectively.

Taking into account the values of the mass exponent, generalized dimensions, and
f (α)–spectrum and the shapes of their charts, it results that the corrosion pattern is multi-
fractal.

Dlouhy’ and Strnadel [38] showed that the rugosity of a corroded surface is deter-
mined by factors like the material structure and its mechanical characteristics. Additionally,
microstructural heterogeneities are responsible for the material’s resistance to crack ini-
tiation or propagation [60,61]. Corrosion produces a texture corresponding to the rough
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structure of the surface. This surface is an indicator of corrosion intensity. Therefore, it is
necessary to have an instrument for quantitatively estimating the surfaces of the objects
after corrosion. The visual evaluation of the studied samples after the erosion–corrosion is
important because the sample surface indicates the attack’s intensity and morphology [47].
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The studies initiated by Mandelbrot [32] and continued by other scientists [60–66]
confirmed the existence of a self-similarity pattern of the cracks propagation in different
materials. Recent studies have indicated the same property of corroded materials [46–48].

Image characterization using fractal dimension based on micrographics is a very robust
methodology, the texture of surface microstructural changes being independent of different
variables like illumination. The advantage of the fractal approach to surface characterization
is that it is insensitive to the structural details, and the structure is characterized by a single
descriptor: the fractal dimension [38,67,68].

Different studies [32,62–65] have tried to determine the relationship between some
steels’ fracture toughness and the fracture’s surface with no clear conclusions [38]. However,
none analyzed the fractal behavior of the copper-based alloys in cavitation media. Therefore,
the correlation between the surface’s roughness, its fractal dimension after the corrosion,
the copper alloy composition, and the crack propagation remains to be studied.

4. Conclusions

This article presents the fractal/multifractal analysis of a brass sample after the
corrosion–erosion produced by cavitation. It was proved that the series of the mass loss
values on the sample’s surface has a box dimension near 1, in concordance with the equa-
tion of the deterministic linear model. Based on this result, a non-/monofractal behavior of
the time series of the mass loss variation per sample’s surface was expected. The chart of
the mass exponent τq vs. q has a linear shape, whereas that of Dq vs. q is horizontal. Both
indicate that the series does not present the multifractality property.

The results point out that the distribution of the corrosion damage on the material’s
surface is not uniform, being characterized by multifractality (highlighted by the multifrac-
tal spectrum). The computed box dimension of the SEM sample image was dbox = 1.5692,
with a standard deviation of 0.0269. The S-shape of the generalized dimension and the exis-
tence of at least two regions with different shapes in the mass exponent chart of the same
image show a clear multifractal behavior of the corroded sample. Moreover, the capacity,
information, and correlation dimensions are, respectively, dcap = 1.5969, din f = 1.49836 and
dcor = 1.4670.

The advantage of this study is that it can be performed for any material and liquid
media. Additionally, experiments related to the mechanical properties of materials at
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different erosion–corrosion stages should be performed to extract the correlation between
the multifractal dimension of the corroded sample image and the sample’s mechanical
behavior. This study is only a first step in assessing the multifractal behavior of copper
alloys in cavitation. The following aspects will be investigated in the future: (1) the
variation of the fractal/multifractal behavior as a function of the samples’ compositions, (2)
the analysis of the fractal/multifractal behavior at different stages of the erosion –corrosion
process before and after the first cracks apparition, and (3) the analysis of the fractal
behavior of the cracks propagations in time. The study will be performed on different
liquids and stationary or circulating media.
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