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Abstract: Considering that the amount of waste generated by an industrial enterprise is affected by
many uncertain factors, such as the quality of raw materials and the state of equipment. The process is
not deterministic, as assumed in most existing studies. In this paper, we propose a stochastic impulse
control model to characterize the process of pollution control. The Quasi-Variational Inequality (QVI)
method is implemented to solve the optimization problem. Our results show that the optimal control
strategy for an industrial enterprise is to perform at a fixed intensity when the pollution reaches the
threshold level. In addition, sensitivity analysis of parameters is implemented to illustrate the impact
of higher growth rates and volatility on the optimal control strategy. The paper provides a decision
basis for industrial enterprises to do pollution control efficiently.

Keywords: industrial pollution; pollution control; stochastic differential equation

1. Introduction
1.1. Research Questions

Problems of industrial pollution are common across the world, but there are subtle dif-
ferences between developed and developing countries on this issue. Developed countries
have transferred their most pollution-intensive manufacturing to developing countries
through industrial transfer, and domestic pollution has been reduced. Developing coun-
tries, however, are under great pressure to balance economic growth with environmental
protection. Copeland & Taylor (2001) [1] put forward that trade may tend to increase world
pollution and provide added incentives for polluting industries to locate in countries with
low environmental standards. Conversely, the income gains created by trade may increase
the pressure for tougher environmental regulation and enforcement. This shows how
difficult it is for developing countries to do industrial production under increasingly strict
environmental regulations.

Most industrial enterprises are required to install wastewater and waste gas pollution
control devices, but in operation, there are still some problems such as stealing discharge,
substandard discharge, outages of devices, and a low rate of qualified devices. Why is
that? The preliminary survey found that in practice, enterprises have concerns about the
operation cost of pollution control devices and environmental costs, and frankly admit-
ted that balancing economic benefits and environmental responsibility is a dilemma. To
maximize profits, many companies turn on their pollution control devices only when the
government comes to inspect them. The question of how to make the optimal decision
considering the output, pollution amount, and pollution control cost has become an urgent
problem for industrial enterprises. Considering that industrial pollution is mainly waste
water, waste gas, and solid waste, this paper aims at the first two types of pollution which
can be controlled through monitoring devices. Note that the amount of waste generated by
an industrial enterprise is affected by many uncertain factors, such as the quality of raw
materials and the state of pollution treatment devices [2–4]. The process is not deterministic,
as assumed in most existing studies. In this paper, we propose a stochastic impulse control
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model [5,6] to characterize the process of wastewater discharge or waste gas emission. This
study aims to answer the following research questions:

1. How can industrial enterprises construct effective pollution control strategies and
efficiently use pollution treatment devices to control the total amount of pollutants?

2. How can industrial enterprises minimize the total expected discounted environmental
costs (including environmental damage costs and pollution control costs) in pollu-
tion control?

The Quasi-Variational Inequality (QVI) method is implemented to solve the optimization
problem. The rest of the paper is organized as follows. Section 2 briefly presents the industrial
pollution control model, and Section 3 delivers QVI and the solution, and methodological
details are relegated in Appendices A and B. The numerical study is obtained in Section 4.
Conclusions and discussions of managerial implications are conducted in Section 5.

1.2. Novelty of the Current Study

The novelty of this work can be presented as follows:

1. In addition to output, we take some stochastic factors into consideration when model-
ing the pollution treatment, which brings the model closer to reality.

2. A new optimal control strategy is proposed to control the single industrial pollution
of enterprises, which determines the starting time and intensity of pollution control
in order to prevent the total amount of pollutants from being overloaded and to
minimize the total cost of the enterprise.

1.3. Literature Review

Our work examines the optimal strategy for industrial enterprises to control pollution
by means of a stochastic control model. This work is closely related to two research streams:
industrial pollution and stochastic control.

Industrial pollution goes hand in hand with industrialization. It has long been the
focus, debate, and discussion of academia (Robinson, 1985) [7]. Many early books proposed
and systematically studied the concepts and methods of industrial pollution prevention and
control (Freeman etc., 1992 [8]; Shen, 1995 [9]). Some studies investigated the components
of pollutants in different types of industrial enterprises, such as pulp and paper industries
and chemical industries, as well as how to deal with them technically (Sell, 1992 [10];
Arami etc., 2005 [11]; Zahrim etc., 2007 [12]). More recently, Orhon et al. (2009) [13]
analyzed two selected industrial categories, textile and leather tanning industries, to discuss
industrial pollution treatment by activated sludge. Rajeshwari et al. (2000) [14] reviewed
the development of various reactors for the treatment of high-strength water pollution
from selected industries to identify the critical factors affecting performance so that the
reactor’s efficiency can be improved by maintaining optimal operating conditions. Muga
and Mihelcic (2008) [15] investigated the sustainability of different pollution treatment
technologies. Patwardhan (2017) [16] introduced flow measurement, characterization, and
treatability studies of industrial pollution, as well as specific water pollution in many
different industries, such as textile, dairy, slaughtering, tannery, sugar mill, and pulp
and paper mill at al. Rosu et al. (2021) [17] Optimized the performance of a simulated
pollution treatment plant by the relaxation method. Just as important as technology is the
regulation of industrial pollution, especially in developing countries. Eskeland and Jimenez
(1992) [18] analyzed policy instruments for pollution control in developing countries to
seek cost-effective intervention.Afsah, Laplante, and Wheeler (1996) [19] call for a revised
model for the regulation of industrial pollution. They think the traditional emphasis on
appropriate policy instruments, while ultimately correct, is premature because agencies
in most developing countries have too many problems with information and transaction
costs to implement any instruments comprehensively. Pargal and Wheeler (1996) [20]
studied informal regulation of industrial pollution in developing countries and found
that when formal regulation is weak or absent, communities often use other channels to
induce pollution abatement by local factories in a process of informal regulation. García,
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Sterner, and Afsah (2007) [21] studied the public disclosure of industrial pollution and the
impact of industrial enterprise environmental behavior. Still, it is very difficult for local
environmental protection agencies to supervise industrial enterprises’ behavior (Dong
et al., 2016) [22]. It can be seen from the above that there is an abundance of research on
pollution control technology and government regulation. These external forces have a great
effect on the environmental behavior of industrial enterprises, but sometimes in vain. It is
critical to figure out how to increase their self-awareness about environmental protection.
Industrial enterprises should bear the primary responsibility for reducing toxicity from
emissions and related environmental impacts (Corcoran et al., 2010) [23]. Sonune and
Ghate (2004), Crini and Lichtfouse (2019), and Varjani et al. (2020) [24–26] studied all the
advanced methods of pollution treatment and reuse and found that industrial enterprises
utilize advanced technology and equipment. However, they are relatively expensive to
operate, and both operating costs and effluent quality are sensitive to operational quality.
Therefore, it is necessary to carry out pollution control research from the perspective of
industrial enterprises to help them achieve both profits and a green reputation.

What is worth mentioning is the method we used. According to the previous analysis,
industrial pollution control is not only related to output but also affected by some random
factors. Therefore, this paper innovatively uses the stochastic impulse control model to
characterize pollutants. Stochastic control theory has developed rapidly in recent years
as an important part of control theory and stochastic optimization theory. Akella and
Kumar (1986) [27], and Korn (1997) [28] define a single-machine, single-piece production
system as a stochastic optimal control problem. On this basis, the structure of the optimal
control strategy is obtained through analysis, and a threshold control strategy is given to
minimize the discounted cost of inventory and backlog in an infinite period. Ohnishi and
Tsujimura (2006) [29] examine an optimal impulse control problem of a stochastic system
whose state follows a geometric Brownian motion. In order to solve this problem, it is
expressed as a random impulse control problem and proved by Quasi-Variational Inequality
(QVI). Cadenillas et al. (2006) [30] examined the issue of dividend optimization. They
believed that the purpose of the firms was to maximize expected total discounted dividend
payments. Due to the existence of a fixed transaction cost, the resulting mathematical
problem becomes a mixed classical impulse stochastic control problem, and the analytic
part of the problem’s solution is simplified to a second-order nonlinear differential equation
of the QVI. Scholars investigated the stochastic inventory problem, which consisted of
a mixture of diffusion and Poisson processes in the demand model, and the stochastic
inventory problem consisting of a mixture of constant demand and Poisson processes. By
using impulse control theory, the Bellman equation of dynamic programming problem is
reduced to a set of QVI, and the optimal strategy is obtained (Cadenillas and Zapatero,
2000 [31]; Bensoussan and Sethi, 2009 [32]; Cadenillas et al., 2010 [33]). In a more recent
paper, Bensoussan et al. (2012) [34] established an impulse control model and applied it to
solve the problem of a central bank intervening in the foreign exchange market. Perera and
Long (2017) [35], and Ouaret et al. (2018) [36] studied production and alternative strategies
for deteriorating manufacturing systems that minimize the total expected discounted costs
in the case of random demand and quality. Perera et al. (2020) [37] focused on the control
strategy of an online service provider that tries to keep its demand for bandwidth below a
certain threshold level to avoid server congestion.

2. The Model

First, we introduce the model notations in Table 1:

Table 1. Summary of Model Notations.

Symbol Description

P(t) Pollution generated by the enterprise at time t when there is no pollution treatment
P̃(t) Pollution generated by the enterprise at time t during the treatment period
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Table 1. Cont.

Symbol Description

γ Intensity of pollution treatment
τi The start time of the i-th pollution treatment period
Ti The duration of the i-th pollution treatment period
s Pollution treatment policy
µ The growth rate of the pollution when there is no treatment
σ The volatility of the total pollution
µ̃ The growth rate of pollution during the pollution treatment period
V A positive threshold

We now briefly describe the model. Enterprises generate pollution as a byproduct of
the production process. We assume that the pollution produced by the enterprise during
the production process is uncertain. The enterprise attempts to keep its pollution below a
certain threshold level to avoid environmental degradation and government punishment.
The decision-maker, the enterprise, decides the timing and pollution treatment intensity.
Our model supposes that the pollution generated by the enterprise follows a geometric
Brownian motion. Let P(t) denote pollution generated by the enterprise at time t when
there is no treatment. Let B(t) be a one-dimensional standard Brownian motion be defined
on a probability space (Ω,F , P) with an information filtration {Ft}t≥0. The total pollution
P(t) at time t when there is no treatment, which is the solution of the following stochastic
differential equation (SDE): {

dP(t) = µP(t)dt + σP(t)dB(t)
P(0) = x > 0

, (1)

where µ > 0 is the net growth rate indicating the growth rate of pollutants minus the natural
self-purification rate of pollution, and σ is a positive parameter reflecting the volatility of
the total pollution. We assume P(0) = x > 0. We also suppose that x is sufficiently small so
that we do not need pollution control when t = 0.

Let P̃(t) be the pollution generated by the enterprise at time t during the pollution
treatment period. We consider γ, which indicates that the enterprise can abate its pollution
by a pollution treatment intensity γ, where 0 < γ ≤ 1. If the amount of pollution generated
by the enterprise is P(t) when there is no pollution control, then the total pollutant that
the enterprise has not abated is represented by P̃(t). During the treatment period, the
dynamics of the total pollutant is governed by the following SDE:{

dP̃(t) = µ̃P̃(t)dt + σP̃(t)dB(t)
P̃(0) = x > 0

, (2)

where the growth rate µ̃
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 is intensity of treatment. 

µ− γθ, is a decreasing function of pollution control intensity
γ during the pollution control period. Here, we assume that θ > 0 is the constant of
proportionality. Then the growth rate µ̃ during the pollution control period is negative
with the assumption µ < θ and γ > µ

θ . Thus, we know that from this expression up here
µ̃ < 0 < µ, which indicates that the growth rate of pollution during the period of treatment
is lower than that of the period without treatment.

Definition 1. The control strategy of the enterprise is a double sequence s := {(τi, γi)}i≥0,
where τi is the start time of the i-th treatment period,γiis intensity of treatment.

Let Px(t) denote the total pollutant stock process P(t) with P(0) = x. We denote the
start time of the i-th treatment period by τi. Ti is the duration of the i-th treatment period.
We assume that Ti

′s are independent and identically distributed, and has the distribution
function FT . Therefore, the corresponding pollution control process can be defined by
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P(s)
x (t) =


Px(t); 0 ≤ t < τ1

P̃
P(s)

x (τi
−)
(t− τi); τi ≤ t ≤ τi + Ti, i = 1, 2, . . .

P
P(s)

x (τi+Ti)
(t− τi − Ti); τi + Ti < t < τi+1, i = 1, 2, . . .

(3)

The whole process will produce some environmental costs, including the environmen-
tal damage cost and pollution treatment cost. The purpose of the enterprise is to determine
the optimal pollution treatment strategy to minimize the total expected discounted fu-
ture costs.

(1) the environmental damage cost: βP(s)
x (t)

(2) The pollution treatment cost: K + 1
2 c
(

γP(s)
x (t)

)2

First, we denote the environmental damage cost by f (·) with f
(

P(s)
x (t)

)
:= βP(s)

x (t),
for β > 0. We assume that the pollution damage can be quantified in monetary terms, as
is common in the literature (Atasu et al., 2009 [38], Atasu and Subramanian, 2012 [39]).
According to Chang et al. (2018) [40], the damage caused by the pollution can be well
approximated by a linear function, measured by βP(s)

x (t), where β > 0 is the damage
parameter. The parameter β reflects how important pollution to a given enterprise is
relative to the revenue it generates.

Now let K + 1
2 c
(

γP(s)
x (t)

)2
donate the pollution treatment cost, where K and c are

positive constants. We assume that enterprises pay a fixed cost on pollution treatment
devices and equipment purchase or investment K in the first part, which does not depend
on the intensity of pollution control. The second part is the proportional cost of treatment,
which is proportional to the intensity of pollution treatment. The higher the intensity
of treatment, the greater the enterprise’s emission reduction efforts and the higher the
proportional cost of the enterprise. The total amount of pollution that the enterprise
abates can be represented as γP(s)

x (t). Then we suppose that the enterprise has a quadratic

function of the abatement of total pollution 1
2 c
(

γP(s)
x (t)

)2
, where c is the unit cost of

pollution abatement.
The goal of the enterprise is to minimize total expected future discounted costs. For a

given discount rate r > 0, an initial pollution level x > 0 and a treatment policy s, we can
define this cost objective as below.

C(s)(x) = E
[∫ ∞

0
e−rt f

(
P(s)

x (t)
)

dt + ∑∞
i=1 e−rτi

{
K +

1
2

c
[
γiP

(s)
x
(
τi
−)]2

}]
. (4)

Let Φ denote the value function (optimal minimal cost) of our pollution control
problem, i.e., for all x > 0,

Φx = in f
{

C(s)(x); s ∈ S
}
= C(s∗)(x), (5)

where s∗ is the minimizer of C(s)(x) over S representing the optimal strategy that minimizes
the total expected future discount cost.

Definition 2. S denotes a set of acceptable pollution control strategies, for allx > 0, s ∈ S, satisfy
the following conditions:

A unique solutionP(s)
x (t), t ≥ 0,

(i) lim
i→∞τ i = ∞, a.s.,

(ii) E
[∫ ∞

0 e−rt f
(

P(s)
x (t)

)
dt
]
< ∞,

(iii) E
[

∑∞
i=1 e−rτi

{
K + 1

2 c
[
γiP

(s)
x (τi−)

]2
}]

< ∞,
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(iv) γi ∈ (0, 1], f or i = 1, 2, . . . , and
(v) γi+1 − γi ≥ Ti, f or i = 1, 2, . . ..

As we can see from conditions (i)–(vi) above, the enterprise’s pollution control strategy
needs to meet the corresponding conditions. The first four conditions are relatively common
in other literature (Bensoussan et al., 2012) [38], while the last two conditions are not
common but necessary for a meaningful analysis in our model. For example, conditions
(iii) and (iv) indicate that the environmental costs of the enterprise are limited. Condition
(v) means that the enterprise needs to wait until the end of the current pollution treatment
period before the next phase of treatment. We believe that this assumption is valid for our
application. For example, if an enterprise’s total amount of pollution produced exceeds a
certain threshold, pollution control is necessary. This restriction is also supported by the fact
that the fixed costs and emission proportional costs for enterprises to control pollution are
large enough to make frequent pollution controls uneconomical. We recognize that, under
a more general acceptable strategy, it is theoretically possible to envisage the next pollution
treatment period occurring simultaneously with this one. However, for the sake of our
application and mathematical simplicity, we set that γi+1 − γi ≥ Ti, f or i = 1, 2, . . . finally.

3. Formulation of Mathematical Model

We use the dynamic programming method to solve the stochastic control problem
of our paper. At first, the Quasi-Variational Inequality (QVI) related to the optimization
problem in this paper is derived, and it is proved that the QVI control introduced below is
the optimal impulse control for pollution treatment. Next, it is proved that there is a unique
solution to the simultaneous equations, and a verification theorem is used to prove that the
solution of the QVI is consistent with the optimal (minimum) environmental cost of the
original problem. Finally, the existence and uniqueness of the optimal pollution treatment
strategy are verified by numerical results.

In our paper, at any given state x, the enterprise can choose to start pollution control
immediately or stay put. If the enterprise chooses one of the schemes and then controls
the pollution according to the optimal pollution treatment strategy, the cost of the scheme
should not be lower than the cost of the optimal strategy. At any given pollutant stock state
x, the enterprise can choose the following two alternative strategies.

The enterprise carries out pollution treatment immediately with the state x, and then
carries out pollution treatment according to the optimal control strategy after the pollution
reaches the critical level.

K +
1
2

c(γx)2 +
∫ ∞

0
E
[∫ T

0
e−rh f

(
P̃x(h)

)
dh + e−rTΦP̃x(T)|T = t

]
dFT(t).

Similarly to Ohnishi and Tsujimura (2006) [29], let M denote the intervention operator
on the space of functions Φ. The enterprise chooses this alternative strategy optimally
over γ ∈ (0, 1). Therefore, we denote this cost expression by MΦ(x). The cost under this
alternative policy is higher than that under the optimal policy, i.e., Φ(x) ≤ MΦ(x).

MΦ(x) := in f
{

K +
1
2

c(γx)2 +
∫ ∞

0
E
[∫ T

0
e−rh f

(
P̃x(h)

)
dh + e−rTΦP̃x(T)|T = t

]
dFT(t); γ ∈ (0, 1]

}
. (6)

Another alternative policy is that the enterprise stays put for a short duration of length
ε > 0. After the pollutant stock reaches the threshold level, treatment shall be carried out
according to the optimal control policy.[∫ ε

0
e−rt f (Px(t))dt + e−rεΦPx(ε)

]
.

The cost under this alternative policy is higher than that under the optimal policy
Φ(x), i.e., for any ε > 0, Φ(x) ≤ E

[∫ ε
0 e−rt f (Px(t))dt + e−rεΦPx(ε)

]
.
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Dividing both sides of the above expression by ε and rearranging the terms, we obtain

E[e−rεΦPx(ε)]−Φ(x)
ε

+
E
[∫ ε

0 e−rt f (Px(t))dt
]

ε
≥ 0.

Then, letting ε→ 0 , we obtain AΦ(x) + f (x) ≥ 0,

AΦ(x) := lim
ε→0

E[e−rεΦPx(ε)]−Φ(x)
ε

= µx
∂Φ(x)

∂x
+

1
2

σ2x2 ∂2Φ(x)
∂x2 − rΦ(x).

Proposition 1. For a given x > 0, the value function Φ(x) of our pollution control problem, which
is assumed to be continuously differentiable, satisfies the following the QVI:

Φ(x) ≤ MΦ(x),

AΦ(x) + f (x) ≥ 0,

[AΦ(x) + f (x)][Φ(x)−MΦ(x)] = 0.

We observe that the solution of the QVI divides the interval [0, ∞) into two disjoint
regions Σ1 and Σ2.

A continuation region: Σ1 = {x : Φ(x) < MΦ(x) and AΦ(x) + f (x) = 0}
A pollution control region: Σ2 = {x : Φ(x) = MΦ(x) and AΦ(x) + f (x) > 0}

When the total pollution is inside the continuous region, the enterprise does not need
to take any action. When the total pollution reaches the boundary of the continuous region,
the enterprise should take immediate action to control it.

The solution of the QVI is consistent with the solution of pollution control in this paper
which is governed by a positive threshold V and the intensity of pollution control Γ. The
optimal pollution control strategy is that when the total pollution reaches the threshold
level V, the enterprise combines pollution control intensity with treatment intensity. The
continuation region and a pollution control region are (0,V) and [V, ∞), respectively.

The solution to Equation (1) is as follows:

Px(t) = x exp
{(

µ− 1
2

σ2
)

t + σB(t)
}

.

Next, using the exponential moments of the process, it follows that, for q ∈ R,

E
[
Px(t)

q] = xq exp
{[(

µ− 1
2

σ2
)

q +
1
2

σ2q2
]

t
}

. (7)

A similar identity holds for P̃ process, i.e.,

E
[(

P̃x(t)
)q]

= xqexp
{[(

µ− γθ − 1
2

σ2
)

q +
1
2

σ2q2
]

t
}

. (8)

First of all, we pay our attention to the continuation region (0, V ], where AΦ(x) + f (x) = 0.
According to Boyce and Prima (1997) [37], we can gather that when x ∈ (0, V ], the solution of
AΦ(x) + f (x) = 0 as follows:

µx
∂Φ(x)

∂x
+

1
2

σ2x2 ∂2Φ(x)
∂x2 − rΦ(x) + f (x) = 0,

Φ(x) = axα1 + bxα2 +

(
β

r− µ

)
x,
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where α1 =
1
2 σ2−µ+

√
(µ− 1

2 σ2)
2
+2σ2r

σ2 , α2 =
1
2 σ2−µ−

√
(µ− 1

2 σ2)
2
+2σ2r

σ2 , a and b are constants that
need to be determined.

Now we compute the cost of the no pollution control policy from (4). The cost of the
no pollution control policy is as follows:

C(0)(x) = E
[∫ ∞

0 e−rt f (P(s)
x (t)dt

]
=
∫ ∞

0 e−rtβE
[
(P(s)

x (t)
]
dt

=
∫ ∞

0 e−rtβxeµtdt

=
(

β
r−µ

)
x.

We can know from condition (iii), (r− µ) > 0. Φ(x) above should be no greater than
the cost when there is no pollution control C(0)(x) for any x ∈ (0, V ]. Therefore, we can
gather that

0 ≤ axα1 + bxα2 +

(
β

r− µ

)
x ≤

(
β

r− µ

)
x (9)

We note from the definition from Boyce and Prima (1997) [41] that α1 > 0 and α2 < 0.
Now, letting x→0 in the inequality on the right-hand side of (9), we can deduce that b ≤ 0;
however, taking the limit x→0 in the inequality on the left-hand side of (9), we conclude
that b = 0. Consequently, for x ∈ (0, V ]. Therefore, for any x ∈ (0, V ],

Φ(x) = axα1 +

(
β

r− µ

)
x, (10)

Next, we turn our attention to the pollution control region [V, ∞) , where Φ(x) = MΦ(x).
We assume that FT(t) = 1− e−λt to compute MΦ(x) explicitly and simply. T follows an
exponential distribution with rate λ > 0. The corresponding cost Φ(x) can be written as

Φ(x) = MΦ(x) = in f
{

K +
1
2

c(γx)2 +
∫ ∞

0
E
[∫ T

0
e−rh f

(
P̃x(h)

)
dh + e−rTΦP̃x(T)|T = t

]
dFT(t); γ ∈ (0, 1]

}
.

We define

R(x, γ)
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ciently small so that we do not need pollution control when 𝑡 = 0. 

Let 𝑃̃(𝑡) be the pollution generated by the enterprise at time t during the pollution 
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tion by a pollution treatment intensity 𝛾, where 0 < 𝛾 ≤ 1. If the amount of pollution 

generated by the enterprise is 𝑃(𝑡) when there is no pollution control, then the total pol-

lutant that the enterprise has not abated is represented by 𝑃̃(𝑡). During the treatment pe-

riod, the dynamics of the total pollutant is governed by the following SDE: 

{
𝑑𝑃̃(𝑡) = 𝜇̃𝑃̃(𝑡)𝑑𝑡 + 𝜎𝑃̃(𝑡)𝑑𝐵(𝑡)

𝑃̃(0) = 𝑥 > 0
, (2) 

where the growth rate 𝜇̃ ≔ 𝜇 − 𝛾𝜃, is a decreasing function of pollution control intensity 

𝛾 during the pollution control period. Here, we assume that 𝜃 > 0 is the constant of pro-

portionality. Then the growth rate 𝜇̃ during the pollution control period is negative with 

the assumption 𝜇 < 𝜃 and 𝛾 >
𝜇

𝜃
. Thus, we know that from this expression up here 𝜇̃ <

0 < 𝜇, which indicates that the growth rate of pollution during the period of treatment is 

lower than that of the period without treatment. 

Definition 1. The control strategy of the enterprise is a double sequence s: = {(𝜏𝑖 , 𝛾𝑖)}𝑖≥0, where 

𝜏𝑖 is the start time of the i-th treatment period, 𝛾
𝑖
 is intensity of treatment. 

∫ ∞

0
E
[∫ T

0
e−rh f

(
P̃x(h)

)
dh + e−rTΦP̃x(T)|T = t

]
dFT(t).

Therefore, we can gather that

R(x, γ) =
βx

(r− µ + γθ + λ)

+
aλxα1[

r− (µ− γθ)α1 − 1
2σ

2α1(α1 − 1) + λ
]

+
βλx

(r− µ)(r− µ + γθ + λ)
.

See Appendix A. for the specific solution process.
Consequently, we have

Φ(x) =


axα1 +

(
β

r− µ

)
x, i f x ∈ (0, V)

K +
1
2

c(Γx)2 + R(V, Γ), i f x ∈ [V, ∞)

(11)

Using the standard “principle of smooth fit” at the boundary V of the continuation
region, we can derive the following two equations
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aVα1 +

(
β

r− µ

)
V = K +

1
2

c(ΓV)2 + R(V, Γ), (12)

aα1Vα1−1 +

(
β

r− µ

)
= cΓ2V. (13)

In addition, we set the function G(γ) := K + 1
2 c(γV)2 + R(V, γ). When γ = Γ, G(γ)

should be minimized. Then we derive the first-order condition G′(γ)|γ=Γ = 0. We derive

cV2Γ +
∂

∂Γ
R(V, Γ) = 0 (14)

Proposition 2. Φ(x) is a solution to the QVI that is defined in Proposition 1. forx ∈ (0, V).
Φ(x) was established to meet the following two conditions:

(i) Φ(x) < K + in f
0<γ≤1

{
1
2 c(xγ)2 + R(x, γ)

}
,

(ii) V >
−β +

√
β2 − 4crΓ2(2µ + σ2 − r)(K + R(V, Γ))

2cΓ2(2µ + σ2 − r)
.

The detailed proof process is shown in Appendix B.

4. Numerical Computations and Sensitive Analysis

We use Newton’s method in MATLAB to solve the above nonlinear systems (12)–(14).
Considering the admissibility constraints, convergence, existence, and uniqueness of the
optimal solutions, we use the following parameters (see Table 2) in our baseline model:

Table 2. Baseline of parameters.

Parameters µ θ σ β r c K λ

Baseline 0.70 1.50 0.50 0.005 0.08 1.1 20 0.1

Using our MATLAB program, we derive the numerical approximations (rounded to
three decimal places) for V, and Γ as:

V = 2.5753, Γ = 0.6925.

The inbuilt function in MATLAB provides the error range, and the conditions obtained
for Equations (12)–(14) are verified to satisfy the default tolerance limit of the function of
1× 10−4 for the function. The above numerical solutions indicate that when the pollution
amount of an enterprise reaches the level V = 2.5753, pollution control strategies should be
adopted to reduce pollution emissions. In addition, intensity Γ = 0.6925 implies that the
total amount of pollution should be reduced by 69.25% during the pollution control period.
We used MATLAB to calculate the solutions of Equations (12)–(14), and then we carried
out a comparative static analysis on the calculated solutions. Next, we use comparative
static analysis to study the impact of each parameter in the model on the optimal pollution
control strategy. Based on the above baseline values, we change the baseline value one
at a time to observe the effect of its change on the pollution control threshold value and
pollution treatment intensity in the pollution control strategy.

4.1. The Impact of Change on the Volatility

When x ∈ (0, 2.5753), the enterprise does not need to take measures to control the total
pollution, it only needs to pay the environmental damage cost during this period. As can
be seen from Figure 1, when the total pollution increases, the total environmental cost that
enterprises need to pay will increase accordingly. Figure 2 shows that the enterprise should
take immediate measures to control the total pollution for x ∈ [2.5753, ∞), otherwise the total
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environmental cost of the enterprise will be increasing rapidly. This means that in order to
reduce the total environmental cost of enterprises in the pollution control stage, enterprises
should adopt the corresponding pollution control measures as soon as reaching the threshold.
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Figure 2. The impact of change in x for x ∈ [2.5753, ∞).

As can be seen from Figure 3, the threshold of treatment V decreases with the increase
of the volatility of total pollution σ, but the intensity of pollution control Γ increases with
the increase of the volatility of total pollution σ. Therefore, we note from Figure 3 that when
the fluctuation of pollution increases, the enterprise should take higher intensity pollution
control measures to control pollution as early as possible.
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Now let’s turn our attention to θ. We can see from Figure 4 that the greater θ is, the
greater the threshold value of pollution control will be, while the intensity of pollution
control will increase. It should be noted that the growth rate of total pollution of enterprises
during the pollution treatment period is µ− Γθ.
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4.2. The Impact of Change in Cost Parameters

Figures 5 and 6 show the impact of changes in the environmental cost parameters
and the discount rate of the enterprise. Figure 5 illustrates that the unit cost of pollution
abatement c representing the direct cost associated with pollution of the enterprise has an
impact on the threshold and intensity of pollution control. Both Γ and V are decreasing
at unit cost c. However, c has a greater impact on the pollution control intensity of
enterprises. Hence, for a larger value of c, the enterprise should control pollution with less
intensity and be patient before controlling it again. The value of c is directly related to the
intensity of the pollution treatment by the enterprise and represents the proportional cost
of pollution abatement.
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We note from Figure 6 that for a larger value of the environmental damage parameter
β, we expect a higher threshold of pollution control V and a smaller intensity Γ. As
we explained in our model, the cost of environmental damage is the potential cost that
enterprises pay for abating pollution. Thus, the higher the damage parameter β, the higher
the environmental cost. This is why enterprises apply more intensive pollution controls at
larger β values, thereby reducing the potential cost of their own.
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5. Conclusions

In this study, we examined an optimal pollution control strategy for industrial en-
terprises that can minimize the environmental damage cost and pollution treatment cost
paid by enterprises, at the same time control the pollution within the threshold value. In
our optimal pollution control strategy, a positive threshold is proposed to deal with the
pollution problem by introducing the intensity of the pollution treatment and the start
time of the treatment period. We discussed the impact of two alternative strategies on
the expected discounted future total costs. Moreover, we summarize the QVI associated
with the value function of our problem. We prove that the solution of the QVI associated
with our problem is a policy governed by a positive threshold V and a control factor Γ.
We draw the following conclusion: the enterprise has an optimal strategy as shown in
Formula (11). This is to immediately turn on the pollution control facilities and adopt
the pollution control intensity Γ to control the total pollution when the total pollution is
detected to reach the threshold pollution level V. Under this strategy, the enterprise can
achieve optimal pollution control with the minimum cost and achieve a balance between
economic benefits and environmental benefits. The specific research conclusions are as
follows: (1) The optimal pollution control strategy of an enterprise is directly related to
the threshold value and total pollution control intensity. (2) The optimal control strategy
is affected by the growth rate, volatility of total pollution, cost parameters, and discount
rate of total pollution. (3) The optimization of environmental costs is related to the total
amount of pollution. When the total amount of pollution is lower than the threshold value,
the environmental cost increases to a certain extent with the total amount of pollution,
but the impact is tolerable. When the total amount of pollution reaches or exceeds the
threshold value, the total amount of the pollution’s impact on the environmental cost is
more severe.

Some managerial insight can be obtained from the conclusion of this article. For
developing countries where pollution-intensive industrial enterprises are concentrated, it is
important to optimize the use of pollution treatment equipment and balance environmental
protection and production. It is not reasonable for industrial enterprises to stealthily
discharge pollution or leave the pollution treatment equipment idle. The total amount of
pollution should be controlled, the threshold value V should be obtained, and the pollution
control intensity should be determined to achieve the most economical pollution control.
How do enterprises determine the threshold of total pollution? Mainly according to the
emission permits they have. How do enterprises determine the intensity of pollution
control? By means of pollution treatment devices. In short, this paper provides a new
way of thinking for industrial enterprises in developing countries to carry out production
activities efficiently on the basis of environmental regulations.



Sustainability 2023, 15, 5609 13 of 16

This study retains several limitations that call for further research. This article com-
bines stochastic differential equations to characterize the randomness of pollution control,
but if we can consider pollution abatement and the production–inventory control of enter-
prises, it will produce more interesting results.
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Appendix A. Derivation of R(x, γ)

Let R(x; t)
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E
[∫ t

0 e−rh f
(

P̃x(h)
)

dh + e−rtΦP̃x(t)
]
, then R(x, γ) =∫ ∞

0 R(x; t)dFT(t) =
∫ ∞

0 R(x; t)λe−λtdt.

R(x; t)
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E
[∫ t

0 e−rh f
(

P̃x(h)
)

dh + e−rtΦP̃x(t)
]

=
∫ t

0 e−rhE
[

f
(

P̃x(h)
)]

dh + e−rtE
[
ΦP̃x(t)

]
=
∫ t

0 e−rhE
[(

βP̃x(h)
)]

dh + e−rtE
[

aP̃x(t)
α1 +

(
β

r−µ

)
P̃x(t)

]
= β

∫ t
0 e−rhE

[(
P̃x(h)

)]
dh + ae−rtE

[
P̃x(t)

α1
]
+ e−rt

(
β

r−µ

)
E
[

P̃x(t)
]

By applying (8) we gather that

R(x; t) = β
∫ t

0 e−rhxe(µ−γθ)hdh + ae−rtxα1 e
(
(µ−γθ)α1+

1
2 σ2α1(α1−1)

)
t

+e−rt
(

β
r−µ

)
xe(µ−γθ)t

= βx
∫ t

0 e−(r−µ+γθ)hdh + axα1 e−
(

r−(µ−γθ)α1− 1
2 σ2α1(α1−1)

)
t +
(

βx
r−µ

)
e−(r−µ+γθ)t

= βx [
1−e−(r−µ+γθ)t]
(r−µ+γθ)

+ axα1 e−
(

r−(µ−γθ)α1− 1
2 σ2α1(α1−1)

)
t

+
(

βx
r−µ

)
e−(r−µ+γθ)t

Therefore, we can gather that
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R(x, γ) =
∫ ∞

0 R(x; t)dFT(t)

=
∫ ∞

0 βx

(
1− e−(r−µ+γθ)t

)
(r− µ + γθ)

λe−λtdt

+
∫ ∞

0 axα1 e−
(

r−(µ−γθ)α1− 1
2 σ2α1(α1−1)

)
tλe−λtdt

+
∫ ∞

0

(
βx

r− µ

)
e−(r−µ+γθ)tλe−λtdt

=
βλx

(r− µ + γθ)

∫ ∞
0

[
e−λt − e−(r−µ+γθ+λ)t

]
dt

+aλxα1
∫ ∞

0 e−
(

r−(µ−γθ)α1− 1
2 σ2α1(α1−1)+λ

)
te−λtdt

+

(
βλx

r− µ

) ∫ ∞
0 e−(r−µ+γθ+λ)tdt

=
βx

(r− µ + γθ + λ)
+

aλxα1[
r− (µ− γθ)α1 − 1

2 σ2α1(α1 − 1) + λ
]

+
βλx

(r− µ)(r− µ + γθ + λ)

Appendix B. Proof of Proposition 2

First, we prove the condition (i). When x ∈ (0, V), Φ(x) is derived from AΦ(x) + f (x) = 0,
then we need verify Φ(x) < MΦ(x), i.e., Φ(x) < K + inf

0<γ≤1

{
c(xγ)2 + R(x, γ)

}
.

Next we prove the condition (ii). When x ∈ (V, ∞), Φ(x) is derived from Φ(x) = MΦ(x).
Thus, we need verify AΦ(x) + f (x) > 0.

AΦ(x) + f (x) = µx
∂Φ(x)

∂x
+

1
2

σ2x2 ∂2Φ(x)
∂x2 − rΦ(x) + f (x)

= 2cµΓ2x2 + cσ2Γ2x2 − r
(

K + c(Γx)2 + R(V, Γ)
)
+ βx

=
(
2cµΓ2 + cσ2Γ2 − rcΓ2)x2 + βx− r(K + R(V, Γ))

x0 :=
−β +

√
β2 − 4crΓ2(2µ + σ2 − r)

(
K + R(V, Γ)

)
2cΓ2(2µ + σ2 − r)

is the positive root of AΦ(x) +

f (x) = 0, therefore, x0 < V ≤ x.

Consequently, we have V >
−β +

√
β2 − 4crΓ2(2µ + σ2 − r)

(
K + R(V, Γ)

)
2cΓ2(2µ + σ2 − r)

.
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