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Abstract: This paper details study of the anti-symmetric response to the symmetrical electrostatic
excitation of a Micro-electro-mechanical-systems (MEMS) resonant mass sensor. Under higher order
mode excitation, two nonlinear coupled flexural modes to describe MEMS mass sensors are obtained
by using Hamilton’s principle and Galerkin method. Static analysis is introduced to investigate the
effect of added mass on the natural frequency of the resonant sensor. Then, the perturbation method is
applied to determine the response and stability of the system for small amplitude vibration. Through
bifurcation analysis, the physical conditions of the anti-symmetric mode vibration are obtained.
The corresponding stability analysis is carried out. Results show that the added mass can change
the bifurcation behaviors of the anti-symmetric mode and affect the voltage and frequency of the
bifurcation jump point. Typically, we propose a mass parameter identification method based on the
dynamic jump motion of the anti-symmetric mode. Numerical studies are introduced to verify the
validity of mass detection method. Finally, the influence of physical parameters on the sensitivity of
mass sensor is analyzed. Itis found that the DC voltage and mass adsorption position are critical to the
sensitivity of the sensor. The results of this paper can be potentially useful in nonlinear mass sensors.

Keywords: MEMS; anti-symmetric mode; bifurcation jump; parameter identification; nonlinear
dynamic

1. Introduction

Doubly clamped microbeam is a common resonant element in Micro-electro-mechanical-systems
(MEMS) sensors [1-3]. Due to their great potential and unique characteristics, microbeam resonant
sensors have the advantages of small, fast, high sensitivity [4,5]. Besides, only a small amount of
power is required to operate [6,7]. However, the structure nonlinearity and nonlinear electrostatic
force seriously affect the performance of conventional micro-mass sensor [8-10]. For example, the
nonlinear electrostatic force can cause shifts in their resonant frequency and lead to error of the
measured mass [11]. Recently, nonlinear MEMS mass sensors have attracted attention due to their
unique advantages. Firstly, the nonlinear parameter identification method of mass sensors can solve
the error caused by nonlinear stiffness [12]. Besides, the sensitivity and accuracy of the sensor can be
improved by using frequency stability and amplitude jump in nonlinear vibration [13]. In this paper,
we study the effect of added mass on anti-symmetric mode vibration and utilize the dynamic jump
motion of anti-symmetric mode to propose a new mass detection method.
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The mode coupled vibration can introduce rich nonlinear phenomena into the MEMS research
and reveal the mechanism of the complex dynamic behaviors [14-18]. Anti-symmetric response
can be induced by the mode coupled vibration. Li et al. [17] presented coupled vibration behavior
between second order and third order modes caused by the axial stress, which can be used to suppress
large amplitude vibration and to reduce the possibility of large deflection. Kirkendall et al. [19]
reported multi-stable coupled vibration between resonant modes of an electroelastic crystal plate
and introduced a mixed analytical-numerical approach to provide new insight into these complex
interactions. Wang et al. [20] proposed a simplified oscillation system, which consists of two
beam-shaped cantilevers. The results showed the possibility of doubling the frequency response signal
from the low frequency cantilever to the high-frequency cantilever based on this super harmonic
synchronization. Okamoto et al. [21] used anti-symmetric vibration in two coupled GaAs oscillators to
realize the high-sensitivity charge detection. In contrast to the frequency-shift detection using a single
oscillator, coupled vibration allowed a large readout up to the strongly driven nonlinear response
regime. Hammad et al. [22,23] presented an analytical model and closed form expressions describing
the response of mechanically coupled resonant structures. Mode coupled vibration was utilized to
implement an adjustable filter. Younis et al. [24] studied possibility of activating a three-to-one internal
resonance between the first and second modes. Besides, Mode coupled vibration can be used to
improve the frequency stability of nonlinear systems [13]. Du et al. [25] reported the experimental
observations of the internal resonance in a coupled ductile cantilever system from the viewpoint of
mass sensing and disclosed a frequency enhancement mechanism. Hajjaj et al. [26] used the nonlinear
hardening, softening and veering phenomena to realize a bandpass filter of sharp roll off from the
passband to the stopband. In general, mode coupled vibration behavior was gradually applied to
improve the performance of resonators and expand the scope of MEMS applications [27].

A MEMS resonant mass sensor mainly realizes the detection by changing the resonant frequency
and vibration amplitude of the structure caused by the adsorption of the elastic element of the
sensor to the target analyzers [28]. Frequency shift tracking is the most common method [29].
Bouchaala et al. [30] obtained analytical formulations to calculate the induced resonance frequency
shifts caused by the added mass. The results indicated that the detection sensitivity increases with
the decrease of size. However, with the reduction of size, there are obvious nonlinear effects and
complex bifurcation behaviors [31], which seriously affect the dynamic mechanical characteristics
and mass detection performance of the sensor. Therefore, nonlinear mass sensors were proposed.
Younis et al. [32] utilized the dynamic bifurcations to realize novel methods and functionalities for
mass detection. It was noted that bifurcation-based mass detection methods provided for dramatically
enhanced sensitivity and less performance deterioration due to measurement noise as compared
to frequency shift-based methods [33]. Similarly, Kumar et al. [34] also detailed proof-of-concept
experiments on bifurcation-based sensing. Preliminary results revealed the bifurcation-based sensing
technique to be a viable alternative to existing resonant sensing methods. Hasan et al. [35] studied the
intelligent adjustable threshold pressure switch. When the pressure exceeds the threshold, the system
can be induced to produce amplitude jump, realizing the rapid sensing of pressure. However, the
dynamic behavior near the bifurcation point is easily disturbed by the ambient noise, which affects the
stability of the sensor.

It can be concluded from the above analysis that mode coupled vibration can induce anti-symmetric
modes and improve the performance of resonators, which may be beneficial to improve the accuracy
and sensitivity of mass sensors [36-38]. Recently, most nonlinear mass sensors were realized by using
the periodic saddle bifurcation of the resonant system, which greatly increases the sensitivity of the
sensor. To the best of our knowledge, there are fewer quantitative results about a general analysis of
nonlinear mass sensors by using anti-symmetric mode vibration. Besides, the mechanism of the effect
of added mass on anti-symmetric mode vibration is not well understood. Through bifurcation analysis,
the influence of added mass on transition mechanism of nonlinear jumping phenomena and complex
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nonlinear dynamic behaviors can be predicted, which motivates our present work. In this study we
exploit the nonlinear jump phenomenon of the anti-symmetric mode to realize mass detection.

The structure of this paper is as follows. In Section 2, the Hamilton’s principle and Galerkin
discretization is applied to obtain the equation of motion of a mass sensor. Then static analysis is
carried out under different direct current (DC) voltage and added mass. In Section 3, the method of
multiple scales is applied to produce an approximate solution. In Section 4, we analyze the physical
conditions of the anti-symmetric mode vibration. Meanwhile, the effect of added mass on nonlinear
dynamic behavior is considered. In Section 5, we propose the mass detection method by exploring the
exploitation of amplitude jump behavior. In Section 6, the influence of DC voltage and mass adsorption
position on the sensitivity of the sensor is considered. Finally, summary and conclusions are presented
in the last section.

2. Problem Formulation

The bifurcation-based mass detection methods provide for dramatically enhanced sensitivity and
less performance deterioration [32]. In our previous work, it was found that the anti-symmetric mode
vibration of microbeams can be realized under the symmetrical electrostatic excitation [17]. Here, the
dynamic jump behavior of anti-symmetric mode is utilized to realize mass detection. Figure 1 shows
the schematic of a resonant mass sensor. The adsorption material is added to the microbeam. Then, a
lumped mass m is added at x = L;. The added mass can affect the equivalent mass of the system and
lead to a shift in the natural frequency of the resonator. The actuation of the microbeam is realized by
means of a bias voltage and an alternating current (AC) voltage component.

| . Vaccos(Qt)
1] %
i} T l gElectrode for Driving

<= > ¢ mass ] ) )
il Direction of motion
Resonator

Figure 1. Schematic of a resonant mass sensor.

By using Hamilton’s principle, the equation of motion that governs the transverse deflection
(%, f) is written as [17]

I A A2
. . . b[Vy + V. Ot
[pA + 6(x — Ly )m]é + EI&" + cto = (%f a2y 4 SO0V + Vae C(f’( ) (1)
2L Jo 2(d - o)
with the boundary conditions
w(0,f) =a'(0,f) = (L, f) =2’ (L,f) =0 )
where & = ‘Z—Tf and @' = ‘3—7;’

Size parameters and physical properties of resonators are listed in Table 1. The last two terms
of Equation (1) represent mid-plane stretching effect and the parallel-plate electric actuation which
is composed of DC and AC components. A and I represent the area and moment of inertia of the
cross section.

Then, the non-dimensional variables are introduced

e ® i [
7 _L/ - pAL4

®)

w =

U D
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Substituting Equation (3) into Equation (1,2), yields the non-dimensional equation of motion of
the mass sensor

. ! Vi 2V gV €08 Ot + (Ve cos Q)
w+ nw + w" + cpw — (a1f wdx)w’ = ap—5 5+ deVac COSTH + (2 ac 05 1) 4)
0 (1-w) (1-w)
with the boundary conditions
w(0,t) =w' (0,t) =w(1,t) =w'(1,t) =0 (5)
The parameters in Equation (4) are
5(x—Ly/L)m d? 6oLt
N=—ar M = 0X(p) a2 = s ©

where 7 represents added equivalent mass.

Table 1. Mass sensor parameters and physical properties.

Physical Parameter (units). Value
Length of the beam electrode, L (um) 150
Thickness of the beam electrode, i (um) 1
Width of the beam electrode, b (um) 10
Gap between the electrodes, d (um) 1.5
Density of the electrode material, p (kg/m3) 2300
Young’s Modulus, E (GPa) 169
Dielectric constant of the medium, ¢ 8.85 x 10712
Quality factor, Q 12.5

The microbeam deflection under an electric force is composed of a static component due to the

DC voltage, denoted by wy.(x), and a dynamic component due to the AC voltage, denoted by wg(x);
that is

W = W + Wac @)

Ignoring the time derivatives and the AC forcing term in Equation (4), we can obtain the static
deflection of the microbeam

2
Vdc

(1 _wdc)2

1

wh — (alft; w"iczdx)wgc =ap (8)

The static displacement of the resonator is very important to the natural frequency of the system.
It was found that the nine-order mode discretization can accurately predict the static behavior of the
resonator [9]. Here, the Galerkin method is introduced to calculate Equation (8). Meanwhile, the finite
element method results are obtained from the software COMSOL (COMSOL Inc., Stockholm, Sweden)
by using the Multi-field solver [39]. Figure 2 shows the relationship between midpoint deflections
and the DC voltages obtained with the Galerkin method and the finite element method. Results are
presented for values of V. ranging from 0 V to pull-in voltage, where the solid line represents the
position of the potential well and the dotted line represents the position of the barrier. Finite element
results verify the validity of the theoretical model. It should be noted that the added mass has no effect
on the static displacement.



Micromachines 2020, 11, 12 5 0f 20

1.5
TTT==-~...upper branch (unstable)

g_ Galerkin results “\\
- 1 ®  Finite element results s,
5 pu]kiAn‘\
=
)
3!
= 0.5
o
b lower branch (stable)
A

0

0 5 10 15 20 25 30 35 40 45 50
DC voltage(V)

Figure 2. The maximum displacement of the microbeam under different voltages obtained by using
the Galerkin method and COMSOL.

Substituting Equation (7) into Equation (4) and using Equation (8) to eliminate the terms
representing the equilibrium position, the problem governing the dynamic behavior of the microbeam
around the deflected shape is generated. To third-order in wy,, the result is

. . . 1 VZ wac
Wae + Nivae + CpWae + [W. — aqw), fo w dcdx 20w e do wacw dx —2as ]

(1 wdc)3
1/2d_ ”fz/ ! dx —3 Vdcgc
—aqw)_ | w'gedx — aywg, b WheWg X = 302 745 o)
wm
alwucfo w2 dx — 4a2 . wdc)
—2ay V4 Viac cos Ot

(1_wdc)2

Due to Ve >> Ve [17], (Ve + Ve cos Qt)2 ~ V§C + 2V ;. V4 cos Ot is obtained.
The solution of Equation (9) can be expressed as wyc(x,t) = Y, u;(t)p;(x), where ¢; is the i-th
=1

=
linear undamped mode shape of the straight microbeam. Then, the linear undamped eigenvalue
problem is obtained

) 1
PP = (g fo w’flcdx)(p;" + B2 (10)

Substituting Equation (10) into the resulting Equation (9), multiplying by ¢;, and integrating the
outcome from x = 0 to 1, yield

1 1 ) ¥ Lo 1o, 1
Uy + Nplp + Cpty + ﬁ%un - Z [Zalj(; wdc¢ndxf0 qbiwdcdx + Zazvécfo (;i:i )3 u;
= c
" 1t 1 ¢ipjpud
_ }: a1f0 W) udx [ Gl dx+a1f0 & dudx [} 20w} dx +3a; V2 [ ‘z’l‘fi )j]uiuj .
i’ 2 (1 QidjPrPndx
- ki (leo uHu dxfo Py Ondx + 4V |5 (1]w N Juauaju

= fn cos Ot

1 6,
where f, = 2a5Vy Ve Lx)z, M = ¢2(Ly/L)m/ pAL.

(1-w,
Through Equation (11), we can obtain the resonant frequency

1 1 1 2
wn = +|B? —Zalf w’ dxf ', dx —2a, V2 f de (12)
n \/ n 0 dc(i)” 0 ot dc dc 0 (1 _ wdc)g
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1

V1+ 1

where y;, is the resonant frequency of the n-th order mode.
In our previous work, it was found that the third-order frequency is approximately equal to two

AXn = Wnp (13)

times the second order frequency [17]. Hence we study the possibility of activating a 1:2 internal
resonance between the second and third modes when the third mode is excited with a higher order
excitation. Firstly, the effect of added mass on the second and third natural frequencies is considered,
as shown in Figure 3. It should be noted that the effect of different adsorption positions on the natural
frequency is very important. Ly = 50 um and L; = 75 um are considered. When L; = 75 um, the
added mass has a significant effect on the third modes. However, it has no effect on the second mode.
Similarly, when L; = 50 um, the added mass has a significant effect on the second modes, and it has
no effect on the third mode. To explain this phenomenon, the shape diagram of the second and third
modes is obtained, as shown in Figure 4. When L; = 75 um, the added mass is at the node of the
second-order mode. Thus, it has no effect on the second mode. Similarly, the added mass is at the node
of the third-order mode under L; = 50 pm.

~(a) (b)

E 1.08 E 212 & = =

4 i = __

o Lli75},lm. S 211 Li=50pum|

S - S

S 1.07 )

> Li=50pum 2 2.09

;L:) 1.06 g

5 5208

S| oslSecond order frequenc S 07 Third order frequency

201 23 456 7 K& 0123 4567
Mass (107°ng) Mass (107°ng)

Figure 3. Variation of the (a) second and (b) third natural frequencies of the mass sensors with various
values of adsorption position and adsorption mass (the solid lines: the theoretical results; the rectangles:
COMSOL results).

Figure 4. The second and third modes of the micro-mass sensor in COMSOL.
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3
To study the dynamic behavior of the anti-symmetric mode, we take wgc(x,t) ~ Y, u;(t)$;(x) and
i=2
obtain that

(1 + m2)il + cally + w3ty + Agrtinliz + apsti + azptigu = 0

.. . 14
(1+ n3)ii3 + caii3 + w3u3 + as,u5 + assu + azpu3 + aspusuz = f3 cos Ot (14)

where the dots indicate the time derivative and the parameters are given in “Appendix A”. mp
represents equivalent added mass when L; = 50 pm; 13 represents equivalent added mass when
L1 =75 um. When the driving frequency is close to two times the natural frequency of the second
order mode, the second order amplitude can produce the bifurcation jump phenomenon [17]. We take
advantage of the dynamic jump behavior of the anti-symmetric mode to realize mass detection.

3. Perturbation Analysis

The method of multiple scales is introduced to investigate the response of the mass sensor with
small amplitude vibration. Then, ¢ is introduced as a small nondimensional bookkeeping parameter to
indicate the significance of each term in the equation of motion. Considering the electrostatic force
term f3 = O(¢?), scaling the dissipative terms, we obtain

(1+ ma)iiy + e2cnity + wiup + aprlipus + apstts + ayupui = 0

. . 15
(1+m3)uz + e2cyilz + w§u3 + a3,u§ + 013514% + agtug + a3pu%u3 = e3f3 cos Ot (15)
To describe the 1:2 internal resonance, detuning parameters 6 and A are defined b
gPp y
w3 = 2wy — 2N, Q = w3 — €% (16)
Finally, the frequency response equation can be derived as
2 212 aj,a; 212, .24
¢y +[(6+ A —mwr) + 10a5]” - 12 +2x1[(0 + A = naw2) + Kpa3]a; + x7a; = 0 (17)
2
Bws 2 229, 3o, w2,
(0= =3~ +xaa3 + kaay) a3 + a3 + (357) + 543 , (18)
—}1(6 + A —nws + Klaé + Kzaé) (6- ”32“’3 + 1<3a§ + K4ﬂ%)ﬂ% = Z%%

The detailed derivation process is given in “Appendix B”. In this paper, pseudo-trajectory
processing method is introduced to solve Equations (17) and (18).

4. The Anti-Symmetric Mode Vibration

In this section, anti-symmetric mode vibration behaviors of MEMS mass sensors are considered.
Firstly, we study the physical conditions of the anti-symmetric mode vibration.

4.1. Physical Conditions for Mode Transition

Anti-symmetric modes cannot be directly excited by symmetric driving forces. Mode coupled
vibrations can be utilized to induce anti-symmetric modes. When the driving frequency is far away
from two times the second natural frequency or the electrostatic excitation is very small, there is no
second order vibration [17]. The bifurcation analysis is introduced to obtain the physical conditions of
the second order vibration. When the second order amplitude occurs, we can obtain the following
equation by Equation (17)

2 105
cﬁ +[(6+ A —npwy) + Kzaé] - 4’7 =0 (19)
2
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Then, the threshold of third order amplitude can be obtained by solving Equation (19)
By %y ? 2 2,2
15 —262(0+ A= mw2) = \[[725 — 2k2(0 + A —mawn)] —4K3[(6+ A —mpwa)” + ¢
2 2 2
a; = 20
3 2K§ (20)

Because the displacement of the second order vibration mode at the midpoint of the microbeam is
always 0, the added mass has no effect on the critical amplitude when L1 = 75 um.

When third order amplitude is more than the above threshold, the mode coupled vibration can
occur. From Equation (20), the precondition of anti-symmetric mode vibration is obtained.

2 22
a 4xrwsic
<2 20 A+ man (21)
16Kw3 a3,

When the anti-symmetric mode vibration occurs, 2, = 0 becomes unstable. Then, substituting
ap = 0 into Equation (17) and Equation (18), the physical conditions of anti-symmetric mode vibration
under different DC voltage and added mass are obtained, as shown in Figure 5. The unstable region
represents the occurrence of anti-symmetric mode vibration. It is noted that: (1) with the increase of
DC voltage, the minimum critical frequency of anti-symmetric mode vibration decreases; (2) the added
mass cannot affect the minimum critical frequency of anti-symmetric mode when L1 = 75 um; (3) the
added mass can decrease the minimum critical frequency of anti-symmetric mode when L; = 50 um;
(4) the anti-symmetric mode vibration behavior depends heavily on DC voltage and added mass.
Therefore, we can use the bifurcation behavior of anti-symmetric mode vibration to detect the mass.

(a) (b)

-0.2 -0.2 ,
Vde=40V ~ m=0ng Vac=40V m=5x10"ng L1=75um
I R || e 0 U
tabl stable
-0.4|table Jlabie -0.4
S o5 ”“S{’lf O o 5|stable
-0.6 -0.6
-0.7 -0.7
0 04 08 1.2 16 2 0 04 08 1.2 16 2
AC voltage(V) AC voltage(V)

(8)

-0.1| V=41V m=Oug _stable__|
1 T —
-0.2 p2>
-0.3 P3 o
6 < unstable
-0.4 4
-0.5
-0.6 stable
-0.7
0 04 08 1.2 1.6 2
AC voltage(V)

Figure 5. Physical conditions of anti-symmetric mode vibration under different DC voltage and added

-0.5

Vae=41V m=5x10"pg L1=50pm

stabi;e

i F1
i unstable

0

6.4 0.8 1.2
AC voltage(V)

1.6 2

mass. (The red dotted line represents the precondition of anti-symmetric mode vibration).
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4.2. Stability of the Nontrivial Solution

To further study the bifurcation behavior when the anti-symmetric mode vibration occurs, the
stability analysis of the nontrivial solution is introduced. The subcritical bifurcation can lead to
unstable branches near the critical points. On the contrary, the supercritical bifurcation can lead to
stable branches. To determine the stability of periodic vibration, we ignore the higher-order nonlinear
terms and obtain the following equation by Equation (17)

2 2
a2r“3

2
4a)2

2+ (64 A —nan) +K2a§]2 - +2x1[(6 + A — mwy) +K2a§]a§ =0 (22)

Substituting Equation (20) into Equation (22) yields the discriminant
M = x1[a3, (56 + A — pawy) + dwikocl] (23)

The case M < 0 results in the subcritical bifurcation. With the increase of AC voltage, the second
order amplitude suddenly appeared. Likewise, the case M > 0 results in the supercritical bifurcation.
With the increase of AC voltage, the small vibration in the second order mode appears.

Figure 6 shows variation of the bifurcation behavior versus 6, DC voltage and added mass. In the
yellow area, the dynamic jump behavior of anti-symmetric mode vibration occurs with the increase of
AC voltage. It is found that the increase of the DC voltage makes the dynamic jump behavior occur
easily. It is interesting to note that low frequency perturbation parameter is more advantageous to
realize the dynamic jump behavior than the high frequency perturbation parameter. Meanwhile, the
added mass has obvious influence on the bifurcation behavior of the system when L1 = 50 um. As the
added mass increases, the critical frequency of subcritical bifurcation decreases. However, the added
mass has no influence on the critical frequency of subcritical bifurcation when L; = 75 pm.

(a) (b)

-0.2 Vic=40V m=1x10"pg L1=50pm Vie=40V m=5x10"pg L1=50pm
-0.1
-0.3
ifurcation -0.2
-0.4 0.3 Supercritical bifurcation
% . % 0.4
-0.5
-0.6 .. . >
Subcritica -0.6f Subcritical bifu
-0.7 -0.7
0 04 08 12 16 2 0 04 08 1.2 16 2
AC voltage(V) AC voltage(V)
c d
( 3 V=41V L1=75 0?4
de= 1=75um
- = ‘Lo Vdac=43V
0.1 m=1x10"ng 0.2 71\10,, Lll=75].1m
-0.2 0 Supcré"r_itixcal bifurcation
5 -0.3 ercritical bifurcation 5 (
-0.4 _0.2 m*leO"pg
-0.5 m=5x10"png X
' -0.4 - . :
-0.6 [ C e D Subcritical bifu 0
-0.7 -0.6
0 04 08 1.2 1.6 2 0 04 08 1.2 1.6 2
AC voltage(V) AC voltage(V)

Figure 6. Variation of the bifurcation behavior versus 6, DC voltage and add mass. (The solid line
represents the critical condition of anti-symmetric mode vibration).
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4.3. Dynamic Analysis

To further study the effect of added mass on anti-symmetric mode vibration behaviors, dynamic
behaviors of the anti-symmetric mode under different adsorption position and mass are introduced.

¢ L;=50pum

Firstly, L; = 50 pm is considered. As shown in Figure 6, point A and point B represents supercritical
bifurcation and subcritical bifurcation, respectively. Then, Figure 7 shows the force-amplitude curves
corresponding to point A and point B. Whenm = 1x 1076 ug, the supercritical bifurcation voltage V1
is obtained. With the increase of the driving voltage, the second order amplitude appears gently. When
m = 5x107° ug, the bifurcation voltage increases and the supercritical bifurcation is transformed
into subcritical bifurcation. The subcritical bifurcation voltage V, is obtained and the second order
amplitude is suddenly generated with the increase of the driving voltage. To validate the above
analysis, long-time integration (LTI) of Equation (14) is used to obtain some numerical solutions
(discrete points), compared with the analytical solution derived from the method of multiple scales.

0.1
Vie=40V m=5x10"png
0=-0.45 &
= 0.08
£
3 ______
o 0.06
= 0 e
= S S
a 0.04
g
< 0.02
00 1 1.5

AC voltage (V)

Figure 7. Comparison of the force-amplitude curves obtained by theoretical method (line) and numerical
method (rectangle) corresponding to A-B in Figure 6 when L1 = 50 um (solid line: stable; dashed
line: unstable).

Then, Figure 8 shows the effect of added mass on amplitude-frequency response curve. There are
four critical frequencies for anti-symmetric mode vibration behavior without considering the added
mass. P1, P2, P3 and P4 indicate the bifurcation frequency of the anti-symmetric mode vibration as
shown in Figure 5c. It is found that: (1) when the frequency is less than P1, no anti-symmetric mode
vibration occurs; (2) when the frequency is between P1 and P2, the anti-symmetric mode vibration
occurs and there is only one stable periodic solution in the system; (3) when the frequency is between
P2 and P3, the trivial solution of the second order amplitude becomes stable. There are two stable
and one unstable periodic solutions in the system and the second order amplitude depends on the
initial conditions; (4) when the frequency is between P3 and P4, the anti-symmetric mode vibration
occurs and there are two stable periodic solutions in the system; (5) when the frequency is more than
P4, the anti-symmetric mode vibration behavior disappears. Then, there are two critical frequencies
for anti-symmetric mode vibration behavior with considering added mass. When the frequency is
between F1 and F2 (Figure 5d), the anti-symmetric mode vibration occurs and there are two stable
periodic solutions in the system. F1 represents the supercritical bifurcation type and F2 represents
the subcritical bifurcation type. As the drive frequency decreases, the second order amplitude can be
suddenly generated when the frequency is equal to F2. From Figure 8, it is found that the added mass
can change the number of critical frequencies for anti-symmetric mode vibration behavior. Meanwhile,
the added mass reduces the subcritical bifurcation frequency.
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¢ L1=75 Hm

Similarly, L1 =75 pm is considered. From Equation (23), the added mass has no effect on bifurcation
type when Ly = 75 um. However, the added mass can affect the bifurcation voltage and frequency.
Figure 9 shows the force-amplitude curves obtained by pseudo-trajectory processing method (line)
and long-time integration method. With the increases of added mass, the subcritical bifurcation
voltage increases and the supercritical bifurcation voltage decreases. Then, amplitude-frequency
response curves of the system considering the different added masses are introduced, as shown in
Figure 10. There are two critical frequencies for anti-symmetric mode vibration behavior. The increase
of the added mass shifts down the forced frequency response, AQ) being the subcritical bifurcation

frequency shift.

0.1

Vic=41V
0.08] Va=0.35V

m=5x10"n

0.06

Amplitude (um)
=
o
N

2.145 2.15 2.155 2.16
Frequency (1000kHz)

Figure 8. Amplitude-frequency response curves of anti-symmetric mode when m = 0 pg and
m=>5x10"° ug (line: theoretical method; rectangle: numerical method).

0.1
Vdc=40V
= 0.08 m=1x10"ug 6=-0.6
=
o 0.06
o
=
=, 0.04
g
< 0.02

0 0.5 1 1.5 2 2.5 3
AC voltage (V)

Figure 9. Comparison of the force-amplitude curves with considering the different added mass when

L1 =75 um.

When L1 =50 um and L; = 75 um, the added mass can increase the inertial forces of the second
order vibration mode and the third order vibration mode, respectively. Through Figures 7-10, the
effect of added mass on anti-symmetric mode vibration behavior can be summarized as follows: (1) the
added mass can adjust the number of bifurcation points near the origin; (2) the supercritical bifurcation
near the origin can be transformed into subcritical bifurcation by the added mass; (3) the added mass
can reduce the bifurcation frequency of the dynamic jump motion near the origin and increase the

bifurcation voltage of the dynamic jump motion near the origin.
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Figure 10. Amplitude-frequency response curve of the anti-symmetric mode considering the different
added mass when L = 75 um (line: theoretical method; rectangle: numerical method).

5. Mass Detection Method

In Section 4, we study the effect of added mass on anti-symmetric mode vibration behavior in
detail. Subcritical bifurcation can lead to the dynamic jump motion, which greatly improves the
sensitivity of the sensor. It is found that the added mass has an important influence on the bifurcation
voltage and frequency of the dynamic jump motion. Then, we utilize of amplitude jump behavior to
realize mass detection in MEMS.

First of all, the principle of mass detection is given as follow:

(1) It is found that when the driving voltage increases and the driving frequency decreases, the
dynamic jump motion of the anti-symmetric mode can occur. Through the force-amplitude curve and
amplitude-frequency response curve, we can obtain the bifurcation frequency and voltage.

(2) Then, we consider the mass identification formula in the case of L1 = 50 um and
L1 =75 pum, respectively.

¢ L;=50um

From Figures 7-10, the third order amplitude is very small when the subcritical bifurcation occurs.
Thus, we can ignore the nonlinearity of the third order mode and obtain by Equation (18)

2 f2
c
0%} + Lok = =2 (24)
3 3 2
4 4wy
Then, substituting Equation (24) into Equation (19) yields
1
M2 = [0+ B+ fika/ (430" + i) + 3£/ 40} (40302 + w3h) = &) (25)
¢ Li=75pum
Substituting Equation (20) into Equation (18) yields
2 2
2 3 C
= — (6 +Kx3a3 + -= 26
773 0)3( 3 3 4&)%&% 4 ) ( )

where a3 can be obtained by Equation (20).
(3) Finally, we can obtain the added mass m with dimensional transformation.

m = n,pAL/$7(L1/L) (27)
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The numerical studies are introduced to prove the mass identification method. Firstly, L1 = 50 um
is considered. Figure 11 show force-amplitude curve obtained by sweeping up the AC voltage. As the
added mass increases, the bifurcation voltage increases when 6 = —0.55. With Equations (25) and (27),
we obtain three kinds of parameter identification results, as shown in Table 2. The results show that
the mass detection method presented in this paper can identify the added mass. Figure 12 show
amplitude-frequency response curve of the system considering the different added mass obtained
by sweeping down the frequency. As the drive frequency decreases, there are jump phenomena
in the second order amplitude. Besides, the added mass reduces the bifurcation frequency of the
jump point. Then, swept harmonic responses for midpoint displacement are introduced to further
verify the bifurcation jump phenomenon, as shown in Figure 13. Here, we also obtain three kinds of
parameter identification results by using Figure 12, as shown in Table 3. Similarly, Figures 14 and 15
show force-amplitude curve and amplitude-frequency response curve in the case of L; = 75 um. With
Equations (26) and (27), we obtain mass identification results, as shown in Tables 4 and 5. There is
a small error between the identification result and the real result. There are two main error sources:
(1) The nonlinear stiffness terms of the third order modes are ignored when L1 = 50 pm; (2) the accuracy
of numerical studies depends on the density of discrete points. An insufficient number of discrete

points may lead to identification error.
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Figure 11. Comparison of the force-amplitude curves obtained by long-time integration method

considering the different added mass when Ly = 50 um.
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Figure 12. The amplitude-frequency response curve of the system considering the different added

mass when L =50 um.
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Figure 13. Swept harmonic responses for midpoint displacement when V;;, =42V and V,c = 0.35 V.
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Figure 14. Comparison of the force-amplitude curves obtained by long-time integration method
considering the different added mass when Ly = 75 um.

Table 2. Three groups of mass detection results obtained by the force-amplitude curve when L; = 50 pm,

Bifurcation Voltage (V)

Identification Results m (10-¢ ug)

Error (10~ pug)

6 = -0.55.
Number The True Mass m (10~ ug)
1 1
2 3
3 5

0.537 0.995
0.774 2.833
1.032 4.624

0.005
0.167
0.376
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Figure 15. Amplitude-frequency response curve of the system considering the different added mass
when L1 =75 pm.

Table 3. Three groups of mass detection results obtained by the amplitude-frequency response curve
when Ly = 50 um, Ve = 035 V.

Number The True Mass m (106 pug) Bifurcation Frequency (100 kHz) Identification Results m (10~ ug) Error (10-% ug)

1 1 21.598 0.949 0.051
2 3 21.591 2.772 0.228
3 5 21.585 4.542 0.458

Table 4. Three groups of mass detection results obtained by the force-amplitude curve when L; = 75 pm,

0 = -0.55.
Number The True Mass m (106 ug) Bifurcation Voltage (V) Identification Results m (106 ug) Error (1076 pg)
1 1 0.482 1.191 0.191
2 3 0.538 3.219 0.219
3 5 0.602 5.342 0.342

Table 5. Three groups of mass detection results obtained by the amplitude-frequency response curve
when L1 =75 um, V,c =035 V.

Number The True Mass m (1076 pug) Bifurcation Frequency (100 kHz) Identification Results m (106 ng) Error (10-6 pg)

1 1 21.601 0.955 0.045
2 3 21.597 3.112 0.112
3 5 21.592 4.273 0.727

6. Sensor Sensitivity

In this section, considering different added positions and DC voltages, we study the sensitivity of
mass sensors. Variation of bifurcation voltage and bifurcation frequency caused by the added mass is
introduced to characterize the sensitivity of the sensor. Figures 16 and 17 show the effect of added mass
at different positions on bifurcation voltage and bifurcation frequency. As the DC voltage increases,
the sensitivity of the mass sensor in the case of L1 = 75 um is improved and the sensitivity of the mass
sensor in the case of L; = 50 um is suppressed. Thus, we need to select a reasonable DC drive voltage
and adsorption position to improve the sensitivity of the mass sensor.
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Figure 16. The effect of added mass at different positions on AC voltage of bifurcation jump points.
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Figure 17. The effect of added mass at different positions on frequency of bifurcation jump points.
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7. Conclusions

This paper studies the anti-symmetric mode vibration behavior of MEMS mass sensors, obtains
the influence mechanism of added mass on anti-symmetric mode vibration behavior and utilizes the
dynamic jump motion of anti-symmetric mode vibration to realize the mass detection.

Firstly, the Hamilton’s principle and Galerkin discretization are applied to obtain two degrees
of freedom equations of the resonant structure. The results show that the added mass at different
adsorption positions has an important effect on the natural frequency of the resonator. Through
bifurcation analysis, physical conditions of anti-symmetric mode vibration behavior are obtained. The
anti-symmetric mode vibration behavior depends heavily on DC voltage and added mass. Besides, it
is found that the added mass can change the bifurcation type of the resonator and affect the bifurcation
voltage and bifurcation frequency of the anti-symmetric mode vibration.

The dynamic jump motion is introduced to realize mass detection, which greatly improves the
sensitivity of the mass sensor. The parameter identification formula of mass detection is deduced and
numerical studies are used to verify mass parameter identification method. Finally, the sensitivity of
the sensor is analyzed. With the increase of DC voltage, the sensitivity of the mass sensor is improved
when L1 = 75 pm. On the contrary, with the increase of DC voltage, the sensitivity of the mass sensor
is suppressed when L1 = 50 um. Therefore, we need to adjust the DC drive voltage of the resonator
according to different mass adsorption positions. The framework presented here provides theoretical
support for nonlinear mass sensors. It should be emphasized that all the theoretical results in this paper
are compared with numerical results, which guarantees the accuracy of our whole investigations.

It is worthy to mention that the proposed mass detection method discussed in this paper need to
be investigated for their stability to external disturbances. Fork bifurcation occurs near the critical
voltage and frequency. Hence, the stability of operation prior to mass detection must be ensured to
prevent accidental bifurcation jump phenomenon due to noises or disturbances. This can be studied
by conducting global dynamic analysis to track the basin of attraction of the stable solution.
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! d

o= ~los [ s [ 0sin 10V, | L), T (49)
1 d

azp = —[m f PhPhdx f ¢y Padx +12a, V. %—;}iy] (A7)

Appendix B

The general solutions of Equation (15) can be written as

uy = eup (To, T1, T2) + €2u2z(To, T1, Ta) + €3uns(To, T1, T2)

A8
uz = euz (To, T1, T2) + €2uzp(To, T1, Ta) + 3uz3(To, T1, T2) (A8)

where T,, = &"t.
Substituting Equations (16) and (A8) into Equation (15) and equating coefficients of like powers of

¢ yield
O(sl) : Djup1 + w3ty =0

A9
Dgu31 + w§u31 =0 (A9)
O<€2) : D3u + witizy = —2DgD1tipy — apin i3
D2usp + w?uzy = —2DgDyuz; — azu2, — azsu2 (A10)
o“32 w3 32 — or1431 3rinq 3sH31
0(83) : D(z)uzg + w%um = —2DgDjuy1 — D%uﬂ —2DgDqup — ¢, Douyg
—d2rU21U32 — A2rU22U3]1 — 11251431 — atUn1 u§1 + 17260%1121
Djus3 + w3uszs = —2DoDauz1 — Djusy — 2DgD1uzy — cuDouizy — 2a3,up11iz) (A11)
—2a35uzpuzl — ﬂatugl - aspu31u§1 + 77360%”31
+f3 cos(ws Ty — 6T)
The general solutions of Equation (A9) can be written as
121(To, T1, T2) = Ap1 (T, T2)e®2T0 + Ay (Ty, To)e 2To (A12)
uz1(To, T1, T2) = Az1(Tq, T2)e3T0 + Agy (Tq, To)e @3To
It is convenient to express Ap; and Az in the polarform, Ay = 21126 02, Ay = —a3e’93 where a,

and a3 indicate the second and third order amplitudes, respectively.
Substituting Equation (A12) into Equations (A10) and (A11) yields the bifurcation equations
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To determine the stability of the periodic solution, we evaluate the Jacobian matrix of Equation (A13)

at (a0, o, 30, Po) as

2,430 a2,020430 2,420
i, SINPO— 7 g Loy Cos ¢g 1w, SINPO 0
2,430 a2,
2K1a20 Zra) sin g Zwrz €os @g + 2x2a30 0
J= _aya ‘ 5
azrax0 o
~ w5 sin ¢g 122 COS Qo 5 ~ 35 COS Bo
3,40 _930% f
ez COS PO + 2K4a20 T3 aso sin ¢ 2K3a30 Sosar SN Po

When all the matrix eigenvalues are negative, the system is stable; otherwise the system is unstable.

Finally, the frequency response equation can be derived as

2
24 (64 A= npwn) + 10a] — (5 + A = nawn) + rpa2]a2 + 12a4 = 0 (A14)
2
’I3w3 & a2 a3, 2 G 2
(6- + K303 + K403 ) a3+ Fad + ( Tos) T34 i (A15)
10+ A—mw;y + K143 + K2a3) (6 — BBy K303 + K4a3)a5 = é

References

1.  Jung,J;Kim, P; Lee, J.-I; Seok, J. Nonlinear dynamic and energetic characteristics of piezoelectric energy
harvester with two rotatable external magnets. Int. J. Mech. Sci. 2015, 92, 206-222. [CrossRef]

2. Mestrom, RM.C,; Fey, R.H.B.; van Beek, ]. T.M.; Phan, K.L.; Nijmeijer, H. Modelling the dynamics of a MEMS
resonator: Simulations and experiments. Sens. Actuators A Phys. 2008, 142, 306-315. [CrossRef]

3. Hu, K Zhang, W,; Shi, X.; Yan, H.; Peng, Z.; Meng, G. Adsorption-induced surface effects on the dynamical
characteristics of micromechanical resonant sensors for in sit real-time detection. J. Appl. Mech. 2016, 83,
081009. [CrossRef]

4. Rhoads, J.F; Shaw, S.W.; Turner, K.L. Nonlinear dynamics and its applications in micro-and nanoresonators.
J. Dyn. Syst. Meas. Control. 2010, 132, 034001. [CrossRef]

5. Li, H,; Preidikman, S.; Balachandran, B.; Mote, C.D. Nonlinear free and forced oscillations of piezoelectric
microresonators. J. Micromech. Microeng. 2006, 16, 356-367. [CrossRef]

6.  Burugupally, S.P; Perera, W.R. Dynamics of a parallel-plate electrostatic actuator in viscousdielectric media.
Sens. Actuators A Phys. 2019, 295, 366-373. [CrossRef]

7. Stachiv, I; Gan, L. Hybrid Shape Memory Alloy-Based Nanomechanical Resonators for Ultrathin Film Elastic
Properties Determination and Heavy Mass Spectrometry. Materials 2019, 12, 3593. [CrossRef]

8.  Nayfeh, A.H.; Younis, M.I.; Abdel-Rahman, E.M. Dynamic pull-in phenomenon in MEMS resonators.
Nonlinear Dyn. 2006, 48, 153-163. [CrossRef]

9. Li, L.; Zhang, Q. Nonlinear dynamic analysis of electrically actuated viscoelastic bistable microbeam system.
Nonlinear Dyn. 2017, 87, 587-604. [CrossRef]

10. Li, L; Zhang, Q.; Wang, W.; Han, J. Dynamic analysis and design of electrically actuated viscoelastic
microbeams considering the scale effect. Int. |. Non-linear Mech. 2017, 90, 21-31. [CrossRef]

11. Daichi, E.; Hiroshi, Y.; Yasuyuki, Y.; Sohei, M. Mass sensing in a liquid environment using nonlinear
self-excited coupled-microcantilevers. . Microelectromech. Syst. 2018, 27, 774-779.

12.  Li, L.;Han,].; Zhang, Q.; Liu, C.; Guo, Z. Nonlinear dynamics and parameter identification of electrostatically
coupled resonators. Int. ] Non-linear Mech. 2019, 110, 104-114. [CrossRef]

13.  Antonio, D.; Zanette, D.H.; Lopez, D. Frequency stabilization in nonlinear micromechanical oscillators.
Nat. Commun. 2012, 3, 806. [CrossRef] [PubMed]

14. Agrawal, D.K.; Woodhouse, J.; Seshia, A.A. Synchronization in a coupled architecture of microelectromechanical
oscillators. J. Appl. Phys. 2014, 115, 164904. [CrossRef]

15. Kambali, PN.; Pandey, A K. Nonlinear coupling of transverse modes of a fixed—fixed microbeam under

direct and parametric excitation. Nonlinear Dyn. 2017, 87, 1271-1294. [CrossRef]


http://dx.doi.org/10.1016/j.ijmecsci.2014.12.015
http://dx.doi.org/10.1016/j.sna.2007.04.025
http://dx.doi.org/10.1115/1.4033684
http://dx.doi.org/10.1115/1.4001333
http://dx.doi.org/10.1088/0960-1317/16/2/021
http://dx.doi.org/10.1016/j.sna.2019.06.005
http://dx.doi.org/10.3390/ma12213593
http://dx.doi.org/10.1007/s11071-006-9079-z
http://dx.doi.org/10.1007/s11071-016-3062-0
http://dx.doi.org/10.1016/j.ijnonlinmec.2017.01.002
http://dx.doi.org/10.1016/j.ijnonlinmec.2018.12.008
http://dx.doi.org/10.1038/ncomms1813
http://www.ncbi.nlm.nih.gov/pubmed/22549835
http://dx.doi.org/10.1063/1.4871011
http://dx.doi.org/10.1007/s11071-016-3114-5

Micromachines 2020, 11, 12 20 of 20

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Kambali, PN.; Swain, G.; Pandey, A.K.; Buks, E.; Gottlieb, O. Coupling and tuning of modal frequencies in
direct current biased microelectromechanical systems arrays. Appl. Phys. Lett. 2015, 107, 63104. [CrossRef]
Li, L.; Zhang, Q.; Wang, W.; Han, ]. Nonlinear coupled vibration of electrostatically actuated clamped—clamped
microbeams under higher-order modes excitation. Nonlinear Dyn. 2017, 90, 1593-1606. [CrossRef]

Baguet, S.; Nguyen, V.N.; Grenat, C.; Lamarque, C.-H.; Dufour, R. Nonlinear dynamics of micromechanical
resonator arrays for mass sensing. Nonlinear Dyn. 2019, 95, 1203-1220. [CrossRef]

Kirkendall, C.R.; Kwon, ].W. Multistable internal resonance in electroelastic crystals with nonlinearly coupled
modes. Sci. Rep. 2016, 6, 22897. [CrossRef]

Wang, D.E; Itoh, T.; Ikehara, T.; Maeda, R. Doubling flexural frequency response using synchronised
oscillation in a micromechanically coupled oscillator system. Micro Nano Lett. 2012, 7, 717-720.

Okamoto, H.; Kitajima, N.; Onomitsu, K.; Kometani, R.; Warisawa, S.; Ishihara, S. High-sensitivity charge
detection using antisymmetric vibration in coupled micromechanical oscillators. Appl. Phys. Lett. 2011, 98,
014103. [CrossRef]

Hammad, B.K.; Abdel-Rahman, E.M.; Nayfeh, A.H. Modeling and analysis of electrostatic MEMS filters.
Nonlinear Dyn. 2010, 60, 385-401. [CrossRef]

Hammad, B.K. Natural Frequencies and Mode Shapes of Mechanically Coupled Microbeam Resonators with
an Application to Micromechanical Filters. Shock Vib. 2014, 2014, 1-15. [CrossRef]

Younis, M.L; Nayfeh, A.H. A study of the nonlinear response of a resonant microbeam to an electric actuation.
Nonlinear Dyn. 2002, 31, 91-117. [CrossRef]

Du, X.; Wang, D.F; Xia, C.; Isao, S.; Maeda, R. Internal resonance phenomena in coupled ductile cantilevers
with triple frequency ratio—part I: Experimental observations. IEEE Sens. ]. 2019, 19, 5475-5483. [CrossRef]
Hajjaj, A.; Hafiz, M.A.; Younis, M.I. Mode Coupling and Nonlinear Resonances of MEMS Arch Resonators
for Bandpass Filters. Sci. Rep. 2017, 7, 41820. [CrossRef]

Hajhashemi, M.S.; Rasouli, A.; Bahreyni, B. Improving Sensitivity of Resonant Sensor Systems Through
Strong Mechanical Coupling. J. Microelectromech. Syst. 2016, 25, 52-59. [CrossRef]

Yi, Z.; Stanciulescu, I. Nonlinear normal modes of a shallow arch with elastic constraints for two-to-one
internal resonances. Nonlinear Dyn. 2016, 83, 1577-1600. [CrossRef]

Sidhant, T.; Candler, R. Using flexural MEMS to study and exploit nonlinearities: A review. J. Micromech.
Microeng. 2019, 29, 083002.

Bouchaala, A.; Nayfeh, A.H.; Younis, M.I. Analytical study of the frequency shifts of micro and nano
clamped-clamped beam resonators due to an added mass. Meccanica 2017, 52, 333-348. [CrossRef]

Kasai, Y.; Yabuno, H.; Ishine, T.; Yamamoto, Y.; Matsumoto, S. Mass sensing using a virtual cantilever
virtually coupled with a real cantilever. App. Phys. Lett. 2019, 115, 063103. [CrossRef]

Younis, M.I.; Alsaleem, F. Exploration of new concepts for mass detection in electrostatically-actuated
structures based on nonlinear phenomena. J. Comput. Nonlinear Dyn. 2009, 4, 021010. [CrossRef]

Harne, R.L.; Wang, K.W. A bifurcation-based coupled linear-bistable system for microscale mass sensing.
J. Sound Vib. 2014, 333, 2241-2252. [CrossRef]

Kumar, V.; Boley, ] W.; Yang, Y.; Ekowaluyo, H.; Miller, ] K.; Chiu, G.T.-C.; Rhoads, J.F. Bifurcation-based
mass sensing using piezoelectrically-actuated microcantilevers. Appl. Phys. Lett. 2011, 98, 153510. [CrossRef]
Hasan, M.H.; Alsaleem, EM.; Ouakad, H.M. Novel threshold pressure sensors based on nonlinear dynamics
of MEMS resonators. J. Micromech. Microeng. 2018, 28, 065007. [CrossRef]

Alghamdi, M.; Khater, M.; Stewart, K.; Alneamy, A.; Abdel-Rahman, E.M.; Penlidis, A. Dynamic bifurcation
mems gas sensors. J. Micromech. Microeng. 2019, 29, 015005. [CrossRef]

Tchakui, M.V,; Fondjo, V.X.T.; Woafo, P. Bifurcation structures in three unidirectionally coupled
electromechanical systems with no external signal and with regenerative process. Nonlinear Dyn. 2016, 84,
1961-1972. [CrossRef]

Zhou, S. Fully Coupled Model for Frequency Response Simulation of Miniaturized Cantilever-Based
Photoacoustic Gas Sensors. Sensors 2019, 19, 4772. [CrossRef]

COMSOL. Available online: http://www.comsol.com/ (accessed on 18 December 2019).

@ © 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http://creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1063/1.4928536
http://dx.doi.org/10.1007/s11071-017-3751-3
http://dx.doi.org/10.1007/s11071-018-4624-0
http://dx.doi.org/10.1038/srep22897
http://dx.doi.org/10.1063/1.3541959
http://dx.doi.org/10.1007/s11071-009-9603-z
http://dx.doi.org/10.1155/2014/939467
http://dx.doi.org/10.1023/A:1022103118330
http://dx.doi.org/10.1109/JSEN.2019.2907966
http://dx.doi.org/10.1038/srep41820
http://dx.doi.org/10.1109/JMEMS.2015.2488540
http://dx.doi.org/10.1007/s11071-015-2432-3
http://dx.doi.org/10.1007/s11012-016-0412-4
http://dx.doi.org/10.1063/1.5111202
http://dx.doi.org/10.1115/1.3079785
http://dx.doi.org/10.1016/j.jsv.2013.12.017
http://dx.doi.org/10.1063/1.3574920
http://dx.doi.org/10.1088/1361-6439/aab515
http://dx.doi.org/10.1088/1361-6439/aaedf9
http://dx.doi.org/10.1007/s11071-016-2619-2
http://dx.doi.org/10.3390/s19214772
http://www.comsol.com/
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Problem Formulation 
	Perturbation Analysis 
	The Anti-Symmetric Mode Vibration 
	Physical Conditions for Mode Transition 
	Stability of the Nontrivial Solution 
	Dynamic Analysis 

	Mass Detection Method 
	Sensor Sensitivity 
	Conclusions 
	
	
	References

