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Abstract: Analysis of systems and structures from their cross-sectional images finds applications in
many branches. Therefore, the question of content, quantity, and accuracy of information obtained
from various techniques based on cross-sectional views of structures is particularly important.
Application of conventional techniques for two-dimensional imaging on the analysis of structure
from a cross-sectional image is limited. The reason for this limitation is the fact that these techniques
use a fixed cross-sectional plane and therefore cannot check the 3D structural changes caused by
deformation. Geometric orientation of a grained structure must be considered when data, scanned
from a cross section, is processed in order to obtain information about local deformation in this
structure. The so-called degree of structure orientation in 3D can be estimated experimentally from
the cross-sectional image of the structure by the statistical (Saltykov) method of oriented testing lines.
Subsequently if the correlation between orientation and deformation were to be known a detailed
map of local deformation in the structure could be revealed. Unfortunately, exact theoretical works
dealing with the assessment of local deformation by means of change of structure orientation in 3D are
still missing. Our work seeks to partially remove this shortcoming. In our work we are interested in
how the transformation of the image of a grained structure in a cross-sectional plane reflects structure
deformation. An initial shape of grains is assumed which is transformed into a deformed shape
by analytic calculation. We present brief mathematical derivations aimed at the problem of single
grain-surface area deformation. The main goal of this work led to the design of a computationally
low consuming procedure for quantification of local deformation in a grained structure based on the
distortion of the image of this structure in a cross-sectional view.

Keywords: local deformation; plastic deformation; grained structure; grain shape; grain surface area;
degree of grain orientation; deformation tensor

1. Introduction

Final properties of components and systems prepared by means of forming technology are affected
by mechanical working of the material. Essentially the forming process is a general method based on
the deformation effects of external forces. These effects are macroscopic and do not reflect microscopic
changes in the structure of material in all their diversity. The macroscopic strain cannot reflect all
microstructural changes in the volume of deformed areas of the structure mainly in the case if only the
surface layers of the material are deformed. To obtain exact information about changes in microstructure
of materials in the whole volume of the bulk sample it is necessary to use suitable methods. Methods
based on acoustic wave emission, analysis of dislocation, microhardness measurement, slip band
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observation, micromeshes method or macroscopic screw method can be used for this purpose and
they are well developed. However, none of the mentioned available methods give analytical formulas
relating local values of structure parameters and strain in any position of structure. The mentioned
formulas are essential for a quantitative description of local changes induced by plastic deformation in
the microstructure.

Grain boundary (interface between grains) is the main microstructural parameter in polycrystalline
material. Grains have an isometric dimension when the grained structure is isotropic. The mean size
of grains (grains size distribution) and the specific surface area of the grain boundaries are sufficient
structural characteristics in this case. Grains have anisometric dimension when the grained structure is
anisotropic and it is necessary to describe their orientation in space in this case.

In this context the question is how the spatial orientation of the grains themselves can be defined
generally and exactly. It is possible to suspect intuitively that grain surface orientation in this sense can
be evaluated by the prevailing orientation of the grain surface area elements. The next question is how
can local deformation be estimated from the mentioned orientation of the grain surface.

Experimental observation and quantitative evaluation of shape and orientation of grains, domains
or cells in grained, foam and cellular structures have been at the centre of attention of several authors
already for some time [1,2]. Experimental observation has shown that the process of deformation is
closely associated with the character of the crystallographic structure. Analysis of experimental data
reveals that the grain boundaries and grain interactions during deformation play an important role in
the process of deformation [3—6]. Various experimental procedures to characterize size, deformation,
orientation, and position of single grain within the polycrystalline structure have been developed [7-11].
Most of these methods are already considered to be standard experimental techniques.

Calculation of grain boundary distortion during plastic straining has proven to be important in the
theory of crystal plasticity and stereology [12-16]. Modelling of single crystal plasticity by numerical
methods allows discussion of deviations of experimental results from ideal crystal behavior [17-19].
Information about the change of the grain surface area per unit volume as a function of deformation
parameters is important in the production of steels [20].The amount of grain surface and grain edge per
unit volume are parameters important in kinetic theory since both of them are heterogeneous nucleation
sites. Recently published works demonstrate that problems of geometrical orientation of structure and
distortion of structural units induced by deformation play an important role in different areas. We can
mention for example biology where it is essential to clarify the organlevel tissue deformation dynamics
to understand the morphogenetic mechanisms of organ development and regeneration. Construction
and geometrical analyses of quantitative whole-organ tissue deformation maps must be realized for
the evaluation of major morphogen and anisotropic tissue deformation along an axis [21].

2. Motivation and Aims

In recent years modern techniques and methods to observe crystal structure orientation have
become available. For example, the image correlation method [22,23] is widely applied now. There is
also a precise technique based on the triple points of grain boundaries [24,25] which can be followed
by an electron backscatter diffraction (EBSD) method [26]. However, these methods have significant
limitations (difficult sample preparation, requirement of conductive coatings, stability of electron
beam for best data acquisition, etc.). In addition, all these methods are based on 2D observations.
3D measurement can only be done by stereology and high-resolution computed tomography (CT
with nanofocus) could also handle 3D image reconstruction [27-29]. Stereological techniques provide
quantitative information about a three-dimensional material from data scanned from two- dimensional
planar sections of the structure. These techniques and methods are widely used today especially in the
investigation of the character of coarse-grained and foamed structures.

Previous work has shown that there are several ways to evaluate grain orientation experimentally.
However, the most acceptable way is the estimation of anisotropy based on stereological principle
enabling determination of the “degree of grain orientation”. An anisotropic microstructure consists of
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(planar or linearly) oriented components which can be easily evaluated using stereological methods.
We believe that results of such evaluation (degree of grain orientation in the volume of the plastically
deformed structure) can be converted to values of local parameters of deformation. Therefore, it is
sufficient to determine the degree of grain orientation to obtain a value of local strain.

We focus on the mathematical treatment of grain surface-deformation in our work. The problem of
a grain-surface distortion induced by plastic deformation has been solved. We start with mathematics
of grain behavior during linear deformation while we search for a formula enabling calculation of
grain surface area change caused by deformation of grain using deformation tensor. Next, we propose
a quantity for evaluation of degree of grain surface area orientation with respect to a certain vector in
3D space and discuss the correlation of this quantity with deformation parameters. Our contribution
finishes with a brief commentary on the suggested technique of quantitative analysis, and outlines
some key areas where further study is recommended.

We emphasize that strictly geometric orientation of the grain in 3D space is discussed in our work.
The crystal structure within the grain is not analyzed (even though the concept of grain orientation is
usually related with crystallographic orientation). A quantity « is defined to evaluate the degree of
orientation of the grain surface in relation to any direction. The presented work is focused on finding a
correlation between the change in the degree of geometrical orientation of a grain and the deformation
experienced by it. The case of a grain subjected to plastic deformation is studied in detail. The obtained
results were applied for the particular case of a randomly oriented grained structure.

We present only a mathematical model for describing the deformation of a fictional, simplified grained
structure—no real material is specified, nor is the actual deformation process described. We contribute
thereby to the theoretical works on this topic published in the past [30-34]. A purely theoretical approach
is presented. However, it has been shown that the discussed deformation mechanism, i.e., elongation (or
the shortening) of grains under applied load, exists in a real-world material [35,36].

Stereological Method Based on Oriented Testing Lines

Direction of grain boundary orientation is the same as the direction of deformation. If the
deformation scheme is known, grain boundaries can be decomposed into isotropic, planar, and linear
oriented components using stereology method oriented test lines according to Saltykov [1] on propeller
oriented metallographic prepared cutting planes. Grain boundaries are surfaces in volume and relative
surface area, the average surface area to unit volume is measured—the isotropic, planar, and linear
oriented parts of relative surface area. Intersections of cutting plane and the grain boundary surfaces
are lines in the cutting plane. The average number of intersections per unit length of oriented test lines
with grain boundaries P; in the cutting plain is measured.

(a) Linear orientation of grain surface in sample volume

In the case of linear orientation of surfaces, the volume cutting plane, on which analysis is realized,
must be parallel with the direction of orientation. In the perpendicular plane no orientation is observed.
Test lines oriented parallel with the direction of orientation (1) intersect only the isotropic part of the
surfaces in volume, test lines oriented perpendicular with direction of orientation (2) intersect isotropic
and oriented part of surfaces in volume (see Figure 1). For the isotropic part of the relative surface area
is as follows:

(Sv)is =2(PL)p 1)

where subscript IS means isotropic-randomly oriented and P means parallel orientation of test lines
with direction of orientation. For the linear oriented part of the relative surface area it is as follows:

(Sv)or = 5[(PL)o = (PL)pl @

N[

where OR means oriented and subscript O perpendicular (orthogonal) orientation of test lines to
direction of orientation. Total relative surface area is carried out by the sum of both parts:
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(Sv)ror = g(PL)o + (2 - g)(PL)Pr 3)

where subscript TOT means total.

Figure 1. Test lines in the cutting plane at the linear orientation of the surfaces in the volume.

(b) Planar orientation of grain surface in sample volume

In the case of planar orientation of surfaces in the volume cutting plane on which analysis is
realized it must be perpendicular to the orientation plane. In the parallel plane no orientation is
observed. Test lines oriented parallel to the plane of orientation (1) intersect only the isotropic part of
the surfaces in volume, test lines oriented perpendicular to plane of orientation (2) intersect isotropic
and oriented part of surfaces in volume (see Figure 2). For the isotropic part of the relative surface area
it is as follows:

(sv)l s =2(PL)p 4)

where subscript IS means isotropic-randomly oriented and P parallel orientation of test lines with
plane of orientation. For the planar oriented part of the relative surface area it is as follows:

(SV)OR = (PL)o = (Pr)p 5)

where OR means oriented and subscript O means perpendicular (orthogonal) orientation of test lines
to the plane of orientation. Total relative surface area is carried out by the sum of both parts:

(5y)y0p = (PLo + (PL)p ©)

where subscript TOT means total.

P e e e e ]
(YY7Z7 XYY /AT
AV XA

o/
(I f’ rl."‘"'((. A

47 )
":("‘I", A N "/ LA L

"“”“"“‘""‘I

AL/ ALY AN\ A Y
~ -

Figure 2. Test lines in the cutting plane at the planar orientation of the surfaces in the volume.

(c) Linear—planar orientation of grain surface in sample volume
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In the case of linear—planar orientation of surfaces in volume the orientation is observed in all
three orthogonal cutting planes, because the axis of linear orientation is perpendicular to the direction
of the plane of orientation (direction of plane is normal to this)—see Figure 3. Each orientation
component—planar and linear must be analyzed independently. Measurement must be realized on
minimally two cutting planes. There are three possible cutting planes: cutting plane parallel with
direction of linear orientation and parallel with plane of orientation, cutting plane perpendicular to
direction of linear orientation and perpendicular to plane of orientation and cutting plane parallel with
direction of linear orientation and perpendicular to plane of orientation.

The cutting plane parallel with the direction of linear orientation parallel with the plane of
orientation test line, parallel with the direction of linear orientation (1) (see Figure 3) intersects only the
isotropic part of the surfaces in volume (parameter (Py)pp), test lines oriented perpendicular with the
direction of orientation (2) intersect the isotropic and linear oriented part of the surfaces in volume
(parameter (Pr)op). For the isotropic and linear oriented part of the relative surface area it is:

(SV)IS =2(PL)pp @)

(SV)ORL = g[(PL)OP - (PL>PP} (8)

where subscript ORL means linear oriented. The cutting plane perpendicular to the direction of
linear orientation and perpendicular to the plane of the orientation test line parallel with the plane of
orientation (6) intersects the isotropic and linear oriented parts of the surfaces in volume (parameter
(Pr)op) (identical to test line 2), test lines oriented perpendicular to the plane of orientation (5) intersect
the isotropic, linear and planar oriented parts of the surfaces in volume (parameter (P;)op). For the
planar oriented part of the relative surface area it is as follows:

(SV)ORP = (PL)OO - (PL)OP )

where subscript ORP means planar oriented.

On the cutting plane parallel with the direction of linear orientation and perpendicular to the
plane of orientation test line parallel to the direction of linear orientation (the same as parallel to the
plane orientation) (3) intersects only the isotropic part of the surfaces in volume (parameter (Pp)pp)
(identical to test line 1), the test line oriented perpendicular to the plane of orientation (4) intersects
the isotropic, linear, and planar oriented parts of the surfaces in volume (parameter (P;)pp) (identical
to test line 5). It is necessary for the determination of the quantitative parameters of the surfaces in
volume with linear—planar orientation to use the system of three tested lines on two cutting planes
and it is possible to form different combinations of tested lines (according to the identification in

Figure 3)—(2 or 6) and (4 or 5) and (1 or 3).
@) /

L--(5)

3)--, =

()- =11
; g

7

4 \
' (6)
)

Figure 3. Test lines in the cutting planes at the linear-planar orientation of the surfaces in the volume.
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(d) Experimental Quantification of degree of grain orientation

The degree of grain boundary orientation O can be estimated experimentally by means of formula:

(5v)ror

The degree of linear orientation surface (2D) in volume (3D) O, of the linear orientated system of
the surfaces in volume and degree of planar orientation Op of planar orientated system of the surfaces
in the volume are as follows:

0= (10)

oL =1 —z{ (PL)p } 11)
3(Pr)o+(2-5)(Pu)p

4 (PL)p
Or=1 2{ P+ <PL>p}

For the linear—planar oriented system of surfaces the degree of linear orientation O;p, degree
of planar orientation Op;, and degree of total orientation Or;p can be calculated by the following

formulas:
Orp =1 _2{ 2(PL)pp+(PL) oo —(PL)op }
4(PL)pP+71[(PL or—3(PL)p ]+2[(PL)oo—( )orl
_a (PL)pp+ 5 [(PL)op—3 (PL)pp] }
Op =1 2{2(PL)pp+ 3 [(PL)op=5 (PL)pp | +(PL)0o—(PL)op (12)
_1_ (PL)pp }
Ore =1 { 2(PL)pp+ 5 [(PL)op—5 (PL)pp] +(PL) oo~ (PL)op

In the following text we deal with the theoretical analysis of the change of spatial orientation of
grain during deformation and the possibilities of generalization of the mentioned relations (11) to (12).

3. Transformation of Grain-Surface Area at Linear Deformation

When a mechanical loading is applied most of the grains in a structure are submitted to a
deformation. The deformation occurs according to the different orientations and influences from
neighboring grains. If the grain is deformed a change in orientation and size of grain surface area are
induced which leads to local heterogeneous plasticity. This is evident in the case where the typical
grain prolongation in the direction of the loading force is visible (see Figures 4 and 5).

This section provides an improved mathematical analysis of grain surface area transformation
during linear grain deformation. Here we offer mathematical expressions usable in some models
requiring the quantification of the deformed grain boundary surface. Relationships between coefficients
of deformation tensor and change of grain surface are discussed. Results show how the specific area of
the grain boundaries changes during local straining.

Let us discuss isotropic, linear elastic material with a grained structure. The parametrization
of the surface of any single grain in 3D lies in the determination of the coordinates of each point on
the surface:

Xi = XZ‘(M, ZJ) (13)

wherei=1,2,3 and u, v are parameters that changes in appropriate intervals. Then the position vectors
of each point on the surface of the grain with any possible shape in undeformed configurations are
as follows: N

R(u,0) = [X1(u,0), Xa(u,0), X3(u,0)],u € Cu, uz)v € (v1,02) (14)

Position vectors of each point on the surface of the same grain in the deformed state are as follows:

N
r

(1,0) = [x1(,0), x2(1,0), x3(u,0)],u € (1}, uy}o € (07, v}) (15)
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Figure 4. Scheme illustrating a view of an undeformed grained structure cross-section (for example on
a metallographic cut). Scheme shows the cross-section of some individual grains.

direction of applied force
 —

g

Figure 5. Scheme illustrating a view of the same grained structure cross-section in the deformed
configuration. Scheme shows grain surfacedistortion and typical prolongation of grains.

In the general case, any 3D deformation can be described by a 3 X 3 deformation tensor:

s Eppr €

.

- 13

€ €17 €xs Eps | (16)
€31/ &30 g3

The deformation of grain for a small strain is linear. Therefore, using the notation mentioned above
the deformation of the grain can be described by the following anisomorphic linear transformation:

N
r

mll

N
-Ror X; = Ei]'X]' (17)

where i,j =1, 2,3 and ¢;; are coefficients of the deformation tensor (16). It is no problem to verify that
¢jj = 0;j in the undeformed case (where §;; is the Kronecker symbol). We used the typical Einstein’s
summation convention in the second formula in (17) whereby when an index variable appears twice in
a single term it implies summation of that term over all the values of the index.

For simplicity this convention is used in all the following text.

The surface element vectors for undeformed grain are determined as follows:

0X, dX3 0X39X5\> _ 0X10X3 0X3dXq\> aﬁ% _ %% -
du dv  Jdu Jv

2¢ _[9A2043 dA3dAp
45 undefor = ( u v ou v )’ ou o0 o a0 ) 1
One of these vectors is shown in Figure 6. Using transformation (17) the vector of any surface
element of the grain in the deformed state (see Figure 7) can be determined:

Xj X, 9Xj 9X; )—3

= X; ox,  9X; X\~ X; X, 9Xj ax,\7
2 _ 0Xj 90X _ 9Aj Xk j OXi _ 9Rj IX j Xk j X
d Sdﬂ’f"” - £2j€3k( Ju Jdv Jdv Ju (19)

: _81j53k(WW_ 70 o )] el T 3 )k

where i, j, k=1,2,3.
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X;

ds, ur ldeﬁr

X/ ¢

Figure 6. Undeformed grain.

F N
X3

x/ .

Figure 7. Deformed grain surface.

After suitable re-indexing of the sums in Formula (19) the change of the mentioned vector of the
surface element during deformation can be written as follows (please see details in Appendix A):

—

4 Sdefor = g -d*S undefor (20)

5
where ¢ can be introduced as a tensor of grain surface deformation. Coefficients of this tensor are
related to the coefficients of the deformation tensor.

Owm = (_1)w+md8t(?mw) (21)

- -

where det(?mw) is the subdeterminant of the matrix of the deformation tensor ¢. This subdeterminant
-

is determined from the matrix of tensor ¢ by deleting the m-th row and w-th column. So, it is easily

shows that coefficients of the tensor of grain surface deformation can be found as follows:

Taom = €y = Ein€ s (22)
where indexes:

9-2w—(-1)" . 15-2w+(-1)"
e
12-2m- {3+ (-n)"j-n)"* 12 -2m + {34 (-1)"}(-1)"*

1 ,n= 1 ,wm=1,2, 3. (24)

(23)
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Then the size of the vector (20) of the deformed surface element is given as follows (please see
details in Appendix B):

9X; 9X,, 90X} 0X
2 2 . T2 0% O& 0Xs
(d Sdefor) - I—‘]nks ou du ov ov’ (25)
where coefficients:
Uinks = Z epjeqk(spneqs - eqnsps) (26)
V(lp.gl).p#4q

1)
p’q € {1/2/3}

Notation under the summation symbol in (26) means the sum over all variations of indexes p,
g while p # q. The entire surface area of the deformed grains can be determined by formula:

——dudv. (27)

(%)
X 90Xy 0X; 90X,
Sdefor = w3 30 F0 au

o1 U

where j, k, |, m =1, 2, 3. We note, that we permanently use Einstein’s summation convention and the
sum of 81 members is under the square root in Formula (27).

4. Quantitative Analysis of Grain Orientation: Projection Factor

In this section we define a novel scalar variable x for quantification of the degree of grain- surface
area orientation. First, there is briefly described motivation for such a way of introducing this variable.
We believe that the variable x helps to evaluate the grain orientation in a topological sense that is

recognizably determined by the grain-surface area shape.

Orientations of surface elements of the grain in 3D are determined by the vectors dS. These vectors
are perpendicular to the grain-surface everywhere. Topologically the grain-surface area is considered
to be a closed 2D manifold. Therefore the following holds:

f is =0 28)

(surface)

Grain boundaries are very important for energy balance of the grained structure. A special type
of perturbance of this balance is induced by the loading force and for this reason a certain direction
of orientation of the grain-surface elements becomes preferred under load. However, Formula (28)
remains satisfied under load even in the unloaded condition. Atthe center of our attention is the
question how could the correlation between the preferred orientation of the grain surface elements and
the local structure deformation parameters be quantified.

Due to the planar character of the infinitesimal surface element dS there is no problem to define

5
the orientation of this element in 3D just by means of the vector 4S. Then quantitative evaluation of

the degree of orientation of this single surface element to the direction determined by the unit vector T
can be performed using absolute value of scalar product:

7 d§’ — dS|cos ()] = dS, (29)

5
where «a is the angle between vectors 7 and dS. The size of projection of the surface element dS, to the

plane perpendicular to the vector 7 is determined by quantity (29). Let S be the surface area of the
whole grain. Then the quantity (29) calculated per unit surface area of the grain, i.e.:

dS)cos(a))

S (30)
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can determine a contribution of the element dS to the degree of whole grain-surface orientation to the
direction determined by the unit vector 7. We need to introduce a variable x enabling evaluation of
the degree of whole grain-surface orientation to the direction determined by the unit vector 7 which
would be also appropriate for quantitative analysis of grain surface distortion. The contribution rate of
the surface element dS to the variable k can be intuitively proposed by generalization of the quantity
(31) as follows:

ax =2 s(a), (31)

where () is a value depending only on the angle a. Function &(a) must be designed in accordance
with the requirement that the value x corresponds to the quantities obtained from stereological
measurements. In our work this function has been chosen in such a way that the limit of the values
of variable x correspond to values obtained in procedures realized on analysis of particle orientation
using the Saltykov method (see Section 2 for an understanding of the principles). Consistent with this
method we require:

lim «x =1, limx = -1 (32)

a—m/2 a—0

So the following function can be used in this case:

C(a) = 1-2|cos(a)| (33)

and contribution (31) can be written in the following form:

T-dS

_>—>‘

dx = {1 —2)cos(a))}d—s _ a5 -2

S S S 34

Then the degree of whole grain-surface orientation to the direction determined by the unit vector
7 can be evaluated by the integration of (34) over the entire grain surface:

1
=1-2=
« : f

(Surface)

?ds‘ (35)

In the following sections we examine how the quantity x defined by (35) behaves during
deformation and whether it allows analysis of the grain-surface area distortion induced by deformation.
Namely if there is a vector ? satisfying:

K(;) = Kmax (36)

i.e., if the value of « is maximal for vector )_/), this vector determines the preferred whole grain- surface
area orientation (or grain orientation in a topological sense).

The degree of whole grain-surface orientation to the direction determined by the unit vector 7 in
both deformed and undeformed configurations can be evaluated by Formula (35):

/ /

(Surface) (surface)
Kundefor = 1- » Kdefor = f

f as undefor
(Surface) (surface)

?'dsundefor TL')'dsalefor

= (37)
ds defor

Let H be the unit vector parallel to the vector of the grain-surface element of undeformed grain,

dsundefor = Edsundgfor i.e.,; where |5|: 1.



Crystals 2020, 10, 697 11 of 28

Taking into account the Formula (38) and considering the fact:

- —T
? : d2sdefor = ? : (g : d2sundefor] = [5) : ?] ’ dzsundefor/ (38)

-T —
where 0 is the transposed tensor to the grain surface deformation tensor o determined by (22),
Formulas (37) can be rewritten in the following form:

L o
T dsundefor

I /

T .
[Cf : T]'dsundefor
(Surface) (Surface)
Kundefor = 1-2 » Kdefor = 1-2 = (39)

f ; dsundefor - . -
(Surface)| | (Swﬁm) 9 p‘dsl‘”defm

As can be concluded from comparison of the above Equation (39), transformation of the value x
during grain deformation can be realized as follows:

T

—
T —

all

5
TAp > d-p (40)

Equation (39) correspond to Formulas (11) to (12). They can be considered as a generalized
formula for the degree of grain orientation measured by the Saltykov method. As can be seen from (39)
the transformation of x during grain deformation is relatively complicated. We will not examine the
properties of this transformation in detail. However, we want to point out the fact that that it is sufficient
to integrate over the surface of the undeformed grain in both of the Formula (39). So, to determine
the value x in deformed configuration we need to know only the shape of the undeformed grain and
the coefficients of the deformation tensor ¢;;. We believe, that « is a scalar variable acceptable for the
quantitative evaluation of grain-surface distortion during local deformation of the grained structure.

5. The Case of Plastic Deformation

The fundamental assumption used to establish the theory of plasticity is that plastic deformation
is isochoric or volume preserving. Next, we apply the results obtained in previous sections to the case
of plastic grain deformation, i.e., deformation in which the change of volume of grain is zero.

Conservation of grain volume during the plastic deformation process can be described by
the formula:

Vundefor = Vdefor (41)

The Gauss formula can be used for determination of grain volume in both undeformed (Vdefor)
and deformed (Vgfy) configurations:
f R- dsundefor = f div(R)dV = 3Vundeforr f ? . deefor = f div(?)dv’ = 3Vd€fo‘r- (42)
(Sundcfnr) (Vund@fm'> (Sdefm') (Vdcfm'>

A comparison of the Equation (42) shows:

>T /-
f R- dsundefor = f 7 : dsdefor = f {g : [? : R)} dszmdefor (43)

(Sundefor) (Sdefm) (Sundefor)
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where Formulas (17) and (20) were used. It is necessary to integrate over the same (but any) surface area
on both sides of the previous Equation (43). Therefore, for plastic deformations the following applies:

T - > —T —-1
-(?-R} ¢ =¢ respectively. (44)

As follows from Formula (44) the transposed tensor of the grain surface deformation tensor
is inverse to the deformation tensor in the case of plastic deformation. If we consider Formula
(43), the following equation can be written in the case of plastic deformation (please see details in
Appendix C):

e e e e e e X 9X, X 9X,
{(€1n€2j€3k — Eon€1jE3k + €3n€1j€2k) - (@11152j03k — 02410103k + Osnbuézk)}(a—ula—vk - (;—v]a—uk) n=0. (45)

Equation (45) must be satisfied for any function X; = X;(u,v) in the case of grain volume
conservation during plastic deformation. If (45) is expanded without further assumptions, this leads to
the following 27 equations:

€1n(€2j€3k - €2k€3j) - €2n(€1j€3k - €1k€3j) + €3n(€1j€2k - €1k€2j)—

— 61(62j03k — O24037) + 20(01,03k — 01453;) = O3 (81702 — S1xds) = 0 ... ¥ m, j,k (46)

i.e., the following equation must be satisfied in the case of plastic deformation (please see details in
Appendix D):

det(?) =1 (47)

Next, the conditions for the deformation tensor can be considered in the case of plastic deformation
of a homogeneous and isotropic grained structure:

€ = Oforalli#j#kA del{?] = &€ i€ = 1. (48)
Elements of the deformation tensor are directly related to grain prolongation (contraction) 6 (-1 <
0 < 00) in this case. If the loading force is applied in the direction of the x-axis the following holds:

1
e, =041, €5y = s = —— (49)
11 22 33 \/m
and due to Formula (44) the degree of grain surface area orientation (39) can be modified to the
following form:

—-1
f [? : ?] : dsundefor
(Surface)
Kaefor = 1 -2 — 9. (50)
f ? ’ H dsundefor
(Surface)

Detailed information about the shape of the grain is necessary for the practical application of the
result (39) and (50) because integrals in these formulas are integrated over the entire surface of the grain.
However, there is no possibility to determine the real shape of each grain in the material structure
exactly. Therefore, deformation of the model of the grained structure is usually investigated. Models
of the grained structure consist of grains with various idealized shapes. For instance, deformation of
spheres can be considered since spheres are not space filling and have no edges. Deformation of cubes
can be also investigated, and mathematical analysis can be simplified, but cubes are unfortunately
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clearly poor for approximations to the shapes of real grains. The tetrakaidecahedronal shape of the
grain is very suitable for modeling because it is space filling and approximately identical with the
shape of real grains observed metallographically in the undeformed state [37,38].

Models of grained structures based on the specific idealized shape of grains allow examination of
the relationship between grain orientation and local deformation but the problem of non-zero grain
orientation in the case of zero value of initial deformation of the structure often arises from such
models [39,40].

Our method presented in the next section does not evaluate the orientation of one idealized grain
placed in the structure but investigates the orientation of all grain boundaries localized in a certain area
of the grained structure. Integrals in the Formulas (39) and (50) must be integrated over the surface of
all grain boundaries in this area. The relationship between grain orientation in this local area and local
deformation can be determined from these formulas in this case.

6. Random Matrix Approximation

In this section we explain the applicability of results presented above in the modelling of local
deformations in grained structures. Integrals in (39) should be integrated over the entire surface of the
grain boundaries when the degree of orientation of the whole grained structure « is evaluated.

For computational purposes, integrals in the Formula (39) can be written in the form of summation
over the infinitely small areas placed around the wholegrain boundary surface (see Figures 8 and 9).
A cross-sectional image of such a model of a granular structure is shown in Figure 10. So, we obtain
the following:

N (2 D) 20
Zl o -7 'Sundefor
=
Kdefor = 1-2 "y - (51)
3 _>(z)l (
o-p S(0)
i=1

. . . . . .
where 7 = [t1, T2, T3] is any unit vector (i.e., T% + T% + T% =1)and To) is unit vector perpendicular to
the i-th grain-surface element of undeformed grain:

(i) ()

Sundefor =p s, (52)

X3

Figure 8. A view of the single grain.
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X3

X1 “

Figure 9. Scheme illustrating a view of the model of the single grain.

i
Vector H( ) can be written in the form:

0 = [sin(n(i))cos()((i)), sin(n(i))sin()((i)), cos(n(i))]

while () and x) are angles which determine the orientation of the i-th grain-surface element. Then the
following applies:

sy

g’i’zdefor _ [Sgi), Séi), Sgi)] _ [s(i>sin(q(i))cos(;((i>), s<i)sin(q(i))sin(;((i)), s(i>cos(q(i))] (53)

Figure 10. A view of a cross-section of the model of the grained structure. The scheme demonstrates
cross-sectional images of small flat areas on the grain surface.

If we use result (22) and notation (53), the sums in the Formula (51) can be determined as (please
see details in Appendix E):

—T i
(; ;].;(” 500

N . . . . .
= i§1|{[(522533 - 523532)sin(17<’))c05()(<’>) + (823831 - 221233)31'71(17(1))sin()(<’>) + (821832 - szzesl)cos(q<‘))]rl+ (54)

N
r
i=1

+[(“513“—'3.2 - 512533)5i”(’7(i))cos(x(i>) + (511533 - “513“531)Si”(”(i))sm(xw) + (512531 - 511532)505(”(i))]12+

+ [(812823 - 613522)sin(n(i))cos()(<i)) + (813821 - 611523)51'71(17(0 )sin()(<i)) + (811822 - 812821)CDS<17<i))]T3}S(i)'
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N2 -

s =

i=1
N . . . . .
=L [:(822533 — eg3¢5)c0s(x)sin(n") = (5,35 = x5y Jsin(xV Jsin(n) + (e 5, - <€225:-31)C"s('7<l))}2+

i=1 (55)

—0—{(513532 - 512533)cos()((i))sin(q(i)) - (513531 - 511533)51'71()(("))sin(rﬂ”) + (512531 - 511532)cos(r](i>)}2+

1

+{(’512823 - glagzz)cos(x(i))Si"(”(i)) ~ (enyas = eqze Jsin(x @ Jsin(n?) + (&1, - 812521)C05(q(f))}2] s

The degree of whole grained structure orientation « to the direction determined by the unit vector
7 was calculated by means of the Formula (51) while the sums in the numerator and denominator in
the second member on the right side of this formula were determined by (54) and (55).

Any randomly oriented surface element on the grain boundary S in the given bulk grained
structure can be considered in the calculation of x if the corresponding parameters i and x®
are applied. Therefore, random values of angles n? and x” should be substituted step by step
into Formulas (54) and (55) during the calculation progress. This procedure of determination of
the parameter x can be formulated using the following random matrices directly pertaining to the
deformation tensor only:

» sin(n(i))cos()((i)) , sin(n(i))sin()((i)) , cos(n(i))

Al = £y €y £y (56)
317 €327 €33

no . (i)en, (i) ; (z‘)gl-ZI (i) 813(1‘)

Ay = sm(n )cos()( ), sm(n )sm()( ), cos(r] ) (57)
€317 €32 €33

—i) €11/ €10/ 13

Aél =1 Ear o 52;/ . €3 (58)

sm(n(l))cos()((l)) , sm(n(’))sm()((l)) , cos(n(l))

Matrix Av,(j) is a matrix-valued random variable, i.e., it is a matrix whose elements can be random
variables. So, the problem of grained structure orientation can be formulated asa random matrix
problem for calculation purposes. In this sense, the Formula (51) can be rewritten in the following form:

)

> {s(z’) il(detg,(f) )2

3 —
b TndetA,(j)

i=1 n=1

5 (Sm

1-2

Kiefor ~ n=123 (59)

i=1 n=

where det;l?p is a determinant of the random matrix g,(f)

the following elements:

. Eventually a random 3 X 3 X 3 tensor with

X,(:nk = €u(1=Omn) + %6,”,,1{[1 + (—1)ak]sin(n(i))cos()((i)) + [1 + (—1)k]sin(n(i))sin()((i))—i—

+[1 + (—1)ﬁk]cos<r](i))}

k v k v

1+ (-1 1-(-1

where : akzz#,ﬁkzz%,...n,m,k:{l, 2, 3} (60)
r=1

v=1
can be imposed and smartly used in the formal mathematical notation as well as in the numerical
implementation of the mentioned approximation approach.
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7. Algorithmic Issues for the Numerical Treatment of Orientation « as a Function of
Deformation 6

In the previous section the random matrix approximation was presented where grain boundaries
are considered to be a large number of planar surface elements. Therefore, all derivatives with respect
to parameters u and v in Formulas (19) and (27) are simply constants. The mentioned constants are
different for each planar surface and the integrals can be replaced by sums. Random variables 1,
x” and S% actually represent the orientation and size of i~th planar surface in the structure.

If the random homogeneous grained structure is considered, the single grain may be of any shape
and can have also any orientation. The size and orientation of the mentioned small flat surfaces in the
structure are random variables in the approximation. Random matrix approximation is not limited by
a particular shape of the grain.

When Formulas (48) and (49) are considered in the homogeneous and isotropic case then results
(54) and (55) can be simplified to the following form:

T
i [3 ?] p(l) Z,lS i ' 5D sm(n( ))cos( ‘))71 + V5+1szn( )sm()((’ )72 + Vo + lcos( ) 3} (61)
B[ 50k0 = £ 50\ frteosain(n))” + (VEF T in(n)f + [ Vo Teola ), (62)

where N is the number of random variables (i.e., number of planar grain boundaries in the random
matrix model of the considered grained structure). If the vector 7= [1,0,0] (out of plane deformation),
we obtain the following formula by means of substituting (61) and (62) into (51):

23, 50sin(y " eos(x19)|
Kdefor =1- N — (63)
Y. s \/COSZ()((i))SinZ(T](i)) +(6+1) {sm ()((i))sinz(n(i)) + cosz(r](i))}

i=1

Orientation to direction determined by unit vector 7 which is parallel to the direction of
deformation force is evaluated in this simple case by means of Formula (63). Parameters n*), x/ and
S should be randomly generated and substituted in Formula (63) during the numerical simulation of
the function xfr(0). In addition, orientation of the grained structure in the undeformed configuration
must be taken into account during the simulation. Prolongation 6 = 0 in the undeformed case and then
the following holds:

22 S ’)|sm cos()(( ))|

Kundefor =1- N (64)

So random values ), x and 5’ must be generated in a such way as to meet the initial condition
(64). Considering (63) and (64) we get:

N

(1 - Kundefor)igl s()

g‘ S() \/cosz()((i))sinz(n(i)) +(6+1) {szn ()((i))sinz(n(i)) + cosz(n(i))}

i=1

(65)

Kdefor =

It is advantageous to evaluate the orientation of the grained structure by means of the Formula
(55) in cases when an extension of this structure is observed caused by the deformation force, i.e.,
if0<6.
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In the case where there is contraction of the structure under the deformation force, i.e., —1< 6 <0,
we consider it appropriate to evaluate orientation «x in relation to any vector oriented perpendicular to
the deformation force. Vector

T = [0,cos(6), sin(6)] (66)

where 0 < 0 < 21t must be considered in this case of squeezing the structure (in plane deformation) and
Formulas (54) and (55) take the form:

T (i)
(g .?] 50500

g -ﬁ(‘)‘ Z st \/{ 511)605( (">)Sin(n<">)}2 + { Vo + lsin()((i))sin(n(i))}z + { Vo + 1cos(n(i))}2. (68)

N
— 5(1')) \/msin(n(i))sin()((i))cos(e) + Vo + 1cos(n(i) )sin(@)}| (67)
-1

i

Applying (66), (67), and (68) in Formula (51) we get:

g |\/(¢s1n n )sm( ())COS(Q(i))+ 6+1cos(r](i))sin(9(i))}|
K:iefor - T 2 _ ] 2 _ 2 (69)
\/ cos sm ))} +{MSin(X(’))sin(n<’>)} +{ b+1cos(17(’))}
Therefore, in undeformed configuration it holds that:
22 st 'sm( ())sin()((i))cos(e) + cos(n(i))sin(e)'
K/undefor =1- N (70)
Y s()
i=1
and we obtain the following formula for the calculation of the degree of orientation «:
Ta(1-x )T s
G+1)Vo+1(1-x undefor)ig S
K:iefor =1- N (71)

X, s \/c052<)(( ))sznz(n( )) (6+1) {sm ()((i))sinz(n(i)) + cosZ(n(i))} |

The Monte Carlo method was used to find functions xgef,(6) and «’gefor(0). Results of the applied
stochastic calculations are shown in graphs in Figures 11 and 12. Individual points of graphs were
found by successive application of N = 10”7 randomly chosen triples of variables {1, x®, S7} in
Formulas (65) and (71). It was shown that with increasing number of applied random Var1ab1es N
the calculated values kg and x4y converge to some expected value of the degree of the whole
grain- surface orientation for every value 6. This means that the computational stability of the Monte
Carlo algorithm has been confirmed in the simulation of the relationship between orientation and
deformation of the structure.

Results of the numerical calculation confirmed that Formulas (65) and (71) can be successfully
applied for the conversion of the orientation represented by the quantity « into local plastic deformation
characterized by 6 in the case of plastic deformation of the grained structure. In addition graphs
Kaefor(0) and «”gefor(6) obtained from these formulas using the Monte Carlo simulation demonstrate the
applicability of stereological methods for the modelling of local plastic deformation in grained structures.

However, Formulas (65) and (71) do not represent a general solution. These results can only be
applied to a particular case for which there is no rigid solid rotation of grains in the structure and the
axes chosen are principal axes of strain (therefore, there are no shear components present). In addition,
another limitation is imposed, which is that plastic deformation must be isotropic. Actually, it does not
seem that a grain with anisotropic behavior would give complications in the practical implementation
of our results.
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Figure 11. Graph illustrating the result of Monte Carlo simulation of degree of orientation « as a
function of prolongation 6 for a plastically deformed random grained structure. Vector T is parallel to
the deformation force.

4 N
1

K defor 0.9

Figure 12. Graph illustrating the result of Monte Carlo simulation of degree of orientation « as a
function of contraction 6 for plastically deformed random grained structure. Vector Tis perpendicular
to the deformation force.

8. Discussion and Conclusions

In our work we briefly pointed out the possible application of quantities obtained from standard
stereological measurements. Our findings show that these quantities can be successfully applied
for the modelling of local plastic deformation in grained structures. Our approach is based on the
assumption that the grain, as it appears in a two-dimensional cross section, will change its shape and
geometric orientation in 3D during plastic deformation. We applied and discussed our results for a
homogeneous and isotropic grained structure.
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The application is quite simple in the case of plastic deformation. The local plastic deformation
in an isotropic and homogeneous grained structure can be evaluated by means of the value of grain
elongation (or contraction) 6. However, the grain elongation (contraction) in the real structure cannot
be measured directly. Conversely the measurement of the degree of grain orientation « is available
using stereological methods. One of the main benefits of our work is that we found the correlation
between the degree of grain orientation x and grain elongation (contraction) 6 (see Formula (65) for
elongation or (71) for contraction). A model of random grained structure was established and the
mentioned correlation was investigated.

We note that by applying the Formulas (65) and (71), the correlations 6(k) can be easily determined
for various initial grained structure orientations represented by values 4. The initial orientation
of a randomly selected grain in an undeformed random grained structure is arbitrary and «;ngefor = 0
in isotropic cases. However a relatively broad database of graphs {6(, %ndefor)} for the various «yngefor
could be calculated and recorded when using a computer technique. Subsequently, the value of grain
elongation 0 for corresponding x can be found from the relevant graph. However, before this the graph
for the quantification of 6 must be selected from the database using the value x4, measured for the
undeformed configuration of the grained structure.

Therefore, if a deformation map of the plastically deformed homogeneous and isotropic grained
structure is to be investigated in the future, we propose using the results obtained above by the
procedure consisting of the following steps:

1.  The degree of grain orientation x in some local area in the given i-th position in the grained
structure must be measured in both undeformed (Kiundeﬁ,r) and deformed (Kidefor) configurations.
For example, the Saltykov stereological method is applicable for this purpose.

2. Graph 6(x) for a given model of grained structure must be identified so as the following is applied:
o ( Kiundefo,) = 0. We found the graph for the random model of homogeneous and isotropic grained
structure by applying the random matrix approximation (see Formulas (65) or (71)) and using
Monte Carlo simulation (see Figures 11 and 12). Kilmdefor = 0 was applied for the homogeneous
isotropic case.

3. Value 6; corresponding to the measured value Kidefor must be found only from the graph 6 (k).
The search procedure is easy: 6; = 6 (k' gefor). Finally, this value 6; represents the grain elongation
in the i-th position in the structure and allows the local strain in the given i-th position to
be evaluated.

However if we have to discuss how the obtained results can be applied to the study of plastic
deformation we must also note that the limitations imposed on Formulas (65) or (71) are often too
strong to make the presented method useful to study real deformation processes. Namely, also rigid
solid rotations of grains must be taken into account in general. Moreover, in order to be applicable in
the field of crystal plasticity, the case of anisotropic grain behavior should be discussed. A more general
method must be designed which does not lead to ambiguities in the interpretation of the change in
the degree of grain orientation. In the general inhomogeneous and anisotropic case, the Formula
(9) resulting from random matrix approximation should be used. This formula allows us to find the
relationship between the measurable quantities Kidefor and the coefficients of the deformation tensor
&gm in the local area of the grained structure. However the degree of the grain orientation « in the
given local area of the grained structure will have to be measured in relation to more different vectors

k
7 (oriented in various directions) so that we get the appropriate number of equations corresponding
to the number of unknown coefficients ¢;,. This means the next system of equations must be solved in
the inhomogeneous and anisotropic case:
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<o (e
5502 (2 )

N | 3
) (s<'> )
ngfor ~1-2 = s

qgm=1,223k=1,29 (72)

i=1 n=1

Local values of the coefficients of the deformation tensor ¢, can be determined from the system
(73). In the case of plastic deformation one of the equations in the system () may be replaced by
the Equation (47). Generally, the verification of the practical applicability of the suggested idea to
determine local plastic deformation in a structure requires development of a suitable technique for
experimental determination of x4, Besides that, it is necessary to develop some numerical methods
suitable for software processing that allow coefficients &g, to be found satisfying a system of Equation
(73). System (73) quantified for &4, = O4m characterizes the initial orientation of the grained structure

k
in relation tothe direction given by vectors 7 in the undeformed configuration and represents the
initial conditions:

B [50 £ (A7 e = o)

i=1 n=

3 .
Zl T’édf?t[Ar(zl)({fqm = 5qm})

n=

5 (sm
k - i=1
undefor ~

g m=1,23k=1,29 (73)

This initial condition must be considered in Equation (73) in the case of the deformed configuration
and the deformation characteristics represented by tensor ¢4y, in the local area of the grained structure
can be searched by solving this system.

In conclusion, we dealt with the problem of applicability of stereological methods to determine
local plastic deformation in a grained structure. One can easily understand that there is a correlation
between the change in the grain orientation and grain deformation. This correlation was mathematically
demonstrated in our work. Indeed, the expression (50) allows one to investigate this correlation. If the
quantity x clearly corresponds to the degree of grain orientation measured by the Saltykov method,
the analysis of local deformation could be realized experimentally on the basis of our results. As an
illustration we showed the applicability of our results for a random model of a grained structure.
This specific model was used here because of its simplicity but we believe that our method can be
applied also for other models.

During the loading process the x changes and reflects deformation phenomena in the structure.
On-line scanning of grain orientation could be of great help for in-situ investigation of the deformation
dynamics. In this respect new methods for 3D object imaging may be helpful. Procedures for the
practical realization of our method suggested above will have to be modified in this case and this
modification will be the subject of a future work. However, we think that the mathematical principles
of the method presented in our work will remain the same.

Author Contributions: M.M. is the author of the main idea of the measuring local plastic deformation using
stereological methods. He was focused mainly on the experimental measurement of the grains orientation in the
material structure using statistical method of oriented testing lines and the technique for local strain analysis based
on grain shape. His activities aims to establish the effect of local grain deformation measured on a cross-section
to overall mechanical properties and their evolution. S.M. was primarily oriented on mathematical analysis
of correlation between orientation and deformation. He was interest in how the image of the structure in a
cross-sectional plane changes when the structure is linearly deformed. An initial shape was assumed which was
transformed into a deformed shape by analytic calculation. He was also design a computationally low consuming
procedure for quantification of local deformation in structure based on distortion of image of this structure in a
cross-sectional view. All authors have read and agreed to the published version of the manuscript.

Funding: This publication was funded by the Slovak Research and Development Agency under the contract
No. APVV-15-0319.



Crystals 2020, 10, 697 21 of 28

Acknowledgments: This work was supported by the Operational Programme Research and Innovation for the
project: Scientific and Research Centre of Excellence SlovakION for Material and Interdisciplinary Research,
code of the project ITMS2014+: 313011W085 co-financed by the European Regional Development Fund.

Conflicts of Interest: The authors declare no conflict of interest.
Appendix A. Transformation of a Grain Surface Element Vector During Deformation

Using the notation (14) and (15) the vector of deformed grain surface element can be written as:

dzgdefor = (%—7 X ﬁ)dudv i.e., in coordinate form :
U dv
28 gogor = 25207 4 2SETT 4 sl — (A1)
{55 -5%) T + (35 -5 50) + (552 - 525k Jau
Transformation (17) can be applied in (A1) and we get:
dzgdffor = {( &€ 3kaz9u] aa)z(;k E213m ?zil (9;2")1 +( &€ 3k3¢9v ?:ik - gll€3m%8§_vm)?+

IX; 9X, 9X; 9X
] oAk OA] 0Am
+(€1]€2k ou dv ll€2m Jv ou k dudv.

(A2)

After formal unification of index symbols in summations (A2) (indexes take the same values and
therefore we can change symbols m — k, | — j), the coefficients of deformation tensor can be excluded
before the brackets:

o @axk 9X; IXn IXj IXy  9XjIXx (A3)
©2%3k 9 o~ 2%m Yy u ) T 2%\ 9w 90~ v ou
L OXioXe X dXe) o (9Xi 09X 9XjoX (A4)
153k 20 ou Um0 )T Tyt o0 90 90 ou )

9X; Xy 9X; 9Xm 9X; 9%, _ X 9X; (A5)
%9 0 ufam oy on | T SN2\ o0 90 90 ou [

It is easy to show that sum (A3) can be written as:

X IX;  9Xp 9X4

X 9x,  9Xj X 0Xq 90Xy  9Xq 90X
j 90Xk JOXE) _ o & 19Xy _ 0X5 dXp .o (9K 09Xy _ 09Xy 0Xy
&€ ( — 32( ou Jdv v z9u)+&22631( ou Jv Jv ou )Jr

2j°3k\9u 9o ~ 9o ou

s _ 2 %) (2t _ % x) (Zade _ 2% %) A6
+€21 33( Ju Jv Jdv du +€23€31 Ju Jv Jdv du +€22‘€23 Ju Jv Jdv du + ( )

9X3 IX, _ 9X3 IX,
+epen( G5 - 5 5

where we have taken into account that contributions of members characterized by j = k are zero.

Formulas (A4) and (A5) can be re-written by the same way and coordinates of the vector of the

deformed grain surface element (A2) can be subsequently transformed to the following form:

agief _ 9Xfﬁ_9i& e 9X1 9%y _ 9X1 0%
d°5y 2]€3k( Ju v Jdv dudv = ( Eném ™ 622831)( Ju dv dv du )dudv+ (A7)
o e o )(9X19Xs _ 9% 9X3 e o o )(9X29Xs _ 9X39X3
+(521533 é23631)( du dv o u )d”dv+(622633 “'23532)( du dv v u )dudv
aglef _ _ %axk_%aﬁ _ 9X1 9%y _ %1 9Xa\ g1 4o
d Sy - €1j€3k( Ju dv Jv dudo = (611632 <€12631)( Ju Jdv Jdv Jdu )d dv (A8)

IXy X3 _ 9%; IX 90Xy X3 Xy IX3
_(511533 - 513%1)(%% 0 ou )d do - ( €12833 ~ 813%2)(%% - Wﬁ)d”d“
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agief _ 9Xj 9%, _ 9X; 9%, _ _ 9X1 9%y _ 9% 0%y
d S l] Zk( Ju Jv Jdv du dudv = (811822 812821)( Ju Jdv v Jdu )dud0+ (A9)
_ 9X1 9X3 _ 9X1 9X3 09X 9X3 _ 9%y 9X3
+(€11€23 813821)( Ju Jv v Jdu )d dv + (g 2823 813822)( Ju v Jdv du )dudv.
Note that the vector of the same grain surface element in the undeformed configuration is:
e def ™ def ™ def 7
S yndefor = 254 i 4 d25y i 4 25 | =
(90X 0X3  9Xp 9X3 T (0X10Xs 09Xy X3 T (9X1 90Xy 9X1 9Xa
= (225 - 202 \augy | 4 (2220 - 2020 \audy | 4 (522 - 24 2ok, (A10)

Comparing the corresponding coordinates of vectors (A2) and (A10) we get:

2 cdef 2 cundef 2 cundef 2 undef

d°Sy ( €830 T En¢ 31)’1 S (521833 &3¢ 31)d S (522833 €3¢ 32)d Sx

2 cdef L 26 undef . 26 undef L 26 undef

a5, = _<511532 €p¢ 31)d +( €11833 ~ €3¢ 31)d (512533 €13¢ 3z)d . (AlD
2 def 2 cundef 2 undef 2 cundef

d°S, ( €18 T Epf 21)d S ( €163 T €3¢ 21)d S (512823 E'313522)‘71 Sy

and vector of the deformed grain surface element can be found as:
PSacfor ={(ee3 — et JAS:" i ~ (en135 — e323 JA7S)" U (€223 — Esta )5y Ef} +
+{_(‘511832 €pp¢ 31)d25und€f )dZSundﬁf} j+ (A12)

)d2 undef (S

2g undef (
d°s €123 ~ €133

)dzsundef}

+ (811533 €3¢ 31)

2 cundef
)d 5 +(812523 €138

+{(811522 €280 1623 7 13621

Next it is not difficult to show that:
(522533 - 623632) _(521533 - 523531) (521532 - é'22531) A2gund
X

d2synd |, (A13)

.

2 _ _ _ _ _

d°S defor = (513532 512533) (813531 511533) (812531 511532)

dZSund
z

(er2t23 = €138m)  ~(enem = e38n) (enem — €10801)
So the grain surface element is transformed during the deformation according to the Formula (20).

Appendix B. Deformed Grain Surface Area

If we use the Formula (A2), the size of surface element area of the deformed grain can be found
as follows:

2
(dzsdefor)z = (dZSZef)Z + <d2sjef) (dzsdef) {(82]€3k aau] aa)z(;k - Szzgsm%ag(_um) +

(A14)
9Xj IX; 9% 9X, 9Xj 9X 9% 9%, 2
] _Z_m ] 92k __ o4 m
+( l] €k 30 u  Cusmau oo + 81] %9 9o C1uf2m o u (dudv)
Squaring of first bracket in (A14) we get:
9X; 9 2%, 9%, | 9X; 9X, IX; IX.
%%k _ A %98m ) — ] dAp Ak OAs
(€2j€3k au o0 u%3m 0 ou - 82]‘8271 3%3sTu u 0 oo + (A15)
+e e € X %%aﬁ —De. € aX} 9Xm an aXl
3m€3s€21%2n u ou o o 2j%3m €3k T0 u o v

In the (A15) we can change the symbols of the indexes in the second expression as follows m — j,
s—>n,l—-kn-—s,ie.,

IXm IXs 9X) 9Xn 9Xj 9X, IXj 0Xs

S m 3 5 9o g0 SRS T By o o (Al6)
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and in the third expression as follows m — n, — s:

9Xj 90Xy Xy 0X 9Xj 9X,, IXy IX.
e 71 9Am OAk OAL e e 7] 0An 04k 9As (A17)
2/ KA g g do do | UK 90 90 a0
Then the square of the first bracket is:
9X; ax, 9% X \ 9X; 9X, IX; X
(€2j€3k3_u]¢9_vk = €3 0 ) €2i€mEnEs T - do a0 T (A18)
9Xj 39X, Xk IXs 9Xj 93X, IXy IXs
+€3] 302k ZSQ_uJWQ_UkW _282]€3n€3k825 9u] du évk vt
All squared brackets in (A14) can be re-written in the same a way, i.e.,:
9X;j 90X, IX; IX.
2 cdef ] 0An OAf OAs
(d x ) (52]€2n€3k'53s+53]53n52k525 282]8371837{825) 90 9u 9o 9o (dudv)?, (A19)
9X; X, IXy IX.
2 def j OAn OAk OAs 2
(d ) ( €1€1 335 T €3j€3, E1xE15 — 281j€3, i 15) ou ou dv ov (dudv)”, (A20)
9Xj 9X,, Xy IX.
2 def ] OAp OAf OAg
(d ) ( 1]€1n 2k€25+€2]82n€1k€15 251]8271 2k€15) u au 30 81) (d dv ) (A21)

Substituting (A19), (A20) and (A21) into the Formula (A14) the size of the deformed grain surface
area element can be written as:

9Xj 90X, IXy IX,

2 2
(d Sdefor) 1—‘]nks oL 314 av v (d dv ) (A22)

where:

ks = {€2j€2n83k€3s T €383, E0k 805 T €€, 3835 T €363, €14 f1s T €€ 1nE ;s T €€ 1™

(A23)
_2(€2j€3n€3k€25 T &8 Eq 8 T €1j32n52k515)
We note that:
Eoi€mEarEas T €3j€3nE0kE0s T E1€10 3k 35 T €3€3uE1kE 15 T E1j€ 1080805 T €816 15 = z €piEpnt gy (A24)
V(lp.aD).p#4q
p.q€{1,2,3}

where notation under the summation symbol means the sum over all variations of indexes p, g4 while
p # q. In addition we use the appropriate changes of the index symbols in some sums in the bracket
(j & n,k & s) and consider that:

2(€2j83n€3k625 &85, E 58 T EleZnEZkgls) = £y Eqplos T £y Enp s T €8y Eqly T
€381, 8 1135 T €€ Eouf1s T E2j€1nE U5 = by Epi€an€aips: (A25)

V(lp.ql).p #q
p,q€{1,2,3}

Therefore, the size of deformed grain surface area can be written as:

Uy u

Sdefor = ——dudo, (A26)

o1 U

: \/r X IXy 9y, IXs
o0 "ou v v
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where:
Uinks = Z (epjspnsqkeqs - spjsqnsqksps) (A27)

V(lpal).p#q
p,q€1{1,2,3)

which is consistent with Formulas (25) and (26).

Appendix C. Volume Preserving during Plastic Deformation

Integrals in (42) can be written in coordinate form:

N N U Up
09X, 9X: 09X, 9X; 9Xq 90X 9Xq 90X 9Xq X 9Xq 9X;
[ RedSuagor = [ [(5(52%52 - 52 502) + Xa( 5 50 = G50 ) + Xa( G 52 — 5 50 )Jdudv (A28)
(Sunds’for) o1
> e dxp 0x; Ixp Ox dx1 Ox Jxy Jx dx1 Jx dx1 Ox:
(Sf ) 7 -dS gofor :vfuf(xl(a_;a_; - Z208) 4 xp(GR 00 - S0 4 (S92 - Z122 N)dudy (A29)
defor 141

Using the transformation (17) the integral in (A29) takes the form:

U2 Up

> 2 9% 9X, 9% 9X
. _ . e 0 Ak L oA m
[T dSae = ff{élnX”(éZjésk u 0 " Eufamaw ou |
(Sdefor) 1 (A30)
9X; 9X 9X; X, 9Xj 9X, 9X; 9X,
%%k _ 2281 Z8m T2 9% 1.2 92 9&m
+€2nX”(€lj€3k J0 u  ucsmau oo + ESnX” gleZk du dv 1M Jv du dudv

If we change the index labeling I — j, m — k in the sums (A30) the following formula results from
Equation (43):

9X; 90X,  9Xj X IXj9X,  9X; 9X 9X; 90X,  9X; 9X,
—1Z%k _ 122k —1Z2%k _ 122k 120k 172k ) —
€1n€2j€3kX”( Jdu Jdv 5 ou )T €2n61j€3kX” Jdv du o )T €3n£1j€2kX” Ju Jv dv du |

(A31)
X, IX3 _ 9Xp IX. X1 X3 _ 3%y IX. X1 9Xs _ 3%y IX.
= X% - w )t X H 5 - w ) X R - R )
i.e., in simplified notation:
IX; 9x,  9Xj 9X
(Eln€2j€3k &y fyEy T €3n€1j€2k)X"(a_u]a_f - a_v]a_f) = (A32)
X, IX dX; dX dX; X dX; X d9Xy X dX; X
=% - R (R - R) 6w - w )
Finally, if we consider the fact that:
90X, 9X3  0Xp 9X 9Xjox,  9XjoXx
X228 228 =6,,0,05 %k Ik (A33)
du dv  Jdv Jdu n2 du dv  Jdv Jdu
0X1 9X3 09Xy 9X 0X; 90X 9X; 9X
pr o] [ et B i) = —~0y,0,:05 T T2k T (A34)
dv du  Jdu Jv nol du dv  Jdv du
9X1 90X, 9%y 9X 9XjoX, 9X;oX
Xa| S22 T2 5 5, 6, | =2 Sk - L2k (A35)
du dv  Jdv Jdu noly du dv  dv Jdu
volume preserving can be represented by equation:
IX; 9x,  9Xj 9X,
{£1n€2j83k ~ €9, €1 85 T €3, €180 01,005 0y, 04,05 — 63n61j62k}(¢9_u]3_vk - 8_7/]8_uk)X" =0 (A36)

leading to (46).
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Appendix D. Tensor of Plastic Deformation

Formula (46) represents the system of 27 equations for 9 unknown parameters (coefficients of
deformation tensor): i.e.,:

.. for{n,j,k} =11,2,3} v{1,3,2}
.. for{n,j,k} =1{2,1,3} v{2,3,1}

€11 (822533 —e3€3p) — e1(e10€33 — 813832) + e31(e12823 — 813822) 1.
e1(e23€31 — €21€33) — ex(€13€31 — €11€33) + ex(e13€01 — €11€23) =1 . (A37)
e13(en1€3 — exezr) —ex3(er1€3 — €12e31) + €33(e11€ — €10621) =1 . fOV {n,j,k}=13,1,2}v{3,2,1}

£1n(€2]£3k - £2k€3]) - 52n(51]53k - 51k£3]) + €3n(€1/€2k - ekéj) = . forall other {n, j, k},

where {i,j k} is the ordered set of coefficients. Of these 27 equations, only the following 9 are independent:

e11(exness — e23€32) — e21(€12€33 — €13¢€32) + €31(€12623 — €13¢22) = 1 (A38)
e12(e23e31 — en1€33) — €an(e13€31 — €11€33) + €32(€13€21 — €11€23) = (A39)
e13(en1€30 — exe31) — €23(er1€32 — e12€31) + €33 (€11€22 — €12€21) = (A40)
e11(ea1esn — exe31) — e (11632 — €12€31) + €31(€11622 — €12€21) = 0 (A41)
e11(en1€33 — ex3€31) — ea1(e11€33 — €13€31) + €31(€11€23 — €13¢€21) =0 (A42)
e12(ea1e32 — e2631) — ex(e11€32 — €12€31) + €32(€11622 — €12€21) = 0 (A43)
e12(eness — e3€32) — ean(e12€33 — €13€32) + €32(€12€23 — €13¢22) =0 (A44)
e13(ea1€33 — €23€31) — e3(€11€33 — €13¢€31) + €33(€11623 — €13¢€21) = 0 (A45)
e13(exess — ex3€32) — e23(€12€33 — €13€32) + €33(€12€23 — €13¢22) = 0 (A46)
The mentioned equations can be rewritten as follows:

€11 €21 €31 €12 €22 €32 €13 €23 €33 €11 €21 €31

€12 €xn & |=1 &3 €3 e |=1en en €1 |[=1 e en & |[=0

€13 €23 €33 €11 €1 €31 €12 €2 €32 €12 €0 €3 (Ad7)

€11 &1 €31
€11 &1 €1 |[=0
€13 €23 €33

€12 &0 €3 €12 €0 €3 €13 €3 €33 €13 €3 €33
€11 €1 €31 | =0| €12 € €3 =0 €11 €1 €31 | =0 11 €1 €1 [=0
€12 €22 €32 €13 €23 €33 €13 €23 €33 €13 €23 €33

As it can be easily seen, Formula (35) results from these mathematical treatments.

Appendix E. Derivation of Formulas (54) and (55)

No complicated calculations are necessary to determine Formulas (54) and (55). If we consider
(21) the tensor of the grain surface deformation can be written as:

(522533 - 523332) _<€21533 - 523631) (521532 - ‘522531)

= (513532 - ‘512533) _(513331 - 311533) (512331 - é'11532) (A48)

N
—
o

(512523 - 513822) _<511€23 - 513521) (811822 &y
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and the transposed tensor to the tensor (A48) is:

=T (522533 - 523532) (513532 - 512533) (512523 - E13522)
O = ~\&1%33 " €3%1) €331 ~€11%3) (€113 ~ &3¢
(521832 - 522531) (512531 - 511832) (511522 - E12‘521)

(A49)

is the vector with the following coordinates:

=T 2522533 - 523532)Tl +\€1383, ~ 512533)72 + (512523 T &1380)T3
o T €x3€31 T Ex1€33)T1 (€933~ 513531)72 + (513521 T E1823)73 (A50)

€163~ 522531)71 + (512531 T E1E5p)T2 T €1 € T E1p€p T3

Subsequent scalar product of vector (A50) with the vector:

® = [sin(n(i))cos<)((i)), sin(n(i))sin()((i)>, cos(n(i))] (A51)

)

mentioned in Section 6, i.e.,:

-T . €p€33 T €383 JT1 + (€138 — E1p€33) T2+ (€19€03 — €138 )T3 cos X(l))Sin(’YU)
=] B VNI S e e e e e e e e 1 i (@i () (A52)
O TP = 23831 T €01833)T1 T\ 11833 T E13%31 )72 T (€138 T €123)T3 SIX Jstnn

e e e o e e e e e e e e (i))

€183 T Explay JT1 €185y ~ €118y T2 T (€180 ~ €198 )T3 COS(T’

gives the result:

¢ t|p =

::T —>] —(i)

= (522“—'33 - 523532)“’5(9((%) )Si”(’#i))Tl + (513532 - 512533)C05(X(i))Si”(”(i))” + (512523 - é'13“"22)605(%(?) )Sin(n<i))T3+ (A53)

H(eg385, = Eg185)5in( XD )sin(n® )ty + (e, 6 — €135 Jsin xD)sin(n®)zs + €138 ~ €11893)siN xD)sin(n@)rs+
11+ (585, — €123, )c0s(10 )12 + (e85, — €155, Jeos(n?) 3

_ ()
H&p1€30 = Exp€qy Je0s(n

that can be written in the form (54).

It is also possible to calculate easily the next scalar product:
. (expt33 = ems83)  ~(emens = esta) (emen — €81) COS(X(%))SI'”(”(Z:))
P =| (et enen) (e —entn) (enim —enes) || sinlx? )sin(n®) (A54)

T T e e . (i))
€19803 T €138 (611623 é13621) (‘511622 €08y COS(”

which gives the vector with coordinates:

all

(622633 - 623632)C05 )((i>)sin(1]<i) - (821833 — €y3Ey sin()(("))sin(n(i) + (821832 — €yy€5)C0S r](i>)
)cos )((i>)sin(1]<i) sin )((i))sin n@) + (812831 —&,€5,)c08 r](i>) (A55)
i

70

— (i)
P =1 (E1363 7 €1p%33 ~\€13831 T 11833

1183 &3

i)

—_—~

(612623 — €13Ep, Jeos X0 sin(n( sin )((i))sin +(&11€9p — €15€p JeOS ry(i>)

and leads to the result (55).
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